
Chapter 5. Analyze and Solve Simultaneous Linear Equations

Understand that solving two linear equations is finding the point of intersection of the two graphs, and
thus there may be no solutions (parallel lines), infinitely many solution (the same line) or just one
solution (intersecting lines). 8EE8ab

Section 5.1. Intuitive and Graphical Solutions

Simultaneous linear equations refers to a pair of equations of the form ax+ by = c. In this chapter we
discuss methods of solving simultaneous linear equations; that is, finding all pairs (if any) of numbers
(x, y) that are solutions of both equations.

Example 1. Consider the linear equations 3x + y = 7, x + 3y = 5. Graph both equations on a
coordinate plane and find the coordinates (x, y) of the point of intersection.
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Figure 1

In this example, we have graphed the given linear relations, and read off, from the graph, the coordi-
nates (2,1) of the point of intersection. As this point lies on both lines, those coordinates: x = 2, y = 1
satisfies both equations. This is what it means to “solve the pair of simultaneous equations:” find those
pairs (x, y) that satisfy both equations.

Activity. Consider the linear equations x− 2y = 8, 2x + 5y = 34. Graph each equation on the same
graph, and read off the coordinates (x, y) of the point of intersection.

1



The students should come up with the following graph, and discovered the solution x = 2, y = 12.
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Figure 2

In the next section we will study algebraic methods for solving simultaneous linear equations. Here
will will try to explain those methods graphically, continuing with the above example. What we have
done in solving this example graphically is to transform the equations x− 2y = 8, 2x + 5y = 34 into
the equivalent equations x = 12, y = 2. When we do this algebraically we will combine the equations
by addition or subtraction so that we make the same transition from a pair of linear equations of
general form, to the pair of the form x = a, y = b. To illustrate this: add the two given equations
to get 3x + 3y = 42. If we subtract the first from the second, we get x + 7y = 26. Let’s put these
relationships in the preceding graph:
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The new lines are the green and purple ones. We now have 4 equations all of which are satisfied
by our point (12,2). Since two (nonparallel) lines intersect in a point, we can proceed with any two
of these equations to solve. Now the blue graph is almost horizontal, which is where we want to get,
since a horizontal line is of the form y = b, which tells us what is the value of y. In fact, if we subtract
the equation of the first line (x− 2y = 8) from the equation of this line (x+ 7y = 26), we get 9y = 18,
or y = 2. Let’s graph that with our first two lines:
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Figure 2b

Finally, putting the number 2 for y in any of the preceding equations will give us the value 12.
Here is the graph showing the original lines and the lines of the solution: x = 12, y = 2.
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We have transformed the original pair of equations into the pair of equations x = 12, y = 2 so that the
set of numbers satisfying the first pair of equations also satisfies the last. But only 12 and 2 satisfy the
last, so this is the only solution of the first pair. The technique is always that of manipulations with the
equations so that the solution set doesn’t change, and so that we progress to equations x = a, y = b.
When we had two equations with the same coefficient of x, we subtracted one from the other leading
to an equation with y the only variable. Before continuing, let’s look at some examples where this
process may give us problems.

Example 2. Consider the linear equations 2x + 5y = 10, 4x + 10y = 40. Graph each equation, and
look forf the point of intersection.
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Now, coonsider the linear equations 2x + 5y = 20, 4x + 10y = 40. Graph each equation, and calculate
the coordinates (x, y) of the point of intersection.

The observations that come of this is the following: If two lines have different slopes (are not parallel)
then there is a (single) point of intersection. If two lines have the same slope ( are parallel), then either
there is no solution, or they are the same line and there are many solutions.

Section 5.2 Method of Elimination

Solve systems of two linear equations in two variables algebraically, and estimate solutions by graphing
the equations. Solve simple cases by inspection. 8EE8b

We start with an example:

Example 3. Solve
3x + 2y = 12

2x + 2y = 10

If we look carefully at the equations, we see that the difference between the first and the second on the
left hand side is x, and the difference on the right hand side is 2. So we must have x = 2. Putting that
value in either equation gives us an equation in the single unknown y, and we conclude from either
that y = 3.

Example 4. Solve 6x + 2y = 20, 3x− y = 2.

From the first example, we learned that if the coefficient of y is the same, we can combine the equations
so as to eliminate y, then solve for x, and use that known value for x in one of the preceding equations
to solve for y. Here we try to arrange this: multiply the second equation by 2 to get 6x − 2y = 4.
Now, the coefficient of y are the same, but of different sign:

6x + 2y = 20 ,

6x− 2y = 4 .
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If we add these equations y disappears and we get 12x = 24, from which we get that x = 2. Now
putting this value of x into either equation, gives us y = 4, so the complete solution is (2, 4).

We could also subtract the equations to get 4y = 16, giving us the value y = 4; upon substitution of
this value in either equation, we get x = 2.

