
Chapter 3. Expressions and Equations Part 1

Chapter Overview

Making connections from concrete (specific / numeric) thinking to algebraic (involving unknown quan-
tities / variables) thinking is a challenging but essential step in the mathematical progression of every
student. This chapter focuses on facilitating this transition through repeated problems involving ba-
sic real-life examples. After developing, in Chapters 1 and 2, understanding and procedural fluency
with arithmetic properties of rational numbers, students are able to begin to learn how to manipulate
equations to find solutions. Physical representations, including algebra tiles and area models, aid in
understanding these operations for integer values and then extend them to include rational numbers.
Using the distributive property “in reverse” helps students begin to master the important skill of fac-
toring.

Once students have understood and achieved fluency with the algebraic processes, they then take
real world situations, model them with algebraic equations, and use properties of arithmetic to solve
them (typically in one or two steps at this stage of development). The chapter concludes by having
students model and solve percent increase and percent decrease problems that involve a little more
algebraic thinking than the set of problems at the end of Chapter 1.

Vocabulary / Terminology

One of the fundamental uses of mathematics is to model real-world problems and find solutions using
valid steps. Very often, this involves determining the value for an unknown quantity, or unknown. In
8th grade this use will be extend to include that of a variable, a representation for a quantity that
can take on multiple values. An expression is a mathematical phrase involving variables, numbers,
and mathematical operations, such as 3x− 2.5 or 2/5− (3/4)y. An equation is an assertion that two
mathematical expressions are equal, for example 3x−2.5 = 4.4 or 2/5−3/4y = −1. The solution(s) to
an equation is(are) the number(s) that can be substituted in place of the unknown or variable that will
make the equation true. The process of using the rules of arithmetic to find the solution(s) is called
solving an equation. Simplifying an expression or equation is a similar process of applying arithmetic
properties to an expression or equation but, in the case of an equation, may not go so far as to find
the solution.

Section 3.1: Communicate Numeric Ideas and Contexts Using Mathematical
Expressions and Equations

Apply properties of operations as strategies to add, subtract, factor, and expand linear expressions with
rational coefficients. 7.EE.1

Understand that rewriting an expression in different forms in a problem context can shed light on the
problem and how the quantities in it are related. For example, a + 0.05a = 1.05a means that “increase
by 5%” is the same as “multiply by 1.05.” 7.EE.2

Use variables to represent quantities in a real-world or mathematical problem, and construct simple
equations to solve problems by reasoning about the quantities. 7.EE.4

Algebraic thinking does not begin in 7th grade but rather in the very early grades by means of problems
like this: 3 + = 5. Early algebraic problems such as this are first solved using concrete manipula-
tives. However, as students develop their mathematical reasoning, they begin to use more abstract
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representational processes. Patterns in solving similar problems lead to both an understanding of and
familiarity with arithmetic properties.

Students begin this section with a review of numeric examples and then extend that understand-
ing to the use of unknowns. The following example gives a flavor of the progression of thinking.

Example 1. For the following problems, a soda costs $1.25 and a bag of chips costs $1.75.

a) Mary bought a soda and a bag of chips. How much did she spend?

b) Viviana bought 3 sodas and 2 bags of chips. How much did she spend?

c) Martin bought 2 sodas and some bags of chips, and spent a total of $7.75. How many bags of chips
did Martin buy?

d) Paul bought s sodas and 4 bags of chips. Write an expression for how much Paul spent.

Solution. a) $1.25 + $1.75 = 3.00.

b) Viviana bought 3 sodas at $1.25 each, so spent 3(1.75) = $3.75 on soda. She bought 2 bags of chips
at 1.75 a bag, so spent $3.50 on chips. All together she spent $7.25.

c) Martin spent $2.50 on his sodas, and all the rest on chips. So, he spent $5.25 on chips. Since the
cost of chips is at $1.75 a bag, he bought 5.25/1.75 = 3 bags of chips.

d) At 1.25 each, the cost of s sodas is 1.25 · s; at 1.75 each, the cost of 4 bags of chips is 7.00. So, Paul
spent 1.25s + 7.00.

One of the primary goals of this section is to help students recognize that the patterns (rules and
properties of arithmetic) with whole numbers and integers also apply to expressions involving letters
representing unknowns. For example, in addition, when calculating 32 + 46, students have learned that
they canÕt simply add up all the digits (3 + 2 + 4 + 6 = 15). Instead, the place value involved in the
notation tells students that there are three groups of 10 and two units in the first set and four groups
of 10 and six units in the second set. From previous experience, they know that to add you need to join
the three tens and the four tens together because they are ÒalikeÓ (based on the same size pieces).
Also, the two units and six units are put together because they are units of the same value. Therefore,
the actual answer is seven tens and eight units, written 78. This is demonstrated using base-ten blocks.

