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Abstract. The paper reflects on an earlier research on the use of technology in secondary 
mathematics teacher education through the lenses of newer digital tools (Wolfram Alpha, Maple), 
most recent standards for teaching mathematics, and recommendations for the preparation of 
schoolteachers. New ideas of technology integration into mathematics education courses have been 
proposed. The goal of the paper is to show how one can connect mathematical understanding, 
conceptual knowledge, procedural skills, and the modern day technological competence. 
 

Introduction 
 

The Council for the Accreditation of Educator Preparation (2013), a group commonly known in the United 
States as CAEP, recommended that teacher educators strive to “model best practices in digital learning and technology 
applications that EPP [education preparation provider] expects candidates to acquire” (p. 30). At the Federal level, 
those working for an EPP have been advised that “computational technology can be a powerful driving force for 
innovation in education … advancing rapidly to the point that is can soon play a transformational role in education” 
(President’s Council of Advisors on Science and Technology, 2010, p. xi). Whereas educational innovations, coupled 
with the modern students’ characterization as digital natives (Prensky, 2001), can transform classroom pedagogy in 
many significant ways, some studies (e.g., Kennedy, Judd, Churchward, Gray, & Crause, 2008; Dahlstrom & Bichsel, 
2014) suggested that being a ‘digital native’ does not mean that one is prepared to appropriately use technology in the 
context of academic work without competent guidance of the teacher. One of the implications of those studies in the 
context of mathematics teacher education is the need for new teaching ideas and instructional materials that support 
recommendations for teacher preparation emphasizing the importance of “generalizing, finding common structures in 
theorems and proofs, … and forming connections between seemingly unrelated concepts” (Conference Board of the 
Mathematical Sciences, 2012, p. 56). By reflecting on an earlier research in secondary mathematics teacher education 
through the lenses of newer digital tools such as Wolfram Alpha, Maple, and OEIS® (the On-line Encyclopedia of 
Integer Sequences, www.oeis.org) – a rich digital source of information about numeric sequences, most recent 
standards for teaching mathematics (e.g., Common Core State Standards, 2010), and recommendations for teacher 
preparation (e.g., Conference Board of the Mathematical Sciences, 2012), this paper offers several ideas of technology 
integration that can contribute to the main goal of SITE – the advancement and dissemination among EPPs of the best 
practices of learning in the digital era.   

 
Background Information and the Goal of the Paper 

 
In the early 1990s, when working on a paper about the use of technology for teaching topics in number theory 

(Abramovich, Fijii, and Wilson, 1995), the first author came across (Beiler, 1966) several sequences of numbers, 
among them  
55, 5050, 500500, 50005000, 5000050000, …                 (1) 
and 
21, 2211, 222111, 22221111, 2222211111, …                (2) 
which were referred to as the sequences of triangular numbers – partial sums of consecutive natural numbers starting 
from one. For example, 1 + 2 + … + 6 = 21 and 1 + 2 + … + 10 = 55. In the modern context of mathematics education, 
“the ability to contextualize, to pause as needed during the manipulation process in order to probe into the referents 



	

	

for the symbols involved” (Common Core State Standards, 2010, p. 6, italics in the original) is considered an important 
element of students’ mathematical understanding. With this in mind, note that creating such sums can be put in context 
in a variety of ways; e.g., by counting handshakes: two people – one handshake, three people – three handshakes (1 + 
2), four people – six handshakes (1 + 2 + 3), and so on. So, the number of handshakes among seven people is 21, 
among eleven people – 55. In general, the sum 1 + 2 + 3 + … + n represents the number of handshakes among n + 1 
people. Alternatively, the number of handshakes among n + 1 people can be represented by the fraction n(n + 1)/2 
(e.g., counting the handshakes twice by using a tree diagram when each of the n + 1 stems supports n branches) from 
where the equality 1 + 2 + 3 + … + n = n(n + 1)/2 results. The tree diagram of Figure 1 shows the case n = 4. Its use 
is consistent with the Common Core State Standards (2010) perspective on modeling in high school: “Diagrams of 
various kinds … are powerful tools for understanding and solving problems drawn from different types of real-world 
situations” (p. 72). 

 
Figure 1. Counting handshakes twice among five people. 

