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MALLIAVIN CALCULUS FOR THE ONE-DIMENSIONAL
STOCHASTIC STEFAN PROBLEM

D. C. ANTONOPOULOU?, D. DIMITRIOU*, G. KARALI!*, K. TZIRAKISH*

ABSTRACT. We consider the one-dimensional outer stochastic Stefan problem with reflection which models
the short-time prediction of the price or spread of one volatile asset traded in a financial market. The
problem admits maximal solutions as long as the velocity of the moving boundary stays bounded, [3| [T, [8].
We apply Malliavin calculus on the transformed equation and prove first that its maximal solution u has
continuous paths a.s. In the case of the unreflected problem, the previous enables localization of a proper
approximating sequence of the maximal solution. Then, we derive there locally the differentiability of
maximal v in the Malliavin sense. The novelty of this work, apart from the derivation of continuity of the
paths for the maximal solution with reflection, is that for the unreflected case we introduce a localization
argument on maximal solutions and define efficiently the relevant sample space. More precisely, we prove
the local (in the sample space) existence of the Malliavin derivative and, under certain conditions on the
noise coefficient, the absolute continuity of the law of the solution with respect to the Lebesgue measure.

1. INTRODUCTION

1.1. The Stochastic Stefan problem. We consider two well separated phases Qgo and €4, the solid
and liquid phase respectively, occupying a static bounded domain € of R defined by the interval  := (a, b).
Let Qgo1(t) := (s~ (t),s1(¢)) be the solid phase at time ¢, then
Q= Quiq(t) U {s™(t), 5™ (1)} U Qsal(t) = Quiq(t) U [s (8), 5™ (1)), (1.1)
where
Quiq(t) = @\ [s7(8), 5™ (t)]- (1.2)
We shall assume that the initial solid phase is in Q and far from its boundary, i.e., that A > s7(0) — s7(0),

for A := b — a the length of Q.
The outer parabolic Stochastic Stefan problem is defined by

Orw = aAw + a(dist(y, BQsol))Ws(y, t) + ns(y, t), y € Quiq(t), t>0 (‘liquid’ phase),

w(y,t) =0, y € Qsal(t), t>0, (‘solid’ phase),

V = —-Vw|sas, 1), t>0, (Stefan condition), (1.3)
w(a,t) =w(b,t) =0, ¢>0,

90s01(0) = {s7(0),s7(0)} = given.

Here, w = w(y, t) is a density, a > 0 is a positive constant, and o is a function of the distance of y from the
solid phase boundary, dist(y, 9Qse1(t)) := min{|y — s*(¢)|, |y — s~ (¢)|}. The noise term is given by

Wiy t) =Wy —s7(0),1) if y > s7(8), Waly,t) == W(—y+s(1),0) if y<s (1),
where W (+y T s (t), 1) is a space-time white noise, see for example in [IT]. The initial condition w(y,0) =
wop(y) is a sufficiently smooth deterministic function compactly supported in the liquid phase. The moving
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boundary of (IL3) is the union for all ¢ > 0 of the curves y = s™(t), y = s~ (t) enclosing the solid phase
with midpoint s(t) := (s~ (¢) + s7(¢))/2 and length s*(¢) — s~ () defining the spread. The solution w(y,t)
vanishes when y is in the closure of the solid phase. The Stefan condition describes the change of liquidity;
V there is the velocity of the interface, and for (V:)* denoting the derivative from the right (y > s*) and
left (y < s7) it follows that

V(st(t),t) :=0sT(t) = —(Vw) T (sT(t),1), V(s (t),t) := s (t) = —(Vw) (s~ (1),1).
The term on (3] is given by
s(yt) =y —sT(t),1) if y>sT(t),  ns(y,t) =mp(-y+sT(0),0) if y<sT(),

where 71, 12 are reflections.

In the context of the financial setting, y is the ‘price’ of one asset (y is derived after a logarithmic
transformation and can take negative values also), while the coefficient « > 0 of the Laplacian describes the
liquidity of the asset, and w(y,t) is the density of sell and buy orders traded in the market with price y at
time ¢. The solid phase encloses the prices for which no trade occurs and its length s*(¢) — s~ (¢) defines the
financial spread. We refer to [T, B] and the references therein for more details on the financial parameters.

1.2. The transformed problem. The liquid phase consists of two separate bounded linear segments which
enables the splitting of the Stefan problem equation in two equations posed for on y > s* and on y < 5.
After the change of variables

ri=y—st(t) ify>st(t), xi=—y+s (t) ify <s (t),

cf. [3], the stochastic equation of (I3 is transformed by the use of the Stefan condition into two independent
ones each posed on the fixed space domain D := (0, \) with Dirichlet boundary conditions. The value x = 0
occurs when the price y is s*, while = XA when the spread is zero and s™ = s~ hits the boundary of €.
These equations are of the form

wy(, 1) = Qe (2, 1) T ug (07, H)ug(,t) £ o(z)W (x,t) +n(x,t), 2 €D, t>0, (1.4)

with n(dz, dt) a random measure on D x R (reflection) keeping u a.s. non-negative, and a space-time white

noise W(x,t) where W = W(z,t) is a Wiener process. We also note that when a system is considered in
place of the Stefan problem (3] with different liquidity coefficients o1, as on the diffusion term Aw, a
problem analyzed in [7] when the spread is zero, the same equation of the above general form (L4) will
appear after the change of variables for a = a1, as.

Without restricting the generality, we shall consider one of the cases for the s.p.d.e. which yields the
following transformed initial and boundary value problem

e (2, 1) = gy (,1) — Uy (0, t)ug (2, 1) + o ()W (2,t) + 0(x,t), (x,t) € D x (0,T),
u(z,0) = ug(z), Vo €D, (1.5)
u(0,t) =u(At) =0, Vte[0,T].
As in [3], we assume that
o0:D — R isa function in C(D), and differentiable at z = 0, with o (0) = o(\) =0, (1.6)
and, since wy is compactly supported on the initial liquid phase, that
ug is a deterministic and non-negative function in C2°(D). (1.7)

The reflection measure 1 keeps v non-negative and satisfies

for all measurable functions ¢ : D x (0,T) — [0, 00)

t (1.8)
/ / Y(z, s)n(dz,ds) is F, — measurable
0o Jp
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for F; the filtration generated by {W(x,s):0 < s < t¢,x € D}, and the constraint

/()T/Du(x,s)n(dx,ds) —0. (1.9)

The problem (LH), (L8], with o, ug satisfying (L0) and (7)) respectively, has a unique maximal solution
(u,7n) in the time interval [0, T*), where

T" := sup 7, (1.10)
M>0

for
Ty = inf {T >0: sup |ug(0F,r)| > M} = inf {T >0: sup u,(0F,7) > M},
rel0,T) r€l0,T)
see in [3]. An analogous result for the same stopping time T := sup,,-, 7ar was derived in [7] for a system
of such SPDEs when a = a1, as.
The solution u of problem (L)) is written in integral representation Vo € D, t € [0,T*) as

u(;v,t):/Duo(y)G(x,y,t)dy—i—/o /Duy(O,s)Gy(:E,y,t—s)u(y,s)dyds

. ) (1.11)
[ [ Gut-sowwind+ [ [ vt oiay.as
0o Jp o Jp
where G is the Green’s function of the Dirichlet problem on D of the heat equation vy = ogy.
We recall the Banach space (H, || - [[#), introduced in [7], where
_ x
H:={feCD): 3f(0), and f(0)=f(A\)=0}, and |f|ln:= sup % : (1.12)
EAS

Let us consider M > 0 deterministic and 7" > 0 deterministic, and for a positive integer n define the
stopping time

T := inf {T >0: sup |u(,7)||x = sup sup u(x,r)’ > n}, (1.13)
r€l0,T) rel0,T) xe€D x
it then holds that, cf. [1],
B( sup (-, 6)I,) < C(T, M,p) < o0, (1.14)

te[0,min{T,Trr,5up,, <o Tn })
where we used that in our problem h(u,(0,s)) = u,(0, s) which has a linear growth as in the result of [7].
Remark 1.1. Note that the bound of the above expectation depends on the choice of M. In case where the

term u, (0, s) was replaced by some h(uy(0,s)) uniformly bounded for any M > 0 then the solution u would
be global, cf. Corollary 5.7 of [, and it would hold that

te [O,min{T,supM>0 TM,SUD,, 50 Tn

E( sup ||u(-,t)||’;£) < O(T, p) < . (1.15)

We fix now T > 0 deterministic and M > 0 deterministic, and define
Qpr = {wEQ: sup lu, (07, ¢, w)| <M}7 (1.16)
t€[0,min{T, 7 })
and for any integer n > 0, we define
o= {w € Qe sup lu(-,t,w)|ln < n} (1.17)
te[0,min{T,7as})

It then follows that
Qy €O - CQu,
and Qf; T Qar as n — 0.



