
Chapter 2. Rational Number Operations (+,−,×,÷)
In this second chapter, students extend and formalize their understanding of the number system,
including negative rational numbers. Students first develop and explain operations with integers. Then
the rational numbers are introduced as the set of numbers that result from extending from the set of
integers the four basic operations of addition, subtraction, multiplication and division, with attention
to the properties of operations. By applying these properties, and by viewing negative numbers
in terms of everyday contexts (i.e. money in an account or yards gained or lost on a football field),
students explain and interpret the rules for adding, subtracting, multiplying, and dividing with negative
numbers. Students re-examine equivalent forms of expressing rational numbers (fractions of integers,
complex fractions, and decimals) and discover repeating and terminating decimal patterns.“Discover”
is the important word here: as an application of division, they see that some integer quotients p/q have
decimal expansion that terminate, while other have decimal expansion that repeat. This discussion is
picked up and concluded in 8th grade. Students also increase their proficiency with mental arithmetic
by articulating strategies based on properties of operations.

Section 2.1: Add, Subtract Integers, Represent Using Vertical or Horizontal
Number Lines.

• Apply and extend previous understandings of addition and subtraction to add and subtract rational
numbers; represent addition and subtraction on a horizontal or vertical number line diagram.

a. Describe situations in which opposite quantities combine to make 0. For example, a hydrogen
atom has 0 charge because its two constituents are oppositely charged.

b. Understand p + q as the number located a distance |q| from p, in the positive or negative
direction depending on whether q is positive or negative. Show that a number and its opposite
have a sum of 0 (are additive inverses). Interpret sums of rational numbers by describing
real-world contexts.

c. Understand subtraction of rational numbers as adding the additive inverse, p−q = p+(−q).
Show that the distance between two rational numbers on the number line is the absolute value
of their difference, and apply this principle in real-world contexts.

d. Apply properties of operations as strategies to add and subtract rational numbers. (7NS1)

A good way to study the integers, and operations on integers, is to picture them on a number line.
Notice that when looking at a number line, two numbers are opposites when they are the same distance
away from zero, but in opposite directions. Those numbers to the right of 0 are the positive numbers,
and those on the right are the negative numbers. For example, “3” represents the point that is 3 units
to the right of 0, and “-3” is its opposite, three units to the left.

Source: Google’s cache of http://yusransaina.webs.com/.

The full number line appears naturally in measurements, such as the thermometer, elevation, timelines,
and banking. In each of these applications, we are making measurements “less than zero” of which
the number line illustrates each of these concepts. Three observations that is important to notice.
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• The integers are ordered: we say “a is less than b” and write a < b whenever b is to the right of
a on the number line.

• The absolute value of an integer a, written |a| number and its opposite have the same absolute
value.

• Every natural number has an opposite, or additive inverse, namely the integer denoted −a. The
negative integers are opposites of the positive integers. For example, the opposite of 5 is -5.
Similarly, the positive integers are the opposites of the negative integers. Because the opposite of
5 is denoted as -5, the opposite of -5 can be denoted -(-5) which equals 5. In the set of integers,
every element has an opposite that is also an integer, with the opposite of 0 being 0.

Example 1. For each of the following, find the opposite of x:

a. x = 3

b. x = −5

c. x = 0

Solution.

a. −x = −3

b. −x = −(−5) = 5

c. −x == 0 = 0

Note that the notation −x is the opposite of x and might not represent a negative number. In other
words, x is a variable that can be replaced by any number, positive, negative, or zero. So, −x is to
be read as “the opposite of x” not minus x or “negative x.” This is a conceptual way of preparing for
the issues that arise from the use of the negative sign both as an operation on one number (opposite)
and as an operation on two numbers (subtraction). This possible source of confusion can be overcome
by keeping in mind which use is intended every time you see the “−”. Another way to resolve the
confusion is to remember that the negative sign appears with just one number, such as -5, while the
minus sign appears with two numbers, such as 7− 5.

