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Purpose. The purpose of this paper is to discuss some of
:he statistical problems encountered in estimating by sampling the
total number of a population, without benefit of a previous census,
and to present a device for this purpose which may have other uses
as well. We will speak of two kinds of situstiont (1) the popula-
tlon 1s fixed, each person being nominally attached in some recog-
nizable manner to a fixed location, such as a dwelling unit; (2)
the population is moblle--here today, somewhere else tomorrow. Always
in addition to the population that is fixed, a certain number of
people are not identified with any fixed location; this applies in
countries that have regular modern censuses as in those that have
never taken a census. We make only brief mention of the rixed
population, as it is already treated in books. We introduce some
theory for the moving population, in the hope that knowledge of the
theory will encourage practical application.

Sampling to estimate a fixed populaetion--the area rinciple.
The main difficulties are about the seme for the use of sampling as
they are in conducting a first complete census. The basic require-
ment for either a complete census or a sample of a fixed population
i1s a frame. A frame is a list of sempling units, the totality of
which covers the population to be counted. For a fixed population
a good set of maps constitutes an implicit list or frame.

Without & frame, there can be neither a complete census nor
8 sample. Without a frame there would be no way to allot work to
intervliewers, nor any way to know whether or when the work of
taking the census is completed, nor 1s there any way to carry out
a control.

The seampling unit for a census of a fixed population is most
commonly an element of area. The enumeration distriet, with clearly
defined boundaries and designed to contain 500 to 1000 persons, is
an example., Enumeration districts may be of any shape or size--
they may contain & small number of reople or a large number of
people. There is of course preference for uniformity insofsar as
the enumeration district is the work load for one enumerator, and
insofar as it 1s a sampling unit from which an estimate of the
total number of inhabitants is to be made. Fre-existing well-
defined and well-established administrative units, or city blocks,
may be used. We also call attention to an instance of square areas,
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3 km. by 3 km., marked off by points designated as their corners,
and conspicuous enough so that the enumerator might know whether
he 1s inside the designated sample srea.*

Area samples may become complex as their designers strive
for efficlency, to achleve a desired precision at minimum cost.
They employ stratification, ratio-estimates, regression, multiple
stagesa, composite estimates, and a host of other ingenious devices,
But underneath all of these remains the fundamental principle of
the simple random sample: that out of N areal or other units defined
in the populstion n sre chosen at random for enumeration. In a
large-scale sample-survey, prepared in stages, it 1s necessary to
delineate only a fraction of the N units, but there are still N
units in total, in hundreds of strata. Every acre in the territory
has a chance of n/N of inclusion, likewise every household has
probability n/N, every store, and every individuasl resident.

As the probabllity of selection is n/N, 1t 1s possible to
estimate the total number of pecple in the frame merely by multi-
Plying the number of people in the ssmple by N/n; and similarly to
estimate the total nunber of houses in the frame by multiplying the
number of houses in the sample by N/n; and similarly to estimate
the total number of acres, households, stores, or individuals. The
ralsing factor N/n is simply the reciprocal of the probebility of
selection.

Foint sampling. We come now to a type of sampling in which
the facteor N/n is not bullt into the design, but must be estimated.
Consider a situation where the population is moblile, not attached
to any areal unit. Area sampling could still be used if the people
would stay in one place long enough to be counted on a sample of
areas., In the ecircumstance that there are no maps, or that the
people are too mobile, area sampling is impossible. Here we are
driven to a sample of points, and it 1s necessary to seek an entire-
ly different basis of design and estimation than we have Just described.

Sampling to estimate 2 mobile population from e set of points.
The sample of points takes advantage of the mobility of the popula-
tion. The more people are moving, end the more rapidly they are
moving, the more efficient the point sample will be. It turns an
obstacle into an advantage. Suppose indeed that people are in motion
in such fashion that they all have the ssme chance of passing every
point. The first step would be to place enumerators at a number of
random points; they might te put down by hellicopter or meke their
way on foot. The techniques for ensuring randomness would be those
well known in crop cutting. The enumerators would remain at their
stations for a given period of time--say a day or s week. Suppose
that they encounter n, persons in total, and that to each one they
give a card or a button to show that he has been enumersted. This
enumeration would constitute the first round.

