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Abstract— In the past decade, model learning techniques
have provided appealing approaches for determining the
dynamic model of robots from data. These techniques strongly
capture the complicated effects of robot dynamics, which are
often neglected in hand-crafted dynamic models. However,
unlike robust performance shown in trained tasks, learned
models do not exhibit a reliable performance in new tasks as
they are valid only near the domain of the trained tasks.
In this paper, we propose an alternative approach for
task-to-task transfer learning, called “Independent Joint
Learning (IJL).” IJL learns the model for each joint
independently rather than the whole body at one time to
effectively transfer knowledge between tasks. A comparative
simulation study on a 6 DOF PUMA robot demonstrates that
our approach outperforms other related approaches when a
task different from trained tasks is proposed.

I. INTRODUCTION
Model-based control strategies have shown many
advantages over traditional PD control such as improved
tracking accuracy, reduced energy consumption, and enabled
compliant movements [1]. Model-based control often requires
an inverse dynamic model, which defines the required forces
and torques based on the robot’s given kinematic and dynamic
information.
ࢌ  ሺǡ ሶ ǡ ሷ ሻ ՜ ࣎

(1)

One of the most frequently-used equations for determining
the inverse dynamic model is the rigid body dynamics (RBD)
equation:
ࢌሺǡ ሶ ǡ ሷ ሻ ൌ ࡹሺሻሷ  ሺሶ ǡ ሻ  ࡳሺሻ

(2)

where ǡ ሶ ǡ ሷ  אԹ denotes joint positions, velocities, and
accelerations, respectively, and ࣎ሺǡ ሶ ǡ ሷ ሻ  אԹ indicates the
corresponding torque values [2].
Acquiring an accurate robot model is a very crucial step
for the robust performance of model-based robot control.
However, it can become a challenging problem when the robot
includes non-rigid components (e.g. hydraulic tube, elastic
cable, or soft components) that cannot be modeled by using (2).
Furthermore, the complexity of frictions and actuator
dynamics may cause handcrafted model errors that degrade
the general robot task performance.
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In this respect, nonparametric model learning techniques
like Gaussian Process Regression (GPR) [3] and Locally
Weighted Projection Regression (LWPR) [4] are appealing
alternatives to determine a robot model from data [5]. Instead
of using a parametric closed-form solution like (2), these
model learning methods attempt to directly learn the
relationship between the robot states and the required torques
in (1). The methods show the complex robot model capture
and successful applications to various model-based control
schemes such as inverse dynamic control, feed forward
control [6], and operational space control [7].
To build a model for a specific task, gathering and training
a sufficient amount of data near the domain of the task is
required. However, this process is not only time-consuming
but also task-specific. Since the learned model is valid only
near the domain of the trained tasks, a new dissimilar task
requires another gathering and training process. If we are able
to reuse the knowledge from the already learned tasks, we will
reduce the unnecessary gathering and training for the new task.
This concept of transferring knowledge between different
tasks or domains is called transfer learning [8].
Since robots are expected to complete not only trained
tasks but also extensive tasks, there is a high demand for
knowledge transfer between different tasks. Yet in spite of its
necessity, there has been few research conducted on
task-to-task transfer learning for robot models. Although
Bócsi et al. [9] recently proposed a transfer learning scheme
for robot models, it was about robot-to-robot transfer learning
rather than task-to-task transfer learning. Thus, a transfer
learning scheme between different tasks will provide
substantial benefits to a wide range of robots.
In this paper, we propose a novel task-to-task transfer
learning scheme for robot models, called “Independent Joint
Learning (IJL).” By taking the benefits of the recursive
Newton-Euler formulation, we develop an alternative learning
approach for robot models that improves the knowledge
transfer for a new task.
The paper will be organized as follows: We will first
briefly overview the model learning approaches with a
standard GPR and give a general introduction to transfer
learning for robot models. In Section III, we explain the
limited transferring ability of the existing model learning
methods and suggest a novel transfer learning scheme. In
Section IV, the new method is evaluated on a simulated 6 DOF
manipulator and compared to existing model learning methods.
Finally, the conclusion and future works are discussed in
Section V.
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II. BACKGROUND
A. Model Learning with a standard GPR
The inverse dynamic model for model-based control is
described as the mapping from joint positions, velocities, and
accelerations to torques, as shown in (1). The aim of model
learning is to predict the torque value of the i th joint, ߬  אԹ,
as the response of the query point at ሺǡ ሶ ǡ ሷ ሻ  אԹଷൈଵ by
using the given n training data, ሼሾ݆ሿǡ ሶ ሾ݆ሿǡ ሷ ሾ݆ሿǡ ߬ ሾ݆ሿሽୀଵ ,
where ሾ݆ሿǡ ሶ ሾ݆ሿǡ ሷ ሾ݆ሿ  אԹൈଵ and ߬ ሾ݆ሿ  אԹ . Since the
problem can be considered as a supervised learning problem,
any supervised learning technique can be employed for the
learning process.
Gaussian process regression (GPR), which is a global
supervised learning method, is one of the most widely-used
techniques for model learning problems. The goal of GPR is to
find the function ݂ that maps the input vectors ሼ࢞ሾ݆ሿሽୀଵ to the
output values ሼݕሾ݆ሿሽୀଵ where ࢞ሾ݆ሿ  אԹൈଵ and ݕሾ݆ሿ  אԹ. In
other words, the objective of GPR is to determine  ݕൌ ݂ሺ࢞ሻ 
ߝ for the query point ሺ࢞ǡ ݕሻ where ࢞  אԹൈଵ ǡ  א ݕԹǡ and
ߝ  אԹ is Gaussian noise with zero mean and variance ߪଶ .
Given a set of n training data ሼ࢞ሾ݆ሿǡ ݕሾ݆ሿሽୀଵ , the observed
targets can be described by a Gaussian distribution [3].
ࣨ  ܡሺͲǡ ۹ሺࢄǡ ࢄሻ  ߪଶ ࡵሻ

