
FoM’s Definition of “Knowledge of Mathematics for Teaching” 
Building on the literature base, and our FoM experiences as mathematicians engaged in doing mathematics with secondary 
teachers, we have come to understand some of the ways in which teachers know and understand mathematics. These fit into 
four large and overlapping categories: 

(1)  They know mathematics as a scholar: They have a solid grounding in classical mathematics, including its  
   major results, its history of ideas, and its connections to precollege mathematics. 

(2)  They know mathematics as an educator: They understand the thinking that underlies major branches of  
   mathematics and how this thinking develops in learners. 

(3)  They know mathematics as a mathematician: They have experienced a sustained immersion in mathematics 
  that includes performing experiments and grappling with problems, building abstractions from the experiments, 
  and developing theories that bring coherence to the abstractions.

(4)  They know mathematics as a teacher: They are expert in uses of mathematics that are specific to the profession,  
      including the ability “to think deeply about simple things” (Arnold Ross), the craft of task design, and the “mining” 
      of student ideas. 

The first two ways of knowing mathematics are common to most pre-service and in-service professional development programs. 
FoM has paid particular attention to the last two, which typically receive less emphasis. We became convinced that (3) Knowing 
mathematics as a mathematician greatly enriches and enhances the other ways of knowing mathematics and that many teachers 
who go through such an experience develop the habits of mind used by many mathematicians. Furthermore, we have seen 
many of these teachers “bring it home” in the sense that they create strategies for helping their students develop the mathematical
habits that they themselves have found so transformative. This leads us to believe that teachers who not only possess strong 
content knowledge but also the mathematical habits of mind used by many mathematicians teach in a way that results in increased
student achievement. 

Recognizing the need for a scientific approach to validate our anecdotal evidences, we began to conduct a focused research 
study centering on the following question:

What are the mathematical habits of mind that high school teachers use 
in their professional lives and how can we measure them?

The ultimate goal of the FoM-II research program is to understand the connections between secondary (grades 7-12) teachers’ 
mathematical knowledge for teaching and secondary student’ mathematical understanding and achievement. The FoM-II 
focused research study is a first step towards that goal. 
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Observation Protocol Development
In our most recent work to develop an observation protocol to measure MHoMT, certain patterns have begun to emerge in the 
behavioral indicators that we observed in teachers’ practice. Using these patterns, we’ve begun to create codes that generalize 
and characterize these teacher classroom behaviors. Given the complexities that arise in classroom settings, we’ve also included 
 several examples of teacher behaviors for each code to provide multiple perspectives on what constitutes teachers’ use of a 
particular mathematical habit. 

Shown below is a sample code with one illustrative example. 

(STR-FUNC-REP): The teacher indicates structural connections or makes structural comparisons  
between different representations of functions such as table, formula, graph, and verbal. 

Sample Teacher Behavior: In a lesson on recursive functions, Peter’s students are studying the following function table.

During a discussion, the class derives the recursive rule. But another student proposes a closed-form rule. There are now two 
ways to describe the function at hand. Peter uses these descriptions to discuss the structure of each representation. He says, 

“The recursive rule tells us how to work our way down the table. If I know one value, I can find the next one really  
easily. Now the closed-form rule is nice too because it lets me work across the table. If I know the input, I can say  
the output really quickly.”

As part of our remaining work in FoM II, we will draw on an EDC library of over 120 videotaped Algebra 1 classes to build a com-
prehensive collection of algebraic habits of mind codes. For each class, we are looking at the number of relevant behavioral in-
dicators and keeping track of how such behaviors are coded in our protocol. Again, what will distinguish these teachers is not 
whether they can use MHoM in their instruction, but whether, how, and how much they use them.
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Lessons Learned in Professional Development 
Over the past eight years, we have learned a tremendous amount. Although we continue to keep mathematics and content-
based professional development at the core of everything that we do, a key lesson has been our growing recognition that 
content-based professional development is necessary but not sufficient for supporting teachers’ professional growth. 

To that end, we have created additional vehicles to help teachers bridge from the mathematics experiences they have as  
part of Focus on Mathematics to their classroom. 

One such vehicle is the weekly “Number Theory Shadow Seminar” created as part of PROMYS for Teachers, our summer  •	

immersion program. The goal of this seminar is to explore (a) the ways in which secondary teachers know and use mathematics 
in their profession, (b) how to bring the pedagogical philosophy and style of PROMYS into the secondary mathematics curriculum, 
and (c) the effects that such a learning environment might have on secondary students. 
In addition, Master Teachers developed in FoM Mathematics Teaching Scholars (MTS) program bring new leadership capacity •	

to their districts and play a significant role in helping teachers connect their experiences learning in FoM to their teaching.  
Master Teachers coach and mentor other teachers, and support mathematical communities in schools. 
 

Lessons Learned in Research  
Two main themes emerge in the lessons we have learned in our research project. First, we need to clarify how our research  
work is rooted in secondary teachers’ practice. Second, we need to be more concrete about some aspects of our theoretical 
framework and constructs. Both themes are guiding our current work.

Tying our work on MHoMs to the work of secondary mathematics teaching.  •	

Feedback from the field has been strong: we need to be clear about how our constructs and assessments are rooted in  
classroom practice. We are committed to doing this without diluting our emphasis on the mathematics, and have sought feed-
back on this. 
Being concrete about the Mathematical Habits of Mind.  •	

Critical feedback on the MHoMT constructs [2, 3] has been gathered from the mathematics education field and in particular 
FoM’s co-sponsored conference “Knowledge of Mathematics for Teaching at the Secondary Level” with the Institute of  
Mathematics Education in March 2011. We’ve heard from some sources that they are too abstract, so we have developed a 
new way of organizing and streamlining our constructs for this project.  

