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Introduction 

An auditor faced with the need to evaluate a number of files for potential fraud might wish to focus his or her efforts, at 

least initially, on those files that suggest that fraud is more likely to be present.  To that end, a reliable, easily computed 

indicator of potential fraud is needed.  Some researchers have suggested that the leading digits of legitimate financial 

transactions should follow a Benford distribution, in which the probability that the leading digit is a given integer i. 

Prob{leading digit is i} = log10(1 + 1/i), for i = 1, 2, …, 9.                                     (1) 

On the other hand, it is suggested that when people commit fraud the leading digits of the transactions deviate from this 

pattern.  This has led to a number of investigations, some theoretical and some practical, with the goal of defining which 

phenomena do seem to follow a Benford distribution of their leading digits and why this might or should be the case.  

Huerlimann (2006) has provided an extensive bibliography of such investigations.   

The Wikipedia article on Benford is also informative, where it states: 

“In 1972, Hal Varian (1972) suggested that the law could be used to detect possible fraud in lists of socio-

economic data submitted in support of public planning decisions.  Based on the plausible assumption that people 

who make up figures tend to distribute their digits fairly uniformly, a simple comparison of first-digit frequency 

distribution from the data with the expected distribution according to Benford's Law ought to show up any 

anomalous results.  Following this idea, Mark Nigrini (1999) showed that Benford's Law could be used in forensic 

accounting and auditing as an indicator of accounting and expenses fraud.”   

For such cases, the auditor would test each file for closeness of the leading digits in distribution to Benford and would 

begin the audit with the file(s) that deviate from Benford the most. 

Reliance on Benford as the null distribution for a statistical test can have undesirable effects.  Fairweather (2017) has 

recently shown that commonly used test statistics can be both insensitive (low power) and nonspecific (high false positive 

rate) under certain circumstances.  In the most extreme cases, the test statistic is no better than the toss of a fair coin. 

There is reason to expect that the leading digits of transaction files do not always follow a Benford distribution exactly.  It 

seems to be well-known that transactions that have had some artificial human intervention, such as restricting the 

transactions to a particular range or limiting it to specified values, is less likely to have a Benford distribution of the 

leading digits.  Even in more naturally occurring transaction files, some fraudulent transactions may not be discovered.  

There could be instances of undetected fraud going back years.  Consider a case in which it is known that fraud has 

occurred in the past and that the fraudulent transactions have not been removed from the file.  The leading digits of such a 

file would not likely have a Benford distribution.  In this situation, the auditor’s preliminary question might be, “Has the 

proportion of fraud increased recently in this file?”  

Assume an auditor has access to the transactions over two years, and the auditor’s primary focus is on determining 

whether there has been an increase in fraudulent transactions in this file from the first year to the second, on the theory 

that if the fraud was successful (undiscovered) in the first year, it will likely continue or even increase infrequency in the 

second year.    

Assume that that the auditor knows what the leading digit distribution of the fraudulent transactions would be.  For 

definiteness in the development, we assume that the fraudulent transactions would follow a pattern in which the leading 

digits of the transaction are equally likely.  We do not need to assume any particular distribution of the leading digits in 

the first year, except that the distribution is not the same as the pattern of fraudulent leading digits. 
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Derivation of the Indicator 

Some auditors may use the leading digit and others may use the leading two digits in a preliminary evaluation of 

transaction files.  This means that the leading digits could be 1 through 9 in the one case or 10 through 99 in the other.  

We will label these sets of leading digits as 1 through k and derive the indicator and its properties in a general form.   

In the first year, we determine the proportion of leading digits, Q(1), Q(2), … Q(k).  Of course, Q(i) ≥ 0 for all i, and: 

∑ 𝑄(𝑖)𝑘
𝑖=1 = 1.                                                        (2) 

In the second year, the database would contain a mixture of legitimate transactions that follow the distribution of the first 

year and fraudulent transactions that follow the assumed pattern of fraudulent transactions.  In what follows, for 

definiteness we assume that fraud results in equally likely leading digits.  We will show finally that any known or 

suspected pattern for the fraudulent transactions could be used. 

