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MALLIAVIN CALCULUS FOR THE ONE-DIMENSIONAL

STOCHASTIC STEFAN PROBLEM

D. C. ANTONOPOULOU‡, D. DIMITRIOU∗, G. KARALI‡∗, K. TZIRAKIS†∗

Abstract. We consider the one-dimensional outer stochastic Stefan problem with reflection which models
the short-time prediction of the price or spread of one volatile asset traded in a financial market. The
problem admits maximal solutions as long as the velocity of the moving boundary stays bounded, [3, 7, 8].
We apply Malliavin calculus on the transformed equation and prove first that its maximal solution u has
continuous paths a.s. In the case of the unreflected problem, the previous enables localization of a proper
approximating sequence of the maximal solution. Then, we derive there locally the differentiability of
maximal u in the Malliavin sense. The novelty of this work, apart from the derivation of continuity of the
paths for the maximal solution with reflection, is that for the unreflected case we introduce a localization
argument on maximal solutions and define efficiently the relevant sample space. More precisely, we prove
the local (in the sample space) existence of the Malliavin derivative and, under certain conditions on the
noise coefficient, the absolute continuity of the law of the solution with respect to the Lebesgue measure.

1. Introduction

1.1. The Stochastic Stefan problem. We consider two well separated phases ΩSol and ΩLiq, the solid
and liquid phase respectively, occupying a static bounded domain Ω of R defined by the interval Ω := (a, b).
Let ΩSol(t) := (s−(t), s+(t)) be the solid phase at time t, then

Ω = ΩLiq(t) ∪ {s−(t), s+(t)} ∪ ΩSol(t) = ΩLiq(t) ∪ [s−(t), s+(t)], (1.1)

where
ΩLiq(t) = Ω \ [s−(t), s+(t)]. (1.2)

We shall assume that the initial solid phase is in Ω and far from its boundary, i.e., that λ≫ s+(0)− s−(0),
for λ := b− a the length of Ω.

The outer parabolic Stochastic Stefan problem is defined by


































∂tw = α∆w + σ
(

dist(y, ∂ΩSol)
)

Ẇs(y, t) + η̇s(y, t), y ∈ ΩLiq(t), t > 0 (‘liquid’ phase),

w(y, t) = 0, y ∈ ΩSol(t), t > 0, (‘solid’ phase),

V = −∇w|∂ΩSol(t), t > 0, (Stefan condition),

w(a, t) = w(b, t) = 0, t > 0,

∂ΩSol(0) = {s−(0), s+(0)} = given.

(1.3)

Here, w = w(y, t) is a density, α > 0 is a positive constant, and σ is a function of the distance of y from the
solid phase boundary, dist(y, ∂ΩSol(t)) := min{|y − s+(t)|, |y − s−(t)|}. The noise term is given by

Ẇs(y, t) := Ẇ (y − s+(t), t) if y ≥ s+(t), Ẇs(y, t) := Ẇ (−y + s−(t), t) if y ≤ s−(t),

where Ẇ (±y ∓ s±(t), t) is a space-time white noise, see for example in [11]. The initial condition w(y, 0) =
w0(y) is a sufficiently smooth deterministic function compactly supported in the liquid phase. The moving
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boundary of (1.3) is the union for all t ≥ 0 of the curves y = s+(t), y = s−(t) enclosing the solid phase
with midpoint s(t) := (s−(t) + s+(t))/2 and length s+(t) − s−(t) defining the spread. The solution w(y, t)
vanishes when y is in the closure of the solid phase. The Stefan condition describes the change of liquidity;
V there is the velocity of the interface, and for (∇·)± denoting the derivative from the right (y > s+) and
left (y < s−) it follows that

V (s+(t), t) := ∂ts
+(t) = −(∇w)+(s+(t), t), V (s−(t), t) := ∂ts

−(t) = −(∇w)−(s−(t), t).

The term on (1.3) is given by

η̇s(y, t) := η̇1(y − s+(t), t) if y ≥ s+(t), η̇s(y, t) := η̇2(−y + s−(t), t) if y ≤ s−(t),

where η1, η2 are reflections.
In the context of the financial setting, y is the ‘price’ of one asset (y is derived after a logarithmic

transformation and can take negative values also), while the coefficient α ≫ 0 of the Laplacian describes the
liquidity of the asset, and w(y, t) is the density of sell and buy orders traded in the market with price y at
time t. The solid phase encloses the prices for which no trade occurs and its length s+(t)− s−(t) defines the
financial spread. We refer to [1, 3] and the references therein for more details on the financial parameters.

1.2. The transformed problem. The liquid phase consists of two separate bounded linear segments which
enables the splitting of the Stefan problem equation in two equations posed for on y ≥ s+ and on y ≤ s−.
After the change of variables

x := y − s+(t) if y ≥ s+(t), x := −y + s−(t) if y ≤ s−(t),

cf. [3], the stochastic equation of (1.3) is transformed by the use of the Stefan condition into two independent
ones each posed on the fixed space domain D := (0, λ) with Dirichlet boundary conditions. The value x = 0
occurs when the price y is s±, while x = λ when the spread is zero and s+ = s− hits the boundary of Ω.
These equations are of the form

ut(x, t) = αuxx(x, t) ∓ ux(0
+, t)ux(x, t) ± σ(x)Ẇ (x, t) + η̇(x, t), x ∈ D, t > 0, (1.4)

with η(dx, dt) a random measure on D×R+ (reflection) keeping u a.s. non-negative, and a space-time white

noise Ẇ (x, t) where W = W (x, t) is a Wiener process. We also note that when a system is considered in
place of the Stefan problem (1.3) with different liquidity coefficients α1, α2 on the diffusion term ∆w, a
problem analyzed in [7] when the spread is zero, the same equation of the above general form (1.4) will
appear after the change of variables for α = α1, α2.

Without restricting the generality, we shall consider one of the cases for the s.p.d.e. which yields the
following transformed initial and boundary value problem











ut(x, t) = αuxx(x, t)− ux(0, t)ux(x, t) + σ(x)Ẇ (x, t) + η̇(x, t), (x, t) ∈ D × (0, T ),

u(x, 0) = u0(x), ∀x ∈ D,

u(0, t) = u(λ, t) = 0, ∀t ∈ [0, T ].

(1.5)

As in [3], we assume that

σ : D → R is a function in C(D), and differentiable at x = 0, with σ(0) = σ(λ) = 0, (1.6)

and, since w0 is compactly supported on the initial liquid phase, that

u0 is a deterministic and non-negative function in C∞
c (D). (1.7)

The reflection measure η keeps u non-negative and satisfies

for all measurable functions ψ : D × (0, T ) → [0,∞)
∫ t

0

∫

D

ψ(x, s)η(dx, ds) is Ft −measurable
(1.8)
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for Ft the filtration generated by {W (x, s) : 0 ≤ s ≤ t, x ∈ D}, and the constraint
∫ T

0

∫

D

u(x, s)η(dx, ds) = 0. (1.9)

The problem (1.5), (1.8), with σ, u0 satisfying (1.6) and (1.7) respectively, has a unique maximal solution
(u, η) in the time interval [0, T ∗), where

T ∗ := sup
M>0

τM , (1.10)

for

τM := inf
{

T ≥ 0 : sup
r∈[0,T )

|ux(0
+, r)| ≥M

}

≡ inf
{

T ≥ 0 : sup
r∈[0,T )

ux(0
+, r) ≥M

}

,

see in [3]. An analogous result for the same stopping time T ∗ := supM>0 τM was derived in [7] for a system
of such SPDEs when α = α1, α2.

The solution u of problem (1.5) is written in integral representation ∀x ∈ D, t ∈ [0, T ∗) as

u(x, t) =

∫

D

u0(y)G(x, y, t) dy +

∫ t

0

∫

D

uy(0, s)Gy(x, y, t− s)u(y, s) dy ds

+

∫ t

0

∫

D

G(x, y, t− s)σ(y)W (dy, ds) +

∫ t

0

∫

D

G(x, y, t− s) η(dy, ds),

(1.11)

where G is the Green’s function of the Dirichlet problem on D of the heat equation vt = αvxx.
We recall the Banach space (H, ‖ · ‖H), introduced in [7], where

H :=
{

f ∈ C(D) : ∃ f ′(0), and f(0) = f(λ) = 0
}

, and ‖f‖H := sup
x∈D

∣

∣

∣

∣

f(x)

x

∣

∣

∣

∣

. (1.12)

Let us consider M > 0 deterministic and T > 0 deterministic, and for a positive integer n define the
stopping time

τ̃n := inf
{

T ≥ 0 : sup
r∈[0,T )

‖u(·, r)‖H = sup
r∈[0,T )

sup
x∈D

∣

∣

∣

∣

u(x, r)

x

∣

∣

∣

∣

≥ n
}

, (1.13)

it then holds that, cf. [7],

E
(

sup
t∈[0,min{T,τM ,supn>0 τ̃n})

‖u(·, t)‖pH

)

≤ C(T,M, p) <∞, (1.14)

where we used that in our problem h(uy(0, s)) = uy(0, s) which has a linear growth as in the result of [7].

Remark 1.1. Note that the bound of the above expectation depends on the choice of M . In case where the
term uy(0, s) was replaced by some h(uy(0, s)) uniformly bounded for any M > 0 then the solution u would
be global, cf. Corollary 5.7 of [7], and it would hold that

E
(

sup
t∈[0,min{T,supM>0 τM ,supn>0 τ̃n})

‖u(·, t)‖pH

)

≤ C(T, p) <∞. (1.15)

We fix now T > 0 deterministic and M > 0 deterministic, and define

ΩM :=
{

ω ∈ Ω : sup
t∈[0,min{T,τM})

|ux(0
+, t, ω)| < M

}

, (1.16)

and for any integer n > 0, we define

Ωn
M :=

{

ω ∈ ΩM : sup
t∈[0,min{T,τM})

‖u(·, t, ω)‖H < n
}

. (1.17)

It then follows that

Ω1
M ⊆ Ω2

M ⊆ · · · ⊆ ΩM ,

and Ωn
M ↑ ΩM as n→ ∞.
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Remark 1.2. As we assume that the initial condition u0 satisfies (1.7), then it follows that for t = 0
u(x, 0) = u0(x) satisfies the bounds in the definitions of ΩM , and of Ωn

M for M large enough and for all
n ≥ n0 respectively. This yields that the sets ΩM and Ωn

M are not empty for M large enough such that
∇u0(0) < M and for all n ≥ n0 for n0 large enough such that ‖u0(·)‖

p
H < n0, where of course M , n0 depend

on the initial condition u0.

1.3. Green’s function. Throughout this paper, we denote by G the Green’s function for the heat equation
ut(x, t) = αuxx(x, t) on [0, λ] with Dirichlet boundary conditions, which is given by

G(x, y, t− s) =
2

λ

∞
∑

k=1

sin(kπλ y) sin(
kπ
λ x) e

−α(π/λ)2k2(t−s) (1.18)

for s < t. An equivalent expression is

G(x, y, t− s) =
1

√

4πα(t− s)

∞
∑

k=−∞

[

exp
(

−
(y − x+ 2kλ)2

4α(t− s)

)

− exp
(

−
(x+ y + 2kλ)2

4α(t− s)

)

]

.

