
Chapter 1. Probability, Percent, Rational Number Equivalence

Seventh grade begins with problem solving as students review and apply arithmetic with whole numbers
as they investigate chance processes. Probability provides students with opportunities to build fluency
with fractions, percents, and decimals from previous grades - and recognize equivalent forms of rational
numbers. Number line models are appropriate. In addition to covering basic counting techniques and
listing outcomes in a sample space, students distinguish theoretical probabilities from experimental
(frequentist) approaches to estimate probabilities. This chapter concludes with a section specifically
about solving percent problems, including those involving discounts, interest, taxes, tips, and percent
increase or decrease.

Section 1.1: Investigate chance processes. Develop/use probability models.

• Understand that the probability of a chance event is a number between 0 and 1 that expresses the
likelihood of the event occurring. Larger numbers indicate greater likelihood. A probability near
0 indicates an unlikely event, a probability around 1

2 indicates an event that is neither unlikely
nor likely, and a probability near 1 indicates a likely event. 7SP5.

• Approximate the probability of a chance event by collecting data on the chance process that pro-
duces it and observing its long-run relative frequency, and predict the approximate relative fre-
quency given the probability. For example, when rolling a number cube 600 times, predict that a
3 or 6 would be rolled roughly 200 times, but probably not exactly 200 times. 7SP6

Background

This is the students’ first formal introduction to probability. The mathematics emphasized in this
chapter reflects the importance in today’s society of being able to understand basic concepts of proba-
bility. Also, probability is a vehicle for students to engage in a new mathematical topic while reviewing
and practicing whole number and rational number arithmetic. This enables the teacher to assess stu-
dent proficiency with the skills while introducing mathematics that is new and yet familiar to most
7th graders because of their life experience.

The mathematical study of probability dates to the 15th century and is based on problems involving
gambling. Most historians think that it originated in an unfinished dice game. The French math-
ematician Blaise Pascal received a letter from his friend Chevalier de Méré, a professional gambler,
who asked how to divide the stakes if two players start, but fail to complete, a game consisting of
five matches in which the winner is the one who wins three out of five matches. The players decided
to divide the stakes according to their chances of winning the game. Pascal shared the problem with
Pierre Fermat and together they solved the problem, which is often marked as the beginning of the
era of mathematical theory related to probability.

An Introduction to Probability

Probability is the branch of mathematics that quantifies uncertainty. In probability, we study chance
processes, which concern experiments or situations where we know which outcomes are possible, but
we do not know precisely which outcome will occur at a given time. Probabilities are ratios, expressed
as fractions, decimals, or percent, determined by considering results or outcomes of experiments. An
experiment is an activity whose results can be observed and recorded. Each of the possible results of
an experiment is an outcome. If we toss a fair coin, there are two distinct possible outcomes; heads
(H) and tails (T ).
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The set of all possible outcomes for an experiment is a sample space. The outcomes in the sample
space cannot overlap. In a single coin toss of a fair coin (we assume that the coin is fair, i.e. that heads
and tails are equally likely to occur when we flip the coin), the sample space S is given by S = {H,T}.

Experiment : A coin is tossed. Possible outcomes: Heads (H) or tails (T ). Sample Space: {H,T}

The sample space S for rolling a standard die is S = {1, 2, 3, 4, 5, 6}. Any subset of a sample space is
an event, essentially a collection of outcomes. For example, the set of all even-numbered rolls {2, 4, 6}
is a subset of all possible rolls of a die {1, 2, 3, 4, 5, 6} and is an event.

In April 1940, during World War II, while visiting family in Copenhagen, John Kerrich was caught
in the Nazi invasion and was imprisoned. To pass time, Kerrich tossed a coin 10,000 times. On his
release, Kerrich published an account of his experiments in a short book entitled An Experimental
Introduction to the Theory of Probability. A sample of his results is labeled Table 1.1. The relative
frequency column on the right is obtained by dividing the number of heads by the number of tosses of
the coin.

Number of tosses Number of Heads Relative Frequency
10 4 0.400
50 25 0.500
100 25 0.500
500 255 0.510

1,000 502 0.502
5,000 2,520 0.504
10,000 5,067 0.507

Table 1.1.

As the number of tosses increased, Kerrich obtained heads close to half the time. The relative frequency
for Kerrich’s tosses gives a result of 5,067/10,000, or approximately 1/2. At the time, Kerrich was
using the relative frequency interpretation of probability. In this view, the probability of an event is
the fraction of times that an event will occur after many repetitions. When a fair coin is tossed the
fraction (or ratio) of heads is 1/2, so we say that the probability of heads occurring is 1/2 and we write
P (H) = 1

2 .

Example 1. A fair die is tossed. Let S = {1, 2, 3, 4, 5, 6}. Let’s calculate each of the following
probabilities.

a. the event A that the outcome is an even number

b. the event B that the outcome is a number greater than 20

c. the event C that the outcome is a number less than 20

Solution. The expression P (A) represents the probability (or likelihood or chance) that event A
will occur. You can quantify probability with a fraction, percent, or decimal number. Each of the 6
numbers in set S has an equal chance of being drawn;

a. P (A) = {2, 4, 6}, so P (A) = 3
6 = 1

2 .

b. If the event B is impossible, that is, the set B has no members (this is called the empty set, denoted
by B = ∅), then P (B) = 0

6 = 0.
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c. If the event C is certain to occur, that is, C is the whole sample space (denoted by C = S) then
we say the chance of C happening is 1, that is C = S, so P (C) = 6

6 = 1.