(3)

where ࢄ ൌ ൣ࢞ሾͳሿ࢞ሾʹሿ࢞ ڮሾ݊ሿ൧  אԹൈ ǡ
݇ሺ࢞ሾͳሿǡ ࢞ሾͳሿሻ
ڭ
۹ሺࢄǡ ࢄሻ ൌ  
݇ሺ࢞ሾ݊ሿǡ ࢞ሾͳሿሻ

ڮ
ڰ
ڮ

݇ሺ࢞ሾͳሿǡ ࢞ሾ݊ሿሻ
ڭ
൩  אԹൈ
݇ሺ࢞ሾ݊ሿǡ ࢞ሾ݊ሿሻ

۹ሺࢄǡ ࢄሻ is the covariance matrix evaluated by a
covariance function, ݇ሺ࢞ሾሿǡ ࢞ሾݍሿሻ, for all pairs of the input
ǡ  א ݍሼͳǡʹǡ  ڮǡ ݊ሽ . One of the commonly-used covariance
functions is the squared exponential (SE) function given as
݇ሺ࢞ሾሿǡ ࢞ሾݍሿሻ ൌ  ߠଵ ሺെߠଶ ȁȁ࢞ሾሿ െ ࢞ሾݍሿȁȁଶ ሻ

(4)

where Ʌଵ ǡ Ʌଶ   אԹ are the hyperparameters that modulate the
amplitude and characteristic length-scale, respectively.
With the query point ࢞  אԹൈଵ , the joint distribution of the
observed targets ࢟  אԹൈଵ and predicted output ݂ሺ࢞ሻ  אԹ is
࢟
۹  ߪଶ ࡵ
ቂ݂ሺ࢞ሻቃ̱ࣨ ൬Ͳǡ 
 ܓ

ܓ
൨൰
(5)
݇
where ۹ ൌ ۹ሺࢄǡ ࢄሻ  אԹൈ ,  ܓൌ ܓሺࢄǡ ࢞ሻ  אԹൈଵ , and
݇ ൌ ݇ሺ࢞ǡ ࢞ሻ  אԹ . The predicted mean ݂ ҧሺ࢞ሻ and variance
ܸത ሺ࢞ሻ is obtained from the aforementioned distribution [3].
ҧ
݂ሺ࢞ሻ
ൌ  ܓ ሺ۹  ߪଶ ࡵሻିଵ ࢟

