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Purposes 

1. To develop better strategies for attacking mixture 
problems involving process variables  

a. To determine if the principles of statistical engineering can 
provide guidance on such a strategy  

2. To provide insight into whether non-linear models 
can be used in lieu of linear models with these 
problems to save time, resources, and money 
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Outline 

• Mixture problems with process variables 

• Linear versus non-linear approaches 

• Statistical Engineering 

• Some comparative results with real data sets 

• A strategy for better utilization of existing methods 

• Statistical engineering approach 

• Learnings 

• Summary 
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Mixture Problems With 
Process Variables 
• Mixture problems – linear constraint on the variables 
• Components sum to 1.0 

• Many mixture problems also have process variables 
• Temperature of food or drink may impact taste 

• For some such problems, the mixture and process 
variables interact 
• Best temperature may depend on recipe used; e.g., beer 

• Questions: can the principles of statistical engineering 
help address such problems? 
• Focus on strategy, not a specific tool 

• Can non-linear models enhance the strategy? 
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Mixture Problems - Review 
• Mixture problems – linear constraint on the variables 
• Components sum to 1.0 

• The simplex is one of the most commonly used design 
spaces 
 

 

 

 

 
                        

 

 

                                  

• Algorithmic or optimal designs are another commonly 
used approach to designing experiments 
• D-Optimal is a common algorithmic design 
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Linear Mixture Models - Review 
• A typical linear model (E(y)=b0+b1x1+b2x2+…) cannot be used 

because of the linear constraints on the mixture variables 

• No constant term, and for quadratic models no squared terms 

• Scheffe’s models are commonly used: 
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Mixture Experiments with 
Process Variables - Review 
• Many mixture problems also have process variables 

• Temperature of food or drink may impact taste 

• The typical approach to these designs is to think about 
the mixture and process designs separately  

• Process designs commonly use factorial approaches  
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Mixture Experiments with 
Process Variables 
• Each point in the mixture is typically repeated at each 

combination of levels of the process variables 
 

 

 

 

 

 
 

 

 

• The number of runs now equals the number of runs in the 
mixture design multiplied by the number of runs in the 
process design 
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Linear vs. Non-Linear Models – 
Review 

Non-Linear Models Are: 

•Useful alternative for analyzing many data sets 

•“Not linear” in their parameters 

• Example: y=θ1+eθ2x+ε 

• Do not typically have a closed form least squares solution, 
and require iterative numerical approaches 

•Potentially useful in formulation studies in which the 
mixture and process variables interact  

• For example, the best temperature depends on the recipe 
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Mixture-Process Models 

• Often an additive or multiplicative model is used 

• No interaction between mixture and process variables: 
C(x,z)=f(x)+g(z) (additive) 
• f(x) is the mixture model, and g(z) is the process model 

• With interaction: C(x,z)=f(x)×g(z) (multiplicative) 

• Example of first order mixture and process model, with 
interaction (multiplicative): 

• C(x,z)=f(x)×g(z)=(b1x1+b2x2+b3x3)(a0+α1z1+α2z2+α3z3)  

• This has 3+4=7 terms to estimate if we fit this as a non-
linear model 

• If we linearize (multiply out all terms), we end up with 
3*4=12 terms to estimate 
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Numbers of Parameters in 
Models: How the Math Works 

• Assume 3 mixture and 3 process variables 

 

 

 

 

 

 

 

• This difference is huge with larger models!!! 

 

12 

Model 
First Order 

Models 

Special Cubic Mixture 
With Full Quadratic 

Process Model 

Mixture Terms 3 7 

Process Terms 4 10 

Additive Model 7 17 

Non-Linear Model 7 17 

Linearized Model 12 70 



JMP Non-linear Platform 

• JMP allows for relatively easy estimation of non-linear 
models 
• JMP Pro is not required, nor is version 12 

• Standard non-linear models, such as the Michaelis 
Menton model, can be selected from a pull-down menu 

• Custom non-linear models must be created: 
• Define the necessary parameters to be estimated 

• Create the model of interest as a function of the defined 
parameters of variables 

• Run the non-linear estimation algorithm 

• Note: Much of the inferential theory is approximate! 
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Statistical Engineering 

