
Chapter 2. EXPLORING LINEAR RELATIONS

In this chapter we begin with a review of proportional relationships as discussed in seventh grade
mathematics. In eighth grade we focus on the unit rate of change of the measurement of one
quantity with respect to the other when they are in a proportional relation. We observe that the
graph of y vs. x, when y and x are in a proportional relation, is a straight line through the origin.

Moving to lines not through the origin, we want to show that this property of constant rate of
change of y with respect to x is retained. To get there we begin with some basics of transformational
geometry: what is meant by “moving” a line upwards or to the right or left, rotating the line, and
applying other rigid motions to the line? From proportion and change of scale discussed in seventh
grade, we move to dilations of figures in the plane. These concepts lead to an understanding of this
fact: that for any two points on a line, the ratio of the change in y to that of x between the two
points is constant, no matter which two points are taken.

This observation leads directly to a way to calculate the equation of a line: the algebraic expression
of the relation between the variables y and x graphically expressed by saying that they lie on a line.
The basic fact is this: for a line L and two points P and Q on L, construct the right triangle whose
hypotenuse is the segment PQ and whose sides are horizontal and vertical (in fact, there are two
such triangle, one above and one below the line. It does not matter which we choose) We will call
this the slope triangle. The ratio of the lengths of the two legs is a property of the line; that is, it is
the same number no matter which two points P and Q have been selected. We will see that this is
because, if we have another such triangle T ′, then T and T ′ are related by either a shift or a dilation.

From here we return to the line and the concept of slope: the slope of a line is the quotient of the
change in y by the change in x between any two points on the line L.

This leads to the equation of a line: y = mx+ b, where m is the slope and the point (0, b) is on the
line. For this reason y = mx + b is called a linear relation.

Section 2.1. Proportional Relationships
Graph proportional relations, interpreting unit rate as the slope of the graph, which is a straight
line. 8EE5, part 1

Compare two proportional relationships represented in different ways (tables, graphs, equa-
tions). 8EE5, part 2

Activity. Weigh a cylindrical container (a glass or can). Then put in some water, measure the
height H and weight W of the water. (The students should observe that the to find the weight
of the water, they have to weigh the cylinder with the water, and then subtract the weight of the
cylinder.) Repeat this process five more times with varying amounts of water. A table of the data
will look something like this (with height measured in inches and weight in ounces):

Height 0 2 3 4 6 8 inches
Weight of Container 2.5 2.5 2.5 2.5 2.5 2.5 ounces
Measured Weight 2.5 27.3 39.7 52.1 76.9 101.7 ounces
Weight of Water 0 24.8 37.2 49.6 74.4 99.2 ounces
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For each measurement, calculate the quotient W/H. (Students will observe that this quotient is
constant, and can be described as inches of height per ounce of water).

Height of the column of water in the container and its weight are two different ways of measuring
the volume of the column of water. Since the volume of the water is the same no matter how it
is measured, the measurements are related. Similarly, yards, feet, inches and meters are different
ways of measuring lengths. Since the length of an object is the same no matter how it is measured,
there is a relationship between any two ways of measuring. These relations have the property that
a doubling or halving the size of the object (volume of water or length of stick) has the effect of
doubling or halving the measure. In fact if the size of the object is changed by the factor a, then
any measure of the object also changed by the factor a. When quantities are related in this way,
we say that they are proportional.

Given two quantities x and y, they are said to be proportional if, whenever we multiply one by a
factor r, the other is multiplied by the same factor, r. So, in the above activity, if we increase the
volume of water by 50%, then the height of the column, and the weight of the water both increase
by 50%.

Example 1. There are three feet in a yard. So, if something measures 1 yard, it is 3 feet long. If
something else measures 4.5 yards, it is 4.5× 3 = 13.5 feet long. In general, if something measures
x yards, it measures 3x feet. A way to remember this is:

Feet

Yards
= 3 ,

and for any object being measured,

Feet =
( Feet

Yards

)
·Yards .

In the activity above, we saw that the height and weight of a column of water in the given cylinder
are proportional; in fact we saw in our calculations that, for the height H and the weight W of any
column of water, H/W = m for the same number m, no matter the amount of water we put in the
can. m is to be understood this way: a 1 ounce increase (or decrease) in weight corresponds to an
m inch increase (or decrease) in height.