4 ANTONOPOULOU, DIMITRIOU, KARALI, TZIRAKIS

Remark 1.2. As we assume that the initial condition ug satisfies (L), then it follows that for t = 0
u(z,0) = uop(x) satisfies the bounds in the definitions of Qur, and of Qf; for M large enough and for all
n > ng respectively. This yields that the sets Qs and QY are not empty for M large enough such that
Vuo(0) < M and for all n > ng for ng large enough such that ||ug(-)||}, < no, where of course M, ng depend
on the initial condition ug.

1.3. Green’s function. Throughout this paper, we denote by G the Green’s function for the heat equation
us(x,t) = aigy (2, t) on [0, A] with Dirichlet boundary conditions, which is given by

2 o0
G(z,y,t —s) =5 Z ) sin(&Zx) e (m/N)?K (i) (1.18)
k=1
for s < t. An equivalent expression is
1 = (y — x4 2kN)? (z 4y + 2kA)?
Gt )= 3 [ (TR ey 2y
@y ) dra(t — s) k:z—oo { P da(t — s) P do(t — s)

We will use the following estimates of G and its derivative G, (see Eidelman and Ivasisen [5], see also [10]).
We have, for some constants ¢, C' > 0,

|G(x,y,t — )| < Ct —s|7Y? exp (— c |Tt_—i||2)’ (1.19)
and so
G(z,y,t — s)|P < C |t — 5|7 exp (— c |g|”t__ys||2). (1.20)
We also have
|Gy (@, y,t —s)| < clt —s| ™" exp (— c |Tt_—i||2)’ (1.21)
and so
/D |Gy (2, y,t — s)|dy < c|t —s|~* /D exp (— c%)dy <clt —s|7Y? (1.22)

where we used the Gaussian integral

/Rexp(— || vyl ) \/7|t—s|2. (1.23)

1.4. Main Results. In Section 2, we consider the problem with reflection and prove that the paths of the
sample space 7, where M > 0 is an arbitrary deterministic constant, are space-time continuous, i.e., for
all realizations in 5, where as proven in [7, [3] the solution exists, it is also space-time continuous. The next
Section 3 is devoted to the localization of u in the given sample space €23; when the unreflected problem is
considered. We present there some important definitions of the spaces where we investigate the Malliavin
differentiability. We then define a proper approximation u,, of u for which u,, = u on Q}, and prove that u,
exists uniquely as a solution of a cut-off spde. Finally, in Section 4, we consider My > 0 deterministic and
arbitrary. We prove that the Malliavin derivative of u exists for times up to which the Malliavin derivative
of the term in the definition of Qs (i.e., u, (0T, ¢, w)) not only is bounded by M but also stays differentiable
in the Malliavin sense with derivative upper bounded by My. We additionally prove some estimates for
the derivative and establish the absolute continuity of the law of the solution with respect to the Lebesgue
measure on R, under a certain condition on o.
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2. SPACE-TIME CONTINUITY FOR THE PATHS OF )/

In this section we prove the next very useful theorem establishing the space-time continuity of u(-, -, w)
for any w € Qj, which is essential for the localization argument.

Theorem 2.1. Let ug, o satisfy (1) and ([L6) respectively and M > 0, T > 0 deterministic fived values,
and M large enough such that Vuog(0) < M. Consider w € Qu for Qu defined by (LI6). The unique
mazimal solution u(z,t,w) of (LI is continuous in space-time for any x € D and any t € [0, min{T, 7ps})
for Ty the stopping time defined in (LI0).

Proof. Since u(-,t,w) € H for any fixed t € [0,7ar), cf. [3], then by the definition of H, u(-,t,w) € C(D) i.e.
u is space-continuous for any fixed ¢ € [0, 7as), where note that ug(z) = u(z,0) € C°(D) C H.

Let t1,t2 € [0,min{T, 7ps}) with to > ¢;. In order to ease notation we will use u(z,t) in place of u(z,t,w).
By the integral representation (LII]) of u, we get

u(x,ta) —u(z,t1) = /D uo(y) (G(:E, y,t2) — G(z, v, tl)) dy
+~/0 /D uy (0, $)uly, 8)Gy(x,y, ta — s) dy ds
—/ / uy (0, $)uly, 8)Gy(x,y,t1 — s) dy ds
o Jp

+/Ot2/Da(y)G(a:,y,t2—s)W(dy,ds) —/Ot1 /Dg(y)g(xvy,tl — W (dy, ds)
+/0t2 /p Gy, to = s)n(dy, ds) - /Otl /DG(:vay,tl — 5)n(dy, ds)

= /Duo(y)(G(:E,y,tg)—G(x,y,tl))dy
+/t2/ uy (0, s)u(y, 8)Gy(x,y, ta — s) dy ds

t1
/ / uy (0, s)u(y, s)(Gy(z,y,t2 — ) — Gy(z,y,t1 — s)) dy ds
—|—A {E t2) A(I tl)

Aty = [ t | Gat=sotwian.as + t [ Gt =s)n(ay.as).

So, by using ([LI4]), we have

for

uanta) = (et < | [ wolo) (G0 — Gloy.t) ]
—|—/t2/Duy(0,s)u(y,s)}Gy(:t,y,tg—s)’dyds

t1

+/ / uy (0, ) u(y, s) ‘Gy(:v,y,tg —s)— Gy(z,y,t1 — s)’ dy ds
o Jp

—|—|A($,t2) —A(x,t1)|

||UOHL°°(D)/ |G(x,y,t2) — G, y, t1)| dy
D

IN
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r u(y, s)
+ |uy(0,s)||y|}—‘ |Gy($,y,tg—s)‘dyds
t; JD Yy

t u(y, s
0 L1092 6y ta = 5) = Gyt~ )] d s
—|—|A($,t2) — A($7t1)|

||UOHL°°(D)/ |G(x,y,t2) — G, y, t1)| dy
D

IN

to
—I—C(M,T,w)/ / ‘Gy(x,y,tg—s)’dyds
t1 D

t1
—I—C(M,T,w)/ / |Gy(z,y,ta — ) — Gy(z,y,t1 — s)| dy ds
0o Jp

+|A(z, t2) — A, t1)|. (2.1)
For the first term in (ZT]), observe first that the solution v(x,t) of the parabolic problem

Ve = QUgy V(2,t) €D x (0,T), v(x,0) =up(xz) Ve €D, v(0,t) =v(\t) =0 Vte (0,T),

is given by
ofat) = [ wnly) G, t) dy,
D

and so

| [ (G t2) = Glaptn)dy] = olaste) ~ oot € swpJunla Dl .
D (z,t)eDx(0,T)

Using the equation that v satisfies, we have

UVt = QUgyg, Vtt = QUggt = a2U1}LEI)LI)7 Uttt = azvmwwwt = a3vmmmmwwa
Uty = QUggy, Vtrxx = QUggxx, Vttx — azvzzzzz;
and so, we obtain that
sup  |vi(z, )] < cllvel m2px0,7)) < € sup o]y,
(z,t)eDx(0,T) te(0,7)

where we used that in dimensions 2 (1 for time, 1 for space) the L> norm is upper bounded by the H?
norm. By parabolic regularity, if ug € H(D), then v € L>(0,T; H(D)).