• Science: systematic study and advancement of the facts 
and general laws of the natural world  

• In statistics, this generally means development of new 
tools, and advancement of theoretical underpinnings of 
existing tools 

• Engineering: study of how to best utilize existing 
scientific and mathematical principles for the benefit of 
mankind 

• In statistics, this means.......what exactly? 
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Statistical Engineering 
• Definition: The study of how to best utilize statistical 

concepts, methods, and tools, and integrate them with 
information technology and other relevant sciences to 
generate improved results (Hoerl and Snee 2010) 

• In other words, “building something meaningful from the 
statistical science ‘parts list’ of tools”  

• Reference: See “Special Issue on Statistical Engineering” 
in Quality Engineering (http://asq.org/statistics/quality-
information/statistical-engineering) for more details on 
statistical engineering. 
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Key Statistical Engineering 
Question: 
• Can non-linear models provide a viable alternative to 

linearizing mixture-process models with interaction? 

• If so, what is the best strategy for attacking such 
problems? 

• Note that we are not seeking the best model in an 
absolute sense, nor the best design, but rather, the best 
strategy, which might involve a variety of model and 
design options 

• Statistical engineering is problem-oriented, and therefore 
tool agnostic 
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Data Set 1 
• Cornell’s Fish Patties (2002) 

• Cornell blended fish species to make sandwich patties 

• Three mixture variables 

• Mullet (x1), sheepshead (x2), and croaker (x3) 

• Three process variables 

• Baking temperature, baking time, fry time 

• A full 23 factorial design was used for the process 
variables 

• A simplex design was used for the mixture variables 

• 8*7=56 runs in the crossed design 
17 



Cornell’s Fish Patty Design and 
Model 
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56 terms in linearized model (n=56), 15 in non-linear 



Model Comparisons 
 
• Compared the linearized model, non-linear model, and 

additive model (no interaction between mixture and process 
variables). We focus on linearized and non-linear here. 

• Main criterion was model root mean square error (RMSE)  

• Linearized model produced lowest RMSE in two of three cases 

• Not surprising considering degrees of freedom 

• Differences were not as large as one might expect 
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*No df for error; this is a Lenth pseudo RMSE calculated by JMP 

Data Set Linearized Model 
RMSE 

Non-Linear Model 
RMSE 

Cornell .17* .16 

Prescott 21.0 23.1 

Wang et al. 1.36 2.05 



Model Comparisons 

• Linearized models generally produced best fits, but 
require extensive experimentation 

• Ratio of experimental runs to terms in non-linear models: 

• 56/15, 90/7 or 90/14 if all possible terms considered, 40/11, 

• Statistical engineering question: 

• Might it be possible to get a good model with much less 
experimentation, using a non-linear approach? 

• Could an iterative strategy make better use of the 
experimental effort? 

• Investigated comparisons with fractional experiments 
extracted from full published experiments 
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Cornell’s Fish Patty Data 
• Per Cornell (2011), consider half-fractions of the process 

factorial at each point of the simplex 

• Reverse half fractions at some points to estimate all effects 

• Fractional design: all points in the 23 process design at the 
centroid, the z1z2z3=1 at the pure blends, and the z1z2z3=-1 half 
fraction at the 50/50 blends (32 vs. 56 runs) 

• Fit non-linear model with reduced design; then predicted data 
excluded from analysis 
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Full Data: 
Linearized 

Full Data: 
Non-Linear 

Reduced 
Design: Non-

Linear 

RMSE 0.17* 0.16 0.27 

RMSE of Excluded 
Data 

NA NA 0.25 

Design Size 56 56 32 

Excluded Points 0 0 24 

*Pseudo standard error – no df left for RMSE 



Cornell Fractional Design 

22 
Fractional design has 32 vs. 56 runs 



Learnings 

• Non-linear models provided similar fits to linearized 
models with fractional designs; at least in 2 of 3 cases 

• The non-linear models predicted withheld data 
reasonably well, similar to, or better than, full linearized 
models 

• Non-linear models provide a viable alternative that 
requires much less experimentation 
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Implications 

• Given these learnings, could statistical engineering 
principles help provide a better overall strategy for these 
problems? 
• Identification of a strategy for attacking similar problems? 