First, the addends are represented.
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Next, the “like” terms (tens and ones) are grouped together.

Finally, an account is taken of how many tens (seven) and how many ones (eight) to arrive at the
answer of 78.

To help make the desired connections between concrete numbers and abstract algebraic expressions,
manipulatives similar to base-ten blocks, called algebra tiles, are introduced. These algebra tiles aid in
understanding the processes of addition, subtraction, multiplication, and combining like terms because
constants (positive and negative) and variables (positive and negative) each have a distinct shape. This
commonality of shape encourages students to group the appropriate terms together, helping to avoid
common mistakes. Although algebra tiles are for expressions with integer coefficients, the process
extends to rational numbers. Early examples involve only one variable but later examples involve
multiple variables, as shown below.

Algebra Tile Key

Example 2: Model the expression 3− x− 1 + 2x and then simplify, combining like terms.

Solution: First model each component of the expression with the corresponding algebra tile(s).
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As with the base-ten blocks above, next put like terms together:

Since 1 + -1 = 0 and x +−x = 0, we have left the expression 2 + x (or, equivalently, x + 2 ).

Example 3: Model the expression x + 3y − 2x +−y + 3 and then simplify.

Solution: First lay out the corresponding algebra tiles.

Next, combine like terms by grouping tiles of the same shape.

Since 1 + (-1) = 0, x + (−x) = 0, and y + (−y) = 0, we eliminate some tiles, giving −x + 2y + 3.

After simplifying expressions, students then move to iterating groups and the distributive property as
other ways to view the same expression. The understanding for this is built off of the area model for
multiplication learned in earlier grades. Students have already learned that 3 · 2 can be represented as
three rows of two, yielding a product (inside area of 6).

Similarly, we can use base-ten blocks to understand the meaning of 3·21 as three groups of the quantity
two tens and one unit. In previous grades, students have written this out as 3 · (20 + 1).

Once modeled, the students see that the inside area is six tens and three units or 63.

This naturally leads students to extend the knowledge to related algebraic expressions, for example
3 · (2x + 1). Again the algebra tiles help make the desired connections, as in the following problem.
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Example 4: Model the expression3 · (2x + 1) and then simplify.

Solution: Use the area model but include variable tiles.

We see that the product (inside area) consists of 6 x-tiles and 3 1-tiles, so another way to write
3 · (2x + 1) is 6x + 3. This is perfectly analogous to the previous example except that we have used
x-tiles in place of “tens” base blocks.

Only one more step is needed when modeling a problem where an expression is multiplied by a negative
integer. Emphasis needs to be placed on “-” meaning “the opposite”, a− b = a + (−b), and recalling
that 2+(−2) = 0, 3+(−3) = 0, and in fact, for any number a, a+(−a) = 0. Recall, from the discussion
in the preceding chapter, that, for whole numbers a and b, a(−b) is considered as a groups of −b, and
it is observed that this is the same as the opposite of a groups of b: a(−b) = −(a · b), and finally, that
the extension of the laws of arithmetic leads to (−a)b = −(ab)
.
Example 5: Model and simplify −3 · (2− x).

Solution: Realizing that -3 is the opposite of 3, first model 3 · (2− x) with algebra tiles. Recall that
2− x is the same as 2 +−x.
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The inside area is 6−3x. But this was the model for 3 · (2−x) and the original problem was −3 · (2?x).
Therefore, we need to take the opposite of all the inside tiles, getting −6 + 3x.

We continue to emphasize that the same patterns that held for numeric expressions also hold for
algebraic expressions. At this point, students are introduced to the names of these properties and
they practice using them as justification for each step in solving mathematical problems. It is also
important to note that these same properties continue to hold as we extend to the real numbers in 8th
grade and complex numbers in Secondary II. In more advanced classes, systems that have the same
properties will be given the name of field and will behave in similar ways. The table below summarizes
these properties, making explicit that “iterating groupsÓ is the distributive property.