 
   We decided to focus our attention on one particular way of thinking about mathematics: the importance of underlying structure. 
   The mathematicians and teachers we surveyed and interviewed confirmed our own sense of the importance of structure in  
   doing mathematics. We are looking at how teachers: 

• seek,
• use, and 
• describe underlying structure

for themselves, and how they provide experiences for students to seek, use, and describe underlying structure. This emphasis 
on structure dovetails very well with the Mathematical Practices of the Common Core State Standards. 

We have collected data from multiple field tests of the assessment in Summer 2011. We have rubrics developed from actual data 
sets, and in doing so we are “building backward” to a concrete description of “seeking, using, and describing structure.” 

  
Focus on Mathematics Phase II (FoM-II) began in 2009 as an extension of the FoM Targeted Math and Science Partnership  
established in 2003. The FoM Partnership is devoted to improving student achievement in mathematics through programs  
that provide teachers with solid content-based professional development sustained by “mathematical learning communities” 
in which mathematicians, educators, administrators, and teachers work together to put mathematics at the core of 5–12  
mathematics education.  

FoM is a unique partnership of mathematicians and mathematics educators from Boston University, University of Massachusetts 
Lowell, and Lesley University; a nonprofit organization Education Development Center (EDC), and five school districts in  
Massachusetts: Arlington, Chelsea, Lawrence, Waltham and Watertown. In Phase II, two school districts joined the Partnership, 
Cambridge and Framingham, along with mathematicians from MIT, Harvard University, and St. Olaf’s College.

The goals of the FoM-II work are to deepen teacher engagement and broaden participation in FoM’s mathematical learning  
communities, while developing and disseminating new knowledge through a focused research study on the distinguishing  
features of our professional development work.

Focus on Mathematics is a unique partnership of mathematicians and educators from Boston University, Education Development Center, Inc., UMass 
Lowell, Lesley University, and seven Greater Boston school districts:  Arlington, Cambridge, Chelsea, Framingham, Lawrence, Waltham, and Water-
town. Focus on Mathematics is funded by the National Science Foundation under grant EHR 0314692. Any opinions, findings, and conclusions or recom-
mendations expressed in these materials are those of the author(s) and do not necessarily reflect the views of the National Science Foundation.

Mathematical habits of mind, being a critical component of mathematical knowledge for teaching, is an important indicator 
of teacher quality and effectiveness. Our current work, described below, is focused on developing valid and reliable tools to analyze
teachers’ mathematical habits of mind and how they use these habits on their classroom instruction. 

Develop a detailed definition of •	 mathematical habits of mind for teaching (MHoMT), the specialized ways of thinking about 
mathematics (resembling the ways mathematicians think) used by teachers in their professional lives [1]. 
  —Constructs that define MHoMT were developed and tested with mathematicians and secondary teachers in 2010. This  
 initial list of MHoMT contained 40 habits, grouped into four categories: 
         1. Applying mathematical reasoning 
         2. Performing purposeful experiments 
         3. Seeking underlying structure 
         4. Using precise mathematical language 
Survey respondents were asked to rate their use of each habit on a Likert scale according to how relevant they found them  
in their professional work. To validate the construct survey, think-aloud interviews were conducted with a small group of  
mathematicians and secondary teachers. Survey analysis and feedback collected from advisors informed revisions of the 
MHoMT constructs. In Spring 2012, a refined construct list will be tested with a second, larger group of mathematicians and 
secondary teachers. 

Develop and pilot test a paper and pencil (P&P) assessment that measures the nature and degree of MHoMT and can be •	

used as a pre and post measure in relation to professional development experiences offered by Focus on Mathematics and 
other MSPs. 

 —This assessment contains 7 open-ended problems and is designed to be completed in one hour. Several rounds of design,  
 field-test, data analysis, and revision have been completed. A field test was conducted in summer 2011 with 43 secondary 
 mathematics teachers. The internal consistency of the assessment, assessed using the Cronbach alpha was 0.675, 
 meaning that the instrument could be said to be reliable about 68% of the time. (Note: In educational studies, a Cronbach   
 value of 0.7 is generally considered at the threshold of acceptability [4].)

Develop and pilot a coding scheme for mathematical habits of mind as exhibited in high school level mathematics classroom •	

instruction. 
   —The FoM-II team observed and videotaped mathematics lessons of nine FoM teachers who exhibited a wide spectrum of 
MHoM in their practice, thus providing a rich source of data for the initial development of the instrument. Researchers also 
conducted brief pre and post interviews with teachers and collected classroom artifacts. An important feature of our observation 
protocol is that it measures how teachers use their MHoM in their instruction. Thus teachers are coded not for possessing  
certain mathematical habits in the abstract, but for choosing to bring them to bear in a classroom setting.  
   —To develop such an instrument, we’re currently studying our videos and slicing these lessons into small episodes. In each 
episode, we determine whether there were behavioral indicators that reflected teachers’ use of MHoM, and we create codes 
that generalize and characterize these teacher classroom behaviors

Conduct reliability and validity tests of both the paper and pencil and observation instruments and compare the results to  •	

determine the relationship between performance on the paper and pencil test and a focus on mathematical habits of mind in 
high school mathematics instruction. 
   —This work will be conducted in Summer 2012, once the coding scheme for the observation instrument has been developed 
   and tested.

              Distinguishing Features of FoM-II Instruments
• A focus on MHoM—the methods and ways of thinking 
through which mathematics is created—rather than on spe-
cific results [1]
• The core involvement, at every level, of mathematicians 
who have thought deeply about the implications of their 
own habits of mind
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