(6)

ܸത ሺ࢞ሻ ൌ ݇ െ ܓ

(7)

 ሺ۹



ߪଶ ࡵሻିଵ ܓ

For model learning problems, the predicted mean ݂ ҧሺ࢞ሻ is
often taken as the required torque at the given state ࢞. Given n
training data, ሼሾ݆ሿǡ ሶ ሾ݆ሿǡ ሷ ሾ݆ሿǡ ߬ ሾ݆ሿሽୀଵ , the required torque
ҧ
value of the i th joint, ݂ሺ࢞ሻ
, is obtained from (6), where
࢞ ൌ ሾǡ ሶ ǡ ሷ ሿ  אԹଷൈଵ ǡ࢟ ൌ ሾ߬ ሾͳሿǡ  ڮǡ ߬ ሾ݊ሿሿ  אԹൈଵ and
ሾͳሿ
ࢄ ൌ  ሶ ሾͳሿ
ሷ ሾͳሿ

 ڮሾ݊ሿ
 ڮሶ ሾ݊ሿ   אԹଷൈ
 ڮሷ ሾ݊ሿ

(8)

Figure 1. A breif scheme of task-to-task transfer learning. The
transfer learning aims to help the target learning process by
using the knowledge from the source task in the source domain.

The learned model obtained by using GPR shows a robust
performance in predicting torques when the query point ࢞ is
not far from the training input ࢄ. However, when it is far, the
learned model often fails to provide accurate predictions and
additional training processes is required to improve the
accuracy. If we are able to reuse the relevant knowledge from
past tasks, we would not have to go through unnecessary
efforts. This is the reason why we try to introduce the concept
of transfer learning for model learning problems.
B. Transfer Learning for Robot Models
The main purpose of transfer learning is to improve the
target learning process by transferring the knowledge of
previously learned tasks. Let ܦௌ , ܶௌ ,  ்ܦ, and ்ܶ be a source
domain, source task, target domain, and target task,
respectively. The objective of transfer learning is to improve
the learning of the target prediction function ்݂ for ்ܶ in ்ܦ
by using the knowledge provided in ܦௌ and ܶௌ . (See Figure 1
and [8])
The transfer learning research examples can be found in
web-document classification [10], WiFi localization [11], and
reinforcement learning [12] among others. For transfer
learning in robot models, Bócsi et al. [9] attempted to transfer
knowledge between different robots that have different robot
architecture. They hoped to enhance the tracking task
performance of a 7 DOF Barrett WAM by using the
knowledge gained from another robot, 8 DOF Sarcos Master,
which performed the same tracking task previously.
Unlike the previous work, our approach aims at
task-to-task transfer learning problems where the source and
target tasks are different while operating robots are identical.
This is different from multi-task learning in that multi-task
learning seeks to improve the performance of all tasks
simultaneously while transfer learning is more focused on the
target task. To the best of our knowledge, our approach is
among the first attempts to deal with task-to-task transfer
learning for robot models. Since robots are often expected to
fulfill various tasks, task-to-task transfer learning provides
substantial advantages to real world applications.
In this paper, a novel task-to-task transfer learning scheme
for robot models is suggested under the assumption that
imperfect prior knowledge on the robot model exists. In
particular, we postulate that significant errors are included in
the measured inertial parameters. This assumption sounds
reasonable because inertial parameters are more difficult to
measure than kinematic ones. In the next section, we will see
the motivation behind our idea and detailed specifications of
the novel approach, IJL.
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III. INDEPENDENT JOINT LEARNING FOR A NEW TASK
A. Motivation
We can learn from human behavior when coping with a
new task in that humans reuse only a portion of previously
learned knowledge for a new task rather than exploiting
entirely with the irrelevant parts. For example, if basketball
players trained for the high jump to enhance their jumping
skills, they may reuse the now-learned ankle and knee
movements for the jumping motion in a basketball play rather
than reuse other trained movements (e.g., wrist or elbow
movements). Humans consider the trained knowledge of each
joint motion separately and selectively reuse them for a new
task.
Thus, model learning approaches also need to train the
data of each joint separately and selectively reuse them for a
new task. To achieve this, the training and target data need to
expose their relevancy so that we can discern which training
data is reusable for the target task by inspecting the data.
The desired properties for the training and target data in an
effective transfer learning are as follows:
z The training and target data for joint i appear to be
close to each other if the training motions of joint i
are closely related to the target motions of joint i.