Of course as we assume a stronger initial value regularity, ug € C°(D), we may get directly, see [0]
Theorem 7 of §7.1 at pg. 367, that

‘/ uo(y)(G(x,y,tg)—G(:C,y,tl))dy’ §C|t2_tl|u
D

uniformly for all (z,t) € D x (0,T), where ¢ = c¢(w) if uy was stochastic. In our case we considered ug
deterministic and so ¢ is not depending on the realization.
For the second term in ([21I), using (L22), we get

2]
/ /|Gy(17,y,t2—s)|dyd5 §O|t2—t1|1/2_>()
ty JD

almost surely in Qp; as to — t3.
For the third term, according to [8 Proposition A.6], there exists a constant C' > 0 such that, for p > 4,

p p—2

t1 —2 _
(/ (/ ‘Gy(x,y,tg—s)—Gy(x,y,tl—s)‘ dy)p ds) ’ §C|t2—t1|p4_zf, Y,y € [0, Al
0 D
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thus, using Holder’s inequality, we get

t1 _
/ / |Gy(2,y,t2 — 5) — Gyla,y, 11 — )| dyds < (Atl)% |t2—7§1|p4_r'4 =0
o Jp

almost surely in Qp; as to — t3.

Lastly, regarding the process A(z,t), according to Proposition 3.11 in [8], the first term is almost surely
continuous as a function of (z,t) whereas the second term, according to [3], coincides with the solution of a
specific Heat equation Obstacle problem which, by Theorem 3.2 of [7], admits a Holder continuous solution
both in space and time. Thus A(z,t) is almost surely continuous in space and time and so

|A(z,t2) — Az, t1)| — 0 almost surely in Qp as to — 1.
From all the above arguments, we conclude that
|u(z, t2) — u(z,t1)| — 0 almost surely in Qp; as ta — ¢

which proves the almost sure in Q,; continuity of u in time. 0

3. LOCALIZATION OF THE UNREFLECTED u IN

Let (Q, F, P) be a probability space and X : Q) — R a random variable, recall that the sample space Q
consists of all the possible outcomes w € €2 (simple events) of a random experiment. The Malliavin derivative
measures the rate of change of X as a function of w € .

3.1. Basic definitions.

Definition 3.1. The set L? (Q x D x [0,T]) consists of the stochastic processes v(w;x,t), (x,t) € D x [0,T]

such that
. 1/2
0]l 2@ ooy = <E</O /D|v(x,t)|2d:z;dt>> < +o0.

Definition 3.2. We denote by D'2(D x [0,T]) the set of stochastic processes v(w;z,t), (z,t) € D x [0,T]
such that the Malliavin derivative (in space and time), D, sv(x,t), exists for any y € D and s > 0 and any
(x,t) € D x [0,T], and satisfies

1/2
HU||D1~2(D><[O,T]) = (HU||2Lz(Q) + ||D'7'U||2L2(Q><D><[O,T])) < +o0.

Remark 3.3. Recall that D2 is a Hilbert space.

Definition 3.4. The set L'?(Dx [0,TY]) is defined as the class of all stochastic processes v € D*?(Dx[0,T1])
that satisfy

1/2
”vHlez(DX[O,T]) = (H’U”i%flxDx[O,T]) + ”Dv”i%flx(Dx[O,T])?)) < 400

- T 1/2
2
1DVl 2@ x (Dx(o,77)2) = <E (/ / / / | Dy sv(z,1)] dydsd:tdt)) .
o JoJo Jp

where

We set Q := Qy defined by ([I6).
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Definition 3.5. The local versions of the sets D**(D x [0,T]) and L*2(D x [0,T]) are defined as follows
L 2(Dx[0,T)) := {stoc. proc. v: 3{(Q%,vn)}nen C FxLY2 such that 5, + Qs a.s. & v = vy, a.s. on Q5 },

loc

D2(Dx[0,T)) == {stoc. proc. v: 3 {(Qs,vn)}nen C FxDY? such that Q5 + Qar a.s. & v = v, a.s. on Q)

loc
where recall that

QT as. <= Qy, €03, C--- CQu such that  lim P(Q%) = P(Qu) = 1.

n—-4o0o

Recall now that it holds that L'2 C Llloi C Dllog as well as L12 C D12 C Dllog C Dlloi Also recall that if
v e DY

loe 2 and (%, v,) localizes v in D2, then the Malliavin derivative D, sv is defined without ambiguity
by Dy sv = Dy sv, on Q3;, Vn e N.

Since L2 C D12, a constructed localization (Q%,v,) of v in L2 is also a localization in D'? and thus,
will define well the Malliavin derivative of v through the Malliavin derivative of v,.

Let us consider the unreflected problem, i.e., we set n = 0 in (LTT]). Here, we note that the bound (LI4),
holds also true, i.e.,

B( sup luC,8)l5) < C(T, M, p) < o

te[0,min{T,Trr,5UpP,,~ Tn })
but we need to define for 75y := inf {T" > 0 : SUp,.¢(o,7) [t (07, 7)] > M} (which is here # inf{T > 0 :
sup ug (0%, r) > M}), Qu as follows
rel0,T)
Qur = {weQ: sup lu. (07, ¢, )|<M} (3.1)
te[0,min{7T, 7 })

The absolute value over u, is introduced in the definition as done in places in [3] wherein the unreflected
problem was also analyzed (since u, (0T, ¢, w) may be negative in the unreflected case where u changes sign
in general).

3.2. The cut-off solution u, = u a.s. on Q};. For fixed n € N, we define as in [4 2] the cut-off function
H, :R — R*, H, smooth (in C*(R)) such that for all n, 0 < H,, <1 and |H/,| < 2 with

Ho(0) 1, if u| <mn,
n\V) =
0, if|v]>n+1.

We now define T,,(v) := Hy(v)v.
Let T > 0 deterministic and M > 0 deterministic. We recall the definition of the stopping time 73; (given

in (LI0)), 7as := inf {T >0: sup |ug(0F,r)| > M}

rel0,T)
We define Vo € D, t € [0, min{T, 7as}), the cut-off stochastic integral equation

un(Iatvw) / ( ) {E ya dy+/ / uy O S {E ya )yTn(y_lun(%&w)) dde

t
+ / / G,y t — 5) oly) W (dy, ds)
0 D
for w € Q.

Subtracting (CIT)) and B2), then using ([22)) and applying Holder’s inequality with exponents p > 2
and p’ = p/(p — 1), we obtain, for w € Q},,

) a0 < [ [ 0.001Gy 000 = 9] Ty a5) — )| s

(3.2)
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t
< M/ / IGy(@,y,t = 5)| [yTu(y  unly,s)) —uly,s)| dyds
0 D
t
S Cn/o (/D|Gy(17,y,t—5)|dy> Hun('vs)_u("s)HL“’(D) ds
t
< o / [t — 5 Jun(-, 5) — u(, 9)l| ooy I
t , 1/p’ t 1/p
< e [remsras) ([ o) = ool ds)
0 0
t 1/p
< enn T ([ un0) = ey 85)

therefore
t
l|ltn (-, 1) — u(~,t)|\im(p) <d., T(p2)/2/0 |t (-, 8) — (-, S)Hpoo(p) ds,

hence, by Grénwall’s lemma, we obtain that [lun(-,t) — u(-,?)|| e (py = 0, Vt € [0, min{T’, 7ar}). It follows
that w,(x,t,w) = u(z,t,w) on QF; a.s. if the problem (32)) is well posed.
Next we prove this section’s main theorem which is the well-posedness of the cut-off problem (B2).

Theorem 3.6. Equation [B2) has a unique solution w, which belongs in LP(Qpr; C([0, min{T,7ar}); H))
for p > 2. Moreover, there exists a constant ¢ = c¢(n,p, M, T) > 0 such that u,, satisfies:

sip B (un( ) p)) < (33)
t€[0,min{T, 7 })

Proof. The basic idea is the construction of a Cauchy sequence, through a Picard iteration scheme, which

converges, at a certain norm, to the solution w, of (B2). For given n € N, we define Vo € D, ¢ €
[0, min{T, 7as})

Uno(x,t) == / uo(y)G(x,y,t)dy fort >0 and wy,(z,0) = up(z),
D
and Vk € N

Un fo+1 (T, 1) ::/Duo(y)G(a:,y,t) dy—!—/o /Duy(O,s)Gy(x,y,t— s)yTn(yflunﬁk(y,s)) dy ds
(3.4)

+ /0 t /D G(z,y,t — s)o(y)W(dy,ds).