To clarify, in Example 1(b), event B is the empty set. An event such as B that has no outcomes is
an impossible event and has a probability of 0. In Example 1.1(c), event C consists of rolling a
number less than 20. Because every number in S is less than 20, the P (C) = 1. An event that has a
probability 1 is a certain event.

In summation, the likelihood that an event will occur is expressed by a number called the probability
of an event, where the probability ranges from 0 (impossibility) to 1 (certainty), or equivalently, when
they are given as percentages, between 0% and 100%. A probability of 0% means that the event cannot
possibly occur, as seen in Example 1.1(b); a probability of 100% means that the event is certain to
occur, as seen in Example 1.1(c), and the greater the probability, the more likely an event is to occur.
For example, if we flip a coin, the probability that it will land up is 0.5 or 50%, since we expect,
either on the basis of the coin’s symmetry or by data gathered from past experience, that half the time
we obtain heads and half the time tails. A probability of 50% means the event is as likely to occur
as not to occur. In particular, we note: If A is any event and S is the sample space, then 0 ≤ P (A) ≤ 1.

Students recognize that the probability of any single event can be expressed in terms of impossible,
unlikely (the closer the probability of the event is to 0), equally likely, likely (the closer the probability
of the event is to 1), or certain; or as a number between 0 and 1, inclusive, as illustrated on the number
line below.

We will focus on two ways to determine the probability of an event: experimental (or empirical or
experiential) and theoretical (classical). When a probability is determined by observing outcomes of
experiments, such as the example with John Kerrich, it is determined experimentally or empirically.
Experimental probability is determined, or at least approximated, by observing the outcomes of exper-
iments (how often the event occurs when a number of trials have been conducted) or tabulating how
frequently the event has occurred in the past. For example, suppose we toss a penny in the air and
let it land on a hard surface. The experiment has two outcomes, since the coin will land either heads
or tails up. If, in 100 experiments, the outcome heads occurs 77 times, we say that the experimental
probability of obtaining a head is 77

100 . In symbols, this probability is written P (H) = 0.77, where H
denotes the event that the coin lands heads upward.

More generally, we make the following definition:

Definition 1.1(a)

P (E) =
observed frequency of specific event E

total number of trials
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If only a few experiments have been conducted, the experimental probability can vary widely and will
not be a good indicator of future outcomes of the experiment. However, as the number of experiments
increases, the variation decreases, as seen with John Kerrich’s experiment. This important fact is called
the law of large numbers. It is known as Bernoulli’s theorem, in honor of Jakob Bernoulli (1654-1705).

The Law of Large Numbers
If an experiment is performed repeatedly, the experimental probability of a particular outcome more
and more approximates a fixed number as the number of trials increases. The fixed number is the
theoretical probability that the event occurs (as detailed below).
The second way to determine the probability of an event is theoretical probability determined by
mathematical calculations, such as in Example 1. For example, the theoretical probability of rolling
a 4 on a die is 1/6 because there are 6 faces on a die, each of which is equally likely to turn up, and
only one of these faces has a 4. When one outcome is just as likely as another, the outcomes are
equally likely. The experimental probability of obtaining a 4 is found by rolling a die many times
and recording the results. Dividing the number of times a 4 comes up by the total number of rolls
gives us the experimental probability. The experimental probability of the event’s occurring should be
approximately equal to the theoretical probability of the event’s occurring.

Defintion 1.1(b)

P (E) =
number of elements ofE

number of elements of S
=

n(E)

n(S)

Example 2. If we draw a card at random from an ordinary deck of playing cards (no jokers), what
is the probability that

a. the card is an ace?

b. the card is a red queen?

Solution

a. There are 52 cards in a deck, 4 of which are aces. If event E is drawing an ace, and using the
definition of probability of equally likely outcomes we compute the following:

P (E) =
n(E)

n(S)
=

4

52

b. The event E of getting a red and a queen consists of 2 cards: red queen of diamonds and red queen
of hearts. Hence,

P (E) =
n(E)

n(S)
=

2

52
=

1

26

Example 3. Let’s consider an ordinary die that has the numbers 1 through 6 on each of its six faces.
Let’s also assume the die is not weighted so that each side is equally likely to land face up. Find the
probability of getting a one, a two, a three, a four, a five, a six.
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Solution In this case, since the sample space is S = {1, 2, 3, 4, 5, 6}, and there are six outcomes:
n(S) = 6.As we can clearly see, since the die is fair, P (1) = P (2) = P (3) = P (4) = P (5) = P (6),
and P (1) + P (2) + P (3) + P (4) + P (5) + P (6) = 1, or the probability of an event is the sum of the
probabilities of the distinct outcomes that compose the event. We conclude that the probability of
any face coming up is 1/6.