Integer addition (chip, tiles, number line, and patterning) Teaching negative number arith-
metic presents a paradox. The needed rules and their justifications are algebraic, but algebra makes
sense only after one understands negative numbers. For that reason, it is important to begin with
hands-on materials when working with integers, such as introducing the rules of arithmetic with nega-
tive numbers using models and patterns. The goal is to build intuition and make students comfortable
with integer arithmetic.

Let’s begin our discussion of integers by finding additive inverses. If you earn $10 and then spend $10,
your balance (or net) is $0. On a ledger, money spent is indicated in red or in parentheses. For our
purpose, an expenditure of $10 is the opposite of an earning of $10, that is -$10. If the money spent
is symbolized as -$10, we can say that

$10 + (−$10) is $0;

if I earn $10 and spend it, I end up with $0. Similarly, if you noticed the temperature on Christmas
day at 5 am was 0◦F (burrrr), but by noon it had risen to 20◦F, only to drop 20◦F by 5 pm, what is
the effect of this? The temperature is now the same as it was at 5 am, or 20 + (−20) = 0.
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In general,
n + (−n) = 0 = (−n) + n

for any number n. This equation states that n and (−n) are additive inverses, that is, (−n) and n
add up to 0 (the word inverse means, according to Webster, reversing). More generally, we see that
every integer, whether positive, negative or zero, can be paired with its additive inverse, −n. The
additive inverse, −n, is also called the negative of n or the opposite of n. It is important to observe
how parentheses are used; and expressions such as “−− 3” and “3 +−3 = 0” are confusing. Instead,
we write −(−3) = 3 and 3 + (−3) = 0. Even 0 has an opposite, namely, itself, since 0 + 0 = 0; that is,
−0 = 0.

To summarize, we see that integers have the following property:

Property 1. Additive Inverse Property for Integer Addition For each integer a there is a
unique integer, written −a, such that a+ (−a) = 0. The integer −a is called the additive inverse of
a.

Models of Integer Addition
Many different models are available to assist students in understanding integers and operations with
integers. As we have seen in previous readings and long before the notion of negative numbers was
formally developed, Chinese traders used a system of colored rods to keep records of their transactions.
A red colored rod denoted credits and a black colored rod denoted debits (opposite of how we view
debits/credits today). Elementary and Secondary mathematics textbooks borrow this Chinese scheme
to provide a concrete representation of integers. We use a chip model or tile model with a variety
of colors (similar to the Chinese such as black and white or yellow and red). Chips that you can hold
are concrete representations of integers; chips that you draw are pictorial representations of integers;
and expressions such as 3 and -3 are symbolic representations of integers.
Let’s consider the chip model to represent integers. Let’s assign a red chip/tile to represent -1

and a yellow chip/tile to represent 1.

A pair of red and yellow chips/tiles is called a zero pair, because it represents the integer 0, i.e.

Consider this from a chemistry perspective. A
hydrogen atom, like other atoms, has a nucleus.
The nucleus of a hydrogen atom is made of just
one proton (a positive charge). Around the
nucleus, there is just one electron (a negative
charge), which goes around and around the nu-
cleus. As a result, the “positive” proton and the
“negative” electron balance the electrical charge,
so that the hydrogen atom is electrically neutral
(basically zero).
Source: http://www.jwst.nasa.gov/firstlight.
html
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Example 2. Demonstrate −4 + 3 using the chip/tile model, and state the answer.

Solution.
First we lay out the appropriate tiles.

Collect together the zero pairs

Remove the zeros pairs and what’s left is the answer to the addition problem, which in this case is -1,
or one red tile.