We will use the following estimates of G and its derivative Gy (see Eidelman and Ivasisen [5], see also [10]).
We have, for some constants c, C > 0,

|G(x, y, t− s)| ≤ C |t− s|−1/2 exp
(

− c
|x− y|2

|t− s|

)

, (1.19)

and so

|G(x, y, t− s)|p ≤ C |t− s|−
p
2 exp

(

− c
|x− y|2

|t− s|

)

. (1.20)

We also have

|Gy(x, y, t− s)| ≤ c|t− s|−1 exp
(

− c
|x− y|2

|t− s|

)

, (1.21)

and so
∫

D

|Gy(x, y, t− s)|dy ≤ c|t− s|−1

∫

D

exp
(

− c
|x− y|2

|t− s|

)

dy ≤ c|t− s|−1/2 (1.22)

where we used the Gaussian integral

∫

R

exp
(

− c
|x− y|2

|t− s|

)

dy =
√

π
c |t− s|

1
2 . (1.23)

1.4. Main Results. In Section 2, we consider the problem with reflection and prove that the paths of the
sample space ΩM , where M > 0 is an arbitrary deterministic constant, are space-time continuous, i.e., for
all realizations in ΩM where as proven in [7, 3] the solution exists, it is also space-time continuous. The next
Section 3 is devoted to the localization of u in the given sample space ΩM when the unreflected problem is
considered. We present there some important definitions of the spaces where we investigate the Malliavin
differentiability. We then define a proper approximation un of u for which un = u on Ωn

M and prove that un
exists uniquely as a solution of a cut-off spde. Finally, in Section 4, we consider Md > 0 deterministic and
arbitrary. We prove that the Malliavin derivative of u exists for times up to which the Malliavin derivative
of the term in the definition of ΩM (i.e., ux(0

+, t, ω)) not only is bounded by M but also stays differentiable
in the Malliavin sense with derivative upper bounded by Md. We additionally prove some estimates for
the derivative and establish the absolute continuity of the law of the solution with respect to the Lebesgue
measure on R, under a certain condition on σ.
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2. Space-Time Continuity for the paths of ΩM

In this section we prove the next very useful theorem establishing the space-time continuity of u(·, ·, ω)
for any ω ∈ ΩM , which is essential for the localization argument.

Theorem 2.1. Let u0, σ satisfy (1.7) and (1.6) respectively and M > 0, T > 0 deterministic fixed values,
and M large enough such that ∇u0(0) < M . Consider ω ∈ ΩM for ΩM defined by (1.16). The unique
maximal solution u(x, t, ω) of (1.11) is continuous in space-time for any x ∈ D and any t ∈ [0,min{T, τM})
for τM the stopping time defined in (1.10).

Proof. Since u(·, t, ω) ∈ H for any fixed t ∈ [0, τM ), cf. [3], then by the definition of H, u(·, t, ω) ∈ C(D) i.e.
u is space-continuous for any fixed t ∈ [0, τM ), where note that u0(x) = u(x, 0) ∈ C∞

c (D) ⊂ H.
Let t1, t2 ∈ [0,min{T, τM}) with t2 ≥ t1. In order to ease notation we will use u(x, t) in place of u(x, t, ω).
By the integral representation (1.11) of u, we get

u(x, t2)− u(x, t1) =

∫

D

u0(y)
(

G(x, y, t2)−G(x, y, t1)
)

dy

+

∫ t2

0

∫

D

uy(0, s)u(y, s)Gy(x, y, t2 − s) dy ds

−

∫ t1

0

∫

D

uy(0, s)u(y, s)Gy(x, y, t1 − s) dy ds

+

∫ t2

0

∫

D

σ(y)G(x, y, t2 − s)W (dy, ds)−

∫ t1

0

∫

D

σ(y)G(x, y, t1 − s)W (dy, ds)

+

∫ t2

0

∫

D

G(x, y, t2 − s) η(dy, ds)−

∫ t1

0

∫

D

G(x, y, t1 − s) η(dy, ds)

=

∫

D

u0(y)
(

G(x, y, t2)−G(x, y, t1)
)

dy

+

∫ t2

t1

∫

D

uy(0, s)u(y, s)Gy(x, y, t2 − s) dy ds

+

∫ t1

0

∫

D

uy(0, s)u(y, s)
(

Gy(x, y, t2 − s)−Gy(x, y, t1 − s)
)

dy ds

+A(x, t2)−A(x, t1),

for

A(x, t) :=

∫ t

0

∫

D

G(x, y, t− s)σ(y)W (dy, ds) +

∫ t

0

∫

D

G(x, y, t− s) η(dy, ds).

So, by using (1.14), we have

|u(x, t2)− u(x, t1)| ≤
∣

∣

∣

∫

D

u0(y) (G(x, y, t2)−G(x, y, t1)) dy
∣

∣

∣

+

∫ t2

t1

∫

D

uy(0, s)u(y, s)
∣

∣Gy(x, y, t2 − s)
∣

∣ dy ds

+

∫ t1

0

∫

D

uy(0, s)u(y, s)
∣

∣Gy(x, y, t2 − s)−Gy(x, y, t1 − s)
∣

∣ dy ds

+
∣

∣A(x, t2)−A(x, t1)
∣

∣

≤ ‖u0‖L∞(D)

∫

D

∣

∣G(x, y, t2)−G(x, y, t1)
∣

∣ dy
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+

∫ t2

t1

∫

D

|uy(0, s)||y|
∣

∣

∣

u(y, s)

y

∣

∣

∣

∣

∣Gy(x, y, t2 − s)
∣

∣ dy ds

+

∫ t1

0

∫

D

|uy(0, s)||y|
∣

∣

∣

u(y, s)

y

∣

∣

∣

∣

∣Gy(x, y, t2 − s)−Gy(x, y, t1 − s)
∣

∣ dy ds

+
∣

∣A(x, t2)−A(x, t1)
∣

∣

≤ ‖u0‖L∞(D)

∫

D

∣

∣G(x, y, t2)−G(x, y, t1)
∣

∣ dy

+C(M,T, ω)

∫ t2

t1

∫

D

∣

∣Gy(x, y, t2 − s)
∣

∣ dy ds

+C(M,T, ω)

∫ t1

0

∫

D

∣

∣Gy(x, y, t2 − s)−Gy(x, y, t1 − s)
∣

∣ dy ds

+
∣

∣A(x, t2)−A(x, t1)
∣

∣. (2.1)

For the first term in (2.1), observe first that the solution v(x, t) of the parabolic problem

vt = αvxx ∀(x, t) ∈ D × (0, T ), v(x, 0) = u0(x) ∀x ∈ D, v(0, t) = v(λ, t) = 0 ∀t ∈ (0, T ),

is given by

v(x, t) =

∫

D

u0(y)G(x, y, t) dy,

and so

∣

∣

∣

∫

D

u0(y)(G(x, y, t2)−G(x, y, t1)) dy
∣

∣

∣
= |v(x, t2)− v(x, t1)| ≤ sup

(x,t)∈D×(0,T )

|vt(x, t)||t2 − t1|.

Using the equation that v satisfies, we have

vt = αvxx, vtt = αvxxt = α2vxxxx, vttt = α2vxxxxt = α3vxxxxxx,

vtx = αvxxx, vtxx = αvxxxx, vttx = α2vxxxxx,

and so, we obtain that

sup
(x,t)∈D×(0,T )

|vt(x, t)| ≤ c‖vt‖H2(D×(0,T )) ≤ c sup
t∈(0,T )

‖v‖H6(D),

where we used that in dimensions 2 (1 for time, 1 for space) the L∞ norm is upper bounded by the H2

norm. By parabolic regularity, if u0 ∈ H6(D), then v ∈ L∞(0, T ;H6(D)).
Of course as we assume a stronger initial value regularity, u0 ∈ C∞

c (D), we may get directly, see [6]
Theorem 7 of §7.1 at pg. 367, that

∣

∣

∣

∫

D

u0(y)
(

G(x, y, t2)−G(x, y, t1)
)

dy
∣

∣

∣
≤ c|t2 − t1|,

uniformly for all (x, t) ∈ D × (0, T ), where c = c(ω) if u0 was stochastic. In our case we considered u0
deterministic and so c is not depending on the realization.

For the second term in (2.1), using (1.22), we get
∫ t2

t1

∫

D

∣

∣Gy(x, y, t2 − s)
∣

∣ dy ds ≤ C |t2 − t1|
1/2 → 0

almost surely in ΩM as t2 → t1.
For the third term, according to [8, Proposition A.6], there exists a constant C > 0 such that, for p > 4,

(
∫ t1

0

(
∫

D

∣

∣Gy(x, y, t2 − s)−Gy(x, y, t1 − s)
∣

∣ dy

)

p
p−2

ds

)

p−2
p

≤ C |t2 − t1|
p−4
4p , ∀x, y ∈ [0, λ],
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thus, using Hölder’s inequality, we get
∫ t1

0

∫

D

∣

∣Gy(x, y, t2 − s)−Gy(x, y, t1 − s)
∣

∣ dy ds ≤ (λt1)
2
p |t2 − t1|

p−4
4p → 0

almost surely in ΩM as t2 → t1.
Lastly, regarding the process A(x, t), according to Proposition 3.11 in [8], the first term is almost surely

continuous as a function of (x, t) whereas the second term, according to [3], coincides with the solution of a
specific Heat equation Obstacle problem which, by Theorem 3.2 of [7], admits a Hölder continuous solution
both in space and time. Thus A(x, t) is almost surely continuous in space and time and so

|A(x, t2)−A(x, t1)| → 0 almost surely in ΩM as t2 → t1.

From all the above arguments, we conclude that

|u(x, t2)− u(x, t1)| → 0 almost surely in ΩM as t2 → t1

which proves the almost sure in ΩM continuity of u in time. �

3. Localization of the unreflected u in ΩM

Let (Ω̃,F , P ) be a probability space and X : Ω̃ → R a random variable, recall that the sample space Ω̃

consists of all the possible outcomes ω ∈ Ω̃ (simple events) of a random experiment. The Malliavin derivative

measures the rate of change of X as a function of ω ∈ Ω̃.

3.1. Basic definitions.

Definition 3.1. The set L2
(

Ω̃×D× [0, T ]
)

consists of the stochastic processes v(ω;x, t), (x, t) ∈ D× [0, T ]
such that

‖v‖L2(Ω̃×D×[0,T ]) :=

(

E

(
∫ T

0

∫

D

|v(x, t)|2 dx dt

)

)1/2

< +∞.