In the second year, the pattern of leading digits follows a distribution that is a mixture of known distributions.  In 

mathematical terms, we assume that a proportion 1-p of the leading digits follows the same pattern as in the first year and 

that a proportion p of the leading digits follows an equally likely pattern, namely 1/k for each digit.  Then the probability 

distribution of the leading digits in the file for the second year is: 

Prob{leading digit in second year is i} = (1-p)Q(i) + p/k 

= Q(i) – p (Q(i) – 1/k), i = 1, 2, …, k.                     (3) 

To avoid a trivial situation, we assume that Q(i) ≠ 1/k for at least one i.   

Now let xi be the number of leading digits = i out of the N transactions in the second year.  Then the expected value of 

xi/N is: 

ui = E(xi/N) = Q(i) – p (Q(i) – 1/k).                        (4) 

If there has been no increase in fraud in the second year, then p = 0 by definition and ui = Q(i), the same proportion as in 

the first year. 

From the i-th leading digit we could use the values of Q(i) and xi/N to get an estimate of p, but this would yield k 

estimates of p.  Instead, we combine them into a single estimate �̂�, defined as: 

�̂� =
∑ (𝑄(𝑖)−

𝑥𝑖
𝑁

)(𝑄(𝑖)−
1

𝑘
)𝑘

𝑖=1

∑ (𝑄(𝑖)−
1

𝑘
)

2
𝑘
𝑖=1

 .                                       (5) 

�̂� is a linear combination of the xi/N.  For easier reading, the more mathematical development has been placed in the 

appendices of this paper.  The theoretical rationale for using this indicator is given in Appendix I. 

Properties of �̂� 

As shown in Appendix II, the xi/N are multinomial proportions and we can write �̂� = 1 + ∑ 𝑏𝑖𝑥𝑖/𝑁𝑘
𝑖=1  , where bi is 

defined as: 

𝑏𝑖 = − (𝑄(𝑖) −
1

𝑘
) /𝐺                                            (6) 

for i = 1, …, k, and: 

𝐺 = ∑ (𝑄(𝑖) −
1

𝑘
)

2
𝑘
𝑖=1 .                                     (7) 

Because the Q(i) are known constants, the quantities bi and G are known constants, not depending on the unknown p.  

Moreover, the bi and G depend only on the proportions (not the absolute numbers) of each leading digit in the first year 

and on the distribution that the fraudulent transactions are assumed to follow, here equally probable.   

It is easily shown that the expected value of �̂�,  E(�̂�) = p.  The variance of �̂� is estimated by: 

𝑣 =
1

𝑁
∑ [𝑏𝑖

2�̂�𝑖(1 − �̂�𝑖) − ∑ 𝑏𝑖𝑏𝑗�̂�𝑖�̂�𝑗 ]𝑗≠𝑖
𝑘
𝑖=1 ,         (8) 
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Where: 

�̂�𝑖 = 𝑄(𝑖) − �̂� (𝑄(𝑖) −
1

𝑘
) ,                                                      (9) 

as shown in Appendix II.  The standard error of �̂� is the square root of 𝑣.  As usual, variances and covariances of sample 

proportions depend on the underlying true proportions. 

Estimation and Confidence Intervals 

The distribution of the vector X/N = (x1, x2, … xk)/N approaches that of a multivariate normal vector as N gets large by 

the Multivariate Central Limit Theorem (Anderson 1958).  The distribution is defective because of the constraint that 

∑ 𝑥𝑖
𝑘
𝑖=1 = 𝑁.  That is, the rank of the k x k variance-covariance matrix of X is k-1, not k, and the probability distribution 

of X is restricted to a k-1-dimensional subspace.  The statistic �̂� is a linear combination of the xi and its distribution is 

therefore asymptotically (univariate) normal.  From these properties we can create a test of the null hypothesis that p is 0 

(i.e., that fraud is absent).  We are also able to estimate the amount of fraud, p, and to develop confidence intervals for p. 

The 100 λ percent lower confidence interval for p is: 

𝐿𝐶𝐼 = �̂� − 𝑧𝜆√𝑣,                                                              (10) 

where zλ is the (upper) 100λ percentile of the standard normal distribution. 