If quantities y and x are proportional, and m is the y value corresponding to an x value of 1, then
we have y = mx for all pairs of corresponding values (x, y); that is, the y value corresponding to
an x value is m times the x value. m is called the unit rate of y with respect to x. We can say

that y is to x as m is to 1, meaning that the ratio of y to x is always the unit rate. Note that if
the ratio of y to x is m, then the ratio of x to y is 1/m. So, we say that there are 3 feet in a yard,
and a foot is one third of a yard.

Example 2. There are 5280 feet in a mile. How many yards in a mile?
Solution.

1 mile = 5280 feet = 5280 feet× 1 yard

3 feet
=

5280

3
yards = 1760 yards .
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If y and x are proportional, that is, if y = mx, where m is the constant ration of y over x, then if x
changes by one unit, y changes by m units When two variables are proportional, all we need to know
is one specific pair of values (x0, y0) in the relation to be able to compute all such pairs of values.
Graphically, all pairs (x, y) in the relation lie on the line joining (0,0) to (x0, y0) Algebraically, if x
is given, calculate r = x/x0. Then the corresponding y is y = ry0. [Honors: show that].

Examples.
3. If we are told that x and y are in the relationship y = 7x, then (1,7) , (2.5, 16.5), (8,56) are all
in this relationship, because the ratio of the y value to the x value is always 7.
4. The statement “there are three feet in a yard” expresses a relationship between two different
length measurements: If a certain length is f feet andy yards, then f = 3y (and y = (1/3)f). Given
the statement “a kilometer is .62 of a mile,” express this algebraically as a proportional relation
between kilometers (k) and miles (m).
5. There are 5280 feet in a mile, so Feet/Miles = 5280, or Feet = 5280×Miles. To find out how many
feet are in a quarter mile, let f represent that number of feet. Then we havef = 5280(1/4) = 1320
feet. In yards, that is 1320/3 = 440 yards.

Activity. Suppose that y and x are quantities that are proportional, with the the unit rate m.
Compose a table of values of x and y, and graph the points.
Observe that all the graphs are lines through the origin.

Section 2.2. Slope of a line
Explore the properties of translations and dilations:

that the image of a line is a line parallel to it;
that, under a shift, a line segment goes to a line segment of the same length;
that, under a dilation a line segment goes to a line segment whose length is the length of the

original segment multiplied by the factor. 8G1 and 8G3
Use properties of dilations to explain why the slope m is the same between any two distinct points
on a non-vertical lne in the coordinate plane; derive the equation y = mx for a line through the
origin and the equation y = mx + b for a line intercepting the vertical axis at b. 8EE6, part 1.

Derive the equation y = mx for a line through the origin and the equation y = mx + b for
a line intercepting the vertical axis at b. 8EE6,part 2.

In the previous section we have seen that the graph of a proportional relationship is a line through
the origin. In this section we concern ourselves with lines in the plane and ask: give a line, what
kind of algebraic relation between the quantities x and y expresses the geometric relation that (x, y)
lies on the line? Now, we know that two points on a line determine the line: just put a straight
edge against both lines, and draw the pencil along the straightedge. Once we see how to express
this algebraically for a line in the coordinate plane, we will be on the road to finding the algebraic
formulation of the relation that x and y lie on a line. First, we define slope:

Given two points in the coordinate plane, P and Q, we define the rise to be the difference of the y
values from P to Q, and the run to be the difference in the x values. The slope of the line segment
is the quotient of these two differences: slope = rise/run.

Geometrically, if we draw the triangle with hypotenuse the line segment from P to Q and legs
horizontal and vertical - this is the slope triangle - the slope is signed quotient of the length of the
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vertical leg by the length of the horizontal leg. By signed, we mean that the slope is positive if the
line points upward, and negative if the line points downward. (see figures 1 and 2)
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Figure 2

Activity. a) For the lines in figures 1 and 2, calculate the slope using the slope triangle shown.
Calculate the slope using different pairs of points on the lines.
b) On another piece of graph paper, draw a line, and perform the same calculation on several
choices of point pairs.
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Note that in these computations the differences have to be taken in the same order: if we subtract
the y value of P from that of Q, we must subtract the x value of P from that of Q. However, if we
interchange the points P and Q, we get the same number.