Definition 3.2. We denote by D1,2
(

D × [0, T ]
)

the set of stochastic processes v(ω;x, t), (x, t) ∈ D × [0, T ]
such that the Malliavin derivative (in space and time), Dy,sv(x, t), exists for any y ∈ D and s ≥ 0 and any
(x, t) ∈ D × [0, T ], and satisfies

‖v‖D1,2(D×[0,T ]) :=
(

‖v‖2
L2(Ω̃)

+ ‖D.,.v‖
2
L2(Ω̃×D×[0,T ])

)1/2

< +∞.

Remark 3.3. Recall that D1,2 is a Hilbert space.

Definition 3.4. The set L1,2
(

D×[0, T ]
)

is defined as the class of all stochastic processes v ∈ D1,2
(

D×[0, T ]
)

that satisfy

‖v‖L1,2(D×[0,T ]) :=
(

‖v‖2
L2(Ω̃×D×[0,T ])

+ ‖Dv‖2
L2(Ω̃×(D×[0,T ])2)

)1/2

< +∞

where

‖Dv‖L2(Ω̃×(D×[0,T ])2) :=

(

E

(

∫ T

0

∫

D

∫ T

0

∫

D

∣

∣Dy,sv(x, t)
∣

∣

2
dydsdxdt

))1/2

.

We set Ω̃ := ΩM defined by (1.16).
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Definition 3.5. The local versions of the sets D1,2
(

D × [0, T ]
)

and L1,2
(

D × [0, T ]
)

are defined as follows

L1,2
loc

(D×[0, T ]) := {stoc. proc. v : ∃ {(Ωn
M , vn)}n∈N ⊂ F×L1,2 such that Ωn

M ↑ ΩM a.s. & v = vn a.s. on Ωn
M},

D1,2
loc

(D×[0, T ]) := {stoc. proc. v : ∃ {(Ωn
M , vn)}n∈N ⊂ F×D1,2 such that Ωn

M ↑ ΩM a.s. & v = vn a.s. on Ωn
M},

where recall that

Ωn
M ↑ ΩM a.s. ⇐⇒ Ω1

M ⊆ Ω2
M ⊆ · · · ⊆ ΩM such that lim

n→+∞
P (Ωn

M ) = P (ΩM ) = 1.

Recall now that it holds that L1,2 ⊆ L1,2
loc ⊆ D1,2

loc as well as L1,2 ⊆ D1,2 ⊆ D1,2
loc ⊆ D1,1

loc . Also recall that if

v ∈ D1,2
loc and (Ωn

M , vn) localizes v in D1,2, then the Malliavin derivative Dy,sv is defined without ambiguity
by Dy,sv = Dy,svn on Ωn

M , ∀n ∈ N.
Since L1,2 ⊆ D1,2, a constructed localization (Ωn

M , vn) of v in L1,2 is also a localization in D1,2 and thus,
will define well the Malliavin derivative of v through the Malliavin derivative of vn.

Let us consider the unreflected problem, i.e., we set η = 0 in (1.11). Here, we note that the bound (1.14),
holds also true, i.e.,

E
(

sup
t∈[0,min{T,τM ,supn>0 τ̃n})

‖u(·, t)‖pH

)

≤ C(T,M, p) <∞,

but we need to define for τM := inf
{

T ≥ 0 : supr∈[0,T ) |ux(0
+, r)| ≥ M

}

(which is here 6= inf{T ≥ 0 :

sup
r∈[0,T )

ux(0
+, r) ≥M}), ΩM as follows

ΩM :=
{

ω ∈ Ω : sup
t∈[0,min{T,τM})

|ux(0
+, t, ω)| < M

}

. (3.1)

The absolute value over ux is introduced in the definition as done in places in [3] wherein the unreflected
problem was also analyzed (since ux(0

+, t, ω) may be negative in the unreflected case where u changes sign
in general).

3.2. The cut-off solution un = u a.s. on Ωn

M
. For fixed n ∈ N, we define as in [4, 2] the cut-off function

Hn : R → R+, Hn smooth (in C1(R)) such that for all n, 0 ≤ Hn ≤ 1 and |H ′
n| ≤ 2 with

Hn(v) =

{

1 , if |v| < n,

0 , if |v| > n+ 1.

We now define Tn(v) := Hn(v)v.
Let T > 0 deterministic and M > 0 deterministic. We recall the definition of the stopping time τM (given

in (1.10)), τM := inf
{

T ≥ 0 : sup
r∈[0,T )

|ux(0
+, r)| ≥M

}

.

We define ∀x ∈ D, t ∈ [0,min{T, τM}), the cut-off stochastic integral equation

un(x, t, ω) =

∫

D

u0(y)G(x, y, t) dy +

∫ t

0

∫

D

uy(0, s)Gy(x, y, t− s) y Tn
(

y−1un(y, s, ω)
)

dy ds

+

∫ t

0

∫

D

G(x, y, t− s)σ(y)W (dy, ds)

(3.2)

for ω ∈ ΩM .
Subtracting (1.11) and (3.2), then using (1.22) and applying Hölder’s inequality with exponents p > 2

and p′ = p/(p− 1), we obtain, for ω ∈ Ωn
M ,

|un(x, t)− u(x, t)| ≤

∫ t

0

∫

D

|uy(0, s)| |Gy(x, y, t− s)|
∣

∣y Tn
(

y−1un(y, s)
)

− u(y, s)
∣

∣ dy ds
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≤ M

∫ t

0

∫

D

|Gy(x, y, t− s)|
∣

∣y Tn
(

y−1un(y, s)
)

− u(y, s)
∣

∣ dy ds

≤ Cn

∫ t

0

(
∫

D

|Gy(x, y, t− s)| dy

)

‖un(·, s)− u(·, s)‖L∞(D) ds

≤ cn

∫ t

0

|t− s|−1/2 ‖un(·, s)− u(·, s)‖L∞(D) ds

≤ cn

(
∫ t

0

|t− s|−p′/2 ds

)1/p′
(
∫ t

0

‖un(·, s)− u(·, s)‖pL∞(D) ds

)1/p

≤ cn,p T
(p−2)/(2p)

(
∫ t

0

‖un(·, s)− u(·, s)‖
p
L∞(D) ds

)1/p

,

therefore

‖un(·, t)− u(·, t)‖
p
L∞(D) ≤ cpn,p T

(p−2)/2

∫ t

0

‖un(·, s)− u(·, s)‖
p
L∞(D) ds ,

hence, by Grönwall’s lemma, we obtain that ‖un(·, t)− u(·, t)‖L∞(D) = 0, ∀t ∈ [0,min{T, τM}). It follows

that un(x, t, ω) = u(x, t, ω) on Ωn
M a.s. if the problem (3.2) is well posed.

Next we prove this section’s main theorem which is the well-posedness of the cut-off problem (3.2).

Theorem 3.6. Equation (3.2) has a unique solution un which belongs in Lp(ΩM ;C([0,min{T, τM});H))
for p ≥ 2. Moreover, there exists a constant c = c(n, p,M, T ) > 0 such that un satisfies:

sup
t∈[0,min{T,τM})

E
(

‖un(·, t)‖
p
L∞(D)

)

≤ c. (3.3)

Proof. The basic idea is the construction of a Cauchy sequence, through a Picard iteration scheme, which
converges, at a certain norm, to the solution un of (3.2). For given n ∈ N, we define ∀x ∈ D, t ∈
[0,min{T, τM})

un,0(x, t) :=

∫

D

u0(y)G(x, y, t) dy for t > 0 and un,0(x, 0) := u0(x),

and ∀k ∈ N

un,k+1(x, t) :=

∫

D

u0(y)G(x, y, t) dy +

∫ t

0

∫

D

uy(0, s)Gy(x, y, t− s)yTn
(

y−1un,k(y, s)
)

dy ds

+

∫ t

0

∫

D

G(x, y, t− s)σ(y)W (dy, ds).

(3.4)

So for k ≥ 1,

un,k+1(x, t)− un,k(x, t) =

∫ t

0

∫

D

uy(0, s)Gy(x, y, t− s)y
(

Tn
(

y−1un,k(y, s)
)

− Tn
(

y−1un,k−1(y, s)
))

dy ds

and therefore, applying the ‖ · ‖H-norm at both sides, then taking p-powers, next taking the supremum on
t ∈ [0,min{T, τM}), and then taking expectation, we obtain for any k ∈ N:

E

(

sup
t∈[0,min{T,τM})

[

‖un,k+1(·, t)− un,k(·, t)‖
p
H

])

= (3.5)

E

(

sup
t∈[0,min{T,τM})

[ ∥

∥

∥

∥

∫ t

0

∫

D

uy(0, s)Gy(·, y, t− s)y
(

Tn
(

y−1un,k(y, s)
)

− Tn
(

y−1un,k−1(y, s)
))

dy ds

∥

∥

∥

∥

p

H

])

.
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Since Hn ∈ C1
c (R), then for arbitrary ṽ, Tn(ṽ) is uniformly Lipschitz on ṽ, and so for y > 0, it holds that

∣

∣Tn(y
−1v)− Tn(y

−1w)
∣

∣ ≤ cy−1|v − w|. By taking supremum on y ∈ D we have

∥

∥Tn(y
−1v)− Tn(y

−1w)
∥

∥

L∞(D)
≤ c‖v − w‖H.

Thus, using Inequality 5 in [7, Proposition 4.2] and since |uy(0, s)| ≤ M , equation (3.5) can be bounded as
follows, for p > 2,

E

(

sup
t∈[0,min{T,τM})

[

‖un,k+1(·, t)− un,k(·, t)‖
p
H

])

≤

≤MpE

(

sup
t∈[0,min{T,τM})

[(

∫ t

0

(

sup
x∈D

∫

D

∣

∣Gy(x, y, t− s)
∣

∣

y

x
dy

)

×

×
∥

∥Tn
(

y−1un,k(y, s)
)

− Tn
(

y−1un,k−1(y, s)
)∥

∥

L∞(D)
ds

)p])

≤ c(T,M, p) sup
t∈[0,min{T,τM})

[

(
∫ t

0

(

(t− s)−1/2
)

p
p−1

ds

)p−1

×

× E

(
∫ t

0

∥

∥Tn
(

y−1un,k(y, s)
)

− Tn
(

y−1un,k−1(y, s)
)
∥

∥

p

L∞(D)
ds

)

]

≤ c(T,M, p)

∫ min{T,τM}

0

E

(

sup
t∈[0,s)

[

∥

∥un,k(·, t)− un,k−1(·, t)
∥

∥

p

H

])

ds.

By repeatedly applying the above inequality for the integrand in the right-hand side, we get

‖un,k+1(·, t)− un,k(·, t)‖
p
Lp(ΩM ;C([0,min{T,τM});H))

= E

(

sup
t∈[0,min{T,τM})

[

‖un,k+1(·, t)− un,k(·, t)‖
p
H

])

≤
(

c(T,M, p) Mp
)k
∫ min{T,τM}

0

∫ sk

0

∫ sk−1

0

· · ·

∫ s2

0

E

(

sup
t∈[0,s1)

[

∥

∥un,1(·, t)− un,0(·, t)
∥

∥

p

H

])

ds1 . . . dsk

≤ ‖un,1 − un,0‖
p
Lp(ΩM ;C([0,min{T,τM});H))

(

c(T,M, p) Mp
)k (min{T, τM})k

k!
→ 0 as k → +∞.