when ࢄ௧ is far from ࢄ௧௧ so that the training data for all
joints cannot be reused. The case when only specific joint
knowledge is reusable cannot be handled in the
Lagrangian-based approach, since the relevant and irrelevant
joints are indistinguishable under the representation of the
approach.
Moreover, in the Lagrangian-based approach, the
irrelevant joint motions may interfere with the learning
process of the motions of the relevant joint. When a learned
model is built simply based on the position data of the ankle,
knee, and wrist joints, then
ࢄ ൌ ሼ ሾ݆ሿǡ  ሾ݆ሿǡ ௪௦௧ ሾ݆ሿሽୀଵ

(9)

If we use the training data for jumping motion generation,
the ankle and knee joint elements will provide more important
knowledge than the wrist joint elements. Since the learned
model reflects each element of the training data equivalently,
the wrist elements in the training data can disturb the learning
process of the ankle and knee motions. For example, if the
training and target data have the same ankle and knee values
but different wrist values, they may turn out to be dissimilar.
However, they have to be treated as if they are close in the
jumping motion training.
The learned model obtained from the Lagrangian-based
approach shows a lack of transferability for a new task. One of
the principal reasons for the lack of transferability is that the
Lagrangian-based approach learns the entire body dynamics at
once rather than each joint dynamics separately. As the
learned model contains superfluous components like
redundant information, it is likely to exhibit a poor
performance in a new task.

z The training and target data for joint i appear to be
far from each other if the training motions of joint i
are unrelated to the target motions of joint i.
z The knowledge of the selected joints can be reused
for the target task, independently, based on their
relevancy. For example, the ankle joint knowledge
is reused for the high jump while the wrist joint
knowledge is not.

Thus, for an extensive transferability of the learned model,
it needs to be broken down into smaller parts and selectively
reused for a new task. In the next section, we will describe the
process of breaking down the dynamic model into smaller
parts by using the Newton-Euler formulation. In addition, we
will introduce the novel learning approach, the IJL, for an
effective model knowledge transfer between tasks.

z The irrelevant joint motions do not interfere with the
learning process of the relevant joint motions. For
example, the wrist joint motions do not interfere
with the learning process of the ankle joint in the
high jump training.
However, traditional model learning approaches that learn
the mapping from positions, velocities, and accelerations of all
joints to each joint torque, ሺǡ ሶ ǡ ሷ ሻ ՜ ߬ , have the far aspects
from the desired properties presented above. (For convenience,
we will call this approach as the “Lagrangian-based approach”
in the rest of the paper).
First, the relevant and irrelevant joint knowledge is not
distinguishable in the Lagrangian-based approach, because all
joints have the same training input ࢄ. If the training data of the
i th joint are reusable but the others are not, then the training
data of the i th joint are close to the target data of the i th joint so
that they betray their close relevancy. In addition, the training
data of the other joints may be expected to be far from the
target data of the corresponding joints because they are
irrelevant to the target task.
However, this situation does not happen in the Lagrangian
-based approach, because all training input ࢄ are the same
regardless of the joint. Thus, there exist only two cases in the
Lagrangian-based approaches: when the ࢄ௧ is close to
ࢄ௧௧ so that the training data for all joints are reusable, or

B. Independent joint learning for robot dynamic model
The rigid body dynamic model is defined by the equations
of motion derived from the Lagrangian or Newton-Euler (N-E)
formulations. While the Lagrange formulation determines the
dynamic model by using the total Lagrangian of the robot
system, the N-E formulation sequentially determines each
joint model based only on the forces and torques acting on it
[2]. In other words, the N-E formulation is appropriate for
creating modular models, which is beneficial for robot model
transfer learning.
In N-E formulation, a forward recursion is performed for
propagating velocities and accelerations. A backward
recursion occurs from the last link as propagating forces and
torques (See Figure 2)
The angular velocity and acceleration vector of (i+1)th link
is calculated from the values of i th link as follows:
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ାଵ
ାଵ