Hypothesis Testing 

Under Ho: p = 0, the leading digits of the transactions follow the same multinomial distribution in both years.  We could 

rewrite the null hypothesis as Ho: p1i = p2i, i=1, …, k, where pji is the probability of the i-th leading digit in the j-th year, 

and write the alternative hypothesis as Ha: p1i ≠ p2i, for at least one i, which leads to the usual Pearson’s chi-square test of 

Ho against any deviation in the set of underlying proportions.  This chi-square test has k-1 degrees of freedom.  In fact, if 

we did not know what distribution of leading digits was present in a database of purely legitimate transactions and did not 

know the distribution of leading digits for fraudulent transactions, we would naturally compare the leading digits of the 

first year to those of the second year by the Pearson chi-square test. 

However, we are most interested here in deviations in a particular “direction”, namely deviations that were produced by 

an excess of uniformly distributed leading digits.  The test based on �̂� is equivalent to a normal test. 

For a test with size α, we reject Ho if:  

�̂� > 𝑧1−𝛼√�̂�,                                                                     (11) 

where z1- α  is the 100(1- α) percentile of the standard normal distribution.  The right-hand side of this inequality is the 

critical value of the test.  The test based on �̂� is more powerful against a specified alternative than the overall Pearson chi-

square test would be.  

Power for this test depends on the sample size (N) in Year 2, the level (alpha) of the test based on �̂�, the proportion of 

fraud in Year 2 (p), and the underlying probability structure of the Year 1 leading digits (Q(i)).  It would be useful to 

know how powerful this test is for various values of these parameters, which represent conditions that might be 

encountered in practice. 

Consider first the probability structure defined by the Q(i).  Benford is a particular k-variate multinomial distribution.  In 

some cases, it may represent the leading digits of the legitimate data.  It has support on all digits from 1 to k.  That is, each 

digit has a non-trivial probability of observation.  We certainly want to know the behavior of the test statistic �̂� in this case. 

On the other hand, the leading digits in the first year could have a different concentration on some of the digits than is 

defined by the Benford distribution.  To explore this possibility more fully we consider the situation where the digits are 

concentrated on just two digits, on just three digits, and so on up to the case when the concentration is on eight digits.  

This represents one dimension of possible variety of the Year 1 distribution and gives us eight basic distributions. 

Another direction can be represented by assuming that the Year 1 leading digits have some modification of the above 

eight basic distributions in that in Year 1, some fraudulent transactions have already transpired.  That is, the Year 1 
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distribution could have none, or ten percent, or twenty percent, or say, ninety percent modification.  Putting these two 

“directions” of defining the Year 1 distributions together gives us 8 x 10 = 80 possible Year 1 distributions to consider.   

A number of power curves have been computed and are available from the author without charge at 

www.flowervalleyconsulting.com/forensic-research/power1.pdf .  These curves are organized into thirty-two graphs, and 

each graph shows ten power curves (see Figures 1 and 2).  The steepest curve on the graph is for the Year 1 probability 

structure containing no existing Year 1 fraud.  Fraud is defined as some amount of equiprobability on the leading digits 

over and above that resulting in the steepest curve.  The curves from left to right show increasing proportions of fraud 

already present in Year 1: from zero to ninety percent in steps of ten percent.  These steps in the graph are denoted by 

0(.1).9.  Having the original Q(i) closer to equiprobable leading digits, the test designed to detect additional equiprobable 

leading digits is expected to be less powerful, as seen in the graph.  

Figure 1: 

 

Figure 1: Power curves for testing null hypothesis of no Year 2 fraud present in file of 100,000 transactions, with test size alpha = 0.05, 

and Year 1 file leading digits having Benford distribution with 0, 10%, 20%, etc. to 90% fraud present (reading curves left to right).  

 

In the file of power curve graphs there are two levels of N, two levels of alpha, eight underlying probability structures, 

and ten levels of pre-existing fraud: 2 x 2 x 8 x 10 = 320.  Considering the simplest of these first, we assume N = 10,000 

or N = 100,000 as the size of the transaction file in Year 2.  The level of the test is alpha = 0.05 or alpha = 0.10. 

With regard to the Year 1 probability structure of the leading digits, we first take a Benford distribution, as in Figure 1.  

We note that the fact that the Q(i) follow a Benford distribution is not used in the test; it was merely a known set of 

unequal probabilities of leading digits.  For this structure, the first (leftmost) curve in the graph shows the power to detect 

Year 2 fraudulent activity when the initial distribution varies across a set of unequal proportions. 