#J.FP. Holleman, Experiment in Swaziland, Swazlland Sample
Survey 1960 (Institute for Soclal Research, University of Natal).
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The enumerators would then be allotted to a second set of
rendom points in the same territory, and they would agesin enumerate
all persons that they encounter, establishing, among other items
on the questionnaire, whether the person has been enumerated before.
Suppose that on this second round they enumerate n., persons in

total, including nyp, persons that had been enumerated before. The
three numbers, Ny Doy and Ny provide an estimate nlngfnla of

the population of the territory, along with an estimate of its
variance, In fact, nEz"nis is the raising factor by which we mul-

tiply ny, Jjust as we would use the multiplier N/n in areal sampling.

Point samgl%ng Wwith three rounds. For three rounds we should
need the additional notation:

n3 the number of inhabitants enumerated at all posts at
the third round

nz3 the number of inhablitants enumerated in the third round
that were also picked up in the second round
ﬂlzj the number of inhabitants enumerated on all three rounds

Let N be the (unknown) number of mobile inhabitants in the
territory.,, Then the following estimates of N are available. The
estimate N in Eq. 6 combines all the infornation from the 3 rounds.

n.n

Nip =mplny/nyp) = ilz (1)
Ny = i 32 (2)
n13
- (3)
n23
n.n
123
nn
N =4 13 (5)
132
* ny23
. _ nlnz + 1'11113 + n2n3 + rﬁia + 1:131123 (6}

M2 + Ri3 + Dpg ¥ Dypg + Nypg

The uncertalnty sttributable to accidental independent
variations, including ssmpling, could be ascertained by analysis
of the variance in these quantities between individual points or
by short-cut methods similar to those that have been developed
for area sampling.

Hypothetical exsmple of point sampling. In order to see
how the calculations work out in practice, suppose that there is
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a migratory population of about 100,000 persons, and suppose that
enough points be chosen for the point sample so that about 5% or
5000 persons would be included in the first round. On the second
round an expected 5000 would agalin be included, of whom ebout 250
would be repeats from the first round. On the third round, there
would be 5000 in all, including 250 repeats from the second and 12
from the first. 1In terms of the first two rounds of the preceding
model, the expected values are n, = 5000, n, = 5000, Ny, = 250,
Substituting these expected valu®ds in Eq. 1 "gives

Ny, = minp/nyp = 5000 x 5000/250 = 100,000,

On binomial probabilities, the coefficient of variation of
the estimate of N would be about 9%. An area sample that contains
10,000 persons (equal to n; + n,) would do better than this point

sample i it were arranged in efficlent clusters,

Sketch of derivation of formulae. A rough estimate of the
standsrd error in the estimate of N could be obtalned from 3 rounds
by comparing Niz» Nlji sz. A modicum of effort in design
would provide replication, by which, in each round, there would be
2 or“preferably 3 to 10 replications. Each palr of replicates
provides an estimate of the standard error, by formulas that are
well kriown.

In order to gain some insight into the formulas that might
be expected under one set of possible circumstances, suppose that
binomial probabilities apply, which is to say that every person in
the mobile population has the chance p of belng enumerated in any
round. Then for the first round, the chance of encountering

N=ny n
exactly n; persons would be (ﬁg‘* 1, s round,
the chance of encountering ny = Ny, Dersons among the N - n, who
- N=n4,=ns+n ns-n
had not been enumerated before 1is nH-glz)q 172" 12,7272,
2 71

The chance of encountering ny, among the n, is (21J qnl-nlzpnlz-
1

If these three probablilites are independent, the likelihood of
the sample consisting in all of ny + 0y =ny + (n, - nyp) + ny 5

persons l1s the product of the three separate probabllities.