Let’s back up. . .where do the rules for addition with negative numbers come from? These rules come
from extending arithmetic and its properties to be consistent with arithmetic with positive numbers.
If we view negative numbers as the “opposites” of positive numbers (on the number line), we can
interpret negative numbers as temperatures below zero, locations below ground (in a building) or
locations below sea level. Look below, the number line (whether it’s horizontal or vertical) is a geo-
metric metaphor of the set of integers. The number line is constructed for the integers just as one was

constructed for the whole numbers in the elementary grades. We mark an arbitrarily chosen point as
0, and call it the origin (which means“the beginning” or the place where something begins). Then
measure equal segments to the right (or up) to determine points labeled 1, 2, 3, . . . and to the left
(or down) to determine its opposites 1, 2, 3, . . . (the three dots, called an “ellipsis” indicates the list
continues indefinitely). By this process, we set up a one-to-one correspondence between a subset of
points on the line and the integers. Pairs of additive inverses, such as 5 and -5, are represented by
points at equal distances from zero. Realizing that a number and its opposite are always the same
distance away from zero, let’s use the correct term, absolute value, and briefly describe a number’s
distance from zero on a number line. Since distance is a physical quantity, the absolute value of every
number except zero is positive.

Definition. Absolute-Value
Again, because 5 and -5 are opposites, they are on opposite sides of 0 on the number line and are the
same distance (5 units) from 0, as shown below.
Distance is always a positive number or zero. The distance between the point corresponding to an
integer and 0 is the absolute value of the integer. The key word in the definition is distance which is
always measured by a positive number. Therefore, the absolute value of 5 and -5 is 5, and is written
|5| = 5 and |− 5| = 5, respectively. Notice that if x ≥ 0, then |x| = x and if x < 0, then −x is positive.
To sum up:

|x| = x if x ≥ 0
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|x| = −x if x < 0

Now, let’s get back on track with addition of integers and introduce the number line model.

Example 3. Demonstrate each of the following additions using the number line model, and state
the answer. At each step let’s relate the situation to something that is familiar. To illustrate 2 + 3 on
a number line, this addition can be thought of as starting at 0 and counting 2 units to the right (in the
positive direction on the number line) and then “counting on” 3 more unites to the right. Since 2 and
3 are represented by moving 2 and 3 units to the right, respectively, it follows that -4 is represented
by moving 4 units to the left. In fact, a positive number a is described as moving a units to the right
of 0, so its opposite can be described as moving a units to the left of zero. The goal for students is
to understand p + q is the number located a distance |q| from p, in the positive or negative direction
depending on whether q is positive or negative. Note in the solution of this example, positive integers
are represented by arrows pointing to the right and negative integers by arrows pointing to the left.

a. 2 + 3

b. −4 + 4

c. −4 + 3

d. 3 + (−6)

e. −2 + (−3)

a. Solution. We had $2 and earned $3 more
2 + 3 = 5 (5 is 3 units from 2 in the positive direction)

b. Solution. The elevator started on the main floor, ascended 4 floors and then descended 4 floors
−4 + 4 = 0 (0 is 4 units from -4 in the positive)

c. Solution. The outside temperature started at −◦F and rose 3◦F. What was the temperature
then?
−4 + 3 = −1 (-1 is 3 units from -4 in the positive direction)
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d. Solution. If I had $3 and I acquired a debt of $6, how much money is mine to spend?
3 + (−6) = −3 (-3 is 6 units from 3 in the negative direction)

e. Solution. Alaska is one of the coldest states. One morning the thermometer read −2◦F and an
hour later the temperature had dropped another 3 more degrees F. What is the new temperature?
−2 + (−3) = −5 (-5 is 3 units from -2 in the negative direction)

The pattern model is another way to promote addition with integers. In the pattern model, we build
on known facts (such as whole number addition), and use patterns to reveal new facts (such as sums
involving negative integers). Let’s consider part d in the previous example, 3 + (−6). Notice that in
the left column of the following list, the first four facts are known from whole-number addition. Also
notice that the 3 stays fixed and as the numbers added to 3 decrease by 1, the sum decreases by 1.

We know:
3 + 3 = 6
3 + 2 = 5
3 + 1 = 4
3 + 0 = 3
3 + (−1) =?

What does the pattern suggest?
3 + (−1) = 2
3 + (−2) = 1
3 + (−3) = 0
3 + (−4) = −1
3 + (−5) = −2
Therefore;
3 + (−6) = −3
As shown previously!