Property Name Concrete Example General Equation
Identity Property
of Addition

7
10 + 0 = 7

10 = 0 + 7
10 a + 0 = a = 0 + a

Identity Property
of Multiplication

9.04 · 1 = 9.04 = 1 · 9.04 a · 1 = a = 1 · a

Multiplicative
Property of Zero

5
8 · 0 = 0 = 0 · 58 a · 0 = 0 = 0 · a

Commutative
Property of Addi-
tion

5.8 + 2.4 = 2.4 + 5.8 a + b = b + a

Commutative
Property of Multi-
plication

3.6 · 7.1 = 7.1 · 3.6 a · b = b · a

Associative Prop-
erty of Addition

1
2 +

(
3
5 + 1

4

)
=

(
1
2 + 3

5

)
+ 1

4 a + (b + c) = (a + b) + c

Associative Prop-
erty of Multiplica-
tion

2 · (3.1 · 7.5) = (2 · 3.1) · 7.5 a · (b · c) = (a · b) · c

Distributive Prop-
erty of Addition
over Multiplication

2.8 · (6.1 + 4.35) = 2.8 · 6.1 + 2.8 · 4.35 a · (b + c) = a · b + a · c

Additive Inverse
Property

7
16 + −7

16 = 0 a + (−a) = 0

Multiplicative
Inverse Property

3
25 ·

25
3 = 1 a · 1a = 1, for a 6= 0

Students practice applying these properties as they logically step through the simplification process.
This is shown in the next example.

Example 6: In Table 2, he expression 2(3x + 1) +−6x + 3 has been written in five different ways.
State the property that allows each change.
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Expression Step Justification
2(3x + 1) +−6x + 3 No change Given expression

6x + 2 +−6x + 3
6x +−6x + 2 + 3

0 + 5
5

Solution:

Expression Step Justification
2(3x + 1) +−6x + 3 No change Given expression

6x + 2 +−6x + 3 Multiplied 2 by both 3x and 1 Distributive Property
6x +−6x + 2 + 3 Changed the order of the terms Commutative Property of Addi-

tion/Addition is Commutative
0 + 5 6x + (−6x) sums to 0 Additive Inverse

5 0 + 5 = 5 Additive Identity

We conclude this section by looking at the distributive property both “forward” and “in reverse”.
Recalling the area model for multiplication, students understand why x · x is called “x-squared” and
expand the algebra tile key.

x2 + 3x = x · (x + 3) .

Section 3.2 Solve Multi-Step Equations

Solve multi-step real-life and mathematical problems posed with positive and negative rational numbers
in any form (whole numbers, fractions, and decimals), using tools strategically. 7.EE.3

Use variables to represent quantities in a real-world or mathematical problem, and construct simple
equations É to solve problems by reasoning about the quantities. 7.EE.4
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Solve word problems leading to equations of the form px + q = r and p ( x + q ) = r, where p, q, and
r are specific rational numbers. Solve equations of these forms fluently. Compare an algebraic solution
to an arithmetic solution, identifying the sequence of operations used in each approach. For example,
the perimeter of a rectangle is 54 cm. Its length is 6 cm. What is its width? 7.EE.4a

Having achieved proficiency at using arithmetic properties to manipulate expressions, students are now
ready to take the next step and apply their knowledge to solving equations. Recall that an equation
is an assertion that two expressions are equal. In 7th grade an algebraic equation will assert the
equality between two expressions involving an unknown represented by a letter, usually x, but often,
in context, with a letter that suggests the specific unknown to be determined For example, if one is
given information to use to discover Darren’s age, we might use the symbol d to represent Darren’s
age. If the given information is that two year ago Darren was 11 years old, we can write this as the
algebraic equation d − 2 = 11. The object of this section is to have students understand and use the
laws of arithmetic in order to solve these equations for the unknown.

Students begin the section by modeling and solving equations with integer coefficients. Patterns in
solving similar problems with models (algebra tiles) lead to solution methods that do not require dia-
grams. This then allows the process to extend to problems with rational numbers. Also, students will
reinforce the properties learned in the previous section as they justify each step in the solution process.

Example 9: Solve 2n - 5 = 3.

Solution (using algebra tiles):
Model with tiles:

Add the same amount, 5, to both sides. This is legitimate since the values of n that make the above
equation true are precisely the same values of n making the next statement true.

Using 1 + -1 = 0, the additive inverse property, combine like terms.
Rearrange tiles and the solution is 1n = n = 4.
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Solution (without algebra tiles):

Given 2n−5 = 3, add 5 to each side (addition property of equality) of the equation: 2n−5+5 = 3+5.

By the additive inverse property, ?5 + 5 = 0 so 2n + 0 = 8.

Using the additive identity property, 2n = 8.

Dividing both sides of the equation by 2 gives n = 4.

When arriving at a result, it is always good practice to verify that it is the desired value. Substituting
n = 4 into the original equation, we see that 2(4) - 5 = 3. A little arithmetic shows that the equation
is true when n = 4 so we have checked that the result is in fact the solution to the equation.