Summary

Some key observations to make. Both n(E) and n(S) have to be zero or positive; probability is never
negative. Since S represents all possible outcomes, and E is a subset of S, n(E) is always less than or
equal to n(S). This means that probability is never greater than 1. Probabilities are usually expressed
as fractions or decimals between (and including) zero and one. Sometimes we will express probabilities
in percent form when it seems appropriate for a given circumstance. As we have observed, the sum of
the probabilities of all the outcomes in the sample space will always be one.

It is important students understand the commonalities and differences between experimental and
theoretical probability in given situations. In experimental probability, we approximate the probability
of the chance event by collecting data that produces it and observing its long-run relative frequency.
For example, the probability of rolling a 4 when a die is thrown is found by tossing the die a number
of times, i.e. 600 times, predicting that 4 would be rolled roughly 100 times, but probably not exactly
100 times. In theoretical probability, the probability of rolling a 4 is found by looking at the sample
space, and is 1/6. Most of the time, the probability of obtained experimentally or empirically will
differ from that obtained using theoretical probability. The question for most students is, “How many
times should I roll the die when using experimental probability?” There is no specific answer except to
say that the more time you toss the die, the closer the results obtained experimentally will resemble
theoretical probability. In summary, experimental probability uses observed frequencies and the total
number of frequencies, and theoretical probability uses sample spaces and assumes the outcomes are
equally likely.

Section 1.2: Equivalence and Conversion in Rational Number Forms (frac-
tion, decimal, percent).

Convert a rational number to a decimal using long division; know that the decimal form of a rational
number terminates in 0s or eventually repeats (here this is an exercise in representing probabilities,
and in chapter 3 will be resumed more formally). 7.NS.2d

Background Students in elementary grades have encountered rational numbers (i.e., fractions and
decimals), yet a background understanding is warranted. The word fraction comes from the Latin
“fractio” or “fractus” meaning to break or “broken.” The use of fractions began with human observa-
tions of nature to express quantities that were less than a whole unit, such as divisions of the day, and
patterns in nature. As early as 2000 B.C., the Babylonians used fractions; however, the denominators
of their fractions were always powers of 60 to correspond with their base system and were closely
connected to their alphabet. Evidence of the early stages in the development of fractions can be found
in Egyptian mathematics in the Rhind Mathematical Papyrus. Fractions were very important to the
Egyptians considering that out of 87 problems on the Rhind papyrus only 6 did not involve fractions.
Egyptians worked with fractions in a systematic way and were unit fractions (numerators had to be
1) and 2/3. All other fractions were expressed in terms of unit fractions (i.e., 3

4 = 1
2 + 1

4 ).

Fraction ideas appear to have been used in many cultures. Just as our present numeration system is
based on work by Hindu mathematicians transported to Europe through Arab scholars, our method
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of writing fractions can also be attributed to the Hindus, most notably the Indian mathematician
Aryabhata. By the year 1000, Arabs had introduced the use of the fraction bar in their writings, with
Fibonacci as the first European mathematician to use the fraction bar as it is used today.

A fraction written as a numerator and denominator is read in most cases as the numerator, followed by
the denominator (using ordinal nomenclature, as in “fifths” for fractions with a 5 in the denominator)
in the same form as the corresponding ordinal number, in plural if the numerator is not one; i.e. “3/4”
is ”three-fourths.” There are some exceptions such as when the denominator is 2, sometimes read as
“half” (or plural halves); such as the case “3/2” read as “three-halves;” or the case of large denomina-
tors that are not powers of ten would be read using the cardinal number. Therefore, 1/154 might be
read as ”one one hundred fifty-fourths” but is often read as “one over one hundred fifty-four.” Most
fractions are used grammatically as adjectives of a noun, and the fractional modifier is hyphenated.
The term numerator comes from the Latin word numerare, or the Latin verb enumerate, which means
“to number” or “to count” and the name denominator comes from the Latin word nomen which means
“name” (and also shows up in words like “nominate” and “nomenclature”). ThatÕs pretty much what
the denominator of a fraction does: it “names,” or indicates, the type of fraction that is described by
the numerator (the top part, which tells the number of objects). For example, 3/5 is to be understood
as 3 duplicates of one-fifth of a whole.

Fractions can be written without using explicit numerators or denominators, by using decimals or
percent signs. Other uses for fractions are to represent ratios and to represent division. To illustrate,
the fraction 3

4 is used to represent,

• Part/Whole Comparisons with unitizing “3 parts out of 4 equal parts”; i.e. 3
4 means three

parts out of four equal parts of the unit, with equivalent fractions found by thinking of the parts

in terms of larger or smaller chunks 3(whole pies)
4(whole pies) = 12(quarter pies)

24(quarter pies)

• Operator, “ 3
4 of something”; 3

4 gives a rule that tells how to operate on a unit (or on the result
of a previous operation): multiply by 3 and divide your result by 4 or divide by 4 and multiply
the result by 3

• Ratios, “3 parts to 4 parts” or “per” quantities, 3:4 means 3 parts of A are compared to 4 parts
of B, where A and B are of like measure (it is a fraction when it represents the ratio between the
part and the whole)

• Quotient, “3 divided by 4,” i.e. 3
4 is the amount each person receives when 4 people share a

3-unit of something

• Measure, “3 (1/4-units),” i.e. 3
4 means a distance of 3 (1/4-units) from 0 on the number line

or 3 (1/4-units) of a given area

• Decimals/Percentages, represent fractional parts of a unit where the partitions are powers of
10, i.e. 0.75 or 75% of a unit.

