
Chapter 1. ANALYZE AND SOLVE LINEAR EQUATIONS (3 weeks)

Solve linear equations in one variable. 8EE7ab

In this Chapter we review and complete the 7th grade study of elementary equations and their
solution by graphical and algebraic techniques. The kinds of equations we will work with are called
linear equations because their graphs are lines, and the equations of lines are of this form.

In these first few chapters we will work on making several important distinctions. Fist is that
between expressions and equations. The analogy is with language: the analog of “sentence” is
equation and that of “phrase” is expression. An equation is a specific kind of sentence: it ex-
presses the equality between two expressions. Similarly, an inequality makes the statement that
one expression is greater than (or less than) another. We note that statements can be true or false
(or meaningless); in fact, the problem to be dealt with in this chapter is to discover under what
conditions an equation is true: this is what is meant by solving the equation.

These equations involve certain specific numbers and letters. We refer to the letters as unknowns -
that is they represent actual numbers, but they are not yet made specific; our task is to do so. If
an equation is true for all possible numerical values of the unknowns (such as x+x = 2x), then the
equation is said to be an equivalence. Arithmetic operations transform expressions into equivalent
expressions; we come to understand that for linear expressions, the converse is true: we can get
from one expression to an equivalent one by a sequence of arithmetic operations.

In Chapter 2 we begin to change the way we look at the letters used in algebra from that of unknown
to variable, and together with that, the understanding of an equation involving two variables as
expressing a relation between them. But for this first question, we are only interested in finding
that (or those, if any) numbers which when substitute for the unknown make the equation true.
These are the solutions. We will do this also in specific contexts, where the question of the problem
provides the unknowns, and the facts of the context provide the equation to be solved for the
unknown.

Section 1.1. Simplify and Solve Linear Equations in One Variable, Applications

Linear Expressions

A linear expression is a formula consisting of a sum of terms of the form ax and b, where a
and b are numbers and x represents an unknown. By unknown we mean a symbol which stands for
a number, it could be a specific one yet to be determined, or one yet to be chosen, or any possible
number, depending upon the context.

Examples of linear expressions:
3x− 5
2x− x + 17
43
3x
6(2x− 5) + 11
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3x + 7x− 3 + 2x.

Linear expressions appear in many contexts. Here is a situation to which we will return in section
1.2:

Compensation. A salesman at the XYZ car dealership receives a base salary of $1000/month
and an additional $250 for each car sold.

a) if this salesman sells 4 cars, his income for that month is: 1000 + 4(250);
b) if this salesman sells 12 cars, his income for that month is: 1000 + 12(250);
c) if this salesman sells x cars, his income for that month is: 1000 + x(250).

It is often the case that different linear expressions have the same meaning: for example x + x and
2x have the same meaning, as do x−x and 0. By the same meaning we mean that a substitution of
any number for the unknown x in each expression produces the same numerical result. We say that
two linear expressions are equivalent if we can move from one expression to the other using the laws
of arithmetic. That these are “laws of arithmetic” expresses the fact that equivalent expressions
have the same meaning. This is very convenient: to show that two expressions have the same
meaning, we don’t have to check every number (an impossible task in any event); it suffices to show
that we can move from one expression to the other using the laws of arithmetic. To show that two
expressions are not equivalent, it suffices to find a number which, when substituted for the unknown
in each expression gives different results.

Examples:

1. a) 3x + 2x and 5x are equivalent. For we can combine similar terms: “three x’s plus 2 x’s” is
the same as “5x.”
b) 6(3x + 5) and 18x + 30 are equivalent: apply the distributive law to the first expression to get
the second.
c) 4x+ 5 and 2x+ 3x+ 5 are not equivalent. Substitute 1 for x, and obtain 9 in the first expression
and 10 in the second.