Integer subtraction (chip/tile, number line, and patterning) As with integer addition, we
explore several models for integer subtraction. We begin with the chip model.

Example 4. Let’s first consider 6− 2 and apply “take-away” used in whole number subtraction.

Solution. We start with 6 yellow tiles and “take-away” 2 yellow tiles.
which results in 4 yellow tiles, hence 6− 2 = 4.
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“take-away”

Example 5. Let’s turn our attention to −4− (−1) and again apply “take-away.”

Solution. We begin with 4 red tiles and “take-away” 1 red tile. which results in 3 red tiles, hence

“take-away”

-4 - (-1) = -3

Example 6. Let’s consider a more complicated problem 2− (−3).

Solution. We begin with 2 yellow tiles. To find 2−(−3) we want to subtract 3 red tiles from 2 yellow
tiles. If we just have 2 yellow tiles, we can’t take 3 red ones away. Therefore, we need to represent 2
so that 3 red tiles are present. Recall that 1 red tile and 1 yellow tile represent a zero pair, which is
the same as adding in 0 and the problem does not change. Because we need 3 red tiles, we can add in
3 red tiles and 3 yellow tiles (3 zero pairs) without changing the problem.
First, we begin with 2 yellow tiles .

Let’s add in 3 zero pairs. Once done, we remove or “take away” 3 red tiles, leaving us with 5 yellow
tiles. Hence, 2− (−3) = 5.

“take-away”

Example 7. Let’s explore one more example, 2− 7, from two different perspectives.

Solution. Let’s examine the problem utilizing “take-away.” We begin with 2 yellow tiles, add in 5
zero pairs, and “take away” 7 yellow tiles. Hence, 2− 7 = −5.

Yet, this method can be restructured. The process of introducing 5 zero pairs and then removing 7
yellow tiles can be accomplished by inserting 7 red tiles. We already know a subtraction problem with
whole numbers can be turned into an addition problem by finding a missing addend. This also applies
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to subtraction problems involving integers.

We start with 2 yellow tiles and “add” in 7 red tiles. .

With the set of tiles, we create 2 zero pairs (equal to zero) and we are left with 5 red tiles. Hence,
2− 7 = −5.

This simplified method finds 2 − 7 by finding 2 + (−7). Thus the method of subtraction replaces a
subtraction problem with an equivalent addition problem - that is to say, adding the opposite.

Subtraction of Integers - adding the opposite
Let a and b be any integers. Then a− b = a + (−b)

The number line model used for integer addition can also be used to model integer subtraction. We
subtract b from a by moving from the point a|b| units in the direction opposite that of b (so if b is
positive we move from a to the left, and if b is negative, we move from a to the right). Note that
a− b = a + (−b).

Example 9. If the outside temperature falls from 5◦F to 1◦F (burrr), what was the temperature
drop?

Solution. By noting the temperature drop is the distance from 5 to 1, which is 5 - 1 = 4.

Example 10. If the outside temperature falls from 5◦F to -3◦F (really burrr), what was the tem-
perature drop?

Solution. The temperature drop is still the distance on the number line, this time between -3 and
5 on the number line. Hence, 5− (−3) = 8.

Example 11. If the outside temperature in Salt Lake City is -3◦F and the outside temperature at
the Snowbird Ski Resort is -10◦F (on the same day); how much warmer is it in Salt Lake City than at
the Snowbird Ski Resort, or what is the difference between these temperatures?
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Solution #1. Number-line

We describe subtraction of integers a− b as the directed distance between b and a. Picture a number
line and -3 -(-10).

{The a represents -3 and the b is (-10). If we think about the directional distance from b to a we start
at -10 and move to the right (positive) until we reach -3. That move is +7 places. So -3 - (-10) = 7,
or we say Salt Lake City is 7◦ warmer than the Snowbird Ski Resort.

Solution #2. Adding the opposite

-3 -(-10) is the same as -3 + -(-10) which is equivalent to -3 + 10 We begin at -3 and count 10 places
to the right. Therefore, -3 - (-10) = 7.