For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9
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In the remaining seven probability structures we explore the effect of more extreme concentrations of the Year 1 

probabilities.  In the first of these other probability structures, we set seven of the Year 1 probabilities to 0.01 and split the 

remaining 0.93 of probability among two of the leading digits.  (It is immaterial which one received each probability.)   

In the second such structure, we set six of the Year 1 probabilities to 0.01 and split the remaining 0.94 of probability 

among three of the leading digits.  We continue in this sequence until finally, in the seventh of these structures, we set one 

probability to 0.01 and split the remaining 0.99 of probability among eight of the leading digits.   

Figure 2 is an example of the power curves for one of these probability structures.  Here, the first (leftmost) curve in 

Figure 2 shows the power to detect Year 2 fraudulent activity when the initial distribution is concentrated on four digits 

and there is no evidence of fraud in Year 1.  The curves successively further right show the effect on power of the test of 

greater fraud in Year 1. 

Figure 2: 

 

Figure 2: Power curves for testing null hypothesis of no Year 2 fraud present in file of 10,000 transactions, with test size alpha = 0.05, 

and Year 1 file having leading digit distribution concentrated on four digits, with 0, 10%, 20%, etc. to 90% fraud present (reading 

curves left to right).  

 

Discussion 

We have assumed here that the transaction file of interest is available over two periods to evaluate suspected change in the 

level of fraud.  In addition, we have assumed that we know or suspect the form that such fraud would take, at least up to 

the resulting leading digits of the transactions.   

For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9For curves left to right, proportion modified in Year 1: 0(.1).9
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Any preliminary evaluation of a transaction file that assumes its leading digits would have a Benford distribution when 

fraud is absent is clearly biased if the leading digits of an uncontaminated file do not follow the assumed distribution.  

This paper meets a need in that it removes the Benford assumption.  The statistic derived here for estimation of the 

amount of increased fraud and testing whether the level of fraud has increased shows good power properties in most of the 

situations studied.  The power is naturally reduced when the proportion of fraud in Year 1 is fifty percent or higher.  Such 

cases are likely highly unusual. 

We have treated the Q(i) as constants, and unchanged from year to year if there is no increase in fraud (up to random 

variation consistent with a set of multinomial probabilities).  In this paper we have considered fraud to result in equally 

likely leading digits for each fraudulent transaction.  Other fraud patterns could be evaluated by the method developed 

here.  It would only be necessary to replace 1/k by a different assumed probability qi* of each digit.  Each of the quantities 

defined above in equations five through eleven depends on, at most, 2k values and is easily computed in a spreadsheet.  

The power curves of this research depend on the assumption that leading digits of fraudulent transactions are equally 

likely. 

Finally, we have subdivided the transaction file by years only for definiteness; one could consider six-month periods or 

any other convenient or relevant pair of periods. 
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Appendix I 

If ui is the probability that the leading digit of a transaction is i, and the leading digit must be one of 1, …, k, then the joint 

probability of the leading digits of N transactions is described by the multinomial distribution.  The multinomial 

distribution (Johnson and Kotz, 1969) is: 

𝑃(𝑥1, 𝑥2, … , 𝑥𝑘) = 𝑁! ∏ 𝑢𝑖
𝑥𝑖 (𝑥𝑖⁄ !)𝑘

𝑖=1  ,                                            (12) 

for 0 ≤ xi , ∑ 𝑥𝑖 = 1𝑘
1 .  The factorial of a positive integer n is n! = n(n-1)(n-2) … (2)(1).  

From the multinomial likelihood, the best estimate of the i-th probability ui is xi/N.  In this case the expected value of xi/N 

depends on p. 

ui = E(xi/N) = Q(i) – p (Q(i) – 1/k).                                                   (13) 

Consider the function: 

𝑈(𝑝) =  ∑ (
𝑥𝑖

𝑁
− {𝑄(𝑖) − 𝑝 (𝑄(𝑖) −

1

𝑘
)})

2
𝑘
𝑖=1 ,                                  (14) 

which is the sum of squared differences of the observed values from their expected values.  The derivative of U(p) with 

respect to p is: 

𝑑𝑈(𝑝)