Therefore, {un,k}k∈N is a Cauchy sequence in Lp
(

ΩM ;C([0,min{T, τM});H)
)

and so, by the completeness

of the Banach space H in this norm, it converges in Lp
(

ΩM ;C([0,min{T, τM});H)
)

to some unique un ∈

Lp
(

ΩM ;C([0,min{T, τM});H)
)

as k → +∞.

Since un,k → un in the norm Lp
(

ΩM ;C([0,min{T, τM});H)
)

as k → +∞ and since the mapping Tn
is Lipschitz (and therefore uniformly continuous), by a standard argument, where we take limits in the
Lp
(

ΩM ;C([0,min{T, τM});H)
)

norm in equation (3.4), we conclude that un satisfies equation (3.2).
Lastly, if we suppose that there exists another solution wn of (3.2), then by subtracting their respective

equations we get

un(x, t)− wn(x, t) =

∫ t

0

∫

D

uy(0, s)Gy(x, y, t− s)y
(

Tn
(

y−1un(y, s)
)

− Tn
(

y−1wn(y, s)
))

dy ds
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and, by following a similar process as above, we obtain

E

(

sup
t∈[0,min{T,τM})

[

‖un(·, t)−wn(·, t)‖
p
H

])

≤ c(T,M, p)Mp

∫ min{T,τM}

0

E

(

sup
t∈[0,s)

[

∥

∥un(·, t)−wn(·, t)
∥

∥

p

H

])

ds.

Hence, by applying Grönwall’s Lemma to the previous inequality, we get

E

(

sup
t∈[0,min{T,τM})

[

‖un(·, t)− wn(·, t)‖
p
H

])

≤ 0 and so E

(

sup
t∈[0,min{T,τM})

[

‖un(·, t)− wn(·, t)‖
p
H

])

= 0.

This yields un(x, t) = wn(x, t) almost surely in ΩM and in Ωn
M for any (x, t) ∈ D × [0,min{T, τM}), i.e.,

P
({

ω ∈ ΩM (or Ωn
M ) : un(x, t;ω) = wn(x, t;ω)

})

= 1, ∀(x, t) ∈ D × [0,min{T, τM}),

and so by definition un, wn are equivalent in ΩM and in Ωn
M .

By Theorem 2.1, we know that u has almost surely in ΩM continuous trajectories in D× [0,min{T, τM})
and the approximations un, wn satisfy equation (1.11) almost surely in Ωn

M . So, un, wn are also almost
surely continuous in Ωn

M and thus indistinguishable in Ωn
M , i.e.

P
({

ω ∈ Ωn
M : un(x, t;ω) = wn(x, t;ω), ∀(x, t) ∈ D × [0,min{T, τM})

})

= 1,

which proves the uniqueness of solution of equation (1.11) with uniquely defined paths almost surely on Ωn
M .

In order to complete the proof of the theorem, it remains to prove (3.3). Firstly, we note that ‖f‖L∞(D) ≤
‖f‖H for any f ∈ H, and so

E
(

‖un,k+1(·, t)− un,k(·, t)‖
p
L∞(D)

)

≤ E
(

‖un,k+1(·, t)− un,k(·, t)‖
p
H

)

≤ E

(

sup
t∈[0,min{T,τM})

[

‖un,k+1(·, t)− un,k(·, t)‖
p
H

])

≤ ‖un,1 − un,0‖
p
Lp(ΩM ;C([0,min{T,τM});H))

(

c(T,M, p) Mp
)k (min{T, τM})k

k!
.

So, we have

∞
∑

k=0

sup
t∈[0,min{T,τM})

E

(

‖un,k+1(·, t)− un,k(·, t)‖
p
L∞(D)

)

≤ ‖un,1 − un,0‖
p
Lp(ΩM ;C([0,min{T,τM});H))

∞
∑

k=0

(

c(T,M, p) Mp
)k (min{T, τM}))k

k!

= ‖un,1 − un,0‖
p
Lp(ΩM ;C([0,min{T,τM});H)) e

c(T,M,p)Mp min{T,τM}

= c(n, p,M, T ).

Therefore, since un,k → un in Lp
(

ΩM ;C([0,min{T, τM});H)
)

as k → +∞, ∃ c = c(n, p,M, T ) > 0 such
that

‖un,k − un‖Lp(ΩM ;C([0,min{T,τM});H)) ≤ c, ∀k ∈ N

and so

E
(

‖un,k(·, t)− un(·, t)‖
p
L∞(D)

)

≤ E
(

sup
t∈[0,min{T,τM})

‖un,k(·, t)− un(·, t)‖
p
L∞(D)

)

≤ λp‖un,k − un‖
p
Lp(ΩM ;C([0,min{T,τM});H))

≤ c, ∀k ∈ N
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therefore

E
(

‖un(·, t)‖
p
L∞(D)

)

≤ E
(

‖un(·, t)− un,k(·, t)‖
p
L∞(D)

)

+ c

∞
∑

j=k

E
(

‖un,j+1(·, t)− un,j(·, t)‖
p
L∞(D)

)

≤ E
(

‖un(·, t)− un,k(·, t)‖
p
L∞(D)

)

+ c

∞
∑

j=0

sup
t∈[0,min{T,τM})

E
(

‖un,j+1(·, t)− un,j(·, t)‖
p
L∞(D)

)

≤ c(n, p,M, T ).

So, we obtain, for p > 2,

sup
t∈[0,min{T,τM})

E
(

‖un(·, t)‖
p
L∞(D)

)

< c(n, p,M, T ).

For p = 2 we employ Hölder inequality. �

4. The Malliavin derivative of the solution u for the unreflected problem

We will prove that the Malliavin derivative of solution un of equation (3.2) for η := 0, is well defined as
the solution of an s.p.d.e. Moreover, we shall prove its regularity in D1,2 and in L1,2 by the next proposition.

In what follows, the notation Dy,sf(x, t) for a general function f is used to denote Dy,s(f(x, t)) which is a
function of the variables y, s, x, t. Additionally due to the independence of the variables y, s from x, t we may
commute the limit as x→ 0 with Dy,s if the terms are well defined, i.e., Dy,s( lim

x→0
f(x, t)) = lim

x→0
Dy,s(f(x, t)).

So, as x is not depending on the realization obviously, and as the Malliavin derivative is linear, we have,
when the terms are well defined, that Dy,s(ux(0

+, t)) = Dy,s( lim
x→0+

x−1u(x, t)) = lim
x→0+

x−1Dy,s(u(x, t)) =:

∇x(Dy,su)(0
+, t).

Proposition 4.1. Let un be the unique solution of equation (3.2). Let Md > 0 a fixed deterministic value.
We define the stopping time τMd

:= inf{T > 0 : sup
r∈[0,T )

|Dy,s(ux(0
+, r))| ≥ Md} (note that at r = 0

ux(0
+, 0) = (u0)x(0

+) is deterministic, and so its Malliavin derivative is zero and so less than Md). Also
let T > 0 be a deterministic time value.

It holds that:

(i) un(x, t) ∈ D1,2
(

D × [0,min{T, τM , τMd
})
)

.

(ii) The Malliavin derivative of un satisfies for all (x, t) ∈ D × [0,min{T, τM , τMd
}) and for any s ≤ t,

uniquely the stochastic equation

Dy,sun(x, t) = G(x, y, t− s)σ(y) +

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)uỹ(0, s̃) Gn(ỹ, s̃)Dy,sun(ỹ, s̃) dỹ ds̃

+

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)Dy,s(uỹ(0, s̃))ỹTn(ỹ
−1un(ỹ, s̃)) dỹ ds̃,

(4.1)

and also for any s > t it holds that Dy,sun(x, t) = 0. In the above, Gn is a stochastic process which
satisfies, for cL > 0 a deterministic constant, that

Dy,s

(

Tn
(

x−1un(x, t)
))

= x−1Gn(x, t)Dy,s

(

un(x, t)
)

, where

|Gn(x, t)| ≤ cL, ∀(x, t) ∈ D × [0,∞) a.s.
(4.2)

(iii) un ∈ L1,2
(

D × [0,min{T, τM , τMd
})
)

.
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Proof. (i) We will prove that the Cauchy sequence {un,k}k∈N (as we described in Theorem 3.6) belongs
to D1,2

(

D × [0,min{T, τM , τMd
})
)

, ∀(x, t) ∈ D × [0,min{T, τM , τMd
}), by using induction and the Picard

iteration scheme.
For k = 0, the function un,0 is deterministic and bounded (since u0 ∈ H) with Malliavin derivative

Dun,0 = 0 and so un,0 ∈ D1,2.
Let k ∈ N be fixed and 2 < p < 3. We suppose that, ∀i ∈ N ∩ [0, k], it holds that

un,i(x, t) ∈ D1,p, ∀(x, t) ∈ D × [0,min{T, τM , τMd
}), and

sup
t∈[0,min{T,τM ,τMd

})

sup
i≤k

[

E

(
∫ t

0

∫

D

‖Dy,sun,i(·, t)‖
p
Lp(D) dy ds

)]

< +∞.
(4.3)

We shall prove that the above also holds for un,k+1, i.e.,

un,k+1(x, t) ∈ D1,p, ∀(x, t) ∈ D × [0,min{T, τM , τMd
}),

and

sup
t∈[0,min{T,τM ,τMd

})

sup
i≤k+1

[

E

(
∫ t

0

∫

D

‖Dy,sun,i(·, t)‖
p
Lp(D) dy ds

)]

< +∞,

where the bounds are independent of k.
Since the Malliavin derivative D := D·,· is a linear operator, and since D(uv) = D(u)v + uD(v), and

D(u) = 0 when u is not depending on the realization, applying it at both sides of (3.4), we get

Dy,sun,k+1(x, t) =Dy,s

(
∫

D

u0(ỹ)G(x, ỹ, t) dỹ

)

+Dy,s

(
∫ t

0

∫

D

uỹ(0, s̃)Gỹ(x, ỹ, t− s̃)ỹTn
(

ỹ−1un,k(ỹ, s̃)
)

dỹ ds̃

)

+Dy,s

(
∫ t

0

∫

D

G(x, ỹ, t− s̃)σ(ỹ)W (dỹ, ds̃)

)

=0 +

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃) Dy,s

(

uỹ(0, s̃)ỹTn
(

ỹ−1un,k(ỹ, s̃)
))

dỹds̃+G(x, y, t− s)σ(y)

=

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃) uỹ(0, s̃)ỹDy,s

(

Tn
(

ỹ−1un,k(ỹ, s̃)
))

dỹ ds̃

+

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)Dy,s(uỹ(0, s̃))ỹTn(ỹ
−1un,k(ỹ, s̃)) dỹ ds̃+G(x, y, t− s)σ(y),

where we used Proposition 1.3.8 from Nualart [9], for the stochastic integral term and the fact that the
Malliavin derivative is zero when applied to the deterministic terms u0, G, Gỹ , ỹ, and also zero for any
s̃ < s.