Solution #3. Missing-Addend

Recall that another approach to subtraction, the missing-addend approach, was used in whole-number
subtraction in the elementary grades. For example, 5- 2 = n if and only if 5 = 2 + n.

We can also find the difference of two integers by considering the pattern model, similar to the pattern
model of addition of integers.

Example 9 revisited, 5− (−3):

We know
5− 2 = 3
5− 1 = 4
5− 0 = 5
5− (−1) =?

What does the pattern suggest?
5− (−1) = 6 5− (−2) = 7
Therefore;
5− (−3) = 8
As shown previously!

We close section 2.1 with a word of caution. Subtraction in the set of integers is neither commutative
nor associative.

i.e. 5− 3 6= 2− 5 because 3 6= −3
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i.e. (5− 2)− 1 6= 5− (2− 1) because 2 6= 4

The expression 5−2−1 is ambiguous unless we know in which order to perform the subtractions. The
convention is that 5− 2− 1 means (5− 2)− 1; that is; left to right, following from order of operations
in Grade 5. However, it is best to get in the habit of using parentheses to eliminate ambiguities.

Section 2.2: Multiply, Divide Integers.

• 7. NS.1d Apply properties of operations as strategies to add and subtract rational numbers. (7.
NS.1d)

Integer Multiplication ( Models - number line, chip/tile and patterning)
What does multiplication mean and what kinds of problems does it solve? In elementary grades,
there were a variety of models presented to help children understand the meaning of multiplication.
The models are typically labeled as; repeated addition, rectangular area, array, skip-counting, tree
diagrams, and Cartesian product. The most popular model of multiplication is “repeated addition.”
Let’s consider a typical elementary multiplication problem. Sally babysat for her mother for 4 hours.
Her mother paid her $5 each hour. How much money did Sally earn after 4 hours?

We note that Sally earned $5+$5+$5+$5 = $20 which is the sum of 4 fives, written as 4 ·5. Repeated
addition can be illustrated with groups:

Notice in the illustration, there are 4 groups of $5. Hence, the basic definition of multiplication of
whole numbers as repeated addition reads if a and b are non-negative numbers, then a · b is read as ”a
times b,” and means the total number of objects in a groups if there are b objects in each group.

The product of a and b, written a · b, is defined by

a · b = b + b + . . . + b︸ ︷︷ ︸
a addends (groups)

when a 6= 0 and by 0 · b = 0

In elementary grades the dot symbol for multiplication is often replaced by a cross, × (not to be
mistaken for the letter x or x), or by an asterisk ∗, which is often used in computer programming.
Sometimes no symbol is used and parentheses are placed to distinguish the factors such as (a)(b).

We note that a and b are called factors, and that the first factor a stands for the number of groups,
and the second factor b stands for the number of objects in each group.

Now, how can you tell if the operation used to solve a problem is multiplication? To answer this
question let’s consider the definition of multiplication once again. Multiplication applies to situations
that involve equal groups. In the illustration for our previous problem, there were 4 distinct groups of
$5 in each group. Thus, according to the definition of multiplication, there are 4 · 5 dollar bills in all.
Simply put, whenever a collection of objects is arranged into a groups, and there are b objects in each
group, then we know that according to the definition of multiplication, there are a · b total objects.
Up to this point we have examined multiplication only for whole numbers, so, what is the meaning of
multiplication of negative numbers?

Example 1. What does (3)(−5) mean?
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Solution. We know that 3 × 5 represents the total number of objects in 3 groups if there are 5
objects in each group. If we use the same interpretation, then 3× (−5) is the total number of objects
in 3 groups if there are (-5) objects in each group. What does this mean? Let’s return to our problem
with Sally and consider a new problem. On each day of a three day weekend, Sally spends $5 on
transportation. How much does she spend all together?

The ledger shows an entry of -5 for transportation in each of three days, so, for the week the ledger
shows (−5) + (−5) + (−5) = −15, and the total is 3× (−5) = −15.