So for k > 1,

t
un,k—i—l(xa t) - un,k(xa t) = / / uy(07 S)Gy(xa y,t— S)y (Tn (y_lun,k(ya S)) =Ty (y_lun,k—l(ya S))) dy ds
0 JD

and therefore, applying the || - ||%-norm at both sides, then taking p-powers, next taking the supremum on
t € [0, min{7T, 7as}), and then taking expectation, we obtain for any k € N:

(s s - w0l ) - (35)

te[0,min{T, 7 })
t p

E( sup [ H/ / uy(0,8)Gy (- y.t — 8)y (Tn (v tn (¥, 8) — Tn(y™ " un—1(y,5))) dyds D
0 D H

te[0,min{T,7n})
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Since H,, € C}(R), then for arbitrary 9, T,,(9) is uniformly Lipschitz on 9, and so for y > 0, it holds that
T (y~'v) = Tn(y~'w)| < ey™'|v — w|. By taking supremum on y € D we have

170y 0) = Taly ™ )] o iy < ello = wlae

Thus, using Inequality 5 in [7, Proposition 4.2] and since |u, (0, s)| < M, equation [B.3) can be bounded as
follows, for p > 2,

E([sw [ A E

te[0,min{T,7as})

< MPE sup / (sup/ ’G x,y,t ‘—dy) X
te[0,min{T,7rs}) €D

x| T (y™ iy, 5)) — Tn(y—lumk_l(y,s))||LW(D) ds> ])

-1

t D P
< (T, M,p) sup (/ ((t — 3)—1/2) p—1 d3> X
te[0,min{T,7r}) 0

< ([ I 090 = Tl ks ) ) ]

min{7T, 7 }
<c(T,M,p)/ E( sup [H“n,k(wt)—unk 1 HHD ds.
0 t€l0,s)

By repeatedly applying the above inequality for the integrand in the right-hand side, we get

||Un,k+1 ('7 t) - Un,k('a t) ||Z£P(QM;C([Oymin{Tﬂ-M});’H))

_E< sup {||un7k+1(',t)—Un,k('at)”%])

te[0,min{T, 7 })

SR Y A Y A )

ke (min{T, as})*

A —0 as k— +oo.

< luna = un,o||ZL)p(szM;c([o,min{T,TM});H)) (e(T, M, p) M”)
Therefore, {un i }ren is a Cauchy sequence in LP(Qa; C([0, min{7T, 7as}); H)) and so, by the completeness
of the Banach space H in this norm, it converges in LP (€; C([0, min{T, 75s}); H)) to some unique u, €
LP(Qar; C([0, min{T, 7ar }); H)) as k — +oo.

Since up g — Un in the norm LP(Qy; C([0, min{T,7as}); 1)) as k — +oo and since the mapping T},
is Lipschitz (and therefore uniformly continuous), by a standard argument, where we take limits in the
LP(Qar; C([0, min{T, 7ar}); H)) norm in equation ([B4), we conclude that u,, satisfies equation ([B2).

Lastly, if we suppose that there exists another solution w,, of ([3.2), then by subtracting their respective
equations we get

Up(2,t) —wy(x,t) = /0 /Duy(O, $)Gy(z,y,t — 8)y (T (v un(y, s)) — T (v waly, s))) dyds
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and, by following a similar process as above, we obtain

(s w0l ) < o0 b /Omin{T’TM}E(sup ot t1=un ), | ) .

te[0,min{7T, 7 }) telo,s)

Hence, by applying Gronwall’s Lemma to the previous inequality, we get

B s it —wGoly]) <0 adso B(sw fluto - waol] ) <o

te[0,min{T,7ar}) te[0,min{T,7ar})
This yields uy,(z,t) = w, (z,t) almost surely in Qs and in QF, for any (z,t) € D x [0, min{T, 7p}), i.e.,
P ({w € Qs (or Q) 1 up(z,t;w) = wy(z,t;w)}) =1, V(z,t) € D x [0, min{T, 7ar }),

and so by definition u,, w, are equivalent in Qj; and in Q7.

By Theorem 2] we know that u has almost surely in Qs continuous trajectories in D x [0, min{T, 7ps})
and the approximations u,, w, satisfy equation (LII) almost surely in Q%,. So, u,, w, are also almost
surely continuous in 2}, and thus indistinguishable in Q7%,, i.e.

P ({we Qi unl(e, t;w) = walz,t;w), Y(z,t) € D x [0,min{T,mar})}) =1,

which proves the uniqueness of solution of equation (LII]) with uniquely defined paths almost surely on Q7.
In order to complete the proof of the theorem, it remains to prove [B.3)). Firstly, we note that || f|| - (p) <
[l fll% for any f € H, and so

E(Jtn p1(58) = i D)) < B (s (1) = )15

< L (0 = a0l
te

0,min{T,7rr})

min{7T, 7as})*

k(
< ltn, — un>0”Zl)ﬂ)(QM;C([O,min{T,TM});’H)) (e(T, M, p) M?) A

So, we have

oo

sup E(Hun,m(-,w—un,kc,t)npm )
o tE[0,min{T,7ar}) L

= K (min{T, 7 }))*
< fluna = ol oy omingrira gy D (e Mp) MP)" ———==—
k=0
c(T,M,p) MP min{T, 7}

l[tin,1 — u"vo||;ZP(QM;C([O,min{T,TM});’H,)) €
=c(n,p, M, T).

Therefore, since u, ; — u, in LP(QM; C([0, min{T, TM});’H)) as k = 400, 3 ¢ = ¢(n,p, M, T) > 0 such
that

1Un.k — Unll Lo (Qar;C((0,min{T,rar})H)) < 6 Yk €N
and so

E(Hun,k('vt) - un('at)”poo(p)) < E( sup ”Un,k('vt) - un('at)”poo(p))
te[0,min{T,7a})

S N[tk = wnll Lo pys0((0.mingTrar 1))

<c¢ VkeN
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therefore

E(Hun(-,t)Hpm(D)) < E(Hun(,t) - Un,k('at)Hpao(D)) + CZE(”un,j-i-l('vt) - “n,j('ut)”ioo(p))
=k

o0

< EJun(t) = s D ipy) 4¢3 sup B(ltmger (+8) = s (5 Ol )
=0 te[0,min{T,7ar})

S C(nvpaMa T)
So, we obtain, for p > 2,
sup E(Hun(-,t)Hioo(D)) < C(napv M, T)-
te[0,min{T, 7 })

For p = 2 we employ Holder inequality. O

4. THE MALLIAVIN DERIVATIVE OF THE SOLUTION u FOR THE UNREFLECTED PROBLEM

We will prove that the Malliavin derivative of solution w,, of equation [B2)) for 7 := 0, is well defined as
the solution of an s.p.d.e. Moreover, we shall prove its regularity in D2 and in L2 by the next proposition.

In what follows, the notation D,  f(z,t) for a general function f is used to denote D, s(f(x,t)) which is a
function of the variables y, s, z, t. Additionally due to the independence of the variables y, s from z, ¢t we may
commute the limit as x — 0 with D,  if the terms are well defined, i.e., Dy7s(ii£%f(:t, t)) = iig%)Dy,s(f(x, t)).
So, as x is not depending on the realization obviously, and as the Malliavin derivative is linear, we have,
when the terms are well defined, that D, 4(u,(07,t)) = Dyﬁs(zli%hx*lu(x,t)) = xhj}ﬁx*lDy,s(u(x,t}) =:

Va(Dy su) (07, 1).