࣓ାଵ ൌ

ାଵ

(10)

࣓ሶାଵ ൌ

ାଵ

(11)

ࡾ ሺ Ǥ࣓  ݍపାଵ
ሶ ࢠ ሻ
ࡾ ሺ Ǥ࣓ሶ  ݍపାଵ
ሷ ࢠ  Ǥ࣓ ൈ ሺݍపାଵ
ሶ ࢠ ሻ

Figure 3. Let us suppose a case where all joints stay at rest except
the last joint. Since the conditions for the last joints in (a) and
(b) are identical, ࣎ and ࣎ will exhibit the same values.
However, the Lagrangian-based approach fails to predict the
torques because  and  are dissimilar whereas the IJL
provides a correct prediction.

Figure 2. Forward(a) and backward(b) propagation in the recursive
N-E algorithm. The torque of joint i is determined by the forces
acting on i th link and the propagated forces from the distal links.

where ࢠ ൌ ሾͲͲͳሿ and ାଵࡾ represent the ͵ ൈ ͵ rotation
matrix defining frame i with respect to frame i  1. The
upper-left and lower-right superscript of the letter denotes the
reference frame and joint number, respectively.
The force Ǥࡲ   אԹଷൈଵ and moment Ǥࢀ   אԹଷൈଵ at the
center of mass (COM) of the i th link are


ࡲ ൌ ݉ Ǥ࢜ሶ ைெ

(12)



ࢀ ൌ ࡵ Ǥ࣓ሶ  Ǥ࣓ ൈ ሺࡵ Ǥ࣓ ሻ

(13)

where ࡵ represents the ͵ ൈ ͵ inertia matrix of the i th link and

ଷൈଵ
represents the acceleration at the COM of the
Ǥ࢜ሶ ைெ   אԹ
th
i link, which is a function of Ǥ࣓ and Ǥ࣓ሶ [2].
Finally, the force Ǥࢌ   אԹଷൈଵ and torques Ǥ࣎   אԹଷൈଵ ,
߬  אԹ acting on the i th joint can be evaluated by



ࢌ ൌ Ǥࡾାଵ ାଵࢌାଵ  Ǥࡲ

࣎ ൌ

ሺ Ǥ࢘




Ǥ࢘ைெ ሻ

ൈ


Ǥࡲ

(14)



Ǥࢀ 



 Ǥࡾାଵ ሼ ାଵ࣎ାଵ  ሺ ାଵࡾ ࢘ ሻ ൈ ାଵࢌାଵ ሽ
߬ ൌ  Ǥ࣎ ή ሺ Ǥࡾାଵ ࢠ ሻ  ɂ

Ǥ࢘ 

ଷൈଵ

governing robot movements. Additionally, it is natural to
expect that the RBD model error to relate to the current RBD
model state. In this respect, the error term can be considered as
a function of ࣓ ǡ ࣓ሶ ǡ ࣎ାଵ ǡ and ࢌାଵ . Thus, the real torque
value of the joint i can be predicted as
߬ ൌ  Ǥ࣎ ή ሺ Ǥࡾାଵ ࢠ ሻ  ɂሺ࣓ ǡ ࣓ሶ ǡ ࣎ାଵ ǡ ࢌାଵ ሻ.

In the IJL approach, the mapping from ሺ࣓ ǡ ࣓ሶ ǡ ࣎ାଵ ǡ ࢌାଵ ሻ
to ɂ ൌ ߬௧௨ െ ߬ is trained by a standard GPR. For a new task,
the IJL method provides the target torque prediction based on
the RBD model and GPR estimated error. (Details of the
method are provided in Algorithms 1, 2, and 3)
The IJL approach learns the errors in terms of
ɂሺ࣓ ǡ ࣓ሶ ǡ ࣎ାଵ ǡ ࢌାଵ ሻ instead of ɂሺǡ ሶ ǡ ሷ ሻ, as in [13]. Thus, we
now have different training sets for each joint able to transfer
the knowledge from joint to joint. In the next section, the IJL
approach is evaluated through simulations.