 
Departing from the handshakes context back to the development of the concept of triangular numbers leads 

to the following question: How can one show that the terms of sequences (1) and (2) are of the form n(n + 1)/2, that 
is, are half the product of two consecutive natural numbers? For example, factoring 55 yields 5 ∙ 11 = 10 ∙ 11 2	. In 
turn, solving the quadratic equation n(n + 1)/2 = 55 yields 𝑛 = *+, +,-∙..

/
 , implying that because	 	1 + 8 ∙ 55	=	

441	=	21 and (-1 + 21)/2 = 10, the number 55 is the triangular number of rank ten. Likewise, solving the equation 
n(n + 1)/2 = 21 yields 𝑛 = *+, +,-∙/+

/
= *+,+3

/
= 6  implying that the number 21 is the triangular number of rank six. 

In order to verify that this property (the square root of eight times the tested number increased by one being an odd 
integer – known as a square test) holds true for other terms of sequences (1) and (2), a spreadsheet was suggested 
(Abramovich, Fujii, & Wilson, 1995). This verification was to introduce a spreadsheet as a powerful computational 
tool that can motivate prospective secondary mathematics teachers to use technology in the classroom. One of the 
limitations of a spreadsheet though is the number of digits that allows for correct computations and this number is 
limited to 15. So, only two more terms of sequences (1) and (2) could be correctly displayed by a spreadsheet. Another 
limitation of a spreadsheet is inability to support symbolic computations. 

 The goal of this paper is to revisit the use of technology in exploring sequences like (1) and (2), and to 
demonstrate how the noted property of these sequences can be a source of new problems called TITE problems 
(Abramovich, 2014). Such problems are technology immune (TI), that is, they may not be solved automatically by 
software at the push of a button. At the same time, they are technology enabled (TE), that is, their solution and its 
demonstration can be significantly enhanced by the use of technology. The development of TITE problems can address 
“a growing need for new instructional materials … that are aligned with higher standards and provide much richer 
learning experience and more vibrant sources of information” (President’s Council of Advisors on Science and 
Technology, 2010, pp. 80-81). Indeed, the didactic duality of TITE problems allows for the development of the 
intellectual vigor enhancing one’s mathematical understanding and technological competence when learning not only 
to solve but also to pose problems connects procedural and conceptual knowledge (Abramovich, 2015; Abramovich 
& Connell, 2015). When solving a problem through a pure argument in the digital era, one decides which part of the 
argument can and may be computationally supported. It is this decision that provides one with a problem-posing 
experience, something that is aligned with higher standards of learning mathematics in comparison with the traditional 
problem-solving curriculum. Moreover, the TITE problem research and development can address a call for “research 
on new kinds of assessment and new ways to develop assessments” (President’s Council of Advisors on Science and 
Technology, 2010, p. 91). In the context of TITE problem solving and posing, this paper will demonstrate how one 
can use the modern-day technology tools not only to find many other sequences of that kind, but to uncover an 
algorithm of generating such sequences through conceptual (i.e., mathematical) understanding of the algorithm.  

 
 
 



	

	

Conceptualizing the Development of Sequence (1) as a TITE Problem 
 
Because triangular numbers have the form n(n + 1)/2, one can check to see that the general term of 

sequence (1), 5 00… 0
6

5 00… 0
6

, where k = 0, 1, 2, …, can be presented as half the product of two consecutive 

integers. This demonstration is immune from the use of symbolic computation and therefore it can be 
characterized as a TI part of the task of exploring sequence (1). We have 

5 00… 0
6

5 00… 0
6

= 5 ∙ 1 00… 0
6

1 00… 0
6

= 5 ∙ (10/6,++106) 

= 5 ∙ 106(106,++1) = +
/
∙ 106,+(106,++1), 

where 106,+ and 106,+ + 1	are consecutive integers. That is, the k-th term of sequence (1) is the triangular number 
of rank 106,+, k = 0, 1, 2, … and the terms 𝑥6 of sequence (1) can be generated through the formula 
𝑥6 =

+
/
∙ 106,+ 106,+ + 1 , 𝑘 = 0, 1, 2, … .                 (3) 

 Now, one can use technology to verify numerically that formula (3) indeed generates sequence (1). This 
verification can be used as a kind of confirmation of the correctness of carrying out the TI part of the task. In other 
words, TI and TE components of the task, that is, argument and computation, go hand by hand. In this process, one 
starts with a numeric representation, then develops its algebraic representation, and, finally, verifies this representation 
in numeric domain. Figure 2 shows the use of Maple in generating the first ten terms of sequence (1) through formula 
(3).  
 

 
Figure 2. From symbolic to numeric using Maple. 

