
Figure 3. Draft version of a construct map for meanings of division as 
used in teaching high school topics of slope, rate of change, rational 
function, etc.
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1. Overview

Project ASPIRE will use mathematical meanings for teaching as an 
interpretative framework for understanding why a secondary mathematics 
teacher 
• Makes particular didactic choices, 
• Formulates particular learning trajectories, and 
• Interacts mathematically with students in particular ways.  

The project recognizes the need for assessments of mathematical 
meanings for teaching and instructional quality at the secondary level as 
well as a need to align teacher knowledge assessments and teacher 
practice assessments.  Thus two related instruments are under 
development.  The first will assess teachers’ mathematical meanings for 
teaching secondary mathematics (MMTsm) by drawing upon research on 
teachers’ and students’ understandings of key mathematical ideas.  The 
second assessment will extend the Instructional Quality Assessment to 
focus on secondary mathematics (IQAsm) by drawing upon co-PIs recent 
research on transforming secondary teachers’ classroom mathematical 
practices.  A focus on the extent to which a teacher attempts to convey 
meaning to students will play a key role in the relationship between the 
two instruments, linking secondary teachers’ mathematical knowledge with 
their instruction.

Project ASPIRE will enhance the research infrastructure by providing what 
could become common measures for assessing mathematical meanings 
for teaching secondary mathematics, for assessing the quality of 
secondary mathematics instruction, and for assessing the impact of 
teacher education and professional development programs.  

Project ASPIRE will support efforts to improve secondary mathematics 
teacher preparation and teacher professional development by 
• its instruments and frameworks being used as didactic objects in 

professional development 
• broadening the national conversation about goals of mathematics 

instruction and mathematics teacher education.

2. Why MMT and not MKT ?
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Investigations of MKT rarely say what they mean by "knowledge" and 
rarely explain how knowledge connects with action.

To connect knowledge with action requires a cognitive theory in which 
"knowledge" is actionable. We see the notion of meaning, defined 
properly, as providing a nexus from knowing to acting.

Project ASPIRE takes ideas of meaning in the vein of Piaget and Dewey 
as its theoretical foundation. In this perspective, meaning and 
understanding are two sides of a coin. A person's understanding of a word, 
object, sentence, utterance, mathematical inscription, or situation is the 
result of assimilating it to a scheme of actions, operations, and 
implications. A person's meaning for a word, object, sentence, utterance, 
mathematical inscription, or situation is the scheme to which it is 
assimilated. Our use of meaning and Harel's use of way of understanding 
are essentially the same. Harel's phrase way of thinking is, in our terms, a 
person's habitual employment in reasoning of a particular set of meanings. 
We take it as axiomatic that a teacher's instructional actions are both 
enabled and constrained by the mathematical meanings by which he or 
she operates. 

Definition of Mathematical Meanings for Teaching

A teacher's meanings for particular mathematical words, phrases, 
symbolic expressions, topic names, or concept names that are expressed 
in the teacher's instructional actions are that teacher's mathematical 
meanings for teaching. These are not necessarily identical with the 
teacher's mathematical meanings. A teacher might have many meanings 
for "fraction", and if so selects, perhaps unawarely, one or more as what 
he or she wishes to convey to students.

A mathematical meaning for teaching needn't entail any ideas. A teacher's 
memory of a procedure (such as "cross-multiply"), together with the 
teacher's image of problems for which that procedure can be used, could 
be the meaning he or she wishes to convey to students.

3. Examples of Mathematical Meanings for Teaching 4. Developing the Instruments

Teachers' Meanings for Angle Measure and Trig Function, and their 
expression in Teaching

Teacher's Meanings
• Angle numbers are indices for one direction relative to another. "Straight 

right" is 0. "Straight up" (or "perpendicular to") is 90. All other angle 
numbers refer proportionally to an amount of turn, where 90 is 1/4 turn. π 
(pi) is straight left, or half a turn. 2π and 360 are a full turn. Any number with 
"π" in its representation is "a radian". Any whole or decimal number 
between 0 and 360 is degrees.

• Sine, cosine, and tangent are ratios of sides in a right triangle. In the 
teacher's thinking, the meanings of sine, cosine, and tangent are unrelated 
to a meaning of angle measure.

• In the expression "sine of __", teacher expects "__" to be filled in with the 
name of an angle that is ensconced within a triangle. If a number is in the 
blank, then it is an index of a named angle within a triangle. But it is an 
image of a triangle that is most pronounced in the teacher's meaning of 
"sine of __".