Proposition 4.1. Let u, be the unique solution of equation B2). Let Mq > 0 a fized deterministic value.
We define the stopping time T, = inf{T > 0 : sup |Dys(u (07,7))| > Mg} (note that at r = 0
rel0,T)
uz(07,0) = (ug).(0%) is deterministic, and so its Malliavin derivative is zero and so less than Mg). Also
let T > 0 be a deterministic time value.
It holds that:

(i) un(z,t) € DY3(D x [0, min{T, 7ar, 7oz, }))-

(ii) The Malliavin derivative of wy satisfies for all (z,t) € D x [0, min{T, Tar, Tar, }) and for any s <,
uniquely the stochastic equation

t
qusun(xv t) - G(I, yv t - S)U(y) + / / Gﬂ(xv gv t - 5)’”@(05 5) gn(ga §)Dy,sun(ga 5) dﬂ d§
s D
(4.1)

t
[ ] Gt = 9D, (0500, DTG 05 5) i .

and also for any s > t it holds that Dy sun(x,t) = 0. In the above, G, is a stochastic process which
satisfies, for cr, > 0 a deterministic constant, that

D, s (Tn(x_lun(x,t))) = :E_lgn(:b,t)Dw (un(x,t)), where

|G (2,t)] < ecp, Y(z,t) € Dx[0,00) a.s. (4.2)

(i) un € LY2(D x [0, min{T, 7ar, 7ar, })) -
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Proof. (i) We will prove that the Cauchy sequence {u, i}ren (as we described in Theorem B6]) belongs
to DV2(D x [0, min{T, 7ar, 7ar, })), V(z,t) € D x [0, min{T, 7as,7as,}), by using induction and the Picard
iteration scheme.

For k = 0, the function w,o is deterministic and bounded (since uy € H) with Malliavin derivative
Dy o =0 and 80 uy,o € D2

Let k € N be fixed and 2 < p < 3. We suppose that, Vi € NN [0, k], it holds that

U i(z,t) € DYP) Y(x,t) € D x [0, min{T, 7as, Taz, }), and

(4.3)
sup sup ||Dy75u,” 1 pydyds | | < +oo.
tG[O,min{T,TM,TMd}) i<k
We shall prove that the above also holds for w,, 1, i.e.,
Up 1(w, 1) € DYPY(2,t) € D x [0, min{T, 7ar, 7ar, }),
and
sup sup [ (/ / | Dy, stin,i(-, t)[17, dyds)} < 400,
te[0,min{T,Tar,Tary }) i<k+1
where the bounds are independent of k.
Since the Malliavin derivative D := D.. is a linear operator, and since D(uv) = D(u)v + uD(v), and

D(u) = 0 when w is not depending on the realization, applying it at both sides of [B.4]), we get

t
Dy,sun,k-l-l (:Eu t) :Dy,s (/ uo(g)G(.’IJ, gu t) dg) + Dy,s (/ / ’U/g(o, E)Gﬂ(xa gut - g)ng (gilun,k(ga 5)) dg ds
D 0o JD

+Dy,5( /O t /D Gla, .t — g)a(g)W(dg,dg))

=0+ / / Gy(x,g,t —35) Dy s (Ug(o, $)yT,, (g—lun,k(g, 5))) dyds + G(x,y,t — s)o(y)
s D
:/ /DGg(x,g,t—Q UQ(O,E)QJD%S(T (y Y 1 (7, )))dyds

t
+f /D Gyt — §)Dy o (g (0,8))FTo (T i (7 5)) djds + Gla, g, t — ) (y),

where we used Proposition 1.3.8 from Nualart [9], for the stochastic integral term and the fact that the
Malliavin derivative is zero when applied to the deterministic terms ug, G, Gy, ¢, and also zero for any
5 < s.

By the induction hypothesis u, i(x,t) € D%? and recall that since H, is C' with |H/| < 2, then for
arbitrary 0, T,,(?) is uniformly Lipschitz on 0, with (deterministic) Lipschitz constant ¢y, and so it holds
that |7, (y~1v) — T, (y~w)| < eply~ v — y~tw)| so, Proposition 1.2.4 from Nualart [9] (analogous to chain
rule) ensures that

T (2 un (2, t)) € DY (D x [0, min{T, 7ar, Taz, }))
and there exists a stochastic process G, r(x,t) such that
Dy (Tu (™ uni(®,1))) = Gu(@, 1) Dy s(a™ " (@, ) = Gup(@, )2~ Dy s(un i, 1)),
with
|G k(x,t)| < cp, Vz €D, t €0,00) as.,

where we used that 1 is deterministic and has thus zero Malliavin derivative (so D(z~tv) = 271 D(v)).
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The above yields, for all s <,

t
Dyysun,kJrl(xv t) :/ / G?}(Ia zja t - §)u7§(0, §) gn7k(g7 §)D Sun k(ya ) dde
(4.4)

/ / Gy(x, 7.t — 5)Dy s (ug(0,3)FT0 (5  un k(7. 5)) djds + G(z,y,t — s)o(y),
and for any s > ¢,
Dy stup p11(z,t) = 0.

Taking absolute value in ([f4)), and using that for general v, T, (v) = H,,(v)v, and so for v := § ™ u,, (7, 5),
it holds, as H,, <1,

-1

‘yT y 1un/€ yu ’ = ’yH un k(ya )) g un,k(gag)’ = Hn(g_lun,k(gag)) |un,k(g7§)|

S |un,k(y7 )la

and then raising to p power, we obtain for ¢; = ¢1 (M) (as we are in the sample space Qs where |u, (0,¢)| < M
if t < 7ap)

! P
Dy,sun,k+l(I,t)‘p Scp (/ /D |Gﬂ(x7y7 - ‘ |Uy 0 S ‘ ‘gn k y, ‘ ‘-l)y7 (Unk y, )|dy ds)
! p
+CP</ /D |G@(I,ﬂvt—§)||Dy,s(uz;(0,5))Hun,k(ﬂ,§)|dgdg) + |Gyt — 5)o ()|
¢ p
MP </ / |G7§(I,gj,t— | |Dys(unk U, S )‘dyds)

P
oy M2 (/ [ 163,56 5) st >|dgd§) T o |Gyt —5) o)

We integrate the above for y € D, s € [0,t] and then take expectation to derive

t t
E(/ / |Dy,sun,k+l(xat)|p dde)SCp/ / ’G(xvyat_s)a(y)’pdyds
0o Jp
t
—i—cpchMpE(/ / (/ / |Gy(2,§,t = 5)| | Dy,s (tnk(7, )‘dyds) dyds) (4.5)
0 Jp
t p
+cpM§E(/ / (/ / ]Gg(x,g,t—g)\|un,k(g,§)|dgd§) dyds).
o Jp \Js JD

For the first term in the right-hand side of (X)), we use (L20)) and ([T23)) to get, for p < 3,

¢ t
/ / ’G(;E,y,t—s)a(y)‘pdyds < ||U||1£m(D)/ / ‘G(x,y,t_s)’pdyds
0o JD 0o JD

t
1-p
< cllolm) [ (t= )" ds

2c _
= 55 ol ) 19777 < o0 (4.6)

where ¢ is a positive constant.
For the second term in the right-hand side of ([@&]), we first use (LZ2I]), then we apply Holder inequality
with exponents p and p’ = -£7 in the integral w.r.t. §j and we use (LZJ), then we choose a 8 > (3 —p)/(2p)
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and apply Holder inequality in the integral w.r.t. 5, to get

' P
t a2 )
< (/ /D|tc_1§| ex ( 02||f y| ) ‘D% (unk 7,8 )|dyds>
Czp/|33—g]|2 ) 1/p’ P
(] 25 1Pustins i ([ oo (-2 ) s

p
T
© </ |t 5| HDyS(unk )HLF(D) |t_5|2pl dS)
' p
CS(/ |t—§|2p HDu, Unk )HLP(D) d~>
t ) /
’ </ "~ §|§+(ﬂ_l)p ds) / It =5 o ||Dy S(un k( )HLP ds

=yl 809 [ 0= Dy a3

IN

<C4/ [t = 81777 || Dy.s (un i (- )HLP(D)d§

N\ P ’ —1
. [ (t—s)3/2(B-Dp p3/2+(B-0p \P74
with ¢(p, B, ¢, 5) = <W s \smmow) el
Thus, it follows