By the induction hypothesis un,k(x, t) ∈ D1,2 and recall that since Hn is C1 with |H ′
n| ≤ 2, then for

arbitrary ṽ, Tn(ṽ) is uniformly Lipschitz on ṽ, with (deterministic) Lipschitz constant cL, and so it holds
that |Tn(y

−1v) − Tn(y
−1w)| ≤ cL|y

−1v − y−1w)| so, Proposition 1.2.4 from Nualart [9] (analogous to chain
rule) ensures that

Tn
(

x−1un,k(x, t)
)

∈ D1,2
(

D × [0,min{T, τM , τMd
})
)

and there exists a stochastic process Gn,k(x, t) such that

Dy,s

(

Tn
(

x−1un,k(x, t)
))

= Gn,k(x, t)Dy,s(x
−1un,k(x, t)) = Gn,k(x, t)x

−1Dy,s(un,k(x, t)),

with

|Gn,k(x, t)| ≤ cL, ∀x ∈ D, t ∈ [0,∞) a.s.,

where we used that x−1 is deterministic and has thus zero Malliavin derivative (so D(x−1v) = x−1D(v)).
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The above yields, for all s ≤ t,

Dy,sun,k+1(x, t) =

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)uỹ(0, s̃) Gn,k(ỹ, s̃)Dy,sun,k(ỹ, s̃) dỹds̃

+

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)Dy,s(uỹ(0, s̃))ỹTn(ỹ
−1un,k(ỹ, s̃)) dỹds̃+G(x, y, t− s)σ(y),

(4.4)

and for any s > t,

Dy,sun,k+1(x, t) = 0.

Taking absolute value in (4.4), and using that for general v, Tn(v) = Hn(v)v, and so for v := ỹ−1un,k(ỹ, s̃),
it holds, as Hn ≤ 1,

∣

∣ỹ Tn(ỹ
−1un,k(ỹ, s̃))

∣

∣ =
∣

∣ỹ Hn

(

ỹ−1 un,k(ỹ, s̃)
)

ỹ−1 un,k(ỹ, s̃)
∣

∣ = Hn

(

ỹ−1un,k(ỹ, s̃)
)

|un,k(ỹ, s̃)|

≤ |un,k(ỹ, s̃)|,

and then raising to p power, we obtain for c1 = c1(M) (as we are in the sample space ΩM where |uy(0, t)| < M
if t < τM )

∣

∣Dy,sun,k+1(x, t)
∣

∣

p
≤cp

(
∫ t

s

∫

D

∣

∣Gỹ(x, ỹ, t− s̃)
∣

∣

∣

∣uỹ(0, s̃)
∣

∣

∣

∣Gn,k(ỹ, s̃)
∣

∣

∣

∣Dy,s

(

un,k(ỹ, s̃)
)∣

∣ dỹ ds̃

)p

+ cp

(
∫ t

s

∫

D

∣

∣Gỹ(x, ỹ, t− s̃)
∣

∣

∣

∣Dy,s(uỹ(0, s̃))
∣

∣|un,k(ỹ, s̃)| dỹ ds̃

)p

+ cp
∣

∣G(x, y, t− s)σ(y)
∣

∣

p

≤ cp c
p
LM

p

(
∫ t

s

∫

D

∣

∣Gỹ(x, ỹ, t− s̃)
∣

∣

∣

∣Dy,s

(

un,k(ỹ, s̃)
)
∣

∣ dỹ ds̃

)p

+ cpM
p
d

(
∫ t

s

∫

D

∣

∣Gỹ(x, ỹ, t− s̃)
∣

∣ |un,k(ỹ, s̃)| dỹ ds̃

)p

+ cp
∣

∣G(x, y, t− s)σ(y)
∣

∣

p
.

We integrate the above for y ∈ D, s ∈ [0, t] and then take expectation to derive

E

(
∫ t

0

∫

D

|Dy,sun,k+1(x, t)|
p dy ds

)

≤ cp

∫ t

0

∫

D

∣

∣G(x, y, t− s)σ(y)
∣

∣

p
dy ds

+ cp c
p
LM

pE

(
∫ t

0

∫

D

(
∫ t

s

∫

D

∣

∣Gỹ(x, ỹ, t− s̃)
∣

∣

∣

∣Dy,s

(

un,k(ỹ, s̃)
)∣

∣ dỹ ds̃

)p

dy ds

)

+ cpM
p
d E

(
∫ t

0

∫

D

(
∫ t

s

∫

D

∣

∣Gỹ(x, ỹ, t− s̃)
∣

∣ |un,k(ỹ, s̃)| dỹ ds̃

)p

dy ds

)

.

(4.5)

For the first term in the right-hand side of (4.5), we use (1.20) and (1.23) to get, for p < 3,

∫ t

0

∫

D

∣

∣G(x, y, t− s)σ(y)
∣

∣

p
dy ds ≤ ‖σ‖pL∞(D)

∫ t

0

∫

D

∣

∣G(x, y, t− s)
∣

∣

p
dy ds

≤ c ‖σ‖pL∞(D)

∫ t

0

(t− s)
1−p
2 ds

=
2c

3− p
‖σ‖pL∞(D) t

(3−p)/2 < +∞ (4.6)

where c is a positive constant.
For the second term in the right-hand side of (4.5), we first use (1.21), then we apply Hölder inequality

with exponents p and p′ = p
p−1 in the integral w.r.t. ỹ and we use (1.23), then we choose a β > (3− p)/(2p)
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and apply Hölder inequality in the integral w.r.t. s̃, to get
(
∫ t

s

∫

D

∣

∣Gỹ(x, ỹ, t− s̃)
∣

∣

∣

∣Dy,s

(

un,k(ỹ, s̃)
)
∣

∣ dỹ ds̃

)p

≤

≤

(
∫ t

s

∫

D

c1
|t− s̃|

exp

(

−
c2|x− ỹ|2

|t− s̃|

)

∣

∣Dy,s

(

un,k(ỹ, s̃)
)∣

∣ dỹ ds̃

)p

≤

(
∫ t

s

c1
|t− s̃|

∥

∥Dy,s

(

un,k(·, s̃)
)
∥

∥

Lp(D)

(
∫

D

exp

(

−
c2p

′|x− ỹ|2

|t− s̃|

)

dỹ

)1/p′

ds̃

)p

≤ c3

(
∫ t

s

1

|t− s̃|

∥

∥Dy,s

(

un,k(·, s̃)
)∥

∥

Lp(D)
|t− s̃|

1
2p′ ds̃

)p

= c3

(
∫ t

s

|t− s̃|
1

2p′
−1 ∥
∥Dy,s

(

un,k(·, s̃)
)
∥

∥

Lp(D)
ds̃

)p

≤ c3

(
∫ t

s

|t− s̃|
1
2+(β−1)p′

ds̃

)p−1 ∫ t

s

|t− s̃|−βp
∥

∥Dy,s

(

un,k(·, s̃)
)∥

∥

p

Lp(D)
ds̃

= c3 c(p, β, t, s)

∫ t

s

|t− s̃|−βp
∥

∥Dy,s

(

un,k(·, s̃)
)∥

∥

p

Lp(D)
ds̃

≤ c4

∫ t

0

|t− s̃|−βp
∥

∥Dy,s

(

un,k(·, s̃)
)∥

∥

p

Lp(D)
ds̃

with c(p, β, t, s) =

(

(t−s)3/2+(β−1)p′

3/2+(β−1)p′

)p−1

≤
(

T 3/2+(β−1)p′

3/2+(β−1)p′

)p−1

=: c4/c3.

Thus, it follows

E

(
∫ t

0

∫

D

(
∫ t

s

∫

D

∣

∣Gỹ(x, ỹ, t− s̃)
∣

∣

∣

∣Dy,s

(

un,k(ỹ, s̃)
)∣

∣ dỹ ds̃

)p

dy ds

)

≤

≤ c4E

(
∫ t

0

∫

D

∫ t

0

|t− s̃|−βp
∥

∥Dy,s

(

un,k(·, s̃)
)∥

∥

p

Lp(D)
ds̃ dy ds

)

= c4

∫ t

0

E

(
∫ t

0

|t− s̃|−βp

∫

D

∥

∥Dy,s

(

un,k(·, s̃)
)∥

∥

p

Lp(D)
dy ds

)

ds̃

= c4

∫ t

0

E

(
∫ s̃

0

∫

D

|t− s̃|−βp
∥

∥Dy,s

(

un,k(·, s̃)
)∥

∥

p

Lp(D)
dy ds

)

ds̃ (4.7)

where we used the fact that the integral for s is taken finally in [0, s̃], since for s > s̃ the Malliavin derivative
satisfies Dy,s

(

un,k(x, s̃)
)

= 0, for any x ∈ D.
Regarding the last term at the right of (4.5), using the bound (1.21) of Gỹ and Hölder inequality, we

obtain

E

(
∫ t

0

∫

D

∣

∣

∣

∣

∫ t

s

∫

D

∣

∣Gỹ(x, ỹ, t− s̃)
∣

∣ |un,k(ỹ, s̃)| dỹ ds̃

∣

∣

∣

∣

p

dy ds

)

≤ c

∫ t

0

∫

D

E

(
∫ t

s

∥

∥un,k(·, s̃)
∥

∥

p

L∞(D)
ds̃

)

dy ds,

and so we get, as E
(

sups̃∈[0,t] ‖un,k(·, s̃)‖L∞(D)

)

< c(n, t), ∀k, by the proof of Theorem 3.6,

E

(
∫ t

0

∫

D

∣

∣

∣

∣

∫ t

s

∫

D

∣

∣Gỹ(x, ỹ, t− s̃)
∣

∣ |un,k(ỹ, s̃)| dỹ ds̃

∣

∣

∣

∣

p

dy ds

)

≤ c5(n, p, T ). (4.8)
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Integrating (4.5) with respect to x ∈ D, and using the estimates (4.6),(4.7),(4.8), we get

E

(
∫ t

0

∫

D

‖Dy,sun,k+1(·, t)‖
p
Lp(D) dy ds

)

≤

c6 + c7

∫ t

0

E

(
∫ s̃

0

∫

D

|t− s̃|−βp
∥

∥Dy,s

(

un,k(·, s̃)
)
∥

∥

p

Lp(D)
dy ds

)

ds̃. (4.9)

Taking supremum for i ≤ k, we get

sup
i≤k

[

E

(
∫ t

0

∫

D

‖Dy,sun,i+1(·, t)‖
p
Lp(D) dy ds

)]

≤

≤ c6 + c7

∫ t

0

sup
i≤k

[

E

(
∫ s̃

0

∫

D

|t− s̃|−βp
∥

∥Dy,s

(

un,i(·, s̃)
)∥

∥

p

Lp(D)
dy ds

)]

ds̃

≤ c′ + c

∫ t

0

sup
i≤k

[

E

(
∫ s̃

0

∫

D

|t− s̃|−βp
∥

∥Dy,s

(

un,i+1(·, s̃)
)
∥

∥

p

Lp(D)
dy ds

)]

ds̃,

or equivalently,

sup
i≤k+1

[

E

(
∫ t

0

∫

D

‖Dy,sun,i(·, t)‖
p
Lp(D) dy ds

)]

≤

≤ c′ + c

∫ t

0

sup
i≤k+1

[

E

(
∫ s̃

0

∫

D

|t− s̃|−βp
∥

∥Dy,s

(

un,i(·, s̃)
)∥

∥

p

Lp(D)
dy ds

)]

ds̃.