We summarize this procedure in the following set of rules. Keep in mind that in the examples above,
and in the problems for discussion and homework, the particular numerical coefficients give a clue on
how to proceed. In real-life problems we do not have that luxury: experimentally determined numeri-
cal coefficients are hardly ever so convenient.

Algorithm for solution of simultaneous equations

1. Multiply the equations by nonzero numbers so that the coefficients of one of the unknowns
are the same;
2. Take the difference (or sum) of the equations to obtain a new equation in just one unknown;
3. Solve for the remaining variable; then substitute that value in one of the original equations to
solve for the other unknown.

Comments:
1. The first step is to arrange for the coefficients in the two equations of one of the variables to be the
same. There can be many ways of doing this; they are all valid. For example, for the pair

2x + 4y = 12.30

x + 5y = 13.20 ,

we could have multiplied the first equation by 5 and the second by 4 to obtain:

10x + 20y = 61.50

4x + 20y = 52.80 .

Now the difference leads to 6x = 8.70, and x = 1.45. It worked; nevertheless, a good rule to follow is
this: look for the simplest multipliers to use; here it would have been: multiply the second equation
by 2 so as to eliminate x.

2. The second step suggests that the elimination may involve taking the sum, rather than the difference.
For example:

2x + 6y = 38

x− 3y = 11 .

Step 1 suggests multiplying the second equation by 2 to obtain

2x + 6y = 38

2x− 6y = 22 .

Now, adding the equations will eliminate y and we get 4x = 60, so x = 15. Notice that, if we took the
difference, we get 12y = 16, so y = 4/3.

3. When we eliminate one of the variables, suppose both disappear? Consider the pair of equations:

5



2x + y = 7

4x + 2y = 4 .

Following the algorithm, we multiply the first equation by 2 to get:

4x + 2y = 14

4x + 2y = 4 .

Subtracting the second equation from the first gives the equation 0x + 0y = 10. Since there are no
values of x and y that can make that statement true, the same is true for the original pair: there
are no solutions. Notice that the slope of both lines is -1/2; that is, the lines are parallel. So, this
corresponds to the graphical situation where the lines never cross. Similarly, if we consider this pair

of equations:
2x + y = 7

4x + 2y = 14 ,

and follow the rules, we end up with 0 = 0, which is a true statement, but not a very informative one.
What we are observing is that both equations define the same line, since the second equation is just
double the first.

Section 5.3 Method of Substitution

Another method of solution is that of substitution. In the above, we have used substitution, but only
after finding the numerical value of one of the variables. In this method, we first solve for one variable
in terms of the other and put that expression in the other equation, and then solve that.

Example. Solve
2x + y = 12

2x− 3y = 4 .

We can rewrite the first equation as y = 12 − 2x, and then replace y in the second by this expression:

2x− 3(12 − 2x) = 4 .

Now we solve this equation for x, first simplifying to get 2x− 36 + 6x = 4, or 8x = 40, so that x = 5.
The corresponding y is y = 12 − 2(5) = 2.

The algorithm for substitution is:

Step 1. Rewrite one of the equation so as to express one variable in term of the other;
Step 2 Substitute that expression for that variable in the other equation;
Step 3. Solve for the second variable, and put that value in the first equation to find the solution.

Comments.

The choice of method to use is up to the solver, and depends upon the coefficients of the equations.
Just pick the method that is easier.
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For example, consider the pair of equations

3x + 7y = 18, y = 6 + 3x .

If we apply the elimination method, we first have to rewrite the second equation as −3x + y = 6, and
then proceed. But , why? Our procedure is to isolate one of the variables and the second equation has
done that for us. So, we can go right into the the replacement step, and substitute the value of y in
terms of x given by the second equation, into the first, to get

3x + 7(6 + 3x) = 18 .

which simplifies to 24x + 42 = 18, leading to 24x = −24, or x = −1. Substituting that value into the
other equation gives us −3 + 7y = 18, or y = 3.

Example 4. Solve the pair of equations:

x + y = 10 ,

11x + 8y = 92.

The first equation tells us that y = 10 − x; substituting that in the second gives

11x + 8(10 − x) = 92 ,

which we can now solve for x: We get 11x+ 80− 8x = 92, simplifying to 3x = 12, with the result that
x = 4. Now substitute that in the first equation to find that y = 6. Try the method of elimination, to
compare the difficulty of both member.

Example 5. In the next example, it is not so clear at first which is the more direct method:

4x + y = 10

13x + 11y = 79 .

Looking at the two equations, the method of elimination suggests multiplying the first equation by
11, leading to rather large and unwieldy numbers to work with. On the other hand, the first equation
easily transforms into the equation y = 10 − 4x. Substituting 10 − 4x for y in the second equation
gives us

13x + 11(10 − 4x) = 79 ,

13x + 110 − 44x = 79 ,

−31x = −31 ,

from which we get x = 1. Now substituting that in the first equation gives us 4 + y = 10, or y = 6.