E(/(:/D</:/D|Gg<x,ﬂ,t—§>| IDy,s(un,k@,é))ldﬂds)pdyds)s
et ([ [ 105 1Dy s [y a5y
—eo [ B([ =57 [ 1Dl s ) a5
—eo [CB( [ [ 151D lns ) [y s a5 0

where we used the fact that the integral for s is taken finally in [0, §], since for s > § the Malliavin derivative
satisfies Dy s (unk(2,5)) =0, for any x € D.
Regarding the last term at the right of (@35]), using the bound ([2I) of G5 and Holder inequality, we

obtain
( dyds) <c/ / (/ Hunk HLOO ds)dyds

and so we get, as F (SUP§e[0,t] |tk (- §)||Loo(’D)) < ¢(n,t), Yk, by the proof of Theorem [B.6]

t
g
0

!G 2, §,t — 8)| [un (7, 3)| dj ds

t P
[ 163(.3.t = 8)| luna(5: 9| di 5| dy ds> < cs(m,p, T). (4.8)
s D
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Integrating (&3] with respect to x € D, and using the estimates (£0]),([Z7),[ES), we get

t
([ [ 1Dsetka 00 ) <
0 D
06—|—C7/ (/ /|t—s| 5pHDys(unk )HLP(D)dyds> ds. (4.9)

Taking supremum for i < k, we get

S_up[ (/ / 1Dy, sun,it1 ()17, dde)] <
i<k
§06+C7/ sup{ (//|t—s| ﬂpHD% (um , )||Lp dyds)]d
0 i<k

t
§C'+c/ sup{ (/ / |t — 5|~ BPHDU) um+1 HLP dyds)}d
0 i<k
or equivalently,

sup[ (/ / | Dy, stin,i(-, H dyds)] <
i<k+1

(4.10)
< —|—c/ sup { </ / [t — 3|~ 5PHDyS unl , )H dyds)]d§.
0 i<k+1
We now define
t
Ap j+1(t) == sup {E</ / HDy’Sunyi(-,t)Hip(D) dyds)}
i<k+1 0o Jp
and ([@I0) becomes
t
A1 (t) < ¢ +c / [t — 317PP Ay g (5) d5. (4.11)
0
By ([II)) we get
¢ ¢ t 05
/ [t —57PP A, k1 (8)ds < c’/ |t — 5|7PP d§+c/ / [t —5]7PP |5 — 7|7PP Ap gy (1) dr d3
0 0 o Jo
t t
= C1+c/ (/ |t—§|ﬁp|§—7'|5pd§) Ap g (1) dr
0 T
t
< C1+Cz/ Ay gy (1) dr (4.12)
0

where we used that

t / 11-20p ) 1—-28p
t T
c//|f—§|_6pd§:c < £ = () < 400
0 1—-p5p 1—-p5p

t 1/2 t 1/2
c(/ |t—§|—2ﬂpd§) (/ |5 — 7| 720P d§)
1 1/2 1 1/2
_ t— 1-28p t— 1-28p
C<1—2Bp| i > <1—2Bp| 7l

and

t
c/ It — 3757 |5 — 7| PP ds
T

IN
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c

— t_ 1—26]7

25, '

cT1—20p

— = C . 4.13
S T2 2 < 400 ( )

Using (A.12) in the last term of ([@II]), we obtain

¢
Appr1(t) < Cs + 04/ Ay gy (1) dr
0

so, by Gronwall’s lemma, we get

oo [E( [ [ 10yt 5 )] = s ) < e, (4.14)

i<k-+1

therefore,

t
o s B[ 1D, Ol dods )| < et
t€[0,min{T, 7 TMy P i<k+1 o JD

which gives

min{T,TM,‘er}
sup sup {E </ / ||Dy7sun7i(.7t)||ip(p) dy ds)] < c¢(n). (4.15)
tE[O,min{T,TM,TMd})sz:—i-l 0 D

In the previous, we used that D, su, i(z,t) = 0, Vs > ¢ and so the integration is for s € [0, min{T’, 7as, Taz, }),
while we note that the bound is independent of k.
So, we have that

) ) min{T,TM,‘er} )
nger1 (@, ) D12 0.mingTrar rar, 1) = B ([t o1 (2, 8)7) + E(/O /D |Dy,stin ot1(2, t)] dyds)
2/p min{T,TM,TMd} 2/p
< Bfunpss (5, )P) Y + B ( / [ 1Dy ctn a7 dy ds>
0 D

2/p 2/p min{T,TM,‘er} 2/p
< CE(Jun pg1 (1) — un (2, 6)[P) 7" 4 cE(Jun (z,t)|7) —|—cE</ / | Dy, stin, k41(x, t)[” dyd5>
0 D

< cE(|un)k+1(:E, t) — un(z, t)|p)2/p +ec sup sup E(|un(x, t)|p)2/p
te[0,min{T,7ar, 70y }) €D
min{T,‘rM,TMd} 2/p
tc s sup [E ( / 1Dy.ctini (O ) dydsﬂ ,
tG[O,min{T,TM,TMd})iSk-i-l 0 D

which is finite uniformly for any k£ € N, since as we proved in the previous section w, , converges to u,
in LP(QM; C([0, min{T, TM});H)) C LP(QM;C([O,min{T, TM,TMd});’H,)) which (as for generic u, we have
u = zu/z and so since z < A < ¢, ||U||Loo(’D) < ¢|lullx) yielded that E(||un,k+1(~,t) — un(-,t)||poo(p))(§
CE([lun kt1(-5 ) — un(-, 1)|[4,)) is bounded.

S0, tn k1 € D2 (D x [0, min{T, 7as, 7ar, })) and the induction is completed.

Since Up — Uy in LP(QM;C’([O,min{T, TM,TMd});H)) for p > 2, we also have that u,; — u, in
L2 (3 C([0, min{T, 7ar, a1, }); H)) (by Holder’s inequality on the expectation as p > 2).
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Furthermore, we’ve proven that u, p(z,t) € D2 Vk € N, up  — uy, in L?(Q), and it holds that

) min{T,TM,TMd} )
21€1§ HDwu";k(‘T?t)||L2(QMXDX[O,min{T,TM,TMd})) = 2161§ {E (/o /D |Dy,sun i (@, t)| dyds)]

min{T,TM,TMd}
< sup sup sup {E </ / |Dy75un1k(x,t)|2 dyds)} < ¢(n)
t€[0,min{T,7ar,7ary }) €D kEN 0 D

(4.16)
thus, Lemma 1.2.3 of [9] asserts that u,(x,t) € D12 and
Dy stun k(x,t) = Dy sup(x,t) as k — +oo,

in the weak topology of L?(Qa x D x [0, min{T, 7ar, Tar, }))-

(74) Taking Malliavin derivative in both sides of B2) for n := 0, and using the analogous calculus and
arguments, we obtain V(x,t) € D x [0, min{T, 7as, Tar, }) and for any s <,

t
Dy, sup(z,t) = G(z,y,t—s)o(y) + / / Gy(z,g,t — 5)ug(0,8) G,(, 8) Dy, sun(y,§) dyds
s D

t
+f /D Gyt — 3Dy o (s (0, 3)FTo( un (71 5)) di 05,

(i.e. (@I) is satisfied) while Vs > ¢ it holds Dy, su,(z,t) = 0 and G,, is a random variable that satisfies (Z.2]).
It remains to show the uniqueness of solution of {@II). If D, su,(z,t) is another solution of (@I]), then
since by definition of 757, the term D, s(ug(0,3)) exists uniquely when § € [0, min{T, 7as, Tas, }), through
linearity and application of the same arguments, we get the analogous results.
More specifically, let ¢ € [0, min{T, 7as, Tas, }) and defining

t
By(t) := E</O /D Dy, stn(-,t) = Dy&“ﬂ('vt)H%P(D) dy dS)

we can analogously derive, as the first and last term of (@) are common for D, s and D,, ; and by subtraction
vanish, that

t
Bult) <c [ 0= 517 B ds
0

and thus, by Gronwall’s lemma, we get B,,(t) = 0 for any ¢, i.e.

t
E(/ / |Dy,sun<-,t>—Dy,sun<-,t>|%p<p>dyds)—o, Vit € [0, min{T, 7ar, 7ar, ).
0 D

which yields the desired uniqueness of solution of ([@1]).