(4.10)

We now define

An,k+1(t) := sup
i≤k+1

[

E

(
∫ t

0

∫

D

‖Dy,sun,i(·, t)‖
p
Lp(D) dy ds

)]

and (4.10) becomes

An,k+1(t) ≤ c′ + c

∫ t

0

|t− s̃|−βpAn,k+1(s̃) ds̃. (4.11)

By (4.11) we get
∫ t

0

|t− s̃|−βpAn,k+1(s̃) ds̃ ≤ c′
∫ t

0

|t− s̃|−βp ds̃+ c

∫ t

0

∫ s̃

0

|t− s̃|−βp |s̃− τ |−βpAn,k+1(τ) dτ ds̃

= C1 + c

∫ t

0

(
∫ t

τ

|t− s̃|−βp |s̃− τ |−βp ds̃

)

An,k+1(τ) dτ

≤ C1 + C2

∫ t

0

An,k+1(τ) dτ (4.12)

where we used that

c′
∫ t

0

|t− s̃|−βp ds̃ =
c′ t1−2βp

1− βp
≤
c′ T 1−2βp

1− βp
=: C1 < +∞

and

c

∫ t

τ

|t− s̃|−βp |s̃− τ |−βp ds̃ ≤ c

(
∫ t

τ

|t− s̃|−2βp ds̃

)1/2(∫ t

τ

|s̃− τ |−2βp ds̃

)1/2

= c

(

1

1− 2βp
|t− τ |1−2βp

)1/2 (
1

1− 2βp
|t− τ |1−2βp

)1/2
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=
c

1− 2βp
|t− τ |1−2βp

≤
c T 1−2βp

1− 2βp
=: C2 < +∞. (4.13)

Using (4.12) in the last term of (4.11), we obtain

An,k+1(t) ≤ C3 + C4

∫ t

0

An,k+1(τ) dτ

so, by Grönwall’s lemma, we get

sup
i≤k+1

[

E

(
∫ t

0

∫

D

‖Dy,sun,i(·, t)‖
p
Lp(D) dy ds

)]

= An,k+1(t) ≤ c(n), (4.14)

therefore,

sup
t∈[0,min{T,τM ,τMd

})

sup
i≤k+1

[

E

(
∫ t

0

∫

D

‖Dy,sun,i(·, t)‖
p
Lp(D) dyds

)]

≤ c(n),

which gives

sup
t∈[0,min{T,τM ,τMd

})

sup
i≤k+1

[

E

(
∫ min{T,τM ,τMd

}

0

∫

D

‖Dy,sun,i(·, t)‖
p
Lp(D) dy ds

)]

≤ c(n). (4.15)

In the previous, we used that Dy,sun,i(x, t) = 0, ∀s > t and so the integration is for s ∈ [0,min{T, τM , τMd
}),

while we note that the bound is independent of k.
So, we have that

‖un,k+1(x, t)‖
2
D1,2(D×[0,min{T,τM ,τMd

})) := E
(

|un,k+1(x, t)|
2
)

+ E

(
∫ min{T,τM ,τMd

}

0

∫

D

|Dy,sun,k+1(x, t)|
2 dyds

)

≤ E
(

|un,k+1(x, t)|
p
)2/p

+ cE

(
∫ min{T,τM ,τMd

}

0

∫

D

|Dy,sun,k+1(x, t)|
p dy ds

)2/p

≤ cE
(

|un,k+1(x, t)− un(x, t)|
p
)2/p

+ cE
(

|un(x, t)|
p
)2/p

+ cE

(
∫ min{T,τM ,τMd

}

0

∫

D

|Dy,sun,k+1(x, t)|
p dyds

)2/p

≤ cE
(

|un,k+1(x, t)− un(x, t)|
p
)2/p

+ c sup
t∈[0,min{T,τM ,τMd

})

sup
x∈D

E
(

|un(x, t)|
p
)2/p

+ c sup
t∈[0,min{T,τM ,τMd

})

sup
i≤k+1

[

E

(
∫ min{T,τM ,τMd

}

0

∫

D

‖Dy,sun,i(·, t)‖
p
Lp(D) dyds

)]2/p

,

which is finite uniformly for any k ∈ N, since as we proved in the previous section un,k converges to un
in Lp

(

ΩM ;C([0,min{T, τM});H)
)

⊂ Lp
(

ΩM ;C([0,min{T, τM , τMd
});H)

)

which (as for generic u, we have

u = xu/x and so since x ≤ λ < c, ‖u‖L∞(D) ≤ c‖u‖H) yielded that E
(

‖un,k+1(·, t) − un(·, t)‖
p
L∞(D)

)

(≤

cE
(

‖un,k+1(·, t)− un(·, t)‖
p
H

)

) is bounded.

So, un,k+1 ∈ D1,2
(

D × [0,min{T, τM , τMd
})
)

and the induction is completed.

Since un,k → un in Lp
(

ΩM ;C([0,min{T, τM , τMd
});H)

)

for p > 2, we also have that un,k → un in

L2
(

ΩM ;C([0,min{T, τM , τMd
});H)

)

(by Hölder’s inequality on the expectation as p > 2).
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Furthermore, we’ve proven that un,k(x, t) ∈ D1,2, ∀k ∈ N, un,k → un in L2(ΩM ), and it holds that

sup
k∈N

‖D.,.un,k(x, t)‖
2
L2(ΩM×D×[0,min{T,τM ,τMd

})) = sup
k∈N

[

E

(
∫ min{T,τM ,τMd

}

0

∫

D

|Dy,sun,k(x, t)|
2 dyds

)]

≤ sup
t∈[0,min{T,τM ,τMd

})

sup
x∈D

sup
k∈N

[

E

(
∫ min{T,τM ,τMd

}

0

∫

D

|Dy,sun,k(x, t)|
2 dyds

)]

≤ c(n)

(4.16)

thus, Lemma 1.2.3 of [9] asserts that un(x, t) ∈ D1,2 and

Dy,sun,k(x, t) → Dy,sun(x, t) as k → +∞,

in the weak topology of L2
(

ΩM ×D × [0,min{T, τM , τMd
})
)

.

(ii) Taking Malliavin derivative in both sides of (3.2) for η := 0, and using the analogous calculus and
arguments, we obtain ∀(x, t) ∈ D × [0,min{T, τM , τMd

}) and for any s ≤ t,

Dy,sun(x, t) = G(x, y, t− s)σ(y) +

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)uỹ(0, s̃) Gn(ỹ, s̃)Dy,sun(ỹ, s̃) dỹds̃

+

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)Dy,s(uỹ(0, s̃))ỹTn(ỹ
−1un(ỹ, s̃)) dỹ ds̃,

(i.e. (4.1) is satisfied) while ∀s > t it holds Dy,sun(x, t) = 0 and Gn is a random variable that satisfies (4.2).

It remains to show the uniqueness of solution of (4.1). If D̃y,sun(x, t) is another solution of (4.1), then
since by definition of τMd

the term Dy,s(uỹ(0, s̃)) exists uniquely when s̃ ∈ [0,min{T, τM , τMd
}), through

linearity and application of the same arguments, we get the analogous results.
More specifically, let t ∈ [0,min{T, τM , τMd

}) and defining

Bn(t) := E

(
∫ t

0

∫

D

‖Dy,sun(·, t)− D̃y,sun(·, t)‖
2
Lp(D) dy ds

)

we can analogously derive, as the first and last term of (4.1) are common forDy,s and D̃y,s and by subtraction
vanish, that

Bn(t) ≤ c

∫ t

0

|t− s̃|−βpBn(s̃) ds̃,

and thus, by Grönwall’s lemma, we get Bn(t) = 0 for any t, i.e.

E

(
∫ t

0

∫

D

‖Dy,sun(·, t)− D̃y,sun(·, t)‖
2
Lp(D) dy ds

)

= 0, ∀t ∈ [0,min{T, τM , τMd
}),

which yields the desired uniqueness of solution of (4.1).

(iii) Since D.,.un,k(x, t) → D.,.un(x, t) as k → +∞ weakly in L2
(

ΩM × D × [0,min{T, τM , τMd
})
)

for any
(x, t) ∈ D × [0,min{T, τM , τMd

}), we have

E

(
∫ min{T,τM ,τMd

}

0

∫

D

|Dy,sun(x, t)|
2 dy ds

)

= ‖D.,.un(x, t)‖
2
L2(ΩM×D×[0,min{T,τM ,τMd

}))

≤ lim inf
k→+∞

(

‖D.,.un,k(x, t)‖
2
L2(ΩM×D×[0,min{T,τM ,τMd

}))

)

= lim
k→+∞

(

inf
m≥k

‖D.,.un,m(x, t)‖2L2(ΩM×D×[0,min{T,τM ,τMd
}))

)
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≤ lim
k→+∞

(

sup
m≥k

‖D.,.un,m(x, t)‖2L2(ΩM×D×[0,min{T,τM ,τMd
}))

)

≤ sup
k∈N

‖D.,.un,k(x, t)‖
2
L2(ΩM×D×[0,min{T,τM ,τMd

})) ≤ c(n),

and thus

‖Dun‖
2
L2(ΩM×(D×[0,min{T,τM ,τMd

}))2) := E

(
∫ min{T,τM ,τMd

}

0

∫

D

∫ min{T,τM ,τMd
}

0

∫

D

∣

∣Dy,sun(x, t)
∣

∣

2
dydsdxdt

)

=

∫ min{T,τM ,τMd
}

0

∫

D

E

(
∫ min{T,τM ,τMd

}

0

∫

D

∣

∣Dy,sun(x, t)
∣

∣

2
dy ds

)

dx dt < +∞.