(15)
(16)

th

th

אԹ
is the displacement from (iെ1) joint to ݅
where
joint, Ǥ࢘ைெ   אԹଷൈଵ is the position vector of the COM of ݅ th
link, and ɂ   אԹଷൈଵ represents the error between the actual and
calculated values. ାଵ࣎ାଵ and ାଵࢌାଵ are propagated from
the previous link. (These values are zero for the last link).
In summary, the torque vector Ǥ࣎ consists of two parts:
torques caused by the current link’s movement and torques
propagated from the distal links.
(17)

࣎ାଵ  ሺ Ǥࡾାଵ Ǥ࢘ ሻ ൈ ାଵࢌାଵ  ൌ ݂ሺࢌାଵ ǡ ࣎ାଵ ሻ

Input: new data point (ǡ ሶ ǡ ሷ )
Initialize: ଵ࣓ଵ ՚ ݍଵሶ ࢠ ǡ
ே

for i = 1 to N

(18)

࣓ሶଵ ՚ ݍଵሷ ࢠ ,
࣎ேାଵ ՚ ǡ

ேାଵ

ࢌேାଵ ՚ 

(Forward recursion)

ାଵ

ାଵ

ࡾ ൫ Ǥ࣓  ݍపାଵ
ሶ ࢠ ൯

ାଵ

ାଵ

ࡾ ൫ Ǥ࣓ሶ  ݍపାଵ
ሷ ࢠ  Ǥ࣓ ൈ ሺݍపାଵ
ሶ ࢠ ൯

࣓ାଵ ՚

࣓ሶାଵ ՚

ࡲ ՚ ݉ Ǥ࢜ሶ  , ࢀ ՚ ࡵ Ǥ࣓ሶ  Ǥ࣓ ൈ ሺࡵ Ǥ࣓ ሻ

end for

Ǥ࣎

՚

ሺ Ǥ࢘

(Backward recursion)



Ǥ࢘ெ ሻ

ൈ Ǥࡲ  Ǥࢀ 

 Ǥࡾାଵ ሼ ାଵ࣎ାଵ  ሺ ାଵǤࡾ Ǥ࢘ ሻ ൈ ାଵࢌାଵ ሽ

Sum of the torques acting on the joint i :


ଵ

ேାଵ

ࡾேାଵ ՚ ǡ

for i = N to 1

Propagated torques :
ାଵ

Algorithm 1 Calculate Torques (ǡ ሶ ǡ ሷ )



Current link’s torques :
ሺ Ǥ࢘  Ǥ࢘ைெ ሻ ൈ Ǥࡲ  Ǥࢀ  ൌ ݂ሺ ǡ ሶ ప ሻ

(19)

߬ ՚  Ǥ࣎ ή ሺ Ǥࡾାଵ ࢠ ሻ

࣎ ൌ Current link’s torques + Propagated torques

As mentioned in the introduction, non-rigid components
or inaccurate robot parameters in the robot model can mean
the differences between the analytic RBD model and real
model. However, the RBD model takes a major role in
a
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ߤ ՚ ሺ࣓ ǡ ࣓ሶ ప ǡ ࢌାଵ ǡ ࣎ାଵ ǡ ߬ ሻ
end for
Output: ࣆ ൌ ሺߤଵ ǡ ߤଶ ǡ  ڮǡ ߤே ሻ

TABLE I.

Algorithm 2 Independent Joint Learning : Training
௧௨
Input: {ሼሾ݆ሿǡ ሶ ሾ݆ሿǡ ሷ ሾ݆ሿǡ ߬ ሾ݆ሿሽୀଵ ሽே
ሾ݆ሿሽୀଵ ሽே
ୀଵ , ሼ߬
ୀଵ