(i4) Since D un k(x,t) = D un(z,t) as k — 400 weakly in L?(Qa x D x [0, min{T, 7ar, Tar, })) for any
(x,t) € D x [0, min{T, Tar, Tar, } ), we have

min{T,TM,TMd} ) )
E(/O /D |Dy,stin(z,)] dyds) = 1D un (@, )22 (0 x D x [0.min{Trar 701, 1))

.. 2
< lklgligf (||Dunk(x, t)HL2(QM ><D><[O,min{T,TM,TMd})))

_ : : 2
= klglkloo (%I;kaD..,.Un.,m(Ia t)||L2(QMxDx[o,min{T,rM.,TMd})))
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< lim (sup ||D.,.un,m(xa t)

2
> .
k=400 >k IZ (Qm XDX[O;mm{TJM,TMd})))

< sup ||D.,.Un,k('r7t)||%2(QMXDX[O,min{T,TM,TMd})) < ¢(n),

and thus

) min{T,TM,‘er} min{T,‘rM,TMd} 9
||Dun||L2(QMX(DX[O,mil’l{T,TM,TMd}))2) = E</O /D/O /D |Dy)5’un($,t)| dyd5d$dt)

min{T,‘rM,TMd} min{T,‘rM,TMd} 9
= / / E(/ / | Dy, stin(z,t)|” dy ds>dazdt < +00.
0 D 0 D

Also, we have

) min{T,‘rM,‘er} )
[tnllZ2 (00 x D [0.min{T 701 7r, 1)) = E(/O /D [un(z,t)|° dz dt)

min{T,TM,‘er}
< / E</ |y, (2, 1)]? daz) dt
0 D

min{T,‘rM,‘er} )
<A / E(lun (1) [2 )

<c sup E(Hun('vt)H%W(D)) <400
te[0,min{T,7arr,Tary })

by [B3). Therefore
[unllL12(Dx [0,min{ T, 701,700, 1)
) ) 1/2
= (||u"||L2(QM xDx[0,min{T,7ar,7a1, })) + ||Du"||L2(QM><(DX[Oymin{TvTM>TMd}))2)) <+
which yields u, € LY2(D x [0, min{T, 7ar, 7az,})). O
This section’s main theorem is a direct consequence of the previous arguments.

Theorem 4.2. The solution u of (ILI11l) for n := 0 belongs to Llloi (D x [0, min{T, 7ar, 7ar, })) € Dllof (D x
[0, min{T, 7ar, 7oz, }))-

Proof. The proof follows since we constructed a localization of u, by (Q%,,u,), n € N with u,, € L"? C
D2, O

4.1. Existence of density. For the solution u of (LIl for n = 0 and certain assumptions of o, we will

show that
min{T,‘rM,‘er}
P / /|Dyysu(:c,t)|2dyds>0 =1 (4.17)
0 D

which, by [0 Theorem 2.1.3], implies that the law of u(x,t) is absolutely continuous with respect to the
Lebesgue measure on R. By a localization argument (see |2 Remark 3.1]), for proving (@I1T), it is enough

to show
min{T,TM,TMd}
P / / |Dyysun(gc,1€)|2 dyds>0] =1
0 D

for the solution wu, of [B2]). To this end, we first prove two very important estimates, as in [4] 2].
We keep the definitions of 57 and 7as, and 7y, of the previous sections.
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Proposition 4.3. Let a given deterministic T > 0 and 2 < p < 3. For any b € (0, min{T, 7ar, 7ar, }) and
any € € (0,b], there exists a constant ¢ > 0 independent of €, such that

b
sup E</ sup {/ |Dyﬁsun(a:,t)|pdy}ds) <cer, (4.18)
b D

teb—e,b) —ez€D

and, for any § > 0, there exists a constant ¢ > 0 independent of €, such that

sup (/t sup / | Dy, stun(z,t) — G(x,y,t — s)o(y )|pdy} ) <celo, (4.19)

tE[E,min{T,Tju,TMd}) e x€D

Proof. Let us denote the last term of (@II) by

t
Awys.t)i= [ [ Golondit =D, (us0NTLAG 0n(5:5)) di 05 (1.20)
s JD
Taking absolute value and then raising to the p power in ([Il), we get, for some constant ¢, > 0,
|Dy,sun(z, )" < cplG(x,y,t — s)o(y)[’

! p
+cp / /DGﬂ(fagvt—§)U§(O;§>gn(ﬂ,§)D sun(y, )dyds _|_Cp|A|ZD. (421)

Let b € [0, min{7, 7as, 7as, }) and € € (0,b]. From now on we work for times ¢ € [b — ¢, b]. In what follows,
¢ denotes a positive constant independent of x,¢ and ¢, and ¢ may change from one inequality to another.

In [@20)), we integrate in y € D, then take supremum in x and integrate for s € [b — ¢, t], and then take
expectation, to arrive at

E(/ sup/ |Dy, sun(z, t)|pdyds> <cp/ sup/ |G (z,y,t — s)o(y)|P dy ds
b—ez€D b—e z€D
sup

+e B (b w / Gyl st — 3) [1g(0, 8)Gn (7 ) Dy stin (3, 5)] di d5

+cpE (/ sup/ |A|pdyds>
b—e x€D

=: B + By + B3. (4.22)
Integrating in y and using (C20) and (C23), we have

2
_p T —
[ 1Gamt-oPlompdy < cli-slt [ e (-0 o ay

P
dy ds)

|t — s
2
< c|t—s|_%/exp(—c|$ yl )dy
D |t — 5|
< clt—s|TEt—s2 =t —s| . (4.23)

The bound ([@23) is integrable in time if p < 3. Using (£23)), we get

By = / sup/ |G (z,y,t — s)o(y)|Pdy ds
b

ex€D
< c/ |t—s| 2 ds
b—e
3—p
= c(t—b+e) 7. (4.24)

Regarding the term Bs in [@22)), we have

By = cpE<

sup Gy, 9,t = 8) [ug(0,8)Gn (5, ) Dy, sun(y, 5)| dy d5

b—ez€D JD

P
dy ds)




IN

IN

IN

IN

IN
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P
cE( /|G x,9,t — 3)| |Dy,sun(y,3)| dyds dyds)

clz — g2 ) 1/p' )
sup HDysun(v 8)|lLr(p) exp( ——————=— | dy ds
b e x€D D |t—8|
p
(/ / / |t—sﬁleDy,sun(-,§>||Lp<p>ds s )
b—e JD s
t t
([ ([ 151000 oy d5) )
b—e
B[ D 9y s i3
b—e Jb—e
t
c E(/ |t—§|—ﬁp//|Dy,sun(g,§)|Pdgdyds) ds
b—e b—e D JD
t 3
e [ B([ s [ ([ iDantardy) djas) as
b—e D D

c/ |t — 5|~ BpE( sup/ |Dy75un(g,§)|pdyds> ds (4.25)
b—e

b—e y€D

sup
b—e x€D

P
dy ds>

ckE

o

where we used for the first inequality the uniform upper-boundedness of |G,,| by the deterministic constant
C'r, and also the upper-boundedness of |ug(0,5)| by M, the estimate (I.2I) and Holder inequality for the
second inequality, and the estimate (L23]) for the third and Holder for the fourth inequality for 1/p+1/p" = 1.

In the last equalities we changed the order of integration, and in the last inequality we used that [ - || »(p) <
AP Lo (). So we get
By < c/ |t — 3| °PE sup/ |Dy sun (3, 3)|P dy ds | da. (4.26)
b—e b—e gED

Regarding the term Bs in [@I22), we have

B3

IN

IN

= ok </ sup/ |A|pdyds>
b—e x€D

b ([ s [ ][ [ Goto.d.t = 5)Dualast0. 90T 5™ 105,50 ] ayas)

b—e z€D
¢ P
cE</ sup/ ’/ / |Gy(x,g,t—35)|dy ds dyds>
b—ecxz€DJD'Js JD
c(t—b+e)ttt (4.27)

t
¢ / |t — s|P/2ds
b—e

where we used that u,, = u in Q7}; and so it holds that

therefore

Suply Yun (7,3 <n

Tn(gilun(ga 5)) = gilun(gv §) < n,

which gives that

?jSUP|Tn(?j_1un(?jv 5))| < An,
yeD
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while we also used the boundedness of D, (u3(0, 5)) by Mg, and the estimate (L22)).
Using in [@22)) the estimates (£.24)), [@.20]), (£27), we get, for p < 3 and ¢ = ¢(n) independent of ¢, that

E(/b sup/ | Dy sun(z, t)|pdyds> < ¢(n )(t—b-i—e) P et —b+e)rt?