Also, we have

‖un‖
2
L2(ΩM×D×[0,min{T,τM ,τMd

})) := E

(
∫ min{T,τM ,τMd

}

0

∫

D

|un(x, t)|
2 dx dt

)

≤

∫ min{T,τM ,τMd
}

0

E

(
∫

D

|un(x, t)|
2 dx

)

dt

≤ λ

∫ min{T,τM ,τMd
}

0

E
(

‖un(·, t)‖
2
L∞(D)

)

dt

≤ c sup
t∈[0,min{T,τM ,τMd

})

E
(

‖un(·, t)‖
2
L∞(D)

)

< +∞

by (3.3). Therefore

‖un‖L1,2(D×[0,min{T,τM ,τMd
}))

:=
(

‖un‖
2
L2(ΩM×D×[0,min{T,τM ,τMd

})) + ‖Dun‖
2
L2(ΩM×(D×[0,min{T,τM ,τMd

}))2)

)1/2

< +∞

which yields un ∈ L1,2
(

D × [0,min{T, τM , τMd
})
)

. �

This section’s main theorem is a direct consequence of the previous arguments.

Theorem 4.2. The solution u of (1.11) for η := 0 belongs to L1,2
loc

(

D × [0,min{T, τM , τMd
})
)

⊆ D1,2
loc

(

D ×

[0,min{T, τM , τMd
})
)

.

Proof. The proof follows since we constructed a localization of u, by (Ωn
M , un), n ∈ N with un ∈ L1,2 ⊆

D1,2. �

4.1. Existence of density. For the solution u of (1.11) for η = 0 and certain assumptions of σ, we will
show that

P

(

∫ min{T,τM ,τMd
}

0

∫

D

|Dy,su(x, t)|
2 dy ds > 0

)

= 1 (4.17)

which, by [9, Theorem 2.1.3], implies that the law of u(x, t) is absolutely continuous with respect to the
Lebesgue measure on R. By a localization argument (see [2, Remark 3.1]), for proving (4.17), it is enough
to show

P

(

∫ min{T,τM ,τMd
}

0

∫

D

|Dy,sun(x, t)|
2 dy ds > 0

)

= 1

for the solution un of (3.2). To this end, we first prove two very important estimates, as in [4, 2].
We keep the definitions of ΩM and τM , and τMd

of the previous sections.
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Proposition 4.3. Let a given deterministic T > 0 and 2 ≤ p < 3. For any b ∈ (0,min{T, τM , τMd
}) and

any ǫ ∈ (0, b], there exists a constant c > 0 independent of ǫ, such that

sup
t∈[b−ǫ,b]

E

(
∫ b

b−ǫ

sup
x∈D

[

∫

D

|Dy,sun(x, t)|
pdy
]

ds

)

≤ c ǫ
3−p
2 , (4.18)

and, for any δ > 0, there exists a constant c > 0 independent of ǫ, such that

sup
t∈[ǫ,min{T,τM ,τMd

})

E

(
∫ t

t−ǫ

sup
x∈D

[

∫

D

|Dy,sun(x, t)−G(x, y, t− s)σ(y)|p dy
]

ds

)

≤ c ǫ1−δ. (4.19)

Proof. Let us denote the last term of (4.1) by

A(x, y, s, t) :=

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)Dy,s(uỹ(0, s̃))ỹTn(ỹ
−1un(ỹ, s̃)) dỹ ds̃. (4.20)

Taking absolute value and then raising to the p power in (4.1), we get, for some constant cp > 0,

|Dy,sun(x, t)|
p ≤ cp|G(x, y, t− s)σ(y)|p

+cp

∣

∣

∣

∣

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)uỹ(0, s̃)Gn(ỹ, s̃)Dy,sun(ỹ, s̃) dỹ ds̃

∣

∣

∣

∣

p

+ cp|A|
p . (4.21)

Let b ∈ [0,min{T, τM , τMd
}) and ǫ ∈ (0, b]. From now on we work for times t ∈ [b− ǫ, b]. In what follows,

c denotes a positive constant independent of x, t and ǫ, and c may change from one inequality to another.
In (4.21), we integrate in y ∈ D, then take supremum in x and integrate for s ∈ [b − ǫ, t], and then take

expectation, to arrive at

E

(
∫ t

b−ǫ

sup
x∈D

∫

D

|Dy,sun(x, t)|
pdy ds

)

≤ cp

∫ t

b−ǫ

sup
x∈D

∫

D

|G(x, y, t− s)σ(y)|p dy ds

+ cpE

(
∫ t

b−ǫ

sup
x∈D

∫

D

∣

∣

∣

∣

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃) [uỹ(0, s̃)Gn(ỹ, s̃)Dy,sun(ỹ, s̃)] dỹ ds̃

∣

∣

∣

∣

p

dy ds

)

+ cpE

(
∫ t

b−ǫ

sup
x∈D

∫

D

|A|pdy ds

)

=: B1 + B2 + B3. (4.22)

Integrating in y and using (1.20) and (1.23), we have
∫

D

|G(x, y, t− s)|p |σ(y)|p dy ≤ c |t− s|−
p
2

∫

D

exp
(

− c
|x− y|2

|t− s|

)

|σ(y)|p dy

≤ c |t− s|−
p
2

∫

D

exp
(

− c
|x− y|2

|t− s|

)

dy

≤ c |t− s|−
p
2 |t− s|

1
2 = c|t− s|

1−p
2 . (4.23)

The bound (4.23) is integrable in time if p < 3. Using (4.23), we get

B1 := cp

∫ t

b−ǫ

sup
x∈D

∫

D

|G(x, y, t− s)σ(y)|pdy ds

≤ c

∫ t

b−ǫ

|t− s|
1−p
2 ds

= c (t− b+ ǫ)
3−p
2 . (4.24)

Regarding the term B2 in (4.22), we have

B2 := cpE

(
∫ t

b−ǫ

sup
x∈D

∫

D

∣

∣

∣

∣

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃) [uỹ(0, s̃)Gn(ỹ, s̃)Dy,sun(ỹ, s̃)] dỹ ds̃

∣

∣

∣

∣

p

dy ds

)
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≤ cE

(
∫ t

b−ǫ

sup
x∈D

∫

D

∣

∣

∣

∣

∫ t

s

∫

D

|Gỹ(x, ỹ, t− s̃)| |Dy,sun(ỹ, s̃)| dỹds̃

∣

∣

∣

∣

p

dy ds

)

≤ cE

(
∫ t

b−ǫ

sup
x∈D

∫

D

∣

∣

∣

∣

∫ t

s

1

|t− s̃|
‖Dy,sun(·, s̃)‖Lp(D)

(
∫

D

exp

(

−
c|x− ỹ|2

|t− s̃|

)

dỹ

)1/p′

ds̃

∣

∣

∣

∣

p

dy ds

)

≤ cE

(
∫ t

b−ǫ

∫

D

∣

∣

∣

∣

∫ t

s

|t− s̃|
1

2p′
−1

‖Dy,sun(·, s̃)‖Lp(D) ds̃

∣

∣

∣

∣

p

dy ds

)

≤ cE

(
∫ t

b−ǫ

∫

D

(
∫ t

s

|t− s̃|−βp‖Dy,sun(·, s̃)‖
p
Lp(D) ds̃

)

dy ds

)

= cE

(
∫ t

b−ǫ

∫ s̃

b−ǫ

∫

D

|t− s̃|−βp ‖Dy,sun(·, s̃)‖
p
Lp(D) dy ds ds̃

)

= c

∫ t

b−ǫ

E

(
∫ s̃

b−ǫ

|t− s̃|−βp

∫

D

∫

D

|Dy,sun(ỹ, s̃)|
p dỹ dy ds

)

ds̃

= c

∫ t

b−ǫ

E

(
∫ s̃

b−ǫ

|t− s̃|−βp

∫

D

(
∫

D

|Dy,sun(ỹ, s̃)|
p dy

)

dỹ ds

)

ds̃

≤ c

∫ t

b−ǫ

|t− s̃|−βpE

(

∫ s̃

b−ǫ

sup
ỹ∈D

∫

D

|Dy,sun(ỹ, s̃)|
p dy ds

)

ds̃ (4.25)

where we used for the first inequality the uniform upper-boundedness of |Gn| by the deterministic constant
CL, and also the upper-boundedness of |uỹ(0, s̃)| by M , the estimate (1.21) and Hölder inequality for the
second inequality, and the estimate (1.23) for the third and Hölder for the fourth inequality for 1/p+1/p′ = 1.
In the last equalities we changed the order of integration, and in the last inequality we used that ‖ · ‖Lp(D) ≤

λ1/p‖ · ‖L∞(D). So we get

B2 ≤ c

∫ t

b−ǫ

|t− s̃|−βpE

(

∫ s̃

b−ǫ

sup
ỹ∈D

∫

D

|Dy,sun(ỹ, s̃)|
p dy ds

)

ds̃. (4.26)

Regarding the term B3 in (4.22), we have

B3 := cpE

(
∫ t

b−ǫ

sup
x∈D

∫

D

|A|p dy ds

)

= cpE

(
∫ t

b−ǫ

sup
x∈D

∫

D

∣

∣

∣

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)Dy,s(uỹ(0, s̃))ỹTn(ỹ
−1un(ỹ, s̃)) dỹ ds̃

∣

∣

∣

p

dy ds

)

≤ cE

(
∫ t

b−ǫ

sup
x∈D

∫

D

∣

∣

∣

∫ t

s

∫

D

|Gỹ(x, ỹ, t− s̃)| dỹ ds̃
∣

∣

∣

p

dy ds

)

≤ c

∫ t

b−ǫ

|t− s|p/2ds

= c (t− b+ ǫ)
p
2+1 (4.27)

where we used that un = u in Ωn
M and so it holds that

sup
ỹ∈D

|ỹ−1un(ỹ, s̃)| < n

therefore

Tn(ỹ
−1un(ỹ, s̃)) = ỹ−1un(ỹ, s̃) < n,

which gives that

ỹsup
ỹ∈D

|Tn(ỹ
−1un(ỹ, s̃))| < λn,
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while we also used the boundedness of Dy,s(uỹ(0, s̃)) by Md, and the estimate (1.22).
Using in (4.22) the estimates (4.24), (4.26), (4.27), we get, for p < 3 and c = c(n) independent of t, that

E

(
∫ t

b−ǫ

sup
x∈D

∫

D

|Dy,sun(x, t)|
pdyds

)

≤ c(n)(t− b+ ǫ)
3−p
2 + c(n)(t− b+ ǫ)

p
2+1

+c(n)

∫ t

b−ǫ

|t− s̃|−βpE

(

∫ s̃

b−ǫ

sup
ỹ∈D

∫

D

|Dy,sun(ỹ, s̃)|
p dyds

)

ds̃ . (4.28)

Setting

Ln(t) := E

(
∫ t

b−ǫ

sup
x∈D

∫

D

|Dy,sun(x, t)|
pdyds

)

,

the inequality (4.28) becomes

Ln(t) ≤ c(t− b+ ǫ)
3−p
2 + c(t− b+ ǫ)

p
2+1 + c

∫ t

b−ǫ

|t− s̃|−βp Ln(s̃) ds̃. (4.29)

By (4.29), we get

∫ t

b−ǫ

|t− s̃|−βp Ln(s̃) ds̃ ≤ c

∫ t

b−ǫ

|t− s̃|−βp (s̃− b+ ǫ)
3−p
2 ds̃+ c

∫ t

b−ǫ

|t− s̃|−βp (s̃− b+ ǫ)
p
2+1 ds̃

+c

∫ t

b−ǫ

|t− s̃|−βp

∫ s̃

b−ǫ

|s̃− τ |−βp Ln(τ) dτ ds̃

≤ c(t− b+ ǫ)
3−p
2

∫ t

b−ǫ

|t− s̃|−βp ds̃+ c(t− b+ ǫ)
p
2+1

∫ t

b−ǫ

|t− s̃|−βp ds̃

+c

∫ t

b−ǫ

|s̃− τ |−βp

∫ s̃

b−ǫ

|s̃− τ |−βp Ln(τ) dτ ds̃

=
c

1− βp
(t− b+ ǫ)

3−p
2 +1−βp +

c

1− βp
(t− b+ ǫ)

p
2+1+1−βp

+c

∫ t

b−ǫ

[

∫ t

τ

|s̃− τ |−βp |s̃− τ |−βp ds̃
]

Ln(τ) dτ

= c (t− b+ ǫ)
5−p
2 −βp + c (t− b+ ǫ)

p
2+2−βp + c

∫ t

b−ǫ

Ln(τ) dτ , (4.30)

where we used that (see (4.13))
∫ t

τ

|t− s̃|−βp |s̃− τ |−βp ds̃ ≤ C < +∞.