 
While formula (3) is a relatively simple closed representation of (1), its recursive formula is rather 

complicated  
𝑥6,/ = 110 ∙ 𝑥6,+ − 1000 ∙ 𝑥6	, 		𝑥= = 55, 𝑥+ = 5050                             (4) 
and it can be found by entering the first few terms of (1) into the input box of OEIS®. One can use Wolfram Alpha in 
converting (4) to a closed form and show that the form so obtained is equivalent to (3). This demonstration is a 
combination of TE and TI sub-problems. By entering the command “solve x(k+2)=110x(k+1)-1000x(k)” into the input 
box of Wolfram Alpha yields the solution x(k) = 10k(c210k+c1) which required to find the values of c1 and c2. In order 
to complete the solution, one has to solve the system of equations 100c2+10c1=55, 10000c2+100c1=5050, something 
that, once again, can be outsourced to Wolfram Alpha. Figures 3-5 show the result which confirms closed formula (3). 
Indeed, when c1 = c2 = 1/2 (Figure 5), the formula x(k) = 10k(c210k+c1) coincides with formula (3). In that way, the 
demonstration of the equivalence of formulas (4) and (3) can be considered being technology enabled. 
 

 
     Figure 3.  Inputting recurrence. 

 



	

	

 
Figure 4. Obtaining general solution. 

 
Figure 5. Using initial data to find the solution of (4).  

 
 
From triangular numbers of special ranks to their sums of digits  
 

One can consider triangular numbers the ranks of which are the multiples of the powers of ten. To this end, 
one can generalize formula (3) to the form  
𝑥6,> = +

/
∙ 𝑚 ∙ 106,+ 𝑚 ∙ 106,+ + 1 , 𝑘 = 0, 1, 2, … ,𝑚 = 1, 2, 3, …	.              (5) 

Except the case m = 1, sequence (5) is not included in the OEIS®. As a way of verifying the last statement, one can 
use Wolfram Alpha to generate a few terms of (5) for different m > 1 and then search for them in OEIS®. In doing so, 
one can enter the command Table [+

/
𝑚 ∙ 106 𝑚 ∙ 106 + 1 , 𝑚, 10 , 𝑘, 10 ] to get the first 10 terms of 10 sequences 

of triangular numbers the ranks of which are m-multiples of ten (Figure 6). One can be asked to explain as to why 
when m = 10, the sequence generated by Wolfram Alpha is the same as for m = 1 except being different in the first 
terms – a computer does not provide an answer to this question. Furthermore, one can observe that whatever the value 
of k, the sums of digits of the terms of sequence (5) are the same for a given value of m. The last observation can be 
explained by using different means, e.g., base-ten blocks. Also, noting that the sum of digits, SD, of an m-multiple of 
ten is equal to the sum of digits of the number m, that is, SD(𝑚 ∙ 106)= SD(m), and that 

𝑆𝐷 5𝑚/ ∙ 10/6*+ + 5𝑚 ∙ 106*+ = 𝑆𝐷 5𝑚/ ∙ 10/6*+ + 𝑆𝐷 5𝑚 ∙ 106*+ 	, 
assuming that the number of digits of 5𝑚 is at least not greater than 2k – 1, one can write  

𝑆𝐷[5𝑚 ∙ 106*+ 𝑚 ∙ 106 + 1 ] = 𝑆𝐷 5𝑚/ ∙ 106 ∙ 106*+ + 5𝑚 ∙ 106*+ = 𝑆𝐷 5𝑚/ + 𝑆𝐷(5𝑚). 
In particular, when m = 3 we have 𝑆𝐷 5𝑚/ + 𝑆𝐷 5𝑚 = 𝑆𝐷 45 + 𝑆𝐷 15 = 4 + 5 + 1 + 5 = 15	for all k ≥ 1. 
That is, a TE part can then be followed by a TI part, which may be rather challenging. One can see how the exploration 
of sequence (1) can be organized as a continuous juxtaposition of argument and computation. 
 



	

	

 
Figure 6. Using Wolfram Alpha in generating family of sequences (5). 

 
 
The use of Maple in carrying out symbolic computations 
 

One can use Maple to show that the sequence defined through formula (3) satisfy recurrence 
relation (4) provided by OEIS®. Such demonstration includes defining sequence (3) (denoted P in 
Figure 7) and then substituting P into equation (4). The most cumbersome part of this demonstration 
is the simplification carried out by Maple through the command simplify. As a result, Maple yields 
zero as an answer, thus confirming the equivalence of two representations of sequence (1) – through 
closed and recursive formulas. 