e x€D
t
+c(n)/ It — 5|7 PPE / sup/ | Dy, stun (9, 5)|P dyds | d5. (4.28)
b—e b—e yeD

¢
_E</ sup/ |Dyﬁsun(x,t)|pdyds> ,
b—ez€D JD

Setting

the inequality (E28) becomes

t
Ln(t) < clt—b+6)°T" +o(t—b+e)b +1+c/ It — 3|7 L,(5) d5. (4.29)
b—e
By @.29), we get
t t 3—p t P
/ |t — 3PP L,(3)d5 < c/ |t—§|—ﬁp(§—b+e)fd§+c/ [t =377 (5—b+e)2tds
b—e b—e b—e
t s
—|—c/ |t—§|*5p/ |5 — 7|7PP L, () dr d3
b—e b—e
t t
< c(t—b—|—e)3;2p/ |t—§|*5pd§+c(t—b+e)%+1/ It — 5]7PPds
b—e b—e

t s
+c/ |§—T|—Bp/ 15— 7~ L, (+) dr d5
b—e b—e

C 3—p
= t—b+e)z TP 4 t—b+e)ititi=fr
l—ﬁp( ) l—ﬂ ( )2
t t
—|—c/ [/ |§—T|_'6p|§—7'|_6pd§} La(r) dr
b—e T
t
= (t—b—|—e) P poc(t—b+e)iT2Ar 4 c/ L, (1)dr, (4.30)
b—e

where we used that (see (Z13)
t
/ It — 3PP |5 — 7|7 d5 < C < +oc.
-

Using (A30) in the last term of ([@29), we obtain

t
La(t) < c(t—b+e€) 2" +c(t—b+e)it +c(t—b+e)?*5p+c(t—b+e)%+2*5p+c/ Ly (7)dr . (4.31)
b—e
By Gronwall’s lemma, we conclude that, for ¢t < b < min{T, mas, 7o, },

La() <clt—b+e) = +clt—b+e)2™ +c(t—b+e) = PP 4 c(t—b+e)st2hp,
that is
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(/ sup/ |Dy,sun(x,t)|pdyds> < c(t—b+e) s c(t—b+e)s
b—ex€D
Fe(t—b+e) TP fc(t—b+e)Et2Pr (4.32)

Using that D, s (un(x,t)) =0 for s >t and any x € D, and [£32), we obtain, for t < b,

E (/ sup/ |Dy, sun(z,t)[P dyds) E (/ sup/ |Dy, sun(z,t)[P dyds)
b—e z€D b—e z€D

< (t—b—l—e)2 —|—c(t—b—|—e)
+c(t—b+e) . ﬂp+c(t—b+e)§+2‘ﬂp
< ceT 4 et 4o et PP 4 B2 A
< ce?. (4.33)

Taking the supremum in [@33)) over ¢ € [b — ¢,b], we get (LIT).
Furthermore, using (@1), (£26), [@2T) with b = ¢ and [{I8]), we obtain

(/ sup / | Dy sun(z,t) — G(x,y,t — s)o(y)|” dy} ds)
t—e x€D

¢ P

<?1E( up /Y%@@rﬁnw@a%@@Dw%@@wmﬁdwﬁ

—ex€D
+ 27 (/ sup/ |AP dyds)
t—e x€D

<celtTT AP o cebtl

< et A
which proves the estimate (ZI9) with 6 := Sp — (3 — p)/(2p). O

Proposition 4.4. Let p € [2,3). Assume that o satisfies, for some v € (0,1) and some constant ¢y > 0,

t
/ / |G(z,y,t — 8)|P |o(y)|P dyds > co €. (4.34)
t—e JD
Let also a given deterministic T > 0. Then, for any t € [0, min{T, Tar, Taz, }),

p

P(w e QY HDyﬁs(un(w;x,t))

>0) =1, 4.35
) ) (4.35)

Lr(yeD, s€[0,min{T,Tar, Ty

and

P(w e [ Dyatulws )]

' > 0) =1, (4.36)

Lr(yeD, s€[0,min{T,7a,70m4}))

where u, u, are the unique solutions of ([(LIIl) and B2) respectively.
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Proof. We keep t less than T" deterministic and the stopping times used in the previous Proposition. Recall

&I ie.,

Dy,sun(zat) =G(x,y,t —s) / / (z,9,t — S)Uy(o 5) Gn(9,5)D ysun(ya 5)dyds

wf / Gy 3.t = 5)D 50,55 n(7,) 7 5
In the above, taking absolute value and then raising to the p power, we get

t
|Dy, sun(z, )P = ‘G(m,y,t —8)o(y) —|—/ /D Gy(z,9,t — 5)ug(0,8) Gu(g,8)Dy, sun(y, ) dy ds

P

t
+f /D Gy, 5.t — 3)Dy (g (0, )G (T un (5 3)) di d
> 91 P|AP - |BP,

where
A(Ia Y, ta S) = G(.I, Y, t— S)U(y)
and

t
B(z,y,t,s) ::/ / Gz, 9,t — 5)ug(0,8) G,(9, 8) Dy, sun(y, 5) dy ds

/ [ Gl 5ot = 9D, 3 0. 5D 059 i .

Then, we integrate to obtain

¢ ¢ ¢
/ / | Dy, stun(z,t) P dy ds > 21_p/ / |A]P dy ds — / / |B|P dy ds
t—e JD t—e JD t—e JD

where, by assumption,
t t
[ [aras = [ Gyt o s
t—e JD t—eJD

2 Co €. (437)
We also have, from (@) and (@I9), that

E(/ttE/D|B|pdyds) E(/tte/D‘Dy,Sun(x,t)—G(x,y,t—s)a(y)‘pdyds)

c(n)e'=? (4.38)
for any § > 0. Gathering all the above, we get, using Markov inequality, for 1 —~ > ¢ > 0,

IN

min{T,TM,TMd}
P(/ /|Dyysun(x,t)|pdyds>0) > P(21 P/ /|A|deds—/ /|B|deds>o>
0 D t—e t—e
> (/ / |BIP dy ds < —e'y)
t—e
>

1—ce’7E</ /|B|pdyds)
t—e JD

> 1—ce Ve P21 ase—0
which yields ([@35), and then (£30) (see for the second in [2, Remark 3.1]). O
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Remark 4.5. For the case that o > o9 > 0 on D (in particular, 0(0) # 0 and o(X) # 0), assumption (@3]

is satisfied at © # 0 and x # N\, for p =2 and v = 1/2. To show this, we will use the expansion (LIJ). Let
us set q := x/\ € (0,1) and consider the case q € Q, while the case ¢ & Q follows by approzimation. So,

x /X = my/mg for positive integers my < mg. Using that {\/gsm(%”y)} is an orthonormal basis of L*(D),

we obtain
/ / |G (x,y,t — 5)|*dy ds

t
/ /IG(:v,y,t—s)|2|a(y)|2dyds
t—eJD
ot [ (Ep e e
t—e

Y

_ Z% s1n2(k7‘r ) —2a(m/A) 2k (t— s)dS
[
2 N 1 _
_ i_ﬂé ZSlnz(k:Z;ﬂ-) = (1 _e 2a(ﬂ-/)\)2k25>
k=1

IV
3
3
e
)
=
[\v}
33
B
e
—

Cr (1 _ e—2a(w/>\)2(mgé+l)2e)

Y

o2 . . > 1 e /N2 (e £)2 €
sanz sin’ (%57 Z (mal)? (1_6 zalm/ma) )

v
w|::qm
2
;jl\.’)
—~
>
~
M

(=1
2a(mam/A) 0% e< M
1/2
2 M
> %0 gip2(rz
= s () <2a(m27r/)\)2e) ‘

= (o 61/2.

Here, we take a M > 0 such that 1 —e™* > 2/2 for 0 < z < M, applied for z = 2a(man /)02 .

Remark 4.6. For p = 2, one can derive all above results, alternatively, by using the eigenfunction expansion
([CI8) and the fact that {\/7$1n y)} is an orthonormal basis of L?(D).

A main difference of the equation (III]) when 7 := 0 from the problems treated in [4] and [2] is that
in our case as in [3] [7, 8] the noise diffusion coefficient o(y) is zero for at least two values of y, i.e., when
y=0,A\.
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