Using (4.30) in the last term of (4.29), we obtain

Ln(t) ≤ c(t− b+ ǫ)
3−p
2 + c(t− b+ ǫ)

p
2
+1 + c (t− b+ ǫ)

5−p
2

−βp + c (t− b+ ǫ)
p
2
+2−βp + c

∫ t

b−ǫ

Ln(τ) dτ . (4.31)

By Grönwall’s lemma, we conclude that, for t ≤ b < min{T, τM , τMd
},

Ln(t) ≤ c(t− b+ ǫ)
3−p
2 + c(t− b+ ǫ)

p
2+1 + c (t− b+ ǫ)

5−p
2 −βp + c (t− b+ ǫ)

p
2+2−βp ,

that is
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E

(
∫ t

b−ǫ

sup
x∈D

∫

D

|Dy,sun(x, t)|
p dy ds

)

≤ c (t− b+ ǫ)
3−p
2 + c (t− b+ ǫ)

p
2+1

+ c (t− b+ ǫ)
5−p
2 −βp + c (t− b+ ǫ)

p
2+2−βp. (4.32)

Using that Dy,s

(

un(x, t)
)

= 0 for s > t and any x ∈ D, and (4.32), we obtain, for t ≤ b,

E

(

∫ b

b−ǫ

sup
x∈D

∫

D

|Dy,sun(x, t)|
p dy ds

)

= E

(
∫ t

b−ǫ

sup
x∈D

∫

D

|Dy,sun(x, t)|
p dy ds

)

≤ c (t− b+ ǫ)
3−p
2 + c (t− b+ ǫ)

p
2+1

+ c (t− b+ ǫ)
5−p
2 −βp + c (t− b+ ǫ)

p
2+2−βp

≤ c ǫ
3−p
2 + c ǫ

p
2+1 + c ǫ

5−p
2 −βp + c ǫ

p
2+2−βp

≤ c ǫ
3−p
2 . (4.33)

Taking the supremum in (4.33) over t ∈ [b− ǫ, b], we get (4.18).
Furthermore, using (4.1), (4.26), (4.27) with b = t and (4.18), we obtain

E

(
∫ t

t−ǫ

sup
x∈D

[

∫

D

|Dy,sun(x, t) −G(x, y, t− s)σ(y)|p dy
]

ds

)

≤ 2p−1E

(
∫ t

t−ǫ

sup
x∈D

∫

D

∣

∣

∣

∣

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃) [uỹ(0, s̃)Gn(ỹ, s̃)Dy,sun(ỹ, s̃)] dỹ ds̃

∣

∣

∣

∣

p

dy ds

)

+ 2p−1E

(
∫ t

t−ǫ

sup
x∈D

∫

D

|A|p dy ds

)

≤ c ǫ1+
3−p
2 −βp + c ǫ

p
2+1

≤ c ǫ1+
3−p
2 −βp

which proves the estimate (4.19) with δ := βp− (3− p)/(2p). �

Proposition 4.4. Let p ∈ [2, 3). Assume that σ satisfies, for some γ ∈ (0, 1) and some constant c0 > 0,

∫ t

t−ǫ

∫

D

|G(x, y, t− s)|p |σ(y)|p dy ds ≥ c0 ǫ
γ . (4.34)

Let also a given deterministic T > 0. Then, for any t ∈ [0,min{T, τM , τMd
}),

P
(

ω ∈ Ωn
M :

∥

∥

∥
Dy,s(un(ω;x, t))

∥

∥

∥

p

Lp(y∈D, s∈[0,min{T,τM ,τMd
}))

> 0
)

= 1, (4.35)

and

P
(

ω ∈ ΩM :
∥

∥

∥
Dy,s(u(ω;x, t))

∥

∥

∥

p

Lp(y∈D, s∈[0,min{T,τM ,τMd
}))

> 0
)

= 1, (4.36)

where u, un are the unique solutions of (1.11) and (3.2) respectively.
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Proof. We keep t less than T deterministic and the stopping times used in the previous Proposition. Recall
(4.1) i.e.,

Dy,sun(x, t) =G(x, y, t− s)σ(y) +

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)uỹ(0, s̃) Gn(ỹ, s̃)Dy,sun(ỹ, s̃) dỹ ds̃

+

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)Dy,s(uỹ(0, s̃))ỹTn(ỹ
−1un(ỹ, s̃)) dỹ ds̃.

In the above, taking absolute value and then raising to the p power, we get

|Dy,sun(x, t)|
p =

∣

∣

∣

∣

G(x, y, t− s)σ(y) +

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)uỹ(0, s̃) Gn(ỹ, s̃)Dy,sun(ỹ, s̃) dỹ ds̃

+

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)Dy,s(uỹ(0, s̃))ỹTn(ỹ
−1un(ỹ, s̃)) dỹ ds̃

∣

∣

∣

∣

p

≥ 21−p|A|p − |B|p,

where
A(x, y, t, s) := G(x, y, t− s)σ(y)

and

B(x, y, t, s) :=

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)uỹ(0, s̃) Gn(ỹ, s̃)Dy,sun(ỹ, s̃) dỹ ds̃

+

∫ t

s

∫

D

Gỹ(x, ỹ, t− s̃)Dy,s(uỹ(0, s̃))ỹTn(ỹ
−1un(ỹ, s̃)) dỹ ds̃.

Then, we integrate to obtain

∫ t

t−ǫ

∫

D

|Dy,sun(x, t)|
p dy ds ≥ 21−p

∫ t

t−ǫ

∫

D

|A|p dy ds −

∫ t

t−ǫ

∫

D

|B|p dy ds

where, by assumption,
∫ t

t−ǫ

∫

D

|A|p dy ds =

∫ t

t−ǫ

∫

D

|G(x, y, t− s)|p |σ(y)|p dy ds

≥ c0 ǫ
γ . (4.37)

We also have, from (4.1) and (4.19), that

E

(
∫ t

t−ǫ

∫

D

|B|p dy ds

)

= E

(
∫ t

t−ǫ

∫

D

∣

∣

∣
Dy,sun(x, t) −G(x, y, t− s)σ(y)

∣

∣

∣

p

dy ds

)

≤ c(n) ǫ1−δ (4.38)

for any δ > 0. Gathering all the above, we get, using Markov inequality, for 1− γ > δ > 0,

P

(
∫ min{T,τM ,τMd

}

0

∫

D

|Dy,sun(x, t)|
pdyds > 0

)

≥ P

(

21−p

∫ t

t−ǫ

∫

D

|A|pdyds−

∫ t

t−ǫ

∫

D

|B|pdyds > 0

)

≥ P

(
∫ t

t−ǫ

∫

D

|B|p dy ds <
c0
2
ǫγ
)

≥ 1− c ǫ−γE

(
∫ t

t−ǫ

∫

D

|B|p dy ds

)

≥ 1 − c ǫ−γ ǫ1−δ → 1 as ǫ→ 0

which yields (4.35), and then (4.36) (see for the second in [2, Remark 3.1]). �
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Remark 4.5. For the case that σ ≥ σ0 > 0 on D (in particular, σ(0) 6= 0 and σ(λ) 6= 0), assumption (4.34)
is satisfied at x 6= 0 and x 6= λ, for p = 2 and γ = 1/2. To show this, we will use the expansion (1.18). Let
us set q := x/λ ∈ (0, 1) and consider the case q ∈ Q, while the case q 6∈ Q follows by approximation. So,

x/λ = m1/m2 for positive integers m1 < m2. Using that {
√

2
λ sin(kπλ y)} is an orthonormal basis of L2(D),

we obtain
∫ t

t−ǫ

∫

D

|G(x, y, t− s)|2 |σ(y)|2 dy ds ≥ σ2
0

∫ t

t−ǫ

∫

D

|G(x, y, t− s)|2dy ds

= σ2
0

∫ t

t−ǫ

∫

D

(

∞
∑

k=1

2
λ sin(kπλ y) sin(

kπ
λ x) e

−α(π/λ)2k2(t−s)
)2

dy ds

=
2σ2

0

λ

∫ t

t−ǫ

∞
∑

k=1

sin2(kπλ x) e
−2α(π/λ)2k2(t−s)ds

=
λσ2

0

απ2

∞
∑

k=1

sin2(km1π
m2

)
1

k2

(

1− e−2α(π/λ)2k2ǫ
)

≥
λσ2

0

απ2 sin2(m1π
m2

)

∞
∑

ℓ=1

1

(m2ℓ+ 1)2

(

1− e−2α(π/λ)2(m2ℓ+1)2ǫ
)

≥
λσ2

0

2απ2 sin2(πxλ )

∞
∑

ℓ=1

1

(m2ℓ)2

(

1− e−2α(π/λ)2(m2ℓ)
2 ǫ
)

≥
σ2
0

2λ sin2(πxλ )

∞
∑

ℓ=1
2α(m2π/λ)

2ℓ2 ǫ<M

ǫ

≥
σ2
0

4λ sin2(πxλ )

(

M

2α(m2π/λ)2ǫ

)1/2

ǫ

= c0 ǫ
1/2.

Here, we take a M > 0 such that 1− e−z ≥ z/2 for 0 < z < M, applied for z = 2α(m2π/λ)
2ℓ2 ǫ.

Remark 4.6. For p = 2, one can derive all above results, alternatively, by using the eigenfunction expansion

(1.18) and the fact that {
√

2
λ sin(kπλ y)} is an orthonormal basis of L2(D).

A main difference of the equation (1.11) when η := 0 from the problems treated in [4] and [2] is that
in our case as in [3, 7, 8] the noise diffusion coefficient σ(y) is zero for at least two values of y, i.e., when
y = 0, λ.
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