• Integration of multiple techniques vs. proposing “best” method? 

• Use of sequential approach vs. “one-shot study”? 

• Best business solution versus best statistical solution? 
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Potential Statistical Engineering Strategy 
– Mixture/Process Problems 
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Run Fractional 
Factorial Designs 

Fit Additive and 
Nonlinear Models 

Interpret Results 
Move to Next Step 

Run Other 
Fraction of 

Design 

Adequate 
 Fit? 

YES NO 

This Strategy Can Save Considerable Experimentation and  
  Has No Serious Downside 

Fit Linearized 
Model 

Returns to original starting point 



Note on Mixture-Process 
Designs Evaluated 

• We only considered “widely used” fractional designs 

• The application of computer-aided design, focused on 
the specific non-linear model considered, has the 
potential to significantly improve on these results 

• This is an opportunity for future research 
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Conclusions 

• Proposed mixture-process modeling strategy is an 
improvement upon standard practice, as reflected in the 
literature 

• Non-linear model is viable alternative 

• Experimentation reduced by over 50% in some cases  

• Statistical engineering integrates existing methods in 
innovative and creative ways to achieve novel results 

• All designs and models considered in this research 
were known 

• Application of statistical engineering principles has 
demonstrated a tangible improvement in a well-
researched area 
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Appendix 
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Data Set 2 
• Prescott’s Bread Making Data (2004) 

• Tested loaf volumes of bread made from mixtures of three types 
of flour 

• Tjalve (x1), Folke (x3), Hard Red Spring (x3) 

• Two process variables were included 

• Proofing (resting) time, Mixing time  

• Loaf volume after baking was the response variable 

• Full three-level factorial design for the process variables (32) 

• Non-standard simplex design with pure blends, centroid, and 2/3, 
1/3, 0 “edgepoints” for the mixture variables (10 runs) 

• Pseudocomponents due to minimum constraints 

• Crossed design: 9*10=90 runs 
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15 terms in reduced linearized model (out of 42 possible), 7 in non-linear 



10 Point Simplex Lattice 
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Edgepoints at 2/3, 1/3, 0, 
and so on 



Prescott Design 
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Data Set 3 
• Wang et al. Melting Time (2013) 

• Mixture-process experiment on the melting time of ice cubes 

• Three mixture variables 

• Water, milk, juice 

• Two process variables 

• Sugar added, type of milk used (interaction expected) 

• Simplex design with “checkpoints” used for the mixture 
variables (10 points) 

• 22 factorial design used for the process variables 

• Crossed design with 10*4 = 40 runs 

33 

28 terms in linearized model; 11 in non-linear 



Wang et al. Design 
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Prescott’s Bread Making Data 

• Fractional design: full 32 at the centroid, the points where 
z1z2=0 for half of the edgepoints, and the points where z1z2=1, 
z1z2=-1, and z1=0=z2 for the pure blends  (39 vs. 90 runs) 
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Full Data: 
Linearized 

Full Data: 
Non-Linear 

Reduced 
Design: 

Linearized 

Reduced 
Design: Non-

Linear 

RMSE 21.0 23.1 20.3 22.6 

RMSE of Excluded 
Data 

NA NA 27.2 25.9 

Design Size 90 90 39 39 

Excluded Points 0 0 51 51 



Prescott Fractional Design 
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Fractional design has 39 vs. 90 runs 



Wang et al. Melting Time Data 

• Reduced design: full 22 at the centroid and pure blends, the 
half fraction z1z2=-1 at the 50/50 blends, and the half fraction 
z1z2=1 at the (2/3, 1/6, 1/6) checkpoints – all three   
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Full Data: 
Linearized 

Full Data: 
Non-Linear 

Reduced 
Design: 

Linearized 

Reduced 
Design: Non-

Linear 

RMSE 1.36 2.05 .90* 2.02 

RMSE of Excluded 
Data 

NA NA 3.46 3.01 

Design Size 40 40 28 28 

Excluded Points 0 0 12 12 

*Lenth pseudo standard error – no df left for RMSE 



Wang et al. Fractional Design 
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Fractional design has 28 vs. 40 runs 