2. a) 3x + 5 and 6x − 1 are not equivalent: if we substitute 1 for x, we get 8 in the first ex-
pression and 5 in the second. But be careful: if we substitute 2 for x, we get the same result:
3(2)+5 = 11 and 6(2)-1= 11.
b) 6x − 20 + 2(x − 4) and ) 4(2x − 7) are equivalent. Let’s go through the steps, spelling out the
relevant laws of arithmetic.
Start with 6x− 20 + 2(x− 4).
Step 1. Distribute the 2 to remove the parentheses, to get:6x− 20 + 2x− 8.
Step 2. Combine like terms to get: 8x− 28
Step 3. Factor out 4 to get 4(2x− 7) which is precisely the second expression.

There is no unique way to do this. For example,we could distribute and collect terms in both
expressions to obtain 8x− 28 from each. To put this another way: two expressions are equivalent
if they are both equivalent to a third expression.

If a linear expression is of the form ax + b, where a and b are specific numbers, we shall say that
the expression is simplified; to get an expression in that form is to simplify it.
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To show that two expressions are equivalent, we must show how to get from one to the other by
the laws of arithmetic. However, to show two expressions are not equivalent, we need only find a
substitution for the unknown that gives different results for the two expressions.
Examples. [[1.1a,b]]
3. Simplify −4x + 3 + 5x− 1.
Solution. Combine like terms: −4x + 5x = x; 3 +−1 = 2. Answer: x + 2.

4. Simplify (x + 3) + 7x + 5(2x− 1).
Solution. Use the distributive law to eliminate parentheses: −(x+3) = −x−3; 5(2x−1) = 10x−5.
The expression is equivalent to x−3 + 7x+ 10x−5. Now, combine like terms:−x+ 7x+ 10x = 16x;
-3− 5 = −8. Answer: 16x− 8.

In all examples, the end result of simplification is an expression of the form ax + b: This is always
the case: any linear expression simplifies to the form ax + b.

Solving Linear equations

A linear equation is an assertion that two linear expressions are equal. The assertion could be
true or false, or just true for some values of the unknown. Let’s look at some examples:

Examples 5.
a) 2(x + 5) = 3x− 1
b) 2(x + 5) = 2x + 10
c) 7=5
d) 7x = 5x
e) 3(x− 5) = 2x
f) 7=5+2
g) 7x = 7x + 1.

As you look through the examples you should realize that the truth or falsity of the equation is
something to be determined, independent of the validity of the equation as a statement. For ex-
ample a) is true for one value of x, b) for all values of x and c) for no values of x. An equation
is a statement written in algebraic terms; it is the context that will tell us what to do with the
equation. If the equation is true for all substitutions of numbers for x it is an equivalence. It may
be true for some substitutions of x (these are called the solutions), or there may be no substitution
to make it a true statement.

To solve a linear equation is to discover for what numbers, substituted for the unknown, we get a
true statement. So in a) if we substitute 11 for x we get the true statement 2(11+5) = 3(11)-1.
Are there other numbers for which this is true?
In b), the substitution x = 11 gives a true statement (2(11+5) = 2(11)+10), but in fact any
substitution of a number for x gives a true statement. This is because simplification of the left
hand side gives 2x + 10, and the equation becomes 2x + 10 = 2x + 10; obviously true for any
numerical substitution for x.

The technique for solving a linear equation is to apply simplifying arithmetic operations to the
equation that do not change the set of solutions. There are three kinds of operations:
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1. Apply the laws of algebra to simplify the expressions; in particular, distribute to remove
parentheses and combine like terms.
Example: Transform the equation 2x + 3x = 5 + 20 to the equation 5x = 25. Transform the
equation 6(x− 2) = 11 to the equation 6x− 12 = 11.

2. Add or subtract the same expression to both sides of the equation.
Example: transform the equation 6x + 1 = 37 to 6x = 36 by adding -1 to both sides. Transform
3x = 2− x to 4x = 2 by adding x to both sides.

3. Multiply or divide both sides of an equation by a nonzero number.
Example: Transform the equation 2x = 8 to x = 4 by dividing both sides of the equation by 2.
Transform 3x = 6x − 18 by first dividing by 3 to get x = 2x − 6, and then combine like terms to
find x = 6.