Rational Number. A rational number is defined as a number that can be expressed in the form
of a fraction a

b , where the numerator a is any integer and the denominator b is any nonzero integer.
The set of all rational numbers is denoted by Q (named in 1895 by Peano after quoziente, Italian for
”quotient”). Since any integer n is considered to be a rational number n

1 , the rational number system
is an extension of the system of integers, I. The test for a number being a rational number is that it
can be written as a fraction. However, not all fractions are rational numbers, for example, the quotient√

2
2 and π

4 are fractions, yet are not rational numbers.
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Decimal fractions (decimals), percentages and ratio Although fractions have a long history,
our notation for decimal fractions (decimals) is more recent. The person who is credited with making
decimal fractions widely known and understood is the Flemish mathematician Simon Stevin, who in-
troduced decimals as a computational device, with the modern notation introduced by Napier 60 years
later as a simplification of the Stevin system.

The word decimal comes from the Latin word decem, meaning ”ten.” Decimal notation uses tenths,
hundredths, thousandths, and so on, as well as units, tens, hundreds, thousands, and so on. The
decimal point separates the unit’s column from the tenths column. To the right of the decimal point,
we read the names of the digits individually, i.e. 20.75 is read as ”twenty point seven five” or ”twenty
and seventy-five hundredths.”

Simply put, decimal representation of rational numbers is the natural extension of the base ten place-
value representation of whole numbers. Decimal fractions are constructed by placing a dot, called a
decimal point, after the units’ digit and letting the digits to the right of the dot denote the number of
tenths, hundredths, thousandths, and so on. If there is no whole number part in a given numeral, a 0
is usually placed before the decimal point (for example 0.75).

To clarify, a decimal is a fraction whose denominator is not given explicitly, but is understood to be
an integer power of ten. Decimal fractions are commonly expressed using decimal notation in which
the implied denominator is determined by the number of digits to the right of a decimal separator (as
discussed above). Thus for 0.75 the numerator is 75 and the implied denominator is 10 to the second
power or 100, because there are two digits to the right of the decimal separator. In decimal numbers
greater than 1, such as 2.75, the fractional part of the number is expressed by the digits to the right
of the decimal value, again with the value of .75, and can be expressed in a variety of ways.

In mathematics, decimals can be used to represent both rational and irrational numbers (although we
will limit this discussion to rational numbers). The decimal expansion of a rational number always
either terminates after a finite number of digits or begins to repeat the same finite sequence of digits
over and over. Moreover, any repeating or terminating decimal represents a rational number.

How do we know if the decimal fraction will terminate or repeat?
First let us look at terminating decimals. A terminating decimal, like .275, is a sum of fractions where
each denominator is a power of ten. So

.275 =
2

10
+

7

100
+

5

1000
=

2

10
+

7

102
+

5

103
.

Now, if we put these terms over a common denominator, we get

2(102) + 7(10) + 5

103
=

275

103
.

In the same way, .67321 becomes
67321

105
,

and in general a terminating decimal leads to a fraction of the form A/10e where A is an integer and
e is a positive integer. So, if a decimal terminates after e terms, it can be written as a fraction with
denominator 10e. Now, since 10 = 2 ·5, we can write this as 2e ·5e, and we conclude that a terminating
decimal can be written as a fraction whose denominator has as prime factors only 2 and 5. On the
other hand, we can easily see that any fraction whose denominator is a product of 2’s and 5’s has a
terminating decimal. Let A/2a5b be such a fraction ( A is an integer). Suppose a = b. Then our
fraction is

A

2a · 5a
=

A

10a
,
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so the decimal terminates at the ath place. If on the other hand a 6= b, one is larger than the other;
suppose a > b. Then we have

A

2a · 5b
=

5a−b

5a−b
A

2a · 5b
=

5a−bA

2a5a
=

5a−bA

10a
,

so terminates after the ath place. We can use the same argument if b > a to show that the decimal
terminates at the bth place.

Now, let us turn to repeating decimals. Let’s start with a simple case: 0.33333 . . . , where “. . . ”
is meant to indicate that the 3’s repeat forever. A better notation is to write 0.3, where the bar
indicates the part that repeats. In this way, something complicated, like 0.26545454545454 . . . can be
written as 0.2654. Here’s a trick that always works. Let’s go back to 0.3. Let a represent this number.

Multiply by 10 to get 10a = 3.3 We then have the two equations:

10a = 3.3

a = 0.3 .

Subtract the second from the first to get 9a = 3, to conclude that a = 1/3 is the fraction represented
by the decimal.

Here’s a more complicated example: 0.234. Now multiply by 1000. Letting a be the number rep-
resented by this fraction, we get these two equations:

1000a = 234.234

a = 0.234 .

Subtract the second from the first to get 999a = 234, so a = 234/999, which is 26/111 in lowest terms.