Observed Expressions of these Meanings in Teaching
• The teacher teaches "degrees" and "radians" as entirely unconnected 

topics.
• The teacher, when teaching trigonometric functions, imposes a triangle on 

every situation so that "x" in "sin(x)" is the name of an angle. It is not a 
number that gives a measure of some attribute of an angle.

• "x" in "sin(x)" is static. It does not vary except that it could name a different 
angle. But it makes no sense to think of x having a numeric value that 
varies continuously, and if x does have a numeric value, it is unrelated 
imagistically to a meaning of sin(x).

Teachers' Meanings for Graph, Linear Function, and Slope

Teacher's Meanings
• Variables vary continuously in chunks. When x varies continuously through 

the non-negative reals, its value goes, for example, from 0 to 1, from 1 to 2, 
from 2 to 3 to (and so on). Numbers between 0 and 1, between 1 and 2, 
between 2 and 3 "come along" by each being part of a chunk, but x does 
not have them as a value in the same way it has 0, 1, 2, etc. as values.

• A linear graph is a pseuodo-geometric object. If it has points, they are a 
fixed distance apart and they are connected by line segments or it is a line 
without points that passes through two points. The line segments and the 
line have graph-points only if you put them there.

• Slope of a line is determined by "so many over and so many up".

Observed Expressions of these Meanings in Teaching
• A teacher has these meanings and is trying out a new approach that uses 

rate of change to teach the point-slope formula for linear functions and to 
generalize the point-slope formula to the two-point formula for linear 
functions. The method works like this:
Suppose a linear function passes through the point (3, 5) with rate of 
change 2. Its rate of change being 2 means that whenever x changes by 
some amount, y changes by 2 times that amount. So, to find the y intercept, 
pretend that we change x from 3 to 0 (a change of -3). y will change from 5 
by -6, so when x is 0, y is -1. So the linear function is y = 2x - 1.

• The method generalizes this one-point approach to two points by 
determining the function's rate of change from the two points on its graph 
and then using the point-slope formula with one of the two points.

• The teacher states this problem: The graph of a linear function passes 
through the points (3, 1) and (7, 4). Represent this linear function in 
standard form.

• He draws the diagram in Figure 1 while saying, "These two points being on 
the graph means that it goes over 4 and up 3. So if we go back 4 from 3 … 
(long pause). We'll finish this tomorrow. Here's your homework. Do just the 
problems for one point."

Developing the MMTsm
Drawing upon the work of the Berkeley Education and Assessment 
Research (BEAR) group, Project ASPIRE will make use of the four 
building blocks of the BEAR Assessment System.

Figure 2. The four building blocks of the BEAR Assessment System. 
(Wilson, 2005)

Figure 2 shows the four building blocks that are being used to develop 
the Mathematical Meanings for Teaching secondary mathematics 
instrument. The first building block is the construct map. The construct 
map is the specific, unidimensional definition of an element of a person’s 
cognition that a researcher wants to measure. The structure of a 
construct map is an ordered set of qualitatively different levels of 
performance with the content stemming from what research has told us 
about individuals’ meanings for the given topic. For example, Figure 3 
shows a construct map developed by Project ASPIRE for mathematical 
meanings of division based upon research (Ball, 1990; Simon, 1993; 
Thompson & Saldanha, 2003) as well as a pilot study (Byerley, Hatfield, 
& Thompson, 2012).

Figure 1. Teacher draws this figure on whiteboard while discussing two-
point method.

5. Challenges

Design of MMTsm items
• Assessment items are typically about performance, not about 

meanings. Meanings are difficult to discern. A person's meanings are 
most often enacted in the process of understanding a statement or a 
problem. Thus, current emphasis is on designing tasks and asking 
about interpretations of them, or designing tasks whose success 
demands meanings.
Example: What is cos(35°), in degrees?

• Mathematical meanings for teaching are most easily notice when 
someone is teaching. Classroom observations, and discussions of 
what teachers "had in mind" at various points, is inspirational both for 
potential assessment items and for potential distractors.

• We will use iPads to administer MMTsm in order to have teachers 
interpret video excerpts of students' or teachers' activities and answer 
questions about students' or teachers' meanings in open response 
formats.

Award # DUE-1050595
Year 0.25 of project