for j = 1 to n
ࣆ ൌ ሺߤଵ ǡ ߤଶ ǡ  ڮǡ ߤே ሻ ՚CalculateTorques ሺሾ݆ሿǡ ሶ ሾ݆ሿǡ ሷ ሾ݆ሿሻ
for i = 1 to N
ሺ࣓ ǡ ࣓ሶ ప ǡ ࢌାଵ ǡ ࣎ାଵ ǡ ߬ ሻ ՚ ߤ
ɂ ሾ݆ሿ ՚ ߬௧௨ ሾ݆ሿ െ ߬ ሾ݆ሿ
Training: GPR Training ሼሺ࣓ ǡ ࣓ሶ ప ǡ ࢌାଵ ǡ ࣎ାଵ ǡ ߬ ሻ ՜ ɂ ሾ݆ሿሽ
end for
end for

hwwyvpth{pvuGlyyvyGhzGtzlGmvyGlhjoGqvpu{G{vyx|lG
O{yhpulkG{hzrGaGhGGVG{hynl{G{hzrGaGkP

Joint
Torque
[Nm]

GPR only
w/ ሺǡ ሶ ǡ ሷ ሻ

RBD only

RBD+GPR
w/ ሺǡ ሶ ǡ ሷ ሻ

RBD+GPR
w/ ሺ࣓ǡ ࣓ሶ ǡ ࣎ǡ ࢌሻ

࣎ଵ

21.854

0.6232

0.5926

0.1399

࣎ଶ

154.322

46.498

4.5408

0.7928

࣎ଷ

60.601

1.223

0.5539

0.3730

࣎ସ

4.425ൈ10-5

1.180ൈ10-6

1.316ൈ10-6

1.061Ő10-5

࣎ହ

6.235ൈ10-4

1.737ൈ10-5

1.726ൈ10-5

2.549Ő10-5

࣎

1.046ൈ10-4

2.245ൈ10-10

1.101ൈ10-4

5.402Ő10-20

࣎

39.463

8.057

0.9479

0.2176

Algorithm 3 Independent Joint Learning: Prediction
TABLE II. hwwyvpth{pvuGlyyvyGhzGtzlGmvyGlhjoGqvpu{G{vyx|lG
O{yhpulkG{hzrGaGhSiSjGVG{hynl{G{hzrGaGkP

Input: ሼሾ݆ሿǡ ሶ ሾ݆ሿǡ ሷ ሾ݆ሿሽ
ୀଵ
for j = 1 to m

Joint
Torque
[Nm]

GPR only
w/ ሺǡ ሶ ǡ ሷ ሻ

RBD only

RBD+GPR
w/ ሺǡ ሶ ǡ ሷ ሻ

RBD+GPR
w/ ሺ࣓ǡ ࣓ሶ ǡ ࣎ǡ ࢌሻ

࣎ଵ

161.948

0.6232

0.3664

0.0893

࣎ଶ

54.812

46.498

16.897

0.4076

࣎ଷ

1.449

1.223

0.0381

0.1068

࣎ସ

4.257ൈ10-4

1.180ൈ10-6

8.503ൈ10-6

7.054Ő10-7

end for

࣎ହ

5.36Ͳ ൈ10-4

1.737ൈ10-5

3.240ൈ10-5

1.979Ő10-5


כ
כ
כ
Output: ሼ࣎ כሽ
ୀଵ ൌ ሼሺ߬ଵ ሾ݆ሿǡ ߬ଶ ሾ݆ሿǡ  ڮǡ ߬ே ሾ݆ሿሻሽୀଵ

࣎

4.563ൈ10-4

2.245ൈ10-10

5.193ൈ10-7

5.727Ő10-24

࣎

36.368

8.057

2.8836

0.1006

ࣆ ൌ ሺߤଵ ǡ ߤଶ ǡ  ڮǡ ߤே ሻ ՚CalculateTorques ሺሾ݆ሿǡ ሶ ሾ݆ሿǡ ሷ ሾ݆ሿሻ
for i = 1 to N
ሺ࣓ ǡ ࣓ሶ ప ǡ ࢌାଵ ǡ ࣎ାଵ ǡ ߬ ሻ ՚ ߤ
Test: ɂ ሾ݆ሿ ՚GPRTest ሼሺ࣓ ǡ ࣓ሶ ప ǡ ࢌାଵ ǡ ࣎ାଵ ǡ ߬ ሻሽ
߬ כሾ݆ሿ ՚ ߬ + ɂ ሾ݆ሿ
end for