After achieving procedural fluency, students then model real world situations by equations and find
corresponding solutions as illustrated in the example below.

Example 10: Bill has twice as much money as I do. Together we have $18.45. How much money do
we each have?

Solution (with a model): Since we do not know how much money I have, we assign it an unknown,
x. This can be represented by an x algebra tile. Bill has twice as much money as I have which would
be modeled by two x algebra tiles. This is illustrated below.

Since the problem tells us how much money we have together, we add our algebra tiles (join our
resources). This yields x + (x + x) or 3x.

Since our money together is represented by 3x and that is equal to the amount $18.45, we have the
following model.

Trading the quarter for a dime and three nickels and then rearranging into equal groups next to each
x-tile, we see that 1x = x = $6.15.
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Therefore, I have $6.15 and Bill has double that amount, $12.30. Adding these amounts together gives
$18.45 so we have verified that this is the correct answer.

Solution (without a model): Let x be the amount of money I have. Then, since Bill has twice as
much money, 2x is the amount of money he has.

Putting the amounts together leads to the equation x + 2x = 18.45.

Combining like terms gives 3x = 18.45.

Dividing both sides by 3 yields the equation x = 6.15.

Therefore, I have $6.15 and Bill has twice that amount , $12.30.

Again, a quick check shows that $6.15 + $12.30 equals $18.45 so we have verified that our result is the
solution to the equation.

Section 3.3: Solve Multi-Step Real-World Problems Involving Equations
and Percentages

Solve multi-step real-life and mathematical problems posed with positive and negative rational numbers
in any form (whole numbers, fractions, and decimals), using tools strategically. 7.EE.3

Solve word problems leading to equations of the form px + q = r and p ( x + q ) = r, where p, q, and
r are specific rational numbers. Solve equations of these forms fluently. Compare an algebraic solution
to an arithmetic solution, identifying the sequence of operations used in each approach. For example,
the perimeter of a rectangle is 54 cm. Its length is 6 cm. What is its width? 7.EE.4a

This chapter concludes with the modeling of, and finding the solution to, common real-world percent
problems. We begin with a quick review the content of Chapter 1, section 3. Percent increase problems
arise in everyday scenarios such as price plus sales tax, tip on a meal, and pay raises. Percent decrease
problems occur when dealing with discounts or similar reduction scenarios. Students use a diagram
to model the situation, convert the model into an expression or equation, and then simplify or solve
using the skills recently developed. Models are emphasized in this section to help students understand
the structure of the problems and will rely on more algebraic reasoning later in the course. Note that
if the problem involves an x percent increase of a quantity q, then the result is q + (x/100)q which can
also be written as q(1 + x/100). Similarly, for an x percent decrease problem, the expression will be
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q − (x/100)q or q(1− x/100).

Example 11: Lucia takes some friends out to lunch and the bill comes to $b. She wants to leave a
20% tip for the waitress. How much money does she need for the food and tip together?
a). Draw a model to represent the situation.
b). Write at least two equivalent expressions to represent the sale price of the ball.
c). If the cost of the food was $28.50, how much will Lucia need to pay?

Solution:
a). Since b is the amount of the lunch bill, draw a rectangle to represent it.

Because 20% is equal to one-fifth, divide the original rectangle into five equal parts.

Since the tip is in addition to the bill, Lucia will have to pay an extra one of those five parts.

b). This diagram leads to the expressions b+ (1/5)b and 1b+ 0.2b. Another way to express this is that
Lucia will pay for 6/5 or 1.2 times the original price, leading to the expressions (6/5)b and 1.2b
.
c). If the food cost $28.50, then the food and tip together will cost 1.2 · $28.50 = $34.20.

Example 12: Jordan wants to buy a soccer ball that costs s dollars. Today, all sports items are on
sale for 25% off regular price.
a). Draw a model to represent the situation.
b). Write at least two equivalent expressions to represent the sale price of the ball.
c). If the original price of the ball was $12.96, what is the sale price of the ball?

Solution:
a). Since s is the original price of the ball, draw a rectangle to represent original price.
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Since 25% is equal to one-fourth, divide the rectangle into four equal parts.

Since the ball is discounted 25%, Jordan will not have to pay for one of those 4 parts.

b). This diagram leads to the expression 1s − 0.25s. Another way to express this is that Jordan will
pay for three-fourths of the original price, leading to the expression 3

4s . Note that

1s− 0.25s = 0.75s =
3

4
s.

c). Given that s = $12.96, the sale price of the ball would be 0.75 · $12.96 which has a value of $9.72.

12


