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Abstract: We propose a procedure for inferring students’ knowledge using the Bayesian 
network approach in the mathematics e-learning system STACK. If we appropriately construct 
a potential response tree (PRT) for STACK based on the knowledge structure and conditional 
probabilities among potential responses to questions – which are calculated based on a large 
amount of learning data – we can infer students’ knowledge on the condition that a specific 
student’s answer is obtained. This procedure is a well-known technique, and applying the 
Bayesian network to construct PRTs for STACK allows for the possibility of learning analytics 
through a mathematics e-learning system. 

 
 
 
Introduction 
 
 Since the use of learning management systems (LMSs) has become popular for educational purposes in recent 
years, computer aided assessment (CAA) systems have often been employed in educational institutions. CAA involves 
various types of questions, such as true or false, single-answer or multiple-choice, questions requiring the input of a 
numerical value, and those requiring a simple description. Among these questions, which we call traditional question 
types, tests based on multiple-choice questions (MCQs) are most commonly used to evaluate students’ learning results. 
A well-constructed MCQ has a list of plausible distracters that is constructed based on the knowledge and 
understanding of common student errors. Since computers process the responses automatically, CAA is convenient 
for assessing students’ answers as well as their understanding, especially in a large class. Although CAA systems can 
be used effectively for scientific subjects, the types of questions mentioned above are not sufficient to determine the 
level of students’ understanding of these subjects. For example, for a mathematical calculation assessment, students 
can, using guesswork, simply “choose” an option from a list of multiple-choice answers, which may, by pure luck, be 
correct. To avoid such an issue, it is preferable to adopt other question types wherein students provide mathematical 
expressions as answers, determined by calculation; such a system is called a mathematics e-learning system. STACK 
(Sangwin, 2013), Maple T.A. (Maplesoft), and MATH ON WEB (Kawazoe & Yoshitomi, 2017) are examples of such 
systems; they use computer algebra systems to assess students’ answers.  
 There are other benefits to using mathematics e-learning systems. Students’ answers are usually assessed as 
either correct or incorrect when we use traditional question types. If we use mathematics e-learning systems, however, 
we can give students partial scores depending on their answers. Among mathematics e-learning systems, STACK is 
one that we can harness by utilizing the mechanism known as the “potential response tree” (PRT), which is constructed 
based on students’ potential answers. Figure 1 shows an example of a PRT for a question about solving an ordinary 
differential equation (ODE)  !"

!#
+ 2𝑦 = 0. Students’ answers are hierarchically assessed according to the conditions 

(colored in blue), while answers colored in orange provide their scores. Furthermore, some feedback is given 
depending on the answers provided.  
 Thanks to the PRT, we might know the level of students’ understanding depending on how the ODE is solved. 
If a student gives an answer of 𝑦 = 𝐶𝑒+#, the student receives a score of 0.0. However, is the student’s level of 
understanding zero? The student may have simply made a calculation error, although he/she knows how to solve the 
ODE. We can assess students’ answers according to PRT, but their level of understanding might not be estimated 
correctly. This is due to the way in which the PRT is constructed.  



 Our research question is how we can infer students’ level of understanding of subjects when the students’ 
answers are provided, and how we can construct an appropriate PRT in order to realize this. In this paper, we propose 
a solution for how to construct PRTs based on the knowledge relationship and the way in which the students’ 
knowledge level is inferred using Bayesian inference.  
 

 
 

Figure 1: An example of a potential response tree for the ODE question. Example of a student’s answers. 
(Corresponding scores are shown in red.)  