These operations all transform any equation into another with the same set of solutions. Most
importantly, taken together, they are effective: they succeed in solving any linear equation. Let’s
illustrate this technique by solving equations a) through (g) in example 3:

a) 2(x + 5) = 3x− 1;
Simplify the left side: 2x + 10 = 3x− 1;
Subtract 2x from both sides: 10 = x− 1; Add 1 to both sides: 11 = x. Thus there is one solution:
x = 11.

b) 2(x + 5) = 2x + 10;
Simplify the left side: 2x + 10 = 2x + 10. Since both sides are the same expression this is true for
all values of x; that is, the expression on both sides of the equals sign in b) are equivalent.

c) 7=5.This is false: If we think of this as 7 + 0x = 5 + 0x, we can assert that there is no value of
x to make it true.

d) 7x = 5x;
Subtract 5x from both sides: 2x = 0. Divide both sides by 2: x = 0, so 0 is the only solution.

e) 3(x− 5) = 2x;
Simplify the left hand side: 3x− 10 = 2x;
Subtract 2x from both sides: x− 10 = 0.;
Add 10 to both sides: x = 10.

f) 7=5+2; combine terms on right: 7=7. This is a true statement.

g) 7x = 7x + 1;
Subtract 7x from both sides: 0 = 1. This is a false statement, so there is no solution to the original
statement; no way to make it true.

An important feature of the allowable operations on equations is that they can be reversed: if an
operation takes one equation to another, it can be undone: there is an operation on the second
equation that produces the first.
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Example 4: Solve −3x− 8 = 20 + x.
Step 1: Subtract x from both sides to get: −4x− 8 = 20.
Step 2: Divide both sides by 4 to get x + 2 = 5.
Step 3: Subtract 2 from both sides to get x =3.

Now, let’s reverse the process. Start with x = 3.
Step 1: Add 2 to both sides to get x + 2 = 5 .
Step 2: Multiply both sides by -4 to get −4x− 8 = −20.
Step 3: Add x to both sides to get −3x− 8 = −20 + x.

Summary:

To solve any linear equation:
First: Use the distributive law to remove parentheses.
Second: Combine terms so that each side of the equation is of the form Ax + B.
Third: Add appropriate terms to both sides of the equation so that x appears on only one side of
the equation.
Fourth: Divide by the coefficient of x; resulting in an equation of the form x = a.

Example 5: Solve 2x + 5 + 8x− 1 = 4(x + 2)− 3.
Step 1: Eliminate parentheses to obtain 2x + 5 + 8x− 1 = 4x + 8− 3.
Step 2: Combine like terms to obtain 10x + 4 = 4x + 5.
Step 3: Add −4x to both sides: 6x + 4 = 5.
Step 4: Subtract 4 from both sides: 6x = 1.
Step 5: Divide by 6: x = 1/6.

Activity. Determine whether or not the following arguments are correct, and if incorrect, ex-
plain the error.

1. 2(x + 5) = 9

2x + 5 = 9

2x = 4

x = 2

2. 3x− 15 = 24

3(x− 5) = 24

x− 5 =
24

3

x− 5 = 8

x = 13

3. 5x + 3x = 45
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(5 + 3)x = 45

x =
45

5 + 3

x =
45

5
+

45

3

x = 9 + 15 = 24

Applications
Solve real world problems with one variable linear equations.EE8c

Problem 1. Let us return to our car salesman: A salesman at the XYZ car dealership receives a
base salary of $1000/month and an additional $250 for each car sold. How many cars should he
sell so as to earn $8000 in a month?
Solution. Let x be the number of cars sold in that month. For each car sold, the earnings are
$250, so for x cars sold his earnings are 250x. Including the base salary, his earnings for the month
will be 1000 + 250x. We want that to be 8000, so we have to solve the equation

1000 + 250x = 8000 .

Subtract 1000 from both sides: 250x = 7000.
Divide by 250: x = 7000/250 = 28. The salesman must sell 28 cars.