What we want to show is this: for a line L, this slope calculation is the same for any two points P
and Q on L and is called the slope of the line.

We start with a discussion of the effect of transformations on lines in the plane.

A translation (or shift) is a motion of the plane that takes every point (x, y) to the point (x+a, y+b)
for a given (a, b).

Activity. We can illustrate translations in this way: take two pieces transparent graph paper.
Draw some figures on one of the sheets. Place the second sheet on top of the first so that the
origins and the grid lines coincide. Trace the figures from the bottom sheet to the top sheet. Now
move the upper piece of graph paper so that the origin sits over the point (2,3) (and so that the
paper doesn’t rotate, that is, its edges are still horizontal and vertical). Now trace the figures onto
the bottom sheet. The top sheet was used to effect the translation; the bottom sheet shows the
original figures and the positions to which they’ve moved. Repeat this with moves of the origin to
other points (a, b).

Observation. A shift takes a line into a parallel line. If two lines are parallel, there are many
shifts that take one into the other.

Example 6: Represent the translation by (2, 3) on a coordinate plane, by choosing some collection
of points, and placing the images under the dilation. Note that the effect of this dilation is to move
any point P to a new point P ′ so that the x coordinate has increased by 2 and the y coordinate by
3. This can be written in coordinates : P : (x, y) is moved to P ′ : (x + 2, y + 3).

A dilation is given by a point C, the center of the dilation, and a positive number r, the factor of
the dilation. The dilation with center C and factor r moves each point P to a point P ′ on the ray
CP so that the ratio of then length of image to the length of original is r: |CP ′|/|CP | = r.

Activity. In figure 3, consider a dilation of factor 1.5 with center C. Show the point to which each
of the other points move. Now do the same for a dilation of factor 2.5.

Example 7: See figure 3). Represent the dilation with center C = (0, 0), and factor r = 2.5 on a
coordinate plane, by choosing some collection of points, and drawing the images under the dilation.
Note that the effect of this dilation is to move any point P to a new point P ′ on the same ray from
the origin to P that is 2.5 times as far from C. Observe that, in coordinates this can be written:
P : (x, y) is moved to P ′ : (2.5x, 2.5y).

Activity. In Figure 4 draw the image of the given line segments under a dilation with center C
and factor 1.5. Do the same with factors 2, and 2.5. Compare the lengths of the new line segments
with those of the originals.
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Figure 3

Activity. Now, do the same activity on a coordinate plane: Select three line segments and draw
their images under the dilation with center the origin and factor 1.5 and 2. Show that each line
segment and its image have the same slope and are parallel.

In these activities we see that the image of each line segment under the given dilation is a parallel
line segment whose length is r times the length of the original. This is true of all dilations: the
image of a line segment is another line segment parallel to the original, and of length r times the
length of the original. Note that if r = 1, no points move; otherwise all points move (outward if
r > 1, and inward if r < 1), and the only point that doesn’t move is C.

[[The following paragraph is for the honors sections. It is an argument showing that the image a
line segment is parallel to the given line. First, if the line segment lies on a line through the center,
then its image lies on the same line, and were done. In the general case, if the segment and its
image are not parallel, then the lines on which the segments lie intersect in a point P. But then the
dilation doesn’t move P, so P has to be the center. But now were back to our first case.
We could also go on to something like Wu’s proof that a dilation of factor r multiplies all lengths
by r.]]

Using these facts about dilations we shall show that, that the rise/run for any two points on a given
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line is always the same, and is the slope of the line.