IV. EXPERIMENTS
In this section, we compare the tracking performances by
using the IJL and other model learning methods. The
experiments are performed in simulation on a 6 DOF
PUMA560 robot using the Matlab Robotics Toolbox [14].
A. Experiment Setting
For the simulation, we assume that the given RBD model
includes +20% errors in mass and inertia matrix. For
simplicity, the friction and motor actuation effects are
neglected. The gravity vector direction is known so the RBD
model uses it to calculate the gravity forces.
The open-source code of a standard GPR [3] is employed
as a basic regressor to learn the inverse dynamic models,
ሺǡ ሶ ǡ ሷ ሻ ՜ ࣎ or ሺ࣓ ǡ ࣓ሶ ǡ ࣎ାଵ ǡ ࢌାଵ ሻ ՜ ࣎ . The hyperparameter values in (4) are determined by maximizing the log
marginal likelihood for a given training dataset at each time
When evaluating the tracking performance of each method,
we use sinusoidal trajectories with different frequencies and
amplitudes for each joint, which are also used in [6].
ݍ ሺݐሻ ൌ ܣ ݊݅ݏ൫߱ଵ  ݐ൯  ܣ Ȁ͵݊݅ݏ൫߱ଶ  ݐ൯

(20)

To check the effect of the training data numbers, a single
task is used for training in the first experiment whereas three
tasks are used in the second (See Appendix).

The IJL approach is compared to three other methods. One
is a common model learning approach that directly learns the
inverse dynamic model ሺǡ ሶ ǡ ሷ ሻ ՜ ࣎ without any a-priori
knowledge. There is also an imperfect RBD model method
and a-priori knowledge RBD method that learns the error parts
in the ɂሺǡ ሶ ǡ ሷ ሻ form, as presented in [13].
B. IJL approach Evaluation
We compare the tracking performances of the traditional
model learning method, which learns the inverse dynamics
ሺǡ ሶ ǡ ሷ ሻ ՜ ࣎, and the IJL approach, which learns only the
errors in the form of ɂሺ࣓ ǡ ࣓ሶ ǡ ࣎ାଵ ǡ ࢌାଵ ሻ ՜ ࣎. As we can see
in Table I and Table II, the traditional method is poor in
comparison with the IJL approach. This result coincides with
our expectation that the traditional method will be poor when
the training and target data are dissimilar.
We also compared the tracking performances between the
ɂሺǡ ሶ ǡ ሷ ሻ and ɂሺ࣓ ǡ ࣓ሶ ǡ ࣎ାଵ ǡ ࢌାଵ ሻ parameterizations when
an imperfect RBD model is given. Among the three cases,
“RBD only” has the worst performance since it does not have
an error correction methodology. The IJL approach
outperforms other methods because it learns each joint
dynamics separately and transfers it from joint to joint.
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APPENDIX
TABLE III.


࣓
࣓

VALUES TAKEN FOR TRAINING AND TEST TRAJECTORIES
ݍ ሺݐሻ ൌ ܣ ݊݅ݏ൫߱ଵ  ݐ൯  ܣ Ȁ͵݊݅ݏ൫߱ଶ  ݐ൯
Task A

Task B

Task C

Task D

(n=800)

(n=720)

(n=480)

(n=800)

[0.8, 0.5 0.7
2.0 3.0 3.0]

[0.8 0.4 0.8
1.0 0.7 0.3]

[0.4, 0.6 0.8
0.5 0.3 0.4]

[1.0 0.5 0.7
0.5 1.2 1.1

[0.45 0.45
0.35 0.20
0.35 0.30]Ɏ
[0.25 0.50
0.50 0.20
0.40 0.25]Ɏ

[0.47 0.33
0.40 0.53
0.67 0.47]Ɏ
[0.67 0.80
0.47 0.53
0.47 0.73]Ɏ

[0.90 0.80
0.70 0.60
0.50 0.40]Ɏ
[0.80 0.70
0.70 0.50
0.30 0.60]Ɏ

[0.44 0.36
0.28 0.36
0.24 0.36]Ɏ
[0.24 0.44
0.40 0.20
0.48 0.28]Ɏ
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