Let’ sum up with a familiar rule. A positive number times a negative is a negative.

How would this look on a number line model? Once again, let’s revisit this situation as repeated
addition.

3× (−5) = (−5) + (−5) + (−5) = −15 and illustrate our findings on a number line; 3 groups of (-5).

Integer multiplication can also be modeled using the chip/tile model. Since 3× 5 can be thought of
as ”3 groups of 5 yellow tiles,” the operation 3× (−5) can be thought of as “3 groups of 5 red tiles.”

Example 2. What does −3× 5 mean?

Solution. In many popular textbooks, the problem −3 × 5 is communicated through mail carrier
stories with respect to delivering or removing checks and bills. For our particular situation −3× 5, a
mail carrier story would read like this:

Suppose the mailman takes away three checks for $5 each. Are you richer or poorer, and by how much?
Answer: $15 poorer; (−3)(5) = −15.

So far, so good, but what really is the meaning of −3x5? Let’s revisit some of our earlier work for
clarification. We noted that the notation −x is the opposite of x. In other words, x is a variable that
can be replaced by some number either positive, negative, or zero. So, −x is read “the opposite of x.”

Using this same interpretation, −3× 5 is read as ” the opposite of 3 times 5” or ”the opposite of 3
groups of 5.” In general, given a and b, we can define

−a× b to be − (a× b).

The use of the number line model to show multiplication of −3 × 5 is shown below. Note, the
integers 3 and -3 are opposites. We can think of −3× 5 as the opposite of three groups of 5 each. So
−3× 5 = −(3× 5) = −15.
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How would the situation of −3×5 be handled in the chip/tile model? The first factor (3) is negative,
which indicates that we should “remove (or take away) 3 groups of 5 yellow tiles.” In order to remove
tiles from a set that has a value of 0, we must add some tiles with a value of 0 to the set. We can
accomplish this by adding in an equal number of yellow and red tiles to our set. Once done, we remove
3 groups of 5 yellow tiles.

Remove 3 groups of 5 yellow tiles, resulting in 15 red tiles = −15.

However, there is another way we can understand how to multiply a negative number and a positive
number which is motivated by the properties of whole numbers. In elementary grades the field axioms
were fundamental to understanding arithmetic, in mental calculations, and standard algorithms. Be-
fore we take this thought any further, let’s consider two patterns in multiplication.

In our first pattern, we know,
3 · 5 = 15
2 · 5 = 10
1 · 5 = 5
0 · 5 = 0

In our second pattern; we know,
5 · 3 = 15
5 · 2 = 10
5 · 1 = 5
5 · 0 = 0

What does this pattern suggest?
−1 · 5 = −5
−2 · 5 = −10
Therefore,
−3 · 5 = 15

What does this pattern suggest?
5 · (−1) = −5
5 · (−2) = −10
5 · (−3) = −15

This pattern suggests that the properties of arithmetic that were studied in elementary grades for
whole numbers will hold for integers as well. What does this imply? According to the commutative
property of multiplication −3 × 5 = 5 × (−3) which must be equal to -15 according to our previous
work in Example 1. Let’ sum up our findings with another familiar rule. A negative number times a
positive is a negative.

Example 3. Finally, what does a negative number times a negative number imply? What does
−3× (−5) mean? Once more, let’s communicate this problem through a mail carrier story.

Suppose the mailman takes away three bills for $5 each. Are you richer or poorer, and by how much?
Answer: $15 richer; (−3)(−5) = 15.

What really if the meaning of −3× (−5)? Let’s once again revisit our earlier work in which we noted
that −x is read “the opposite of x.” Using this interpretation, −3× (−5) is read as “the opposite of 3
times -5” but most importantly, “the opposite of 3 groups of negative 5,” which can be written as
−(3× (−5)).
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The meaning of the multiplication of two negative numbers is made clear in the number line model.
The value of the expression −3× (−5) is represented by “the opposite number of 3 groups of negative
5.” Our first step is to show “3 groups of negative 5.” We follow this up by its opposite.