 
 
Constructing PRTs 
 
 Let us treat the same question as a comparison. The PRT described in Figure 1 is constructed based on the way 
in which students’ answers are classified. First, we divide them into correct and incorrect. Then, correct answers are 
categorized as definitely correct and partially correct. We propose that PRTs be constructed based on the hierarchy of 
knowledge for how to solve the ODE. Figure 2 shows another PRT candidate. This new PRT corresponds to the 
hierarchy of knowledge for how to solve the ODE. The verifying question “Does the student’s answer contain 𝑒,+#?” 
corresponds to the event “Students basically understand how to solve the ODE” by which we define “Event A.” On 
the condition that Event A occurs, the probability of “Event B” occurring can be considered. Event B can be considered 
for students to understand that a first-order ODE has one arbitrary constant in a general solution. As a result of Event 
B occurring, the corresponding student’s answer 𝑦 = 𝐶𝑒,+# (“Event C”) can be observed with a certain probability. 
If Event A does not occur, the verification “Does the student’s answer contain 𝑒+#?” that corresponds to the event 
“Students basically understand how to solve the ODE but they might miscalculate” defined by “Event D” is considered. 
Then “Event E” and “Event F” are considered in an analogous way. Therefore, if we construct PRTs corresponding 
to the hierarchy of knowledge for how to solve the ODE, the probability of students providing each type of answer is 
obtained as a conditional probability. Then, the PRT described in Figure 2 can be considered to be an example of the 
Bayesian network approach. After constructing the PRT, we can infer students’ understanding of how to solve the 
ODE. For example, if we obtain the answer 𝑦 = 𝐶𝑒,+# from a student, which means that Event C occurs, the student 
is expected to understand the method of solving ODE with a high probability. The next section explains how 
probability can be calculated.  
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Figure 2: Another PRT for the question of ODE.  
 
 
Inferring students’ knowledge 
 
 If we describe the structure of students’ knowledge using the Bayesian network, we can infer students’ 
knowledge on the condition that a specific student’s answer is obtained. There are various techniques for inferring 
students’ knowledge; for example, Bayesian knowledge tracing is an algorithm that models each student’s mastery of 
the knowledge being imparted (Corbett & Anderson, 1995). The Bayesian network approach (Millán et al., 2010, 
2013) is another example. In our study, the knowledge structure is constructed as a probabilistic network and the 
Bayesian network inference can be applied. Necessary conditional probabilities for inferring student knowledge can 
be calculated based on a large amount of learning data.  
 Let us assume that conditional probability table p(A), p(B|A), p(C|B), p(D|A), p(E|D), p(F|E) is calculated. If 
we want to know the probability that students basically understand how to solve the ODE, Event A, on the condition 
that a=the student provides the solution 𝑦 = 𝐶𝑒,+# – which means that Event C occurs – the probability is calculated 
as follows: 
 

𝑝(𝐴 = 𝑡𝑟𝑢𝑒|𝐶 = 𝑡𝑟𝑢𝑒) =
∑ 𝑝(𝐴 = 𝑡𝑟𝑢𝑒)𝑝(𝐵|𝐴 = 𝑡𝑟𝑢𝑒)𝑝(𝐶 = 𝑡𝑟𝑢𝑒|𝐵)𝑝(𝐷|𝐴 = 𝑡𝑟𝑢𝑒)𝑝(𝐸|𝐷)𝑝(𝐹|𝐸)>,@,A
∑ 𝑝(𝐴 = 𝑡𝑟𝑢𝑒)𝑝(𝐵|𝐴 = 𝑡𝑟𝑢𝑒)𝑝(𝐶 = 𝑡𝑟𝑢𝑒|𝐵)𝑝(𝐷|𝐴 = 𝑡𝑟𝑢𝑒)𝑝(𝐸|𝐷)𝑝(𝐹|𝐸)B,>,@,A

 

 
 
Conclusion 
 
 We proposed a method of constructing a PRT for STACK based on knowledge structure, and provided a sample 
question for solving first-order ODEs. Conditional probabilities can be calculated based on a large amount of learning 
data. If we carefully construct PRTs, we can infer students’ knowledge on the condition that a specific student’s 
answer is obtained. This procedure itself is a well-known technique, and applying the Bayesian network approach to 
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construct PRTs for STACK allows for the possibility of learning analytics for a mathematics e-learning system.  
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