 

 
Figure 7. Demonstrating equivalence of representations (3) and (4) of sequence (1). 

 
 Consider sequence (2). Its general term can be presented in the following closed form: 

22… 2
6

11… 1
6

= 2 ∙ 11… 1
6

∙ 106 + 11…1
6

= 11…1
6

∙ 2 ∙ 106 + 1 =
106 − 1

9
∙ 2 ∙ 106 + 1 	. 

 
In order to show that sequence (2) is a sequence of triangular numbers, one can use Maple in solving the 

equation F(F,+)
/

= +=G*+
H

∙ 2 ∙ 106 + 1  . Figure 8 shows that  /
3
∙ 106 − 1 		is the positive root of the equation 



	

	

found by Maple. The root represents the rank of the general term of the sequence of triangular numbers (2). 
One can further use Maple to show that the ranks of the terms of sequence (2) consist of the digit six only. 
This property of the sequence /

3
∙ 106 − 1 	can also be explained formally without much difficulty after it 

was observed empirically. In the words of Piaget (1966), “before being able to make a deduction the subject 
must observe it empirically in order to accept it as a true” (p. 232). Much earlier, a similar thought was 
expressed by Archimedes (1912): “Certain things first became clear to me by a mechanical method, although 
they had to be demonstrated by geometry afterwards because their investigation by the said mechanical method 
did not furnish an actual demonstration. But it is of course easier, when the method has previously given us 
some knowledge of the questions, to supply the proof than it is to find it without any previous knowledge” (p. 
13). Nowadays, computers give new meaning to these classical tenets emphasizing the primordial nature of 
experimental evidence over formal mathematical thinking.  

 

 
Figure 8. Exploring sequence (2) using Maple. 

 
Conclusion  

 
Activities outlined in the paper can be extended to include similar conceptual inquiries into the behavior of 

sequence (2) as well as other sequences with like properties. Used in technology-enhanced courses for secondary 
mathematics teacher candidates, the activities allow one to connect procedural and conceptual knowledge in the 
technological paradigm. Conceptualization of an algorithm, which is an element of procedural knowledge in 
mathematics, is needed for enabling an algorithm to work with computational technology. For example, as is well 
known, both formulas 𝑥I = 𝑥I*+ + 𝑛, 𝑥+ = 1	and 𝑥I = 𝑛(𝑛 + 1)/2, recursive and closed, respectively, generate the 
sequence of consecutive triangular numbers starting from one. They can be used effectively with different digital tools. 
But the rules that generate sequences (1) and (2) so that a computer can understand those rules are much more 
complicated. Finding such rules brings about a TITE problem. It has a TI (technology immune) component for it 
requires to create an algorithm through which sequences (1) and (2) can be generated. The problem has also a TE 
(technology enabled) component for the algorithm has to be verified computationally. A computational algorithm is 
a rule which cannot be created without understanding its genesis. As stated in the Common Core State Standards 
(2010), “mathematical understanding is the ability to justify, in a way appropriate to the student’s mathematical 
maturity, why a particular mathematical statement is true or where a mathematical rule comes from” (p. 4, italics in 
the original). This statement is echoed in a recommendation by the Conference Board of the Mathematical Sciences 
(2012) for those developing technology-enhanced courses for prospective mathematics teachers, “technology used in 
superficial way without connection to mathematical reasoning, can take up precious course time without advancing 
learning” (p. 57). Put another way, a TITE problem does connect mathematical understanding and technological 
competence, an important focus of any mathematics course for prospective secondary teachers. 
 Solving TITE problems in the course work for secondary mathematics teacher candidates can be seen as an 
interaction between two major approaches to mathematical explorations: an approach supported by pure argument (a 
TI part immune from technology) and approach supported by computation (a TE part enabled by technology). The 
later approach, known from the time of Archimedes, is based nowadays on the power of computers equipped with 
software capable of sophisticated symbolic computations. The successful interaction between the two approaches 
requires from teacher candidates possessing good “understanding of the knowledge of technology and the knowledge 
of their subject area” (Niess, 2005, p. 520), something that is critical for the concept of technological pedagogical 
content knowledge (TPCK). Connecting TITE and TPCK concepts in the area of mathematics has great potential to 
enrich the best practices of mathematical learning in the digital age.  
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