We can clarify −3 × (−5) in the chip/tile model. To find −3 × (−5) using the chip model, we
represent the first factor -3 to mean that we should “remove (or take away) 3 groups of ”; and the (-5)
is taken to mean 5 black chips. In order to remove chips from a set that has a value of 0, we must
add some chips with a value of 0 to the set. We can accomplish this by adding in an equal number of
white and black chips to our set. Once done, we remove 3 groups of 5 black chips.

Remove 3 groups of 5 red tiles, results in 15 yellow tiles = 15.

However, there is another way we can understand how to multiply a negative number and a negative
number which is motivated by patterns.

We consider −3× (−5) by exploring previous patterns.

From previous work, we know;
3 · (−5) = −15;

let’s continue our pattern
2 · (−5) = −10
1 · (−5) = −5
0 · (−5) = 0
−1 · (−5) = 15
−2 · (−5) = 10
−3 · (−5) = 15

Once again, notice the first four products, -15, -10, -5, and 0, are terms in an arithmetic sequence with
a fixed difference of 5. If the pattern continues, the next three terms in the sequence are 15, 10, and 15.
Therefore, it appears that −3 × (−5) = 15, similarly by the commutative property of multiplication
−5 × (−3) = 15. Let’s sum up our findings with another familiar rule. A negative number times a
negative is a positive.

Integer Division (reformulated as a multiplication problem) The final operation that we will
cover in this chapter is division. We know that multiplication has an inverse operation, division. For
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instance,

3× 5 = 15 so 15÷ 5 = 3 and 15÷ 3 = 5.

Division for integers can be viewed as an extension of whole number division and is defined in the
following manner.

Definition of Integer Division. Take integers a and b, where b 6= 0. Then a÷ b is the unique (one
and only one) integer c, if it exists, such that a = bc.

Now, using the number line model for −15÷−5 we are really asking “−15 is how many groups of
−5?” In essence, it is the same question as , or “15 is how many groups of 5” with the only significant
difference being the direction of the arrows on the number line.

Since division and multiplication are inverse operations, it comes as no surprise that the rules (or dis-
coveries we have made. . .such as a negative number times/divided by a negative number is a positive)
for dividing integers are the same for multiplication.

Now, carefully look at the definition of integer division, and notice the restriction b 6= 0. When we
defined division, a÷ b, we said that the divisor b should not be zero. Why not?

We know that division is the inverse operation of multiplication. For example, the unique (one and
only) solution of 15

5 = 3 , since 3 is the value for which the unknown quantity in (?)(5) = 15 is true.
But the expression requires a value to be found for the unknown quantity in (?)(0) = 15. But any
number multiplied by 0 is 0 and so there is no number that solves the equation, simply put, we can’t
define the number. Now, the expression 0

0 =? requires a value to be found for the unknown quantity
in (?)(0) = 0. This issue here is that any number multiplied by 0 is 0 and so this time every number
solves the equation instead of there being a single number (unique) that can be taken as the value
of 0/0. In general, a single value can’t be assigned to a fraction where the denominator is 0 so the
value remains undefined or we say “does not exist.” More specifically, we say that 0/0 is known as
“indeterminate.”

Section 2.3: Add, Subtract, Multiply, Divide Positive and Negative Rational
Numbers (all forms).

• Apply and extend previous understandings of multiplication and division and of fractions to
multiply and divide rational numbers.7.NS.2.

a. Apply and extend previous understandings of multiplication and division and of fractions
to multiply and divide rational numbers. Understand that multiplication is extended from
fractions to rational numbers by requiring that operations continue to satisfy the properties of
operations, particularly the distributive property, leading to products such as (−1)(−1) = 1
and the rules for multiplying signed numbers. Interpret products of rational numbers by
describing real-world contexts.
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b. Understand that integers can be divided, provided that the divisor is not zero, and every
quotient of integers (with non-zero divisor) is a rational number. If p and q are integers,
then −(p/q) = (−p)/q = p/(−q). Interpret quotients of rational numbers by describing real
world contexts.