We now take the logarithm of the likelihood, but put it into
a4 more tractable form by replacing all factorials by the Stirling
approximation, in which N! is proportional to NH+ feH, and hence

In N! = K+ (N + %#)1nN - N. As we have no interest in the likeli-
hood itself, but only in its derivatives with respect to N and p,
we need not concern ourselves with terms not involving these vari-
ables. Hence the logarithm of the likelihood, 1lnlL, is

InL = K+{H+i}1nN—{N-nl-n2+n12+i}1nm-nl-n2+n12}

+{EN—nl-nz)lnq+{n1+n2}lnp. (7)
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The derivative of InL with regerd to N and to P when equated to
zero glves

%L= 1nN-ln{H-nl-n2+n12}+21nq=ﬂ (8)
VIRE N By~ Dy By By (9)
q q P

terms in 1/N being omitted. It follows from Eq. 8 that

n, +n, - n
q2 s 1 Nz 12 (10)
and from Eq. 9 that
n, +n
E=§ S (1)
or ﬂl + HE
B ee—— 12
¥ 2N (12)
Substitution of p from Eq. 12 into Eg. 10 gives
[ -“_1*'_“{\2:1_“1”2-“12
2N N
or 2
e {nl + nz}

““12

The meximum likelihood estimate of N, which we designate N,
is thus the square of the total of the sample in the two rounds

(n. + n.)%
divided by four times the common rtion 1 2 and of 1
Enyﬂ mmon pa rp— EE
ﬁ = EI—%EEE. The relative merits of Eg. 13 and Eq. 1 depend on the

degree to which the binomial conditions are fulfilled.

Polnt sampling as a residuasl method. If one were in possession

of a good frame for an area sample, he would use point sampling only
for that portion of the population that is mobile and elusive. In
many circumstances, one would combine the two methods. In fect,

they are combined in the United States Census, which can be thought
of in principle as a 100% sample of areas, plus a 100% sample of
points for the transient population. The area sample consists in

the division of the territory of the entire country into enumeration
districts which are ssaigned one to eech enumerator who is instructed
to cover 1t solidly in respect of all residents. The point sample

is enumerated on & single night, called T-night; enumerators are
stationed in the lobbies of known hotels, flophouses, snd other
points which transients pass., In the United States the mobile popu~-
lation 18 a small enough proportion of the whole that i1t ordinarily is
dealt with as & residual in censuses and disregarded in sample
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Combination of a sample of areas and a sample of points. The
combination of area and point sampling would require an initial divi-
sion of the whole territory (say of a country) into suitable areas
and the usual random selection from these, perhaps at several stages.
In each one of the areas an enumerator takes his post and counts the
people that reside in or pass through the area over & stated period
of time. These areas would be situated in the various geographic
zones in the country whose population ig to be counted, and where
the enumerators happened to be located at any moment as they go thelr
rounds would constitute random poilnts. The persons found within the
sample areass during the time of enumeration would be treated diffe-
rently according as they are (a) fixed residents of the area or (b) tran-
slents encountered by the enumerator as he makes hils rounds.

The enumeration at a sample of points must be repeated another
day to make at least two rounds. The procedure in Hound 1 is to
enumerate (in addition to the regular inhabitants of the designated
areas) those that happen to be passing through, and to provide, in
some manner, each person enumerated as a transient with ldentificatilion
gso that he can be recognized if he is picked up in the second round,
or in the third round.

Theory needed for the combined sample. Although the theory of
area sampling is now expounded in books, and there is also a consi-
derable literature on point-sampling, combination of the two has so
far, to our knowledge, not been suggested. The advantage of the
combination is not in the reduction of variance so much as in cancel-
lation of bisses. The area sample gives too small a chance of in-
clusion to persons that are mobile, while the sample of points glves
to any person a probability of inclusion proportional to hls move=-
ment. The combination suggested in the preceding section, by whilch
the enumerator counts not only people resident in selected areas,
but also outsiders that happen to be in his area while he is on his
rounds, might be designed to give approximately equal probabilities
to all. Any combination of probabilities would serve the purpose, 1if
the probabilities could be evaluated. The present paper may thus be
of interest even in countries that have highly developed census meth-
ods for the stable population, but which place less emphasis, with
poseible bias from undercount, on moblle elements.

The drawback that point sampling suffers from 1s the need to
include a sufficient proportion of the population in each of two or
more rounds. Point sampling 1s to be used only in cases where ares
sampling alone is impracticeble. As there 1s a mobile population
in every country, point sampling offers & general contributlon to
statistical method.