We really should be discussing decimals that are eventually repeating, such as 0.2654. The same
trick works, but it is a little more compacted; let’s do it for this decimal. First, we apply our trick to
0.54 to get 54/99 = 6/11. Then we do a little bit of arithmetic:

0.2654 =
26

100
+ (

1

100
)(0.54) =

26

100
+ (

1

100
)(

6

11
) =

26

100
+

6

1100
=

292

1100
=

73

275
.

For another example, let’s convert 0.23. We have:

0.23 =
2

10
+

1

10

(1

3

)
=

7

30
.

To complete the discussion, we show that the decimal expansion of a fraction is an eventually repeating
decimal. To convert a/b (where a and b are integers) to a decimal we calculate a÷ b by long division.
At each step in the long division algorithm, the remainder r is a whole number with 0 ≤ r < b. If r = 0,
then the long division algorithm stops at that step, representing a terminating decimal. Otherwise r is
a number from the following list: 1, 2, 3, . . . , b−1. By the bth step in the long division, some remainder
has to appear again. Then, the sequence of digits between these two appearances of the first repeating
remainder is the repeating part of the decimal expansion.

Let’s follow this through for 6/11. We start the long division 6 ÷ 11: at the first stage we get an
approximation of .5 with a remainder of 5; at the next stage we have an approximation of .54 with a
remainder of 6. But that is where we started, so we can conclude that continuing this process repeats
the consecutive remainders 5,4 endlessly, and thus the decimal expansion for 6/11 is 0.54
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To illustrate the general pattern, let’s consider 1/7. If we calculate 1 ÷ 7 we find the remainders
are sequentially; 3, 2, 6, 4, 5, 1. Notice, each is greater than 0 and less than 7. Since there are only six
possible remainders, the next step of the long division must produce one of these numbers. In fact, it
is the first one 3, so we conclude that 1/7 = 032645.

Try this with 26/111. The first step in the long division produces a 0.2 with a remainder of 38;
the second a 0.23 with a remainder of 44, and the third step a 0.234 with a remainder of 26. Since we
started out with 26÷ 111, this is our first repeater, and so the decimal expansion of 26/111 is 0.234.

Equivalence & Comparing Fractions & Rational Numbers A property of rational numbers is
that every rational number corresponds to some unique point on a number line. Another interesting
property of rational numbers is that many different fractions may be used to represent the same parts
of the whole. In Figure 1, the shaded region is 1 part out of 2 (represented by 1

2 ) or 3 parts out of 6
(represented by 3

6 ) or 6 parts out of 12 (represented by 6
12 ). Notice that 1

2 ,
3
6 and 6

12 all represent the
same shaded region.

Similarly, Figure 2 shows that a rational point on the number line is represented by many (in fact,
infinitely many) different fractions. For example, 1

2 ,
3
6 and 6

12 all represent the same point.

Figure 1

Figure 2

Fractions that represent the same rational number point on the number line are called equivalent
fractions. Each of these fractions is said to be equivalent to the other fractions, and a set such as{

. . . ,
−6

−12
,
−3

−6
,
−1

−2
,

1

2
,

3

6
,

6

12
, . . .

}
is called an equivalence class of fraction.

Fraction bars are very useful in demonstrating equiva-
lent fractions. By placing two fraction bars side by
side, or stacked, we can see that 1 part of 2 rep-
resents the same part of the whole as 3 parts of
6 and 6 parts of 12. This figure shows a frac-
tion bar that has 3 parts shaded of 6. If we
then subdivide each of the 6 parts of the fraction
bar into 2 parts, the number of shaded parts is 3 ·
2 and the total number of parts is 6 · 2. The
shaded parts thus represent of the whole. But
this amount was originally 3

6 . Therefore, 3
6 =

3∗2
6∗2 .

This intuitively evident property of fractions is expressed as the Fundamental Law of Fractions and
will be used to obtain equivalent fractions (or equal rational numbers).
Fundamental Law of Fractions. Let b 6= 0. For any fraction a

b and any non-zero integer number n,
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a

b
=

an

bn
and

na

nb
=

a

b

Because n/n = 1, and a/b ·n/n = an/bn, this property is simply an application of multiplying by the
multiplicative identity.

a

b
=

a

b
· 1 =

a

b
· n
n

=
an

bn

Example 4 Show that 35
63 and 40

72 are equivalent, by writing each fraction with a denominator that
is the product of the two denominators.

Solution

35
63 = 35·72

63·72 = 2520
4536 and 40

72 = 40·63
72·63 = 2520

4536

By carefully studying the preceding example, we can identify an interesting relationship. Because
35 · 72 = 2520 = 40 · 63, the fraction 35

63 = 40
72 are equivalent. This fact can be generalized as follows.

Fractions The fractions a
b and c

d (b, d 6= 0) are equivalent (that is, the two rational numbers represents
by (ab and c

d are equal)if an only if ad = bc.

Ordering Fractions & Rational Numbers Just as we represent integers on the number line, we
can so represent rational numbers. Given the rational number a/b (a is an integer and b is a positive
integer), firs we divide the unit interval (the line segment from 0 to 1) into b equal parts.The right
endpoint of the piece starting at 0 is identified with 1/b. The end of the next segment is identified
as 2/b and so forth. So, a/b, for a positive is represented on the number line as the endpoint of a
sequence of a copies of the segment from 0 to 1/b. Finally, −a/b is identified with the opposite of a/b:

−a
b

= −a

b
.