Problem 2. Juan’s age is three more than twice Teresa’s age and the sum of their ages is 57. How
old is Teresa, and how old is Juan?
Solution. Let T be Teresa’s age. Then Juan’s age is 3+2T . The sum of their ages is T +3+2T .We
are told this is 57, so the basic equation is T + 3 + 2T = 57. Simplify this to 3T + 3 = 57, and then
to 3T = 54. Now divide by 3 to get T = 18. Then Juan is 2(18)+3 = 39 years old.

Problem 3. When will Juan be twice as old as Teresa?
Solution. Let x be the number of years until Juan is twice as old as Teresa. At that time, Juan’s
age will be 39 + x, and that of Teresa: 18 + x. So, we must have 39 + x = 2(18 + x). Simplify the
right hand side to get 39 + x = 36 + 2x, which simplifies to x = 3.

To solve applied problems:
1. Read the problem carefully, making sure to identify the unknown(s).
2. Recognize the information in the problem that can be translated into mathematical expressions
or equations.
3. Apply the rules for solving linear equations.

Example 6. The conditions of John’s job is that he can work whenever he wants to, but in any
day he works, he receives no compensation for the first three hours of work, and $20/hour for each
subsequent hour. On one particular day he wants to buy a special shirt for $190. He has $70 in his
pocket. How many hours must he work on that day to be able to buy the shirt?
Solution.
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1. What we want to find is the number of hours to work so that the income, together with the $70
he starts with comes to $190. Let N be the unknown: the number of hours he has to work.
2. For N hours of work, he receives no income for the first three hours, and $20 for each subsequent
hours. Thus he receives $20 for each of N − 3 hours.
3. After N hours of work he has earned 20(N − 3). That added to the $70 he started with is to
provide the $190 needed to buy the shirt. Thus N must satisfy

20(N − 3) + 70 = 190 .

4. To solve, first clear of parentheses to get 20N − 60 + 70 = 190.
5. Combine terms to get 20N + 10 = 190.
6. Subtract 10 from both sides to get 20N = 180.
7. Divide by 10, and find N = 9. John must work 9 hours.

Almost always there are several ways of solving a problem. Here we have selected the method
which postpones the calculations and manipulations until after the equation has been formulated.
We advocate this approach; because the first issue (once an unknown has been chosen to represent
the desired solution) is to find the relationship between the unknown and the given data. Do not
complicate this task by incorporating simplification. Once the relationship is expressed as a linear
equation, do the algebra and arithmetic. I like to tell my students to pretend that they have an
assistant who is a whiz at calculation and algebra; our job is to provide the assistant with the
correct relation to work with.

Section 1.2. Solve Linear Equations in One Variable (Special Cases)

Let us recall that a linear equation consists of two linear expressions joined by an equals sign,
and the problem is to find the values of x that make the statement of equality true. After simpli-
fying the expressions, we arrive at an equation of the form Ax + B = Cx + D. If the coefficients
of x (A and C) are different, we will end up with a unique solution: first we add and subtract
appropriate terms to put this equation in the form (A−C)x = D−B, and then we divide by A−C
to get the unique solution.

But if A = C, our equation states: 0x = D−B. There are only two possible outcomes: if D = B ,
then every number is a solution of our original equation, and if D 6= B, then there are no solutions.

Example 7. Solve 3(2x− 2) = 4x + 2(x− 1).
Simplify: 6x− 4 = 4x + 2x− 2.
Collect terms: 6x− 4 = 6x− 2.
Note that the coefficients of x on both sides of the equation are the same. So we’re in trouble.
In fact, if we subtract 6x from both sides, we get −4 = −2 which is never true. So there are no
solutions.

Example 8. Suppose that the equation 3(2x− 2) = 4x+ 2(x− b), has a solution for some number
b. What is the value of b?
Following the rues as applied in problem 1, we end up with the equation −4 = −2b, so, only the
value b = 2 provides a solution. Alas, then every number is a solution. Rule: If an equation
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reduces, by simplification of expressions to Ax + B = Cx + D, then, if A 6= C, there is just one
solution. If A = C, then we must have B = D for there to be a solution, and ALL numbers are
solutions. If B 6= D, there are no solutions.
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