c. Apply properties of operations as strategies to multiply and divide rational numbers.

d. Convert a rational number to a decimal using long division; know that the decimal form of
a rational number terminates in 0s or eventually repeats. (7.NS.2)

• Solve real-world and mathematical problems involving the four operations with rational num-
bers.(7.NS.3)

We now turn our attention to arithmetic operations with rational numbers. We saw in Chapter 1 that
we can put rational numbers on the number line. First, for any positive integer b we can divide the
unit interval into b equal segments; the first ends at the point 1/b. a/b then consists of a copies of
1/b (going to the right if a > 0 and to the left if a < 0. Now the opposite of a/b is defined to be that
point on the other side of 0 as a/b, and of distance |a/b| from the origin. From here the definitions
of the arithmetic operations are just as they were for the integers. For example, a/b + c/d consists of
placing the interval corresponding to c/d at the end of the segment corresponding to a/b. Subtraction
is defined: a/b − c/d is defined as the sum of a/b and the opposite of c/d. Operationally, the sum of
two rational numbers requires some explanation. Since the expression a/b is taken to mean a copies
of 1/b, then it is easy to add (or subtract) rational numbers with the same denominator: a copies of
1/b plus c copies of 1/b gives us a + c copies of 1/b.

a/b + c/b = (a + c)/d.

Now, to add a/b + c/d with b 6= d, we can divide the segment 1/b into d equal pieces, each of which
represents 1/bd, and 1/b consist of d copies of 1/bd, and so a/b consists of a copies of d copies of 1/bd,
or ad copies of bd. In symbols:

a/b = ad/bd.

Similarly
c/d = bc/bd,

and now we can add the numerators of the denominator bd:

a/b + c/d = ad/bd + bc/bd = (ad + bc)/bd.

The following graphic summarizes the material of this chapter, showing how the various number sets
we have been discussing a re connect,ed, and suggesting that the operations on each larger set are just
extensions on the preceding set.
The “rules” discovered or the understanding gained with respect to multiplication and division in sec-
tions 2.1 and 2.2 helps students work toward meeting this standard in section 2.3. Students will then
have the ability to solidify their skills and understanding of addition, subtraction, multiplication and
division of rational numbers through solving real-word mathematical problems.

For example;
Add, subtract, multiply, divide using money amounts Sally bought 7 candy bars that each cost the
same amount. The total cost was $2.17. What was the price of each candy bar?

Add/subtract decimals Debby bought 3.6 pounds of peanuts and 5.3 pounds of raisins. How many
pounds of snacks did she buy in all?
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Multiply decimals and whole numbers Britney’s family eats 7.6 pounds of cereal each week. How many
pounds of cereal will Britney’s family eat in 8 weeks?

Divide decimals by whole numbers Mike went to the hardware store and bought 4 identical copper
pipes. When Mike lined up the pipes end-to-end, the line was 1.2 meters long. How long was each pipe?

Add, subtract, multiply, and divide fractions and mixed numbers Ashley uses 3/8 of a bag of chocolate
chips every day for her famous cookies. For how many days will 1 1/2 bags of chocolate chips last?

Divide fractions and mixed numbers Austin made 2/3 of a quart of hot chocolate. Each mug holds 1/3
of a quart. How many mugs will Austin be able to fill?

Multiply fractions and mixed numbers Last week, Robert spent 5 hours doing homework. Hunter did
homework for 4/5 as many hours as Robert did. How many hours did Hunter spend doing homework?

Add and subtract mixed numbers To make some punch for a party, Alan mixed together 8 4/5 bottles
of pineapple juice and 2 4/5 bottles of club soda. How many bottles of punch did Alan make?

Add and subtract fractions Professor Walker weighed two pieces of metal for an experiment. The piece
of iron weighed 5/8 of a pound and the piece of aluminum weighed 1/8 of a pound. How much more
did the piece of iron weigh than the piece of aluminum?
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