𝑑𝑝
= −2 ∑ (

𝑥𝑖

𝑁
− {𝑄(𝑖) − 𝑝 (𝑄(𝑖) −

1

𝑘
)})𝑘

𝑖=1 (𝑄(𝑖) −
1

𝑘
) .           (15) 

Rearranging terms, multiplying by -1, and setting the derivative to zero gives: 

−
𝑑𝑈(𝑝)

𝑑𝑝
= 2 ∑ (𝑄(𝑖) −

𝑥𝑖

𝑁
)𝑘

𝑖=1 (𝑄(𝑖) −
1

𝑘
) − 2𝑝 ∑ (𝑄(𝑖) −

1

𝑘
)

2
𝑘
𝑖=1 = 0.     (16) 

Solving for p and denoting this solution by �̂� yields: 

�̂� =
∑ (𝑄(𝑖)−

𝑥𝑖
𝑁

)(𝑄(𝑖)−
1

𝑘
)𝑘

𝑖=1

∑ (𝑄(𝑖)−
1

𝑘
)

2
𝑘
𝑖=1

 .                                                                   (17) 

Now, because the second derivative: 

𝑑2𝑈(𝑝)

𝑑𝑝2 = 2 ∑ (𝑄(𝑖) −
1

𝑘
)

2
> 0,𝑘

𝑖=1                                                      (18) 

U( �̂�) is a minimum of U(p) for �̂� defined above.  That is, �̂� is the value of p that minimizes U(p), so �̂� is the least squares 

estimate of p. 

 

Appendix II 

We can write �̂� = 𝑎 + ∑ 𝑏𝑖𝑥𝑖
𝑘
𝑖=1 /𝑁 , where:  

𝑎 = ∑ 𝑄(𝑖) (𝑄(𝑖) −
1

𝑘
)𝑘

𝑖=1 /𝐺 , 

𝑏𝑖 = − (𝑄(𝑖) −
1

𝑘
) /𝐺,                                                                       (19) 

And: 

𝐺 = ∑ (𝑄(𝑖) −
1

𝑘
)

2
𝑘
𝑖=1 . 

Now: 

𝐺 =  ∑ 𝑄(𝑖)(𝑄(𝑖) −
1

𝑘
)

𝑘

𝑖=1

−
1

𝑘
(𝑄(𝑖) −

1

𝑘
) 
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= ∑ 𝑄(𝑖)(𝑄(𝑖) −
1

𝑘
)𝑘

𝑖=1 ,                                                                     (20) 

so a = 1 in all cases. 

It is easily shown that the expected value of �̂�, E(�̂�) = p.  The variance of �̂� is: 

𝑣𝑎𝑟(�̂�) = 𝑣𝑎𝑟(∑ 𝑏𝑖𝑥𝑖
𝑘
𝑖=1 /𝑁  ) .                                                        (21) 

The variance-covariance matrix of X/N = (x1, x2, … xk)/N is: 

𝐶𝑜𝑣(𝑋/𝑁) =
1

𝑁
[
𝑢1(1 − 𝑢1) ⋯ −𝑢1𝑢𝑘

⋮ ⋱ ⋮
−𝑢1𝑢𝑘 ⋯ 𝑢𝑘(1 − 𝑢𝑘)

],                             (22) 

so that the diagonal elements are ui(1-ui)/N and the off-diagonal elements are -uiuj/N.  This k x k matrix has rank k-1 

because ∑ 𝑥𝑖
𝑘
𝑖=1 = 𝑁.  The ui are defined above (Equation 13) and depend on the unknown p. 

Let 𝐵′ = (b1, b2, …, bk), a horizontal vector of the bi coefficients.  Then var(�̂�) = 𝐵′𝐶𝑜𝑣(𝑋/𝑁)𝐵.  Substituting �̂� for p, we 

estimate the variance of �̂� by: 

𝑣 =
1

𝑁
∑ [𝑏𝑖

2�̂�𝑖(1 − �̂�𝑖) − ∑ 𝑏𝑖𝑏𝑗�̂�𝑖�̂�𝑗 ]𝑗≠𝑖
𝑘
𝑖=1 ,                                    (23) 

Where:  

�̂�𝑖 = 𝑄(𝑖) − �̂� (𝑄(𝑖) −
1

𝑘
) .                                                               (24) 

The standard error of �̂� is the square root of 𝑣. 