Now - again, just as in the case of integers - for any two rational numbers r and s, we write r < s (r
is less than s) if, on the number line r is to the left of s. Similarly, r > s if r is to the right of s. In
the figure below, −52 lies to the left of −12 and 1

2 lies to the left of 5
2 ; therefore,

−5

2
<
−1

2
and

1

2
<

5

2

All of these fractions have the same denominator (2); however among the numerators, −5 < −1 and
1 < 5. This leads to the observation that of two fractions with the same denominator we compare
their sizes by comparing the sizes of the numerators;

a

c
<

b

c
if and only if a < b .

Note: although this is stated for “less than,” a corresponding statement holds for “greater than” and
“less than or equal to” and “greater than or equal to.”
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Example 5. So 2
5 < 4

5 (because 2 < 4), and −25 < 2
5 (because −2 < 2).

To test whether 2
7 is less than 4

13 , we use the Fundamental Law of Fractions to change to equiva-
lent fractions with the same (or a common) denominator:

2

7
=

2 · 13

7 · 13
=

26

91
and

4

13
=

4 · 7
13 · 7

=
28

91

Therefore, since 26 ¡ 28, we can conclude that 2
7 < 4

13 .

This example suggests a way of comparing fractions. Suppose that a/b and c/d are two fractions
with positive denominators. If we put them over a common denominator then the comparison of the
fractions is the same as the comparison of the numerators. In particular, if we replace a/b by ad/bd and
c/d by bc/bd, then the relation between the fractions is the same as the numerators. To summarize:
If a

b and c
d are rational numbers expressed with positive denominators, then

a

b
<

c

d
if and only if ad < bc .

Unlike the case with whole numbers, we can find a fraction between any two given fractions. For
example, consider 3

4 and 5
6 . Since 3

4 = 18
24 and 5

6 = 20
24 , we then can find that 19

24 is between 3
4 and 5

6 .
Now consider 18

24 and 19
24 . These equal 36

48 and 38
48 respectively; thus 37

48 is between 3
4 and 5

6 also. If we
continue, one can show that there are infinitely many fractions between 3

4 and 5
6 . From this it follows

that there are infinitely many fractions between any two different fractions.

Estimating the size of a Rational Number. The ordering of rational numbers and the Funda-
mental Law of Fractions both assist in estimating the size of rational numbers. For example, let’s
estimate and simplify 11

20 . Evidently, 11
20 is slightly larger than 10

20 , which equal 1
2 , thus 11

20 is slightly
larger than 1

2 .

LetÕs look for other ways of estimating rational numbers. One way, of course, is to calculate the
decimal expansion to a few places. Ordering strategies include, but are not limited to:

Example 6 (Same denominator, different numerator). We have already observed that the
comparison of such fractions is the same as the comparison of the numerators.

Example 7 (Same numerator, different denominator). Find two fractions between 7
12 and 7

11

Solution Students should conclude that 7
12 < 7

11 since twelfths is smaller than elevenths and seven
of the twelve pieces would be smaller than seven of the eleven pieces. Essentially, the more parts the
whole is divided into, the smaller the parts. Two fractions between 7

12 and 7
11 would be 7

11 1
2

and 7
11 1

4

.

7

11 1
2

=
7
23
2

=
14

23
and

7

11 1
4

=
7
45
4

=
28

45

In order, the fractions would be 7
12 ,

14
23 ,

28
45 , and 7

11

Example 8 (Comparing fractions to a benchmark such as 0, 1
2 , or 1). Compare 5

9 and 3
7 .

Compare 3
20 and 3

4 .

Solution 5
9 is larger than 1

2 and 3
7 is smaller that 1

2 , so we can conclude that 5
9 > 3

7 . 3
20 is relatively

small, close to 0, whereas 3
4 is between 1

2 and 1, therefore, 3
20 < 3

4 .

When comparing 7
8 and 8

9 , we utilize the notion that 7
8 = 1− 1

8 , whereas, 8
9 = 1− 1

9 .
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Example 9 (Adding whole number to both the numerator and denominator). When we
do that to a fraction less than 1, we increase the fraction. We can see this as follows: Suppose the class
has s students of whom b are boys. Then the fraction of boys in this class is b/s. If a more boys enter
the room, the fraction of boys in the class increases. But that fraction is (b+a)/(s+a). So, if asked to
compare 7/8 and 8/9, since the second is obtained by adding 1 to both numerator and denominator,
it is the larger fraction.

However, if we add the same whole number to the numerator and denominator of a fraction greater
than 1, we decrease the fraction.

Example 10 (Doubling each fraction) When comparing 3
5 and 2

3 , both fractions are greater than
1
2 . If we double both, they increase proportionally and we have 6

5 and 4
3 . Now, 6

5 is only 1
5 greater

than 1, 4
3 is 1

3 greater than 1. Hence two-thirds is greater than three-fifths.

