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Figure 1: Apollo 11 Saturn V Lift Off

1 Introduction

At 9:32 AM (EDT) on July 16, 1969 Apollo 11 lifted off atop a Saturn V rocket that was
364 feet long and weighed about 6,100,000 pounds. At 1:54 PM (EDT) on July 21 the
lunar ascent module lifted off from the Moon. The lunar ascent module weighed about
11,000 pounds (on the Earth). At 12:44 PM (EDT) on July 24 Neil Armstrong, Buzz
Aldrin, and Michael Collins splashed down on board the command module Columbia in
the central Pacific.

2



Figure 2: Apollo 11 Ascent Module Photographed from the Command and Services Module
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Figure 3: Apollo 11 Lunar Module

Figure 4: Apollo 11 (Columbia) Returns

4



The names, times, and dates will be different but within twenty five years we will all be
watching as men and women travel to Mars and back. And, just as with the Moon, the
successful round trip will be built on a foundation of math, physics, and biology. Planning
a trip to Mars is like putting together a giant jigsaw puzzle with thousands of interlocking
pieces. In this article we look at some of the math and physics pieces – pieces that make
great examples in freshman calculus and physics courses. If you teach either of those classes
you should find lots of ideas here to enrich your classes and engage your students.

This paper is written for faculty who teach first year calculus and physics courses. It is
intended to provide background and ideas and to excite you about possible ways you can
use Moon and Mars exploration to engage your students and motivate them to learn and use
mathematics and science. This paper does not assume the reader is an expert in physics.
It is not intended for direct student use and contains ideas rather than classroom-ready
resources. It will eventually be surrounded by a library of classroom-ready, class-tested
curriculum resources. We invite you to contribute to that library.

Section 13 suggests some books, websites, and articles you and your students might like
to read to learn more about space travel – our past trips to the Moon and future trips
to Mars. The book One Giant Leap by Charles Fishman is particularly good. Chapter 4,
The Fourth Crew Member, is particularly interesting to mathematicians and computer
scientists. The book is less than $20.00 and would be a great addition to your collection.
Extensive excerpts (but not including Chapter 4) are available free at the Smithsonian
Magazine website cited in Section 13.

This article is organized using the order of topics in calculus and physics courses. After a
general introduction to the problem of a round trip to the Moon or Mars and its complexity,
you can use ideas that students are learning throughout the course to study pieces of the
problem. At the same time you can instill in your students important habits-of-mind –
like active reading with pencil and paper – and maybe even a calculator or computer – at
hand. Perhaps most importantly, you can create a mathematical playground in which all
your students from the least prepared to the best prepared and most motivated can pose
and answer their own questions about space travel.

2 The Modeling Cycle

If you spend a few minutes surfing the web – perhaps starting with the Wikipedia article,
Human Mission to Mars1 – you will discover that for many years many people have been
thinking about how we can travel to Mars and back and, even now within twenty five years
of the first trip, there are many different competing ideas about the best way to do this.

1https://en.wikipedia.org/wiki/Human mission to Mars Accessed 13 June 2019.
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Figure 5: Whole Flight Plan

As of now we don’t know the best way or even if there is one best way. We can learn a
lot about going to Mars by studying the history of our trip to the Moon. One of the first
lessons we can learn is that uncertainty about overall strategy is completely expected. See,
for example, A Strategic Decision: Lunar Orbit Rendezvous.2 The following paragraphs
are taken from that article:

[As late as June 7, 1962, a little over seven years before the launch of Apollo 11]
there were three competing approaches to get to the moon:

• Direct Ascent – blast straight off the ground on a direct path to the lunar
surface and return the same way;

• Earth-Orbit Rendezvous (EOR) – launch two rockets into Earth orbit,
refuel and assemble the spacecraft, and then take go to the moon and
back.

• Lunar-Orbit Rendezvous (LOR) – launch one rocket towards lunar orbit
and land a small lander on the lunar surface while the remaining spacecraft
stayed in orbit. Figure 5 shows the flight plan from the Earth to the Moon
and back using the LOR strategy.

[All three strategies share common characteristics. They all rely on “stages.”
For example, the launch vehicle has several stages. After all the fuel in each
stage is burned, it is jettisoned, reducing the mass that continues on.]