First let’s do that for a line through the origin. In section 1 we saw that the graph of a proportional
relationship is a line through the origin; now let’s show that a (non-vertical) line through the origin
is the graph of a proportional relationship. Consider figure 5. The line L represents a general line,
and A and B are any two points on it. We want to show that the ratio of the y-coordinate to the
x-coordinate is the same for these two points. This is the same as saying that the ratios Ax/Ox
and BX/OX are the same. Consider the dilation with center O and factor r = OX/Ox. This takes
the point x to the point X, and since it moves a line to a parallel line, it must take the line Ax to
BX. Then BX/Ax = r also. We conclude that

BX

Ax
=

OX

Ox
= r ,

from which we conclude that
BX

OX
=

Ax

Ox
,

as desired.
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Now, we return the case of a line that is not vertical. Let L be such a line, P,Q an P ′, Q′ two
different pairs of points on the line, and T and T ′ the right triangles whose hypotenuses are the
given line segments, and whose legs are horizontal and vertical. Label the vertices at the right
angles as V and V ′ (see Figure 6).

Now, these two triangles appear to be related by a dilation; we want to show that they are. First,
translate triangle T along the given line so that P moves to P ′. Since translations preserve parallel
lines, the line that PV goes to is the same as the line of P ′V ′, and the line QV goes to a vertical
line, all as in figure 1a:

Now after the translation, QV could actually coincide with Q′V ′, in which case the triangle T has
been superimposed on top of T ′, and so the lengths of corresponding sides of the triangles are the
same. Since the lengths are the same, the slope calculation ( rise/run for the slope triangle) is the
same. If this doesn’t happen, then we have the picture as shown in figure 6a: the two triangles
have a vertex and its two adjacent lines in common, and one triangle is inside the other. Now let
r = |PV |/|PV ′|. and dilate the triangle T by the factor r: V goes to V ′ and since QV goes to a
parallel line through V ′, it goes to Q′V ′. A dilation multiplies all lengths by the factor r, so the
ratio of two lengths stays the same; in particular |PV |/|QV | = |PV ′|/|Q′V ′|.

[[For Honors course. Now, these two triangles appear to be related by a dilation; we want to show
that they are. First, if there is a dilation that takes T to T ′, it must be the case that P goes to
P ′, so the line L is a line through the center of the dilation. Also, V goes to V ′, so, by the same
reasoning V and V ′ also lie on a line through the center of the dilation. Let L′ be the line through
V and V ′. The point of intersection C of L and L′ has to be the center of the dilation (figure
6b), and its factor r has to be the ratio of the length of CP ′ to that of CP . Let’s verify that this
dilation does take T to T ′. First of all, it takes P to P ′, since that is how r was chosen. Since the
dilation preserves “horizontal,” and preserves the line L′, it takes the segment PV to P ′V ′, and so
the ratio of those lengths is also r. Since the dilation preserves “vertical,” and preserves the line L,
it takes the segment QV to Q′V ′, so the ratio of those lengths is also r. Thus, in moving from T to
T ′, the length of every side is multiplied by the same factor r, so when we calculate the rise/run,
the rs cancel, and the ration is the same for both triangles.

There is one case not covered: the lines L and L′ may not intersect; that is, the are parallel. In
this case, (see Figure 6c) under the shift of P to P ′, the triangle T slides along these tracks to T ′

without changing the lengths of the sides.

In summary
For a line L, for any two points P, Q on the line, the quotient

change in y from P to Q

change in x from P to Q

is constant, and that constant is the slope of the line.

Example 8. (0,5), (2,9), (-1,3) are three points on a line. Calculate rise/run for each pair of points.
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In each case the calculation produced 2 as the slope of the line, for example, taking the third and
first points, we have:

3− 5

−1− 0
=
−2

−1
= 2 .

Now, if (x, y) is a point on the line, then the slope calculation between (x, y) and any one of these
points should also produce 2. So for example, if we take the second point we get

y − 9

x− 2
= 2 .

This observation will become important in the next chapter when we discuss the equation of a line.

9



	  	  	  	  L

Y 	  	  	  B

y 	  	  	  A

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  O
x X

Figure 5
10



L

Q'  

T'

P'
V'

Q

T  
  P

V

Figure 6

11



	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Q'

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Q

	  	  	  	  P 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  V 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  V'

Figure 6a

12



L

Q'  

         L'
T'

P'
V'

Q

T  
  P

V

FIGURE 2
    C

Figure 6b

13



Figure	  2a

Figure 6c

14