Summary:

Mathematical topics exist as part of an intricate web of interrelationships as evident by rational
numbers. To understand rational number sense, students must have a solid foundation in operations
with whole numbers. However, rational numbers are the first set of numbers children experience that
is not based on a counting algorithm. Consider the counting algorithmÉwith rational numbers the
algorithm falters, there is no next rational number, and fractions are added differently. Yet, there are
many experiences that cannot be fully quantified with whole numbers and integers alone.

Thus, a key aspect of rational number sense is the ability of students to talk about the multiple
and equivalent forms of rational numbers and the relationship among fractions, decimals, and per-
cents. Remember, a rational number may be represented as a terminating or repeating decimal and in
other ways, but it can always be represented as a fraction and is the natural extension of the base ten
place-value representation of whole numbers. One property of rational numbers is that it corresponds
to some unique point on a number line. Another interesting property of rational numbers is that many
different fractions may be used to represent the same parts of the whole.

Fractions that represent the same rational number are equivalent fractions. Fraction bars and number
lines are useful in demonstrating equivalent fractions and are evident by the Fundamental Law of
Fractions. The concept of equivalent fractions naturally leads to issues of ordering and estimation.
Oftentimes students will use the terms rational number and fraction interchangeably, yet we must note
that some fractions do not represent rational numbers.

Lastly, as the definition of percent suggests, percent is a fraction with a denominator of 100. Per-
cents are an intuitive way of speaking about parts of a whole, and are used in grades, sports, surveys,
interest rates, just to name a few. Percents are a special type of fraction and are one of the most
important ratios in school mathematics. In summary, we study and solidify our understanding of
rational number sense through the carefully study of fractions, decimals and percents.

Section 1.3: Solve Percent Problems Including Discounts, Interest, Taxes, Tips, and
Percent Increase or Decrease

• Solve real-world and mathematical problems involving the four operations with rational numbers.
7NS3
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• Solve multi-step real-life and mathematical problems posed with positive and negative rational
numbers in any form (whole numbers, fractions, and decimals), using tools strategically. Apply
properties of operations to calculate with numbers in any form; convert between forms as ap-
propriate; and assess the reasonableness of answers using mental computation and estimation
strategies. For example: If a woman making $25 an hour gets a 10% raise, she will make an
additional 1/10 of her salary an hour, or $2.50, for a new salary of $27.50. If you want to place
a towel bar 9 3

4 inches long in the center of a door that is 27 1
2 inches wide, you will need to

place the bar about 9 inches from each edge; this estimate can be used as a check on the exact
computation. 7EE3

A Brief Introduction to Percent

Another kind of fraction is the percentage. The word percent comes from the Latin phrase, per cen-
tium, literally “of one hundred” or “per hundred” and is an abbreviation in English of the French pour
cent. Long before decimals were used, the need to work with tenths and hundredths was evident. The
use of percentages, or similar standards in probability, has been seen in pre classical China, India, and
Egypt, where it is believed that the first appearance in India was around 3500 BCE (although this
date has been a point of debate amongst historical mathematicians). Although in Rome, roman taxes
were calculated on the basis of three types of fractions. For example, Augustus levied a tax of 1% on
goods sold at auction and 4% on every slave sold. While the notation was not employed then, compu-
tations were often made in fractions which were multiples of 1/100. Over the years computations with
a denominator of 100 became standard with interest rate quotes in hundredths. The percent sign was
developed with respect to the Spanish phrase por ciento, short hand for per one hundred.

Percents are an intuitive way of speaking about parts of a whole, and are used in grades, sports,
surveys, interest rates, just to name a few. Percents are a special type of fraction and are one of the
most important ratios in school mathematics. For example, if 20% of 7th graders plan to purchase
Val-o-grams on Valentine’s Day next year, this tells us that 20 out of every 100 7th graders plan to
purchase a Val-o-gram. Hence, 20% is the ratio 20/100, and after simplifying, is the fraction 1/5 or
written as a decimal fraction 0.20.

Percents represent ratios, fractions, or decimals (fraction decimals) and means, “per hundred.” Recall
that percentages represent specific parts of a whole, thus 25% means 25 per hundred, 25/100, or 0.25.
The symbol “%” is used to represent percent. So 420% means 420/100, 4.20, or 420 per hundred. In
general, n% represents the ratio n/100.

Why use percents when we could use ordinary fractions? By using the denominator 100, it becomes
easy to compare fractional amounts of different quantities. For example, if the fraction of 7th grade
students who like chocolate is 160

500 and the fraction of 8th grade students who like chocolate is 200
800 , we

have to do some calculating to tell which class of students has the greater fraction of students who like
chocolate. On the other hand, it we are told that 32% of 7th grade students like chocolate and 25% of
8th grade students like chocolate, then we know immediately that 7th graders have a greater fraction
of students who like chocolate.

Since percents are alternative representations of fractions and decimals, it is important to be able
to convert among all three forms. Due to previous work on converting fractions to decimals, and vice
versa, let’s consider four other conversions.

Conversion 1: Percents to Fractions
Use the definition of percent. For example, 25% = 25

100 by the meaning of percent.

Conversion 2: Percents to Decimals
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To convert a percent directly to a decimal, “drop the % symbol and move the number’s decimal point
two places to the left.” This is because “percent” means “over 100”: 38% means 38/100 which is
represented by the decimal .38.