Don’t forget that you have to use both equations! So, for example, if you solve the first equation for y
in terms of x, substitute that expression in the second equation, not the first. If you substitute in the
first, you get a true, but not very useful equation.

Example 6. In all the preceding examples, the solutions turned out to be integers. This is often not
the case, but it may be that we want only a quick estimate of the solution. In that case we should
look for a graphical solution, using a spreadsheet like excel. Consider the pair of equations

6x + 5y = 31 ,

5x− 3y = 0 .

First calculate a few easy points for both lines. Of course, as we have seen in Chapter 3, two points
would suffice, since the graphs are straight lines, but we added a third point for greater confidence.

x 0 3 5
y 6.2 2.6 0.2 first equation
y 0 5 8.3 second equation
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Now graph these equations, and estimate the coordinates of the point of intersection to be (2.2, 3.6).
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Figure 4

Problems

1. Solve: 2x + y = 7, 5x + 3y = 18.

2. Solve 2x + y = 11, 11x− y = 28.

Section 5.3. Problems arising in context

Solve real-world/mathematical problems involving pairs of linear equations. 8EE8c

Example 7: Joanne and Rudy shop at the same store. Joanne bought 6 lbs of apples and 4 lbs of
oranges, and spent $8.22. Rudy bought 6 lbs of apples and 5 lbs of oranges and spent $9.09. (These
figures include tax). What is the cost of a pound of oranges? How much is a pound of apples?

It is always a good idea to study the problem carefully, looking for clues for solving. For example,
in this case we see that Rudy bought the same amount of apples as Joanne, and one more pound of
oranges than Joanne, and spent $.87 more than Joanne. So, we conclude that a pound of oranges costs
$.87.

Now, Rudy spent $9.09, of which 5 × .87 = 4.35 was on oranges. Thus he spent 9.09 - 4.35 = 4.74 on
6 lbs of apples, so each pound of apples is worth (4.74)/6 = .79.

In general we may not be so lucky as to see the solution right away, so it is always a good idea to apply
the rules for solving equations developed in Chapter 1. First: what do we want to find out? - the
answer is the cost of a pound of apples, and the cost of a pound of oranges. Let’s call those unknowns
x and y. Now look at Joanne’s purchase: 6 lbs of apples at x per pound, and 4 lbs of oranges at y per
pound. This totals to $8.22, giving us the equation:

6x + 4y = 8.22 .
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Do the same with Rudy’s purchase, to get 6x + 5y = 9.09. Using the general rules of elimination
developed above, we subtract the first equation from the second to get y = .87, and continuing as
above, we’ll find x = .79.

Example 8. Alfredo and Juanita also shop at a store in the same chain, but one eight states away.
Joanne bought 6 lbs of apples and 3 lbs of oranges, and spent $10.77. Alfredo bought 3 lbs of apples
and 2 lbs of oranges and spent $5.94. How much is a pound of oranges? How much is a pound of
apples?

Here we can’t just look at the difference: it gives us 3 lbs of apples and 1 lb of oranges, which is not
of much help. But if we suppose that instead Alfredo bought twice as much: 6 lbs of apples and 4 lbs
of oranges at 2 × 5.94 = 11.88, now the difference is a pound of oranges at $1.11. So Alfredo spend
$2.22 on the 2 lbs of oranges, and $5.94-2.22 = 3.27 on 3 lbs of apples. Thus one pound of apples cost
3.27/3 = 1.09.

Activity. Fred and Julie live in New England, and shop at the local store in the same chain. Fred
buys 2 lbs of apples and 4 lbs of oranges for $12.30, and Julie buys 1 lb of apples and 5 lbs of oranges
at $13.20.

Problems

1. Fred and Julie live in New England, and shop at the local store in the same chain. Fred buys 2 lbs
of apples and 4 lbs of oranges for $12.30, and Julie buys 1 lb of apples and 5 lbs of oranges at $13.20.
What is the price of apples and oranges in New England?

2. Find two numbers whose sum is 47 and the sum of twice the first and three times the second is 115.

3. Ferry companies A and B cross the straights of Gibraltar connecting the Spanish port of Tarifa
with Tangier and Ceuta. Company A makes 4 round trips to Tangier and 3 to Ceuta, logging 332
miles. Company B makes 2 round trips to Tangier and 4 to Ceuta, logging 302 miles. What are the
distances of Tarifa from Tangier and Tarifa from Ceuta?

4. Lisa is interested in discovering the rate of gas consumption of her new car, both in city miles and
freeway miles. She selects two weeks in which she is driving in the city during the weekdays, and goes
on a road trip on the weekend. The following table shows the miles she logged:

City Freeway
Week 1 131 210
Week 2 180 120

In each weeks she consumed 14.3 gallons. In miles per gallon, compute her rates of consumption both
in city miles and in freeway miles.
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