Conversion 3: Decimals to Percents
Here we merely reverse the shortcut demonstrated in case 2 or we rewrite the decimal fraction into an
equivalent fraction. For example, 0.25 = 25

100 as a fraction with a denominator of 100, given that the
“5” is in the hundredths place. We then utilize the definition of percent we arrive at 25%. In essence,
percents are obtained from the decimals by “moving the decimal point two places to the right and
writing the % symbol on the right side.”

Conversion 4: Fractions to Percents Some fractions that have terminating decimals can be converted
to percents by expressing the fraction with a denominator of 100. Again, percent is a fraction with a de-
nominator of 100. Thus, we express 25

100 = 25%, or 2
5 = 2·20

5·20 = 40
100 = 40% and 3

25 = 3·4
24·4 = 12

100 = 12%.
Lastly, fractions can be converted to decimals using long division as we have seen previously.

Estimation Strategies
Estimation strategies for calculations with fractions and decimals extend from the same strategies with
whole number operations. For example, to estimate 74% of 24, note that 74% of 24 is a little less than
75% of 24. Now, 75% of 24 is approximately the same as ? of 24 or 3 (1/4’s) of 24, or 3(6’s). Hence,
we have 74% of 24 to be approximately 18.

Percent Increase and Percent Decrease

We have discussed percents as a way of describing the ratio of a portion to the whole:

p% =
portion

whole amount
or

p

100
=

portion

whole amount
.

But often the concept of percent is used in comparisons: “the cost of wheat today is 15% higher than
it was 8 years ago”, “the population of Newark has decreeased by 8% since 2010,” and so forth. In
such cases the idea of percentage is still portion/whole, but one has to be careful with what one takes
as the “whole.” For example:

Activity. Suppose my weight goes up by 10% and then I decide to lose 10% to return to my original
weight. Will I actually return to my original weight?

Solution. Let’s say my weight was 160 lbs; 10% of 160 is 16, so I weighed 176 lbs when I decided on
my ten percent diet. But, 10% of 176 is 17.6, so at the end of my diet I weigh 158.4 lbs, and actually
overshot my goal.

The purpose of the following examples is to illustrate the various ways in which “percentage increase
and decrease” arise.

Example 1. Suppose we know the population of Utah is 2.7 million, and that there are 800,000
people in Utah under the age of 18. We can express that as saying 29.6% of Utahns are under the age
of 18, since

800, 000

2, 700, 000
= .296

to three decimal places.

Example 2. I may read that that 61% of Utahns voted in the last election, and want to know
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the number of voters. Start from

61

100
=

number of voters

population of Utah
=

V

2, 700, 000
,

where V stands for the number of voters. Now solve: V = 0.61(2700000) = 1, 647, 000. Once again, p
percent of an amount A is p/100 times A.

Example 3. My annual salary is $47,000. If I pay 18% in taxes, what is my tax bill? If I give
4% in charity, how much is that?

Solution. The answer to the first question is .18 × 47, 000 = 8, 460 and my charity contribution is
.04× 47, 000 = 1, 880.

Example 4. My boss tells me that next year I will get a 6% raise. What will my salary next year
be? The raise is .06 × 47, 000 = 2, 820, so my new salary is that added to my old salary: 47,000 +
2,820 = 49,820. Note that the result is the same if my boss had instead expressed my new salary this
way: “Next year your salary will be 106% what it is this year.”

Example 5. If the population today of Isla Incognita is 113% what it was in the year 2000, and
the population in 2000 was 36,000, then today’s population is 1.13×36, 000 = 40, 680. Suppose I know
the present population of Isla Linda to be 18,000, and I also know that it is 113% of the population
in 2000. What was the population in 2000? We have to solve the equation 1.13 × P = 18, 000, or
P = 18, 000/1.13 = 15, 929.
Be careful! You might have argued:“ if the population grew by 13% from 2000 to today, that means
that the 2000 population was 13% less then.” so you calculate (1− 0.13)× 18, 000 = 15, 660 - a quite
different figure, and the wrong one.

This is best explained by a simple example: If there are three people in a room, and another per-
son enters the room, the population increases by 33%, for 4 is 4/3 =1 +1/3 of 3. But now, if that
person leaves the room, the population decreases by 25% because 3 is 3/4 of 4, or 1-1/4 of 4.

Example 6. The population of the US is 313.9 million, and that of Brazil is 190.7. Express in
percentages how much larger the US is than Brazil and how much smaller Brazil is than the US is
Brazil. Choose p so that the US is p% larger than Brazil. Then we have to solve

(1 + p/100)(190.7) = 313.9 .

Now let q be such that Brazil is q% smaller than the US. Here we have to solve

(1− q/100)(313.9) = 190.7 .

The answers are p = 64.6 and q = 39.2.

Activity. Two stores have the same skateboard on sale. The original price of the skateboard is $200.
At store AAA, it is on sale for 20% off with a rewards coupon that allows the purchaser to take an
additional 30% off the sale price at the time of purchase. At store BBB, the skateboard is on sale for
30% off. They too have a rewards coupon, but their coupon is for an additional 20% off the sale price.
Will the price for the skateboard be the same at both stores? If not, which store has the better deal?
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