On June 7, 1962, at the Lunar Mode Decision Conference, Marshall represen-
tatives spent six hours presenting their argument for EOR. At the end of the

2https://appel.nasa.gov/2012/01/10/5-1 lunar orbit rendezvous-html/ Accessed 25 June 2019.
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day-long meeting, after months of steadfastness, von Braun stood up and read
from a sheet of paper he had been scribbling on over the course of the day:

We at the Marshall Space Flight Center readily admit that when first
exposed to the proposal of the Lunar Orbit Rendezvous Mode we were
a bit skeptical–particularly of the aspect of having the astronauts
execute a complicated rendezvous maneuver at a distance of 240,000
miles from the earth where any rescue possibility appeared remote. In
the meantime, however, we have spent a great deal of time and effort
studying the [three] modes, and we have come to the conclusion that
this particular disadvantage is far outweighed by [its] advantages.

In the weeks that followed, the final decision to go to the moon using the LOR
approach made its way to the desk of Administrator James Webb (a proponent
of the direct ascent approach). On June 22, 1962, the Manned Space Flight
Management Council announced in favor of the LOR approach.

This decision illustrates why real-world decisions are far more difficult than the textbook
decisions encountered in many courses. Although real-world decisions must be informed by
mathematics and science, they also depend on judgments. Real world decisions usually in-
volve competing criteria – criteria that are often in conflict. The biggest advantage of LOR
was that it minimized the size of the rockets needed – especially, the rocket needed to lift
off from Earth. The biggest disadvantage was that it required capabilities – rendezvousing
and docking in lunar orbit that had not even been done in low Earth orbit.

The human story behind this decision is fascinating with a remarkable cast of characters.
One of the most important, John Houbolt, is known for his persistent advocacy of LOR
and going around channels.

As a member of of Lunar Mission Steering Group, Houbolt had been studying
various technical aspects of space rendezvous since 1959 and was convinced,
like several others at Langley, that lunar-orbit rendezvous (LOR) was not only
the most feasible way to make it to the moon before the decade was out, it was
the only way. At the time many scientists thought the only way to achieve a
lunar landing was to either build a giant rocket twice the size of the Saturn V
(the concept was called Nova) or to launch multiple Saturn Vs to assemble the
lunar ship in Earth orbit (an approach known as Earth orbit rendezvous).

In November 1961, Houbolt took the bold step of skipping proper channels and
writing a 9-page private letter directly to incoming Associate Administrator
Dr. Robert C. Seamans. Describing himself somewhat melodramatically “as a
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Figure 6: The modeling cycle, the problem-solving process, the scientific method

voice in the wilderness,” Houbolt protested LOR’s exclusion from the NASA
debate on the Apollo mission profile. “Do we want to go to the moon or not?”
the Langley engineer asked. “Why is Nova, with its ponderous size simply
just accepted, and why is a much less grandiose scheme involving rendezvous
ostracized or put on the defensive? I fully realize that contacting you in this
manner is somewhat unorthodox,” Houbolt admitted, “but the issues at stake
are crucial enough to us all that an unusual course is warranted.”3

Figure 6 is the key to success for complex problems like going to the Moon or Mars.
Scientists call this the “scientific method.” Mathematicians call it the “mathematical
modeling process.” Engineers call it the “problem solving process.” They are all talking
about the same idea – modeling – using different words. We begin in the real world with all
its complexity and all its unknowns. We are forced to begin with very simple models, often
models of just parts of the problem. These simple models enable us to get some traction on

3https://www.nasa.gov/content/john-c-houbolt-unsung-hero-of-the-apollo-program-dies-at-age-95 Ac-
cessed 19 July 2019.
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the problem but they are far from solving the whole problem and they often give us only
rough approximations to some of the answers. Then we build progressively more complex
and useful models, often by combining elements from several simpler models. For each
model – each trip around the modeling cycle – we go through three steps:

• We build the model by picking the most important elements of the real world
problem. The single most important element of the strategic choice discussed above
is weight or mass. The distinction between weight and mass is important – the
weight of an object whose mass is 1 kg is 9.80 N on the Earth and 1.6 N on the
Moon. Because every kg of mass that was needed for the whole trip had to be lifted
off the Earth, the Saturn V rocket had to be huge but even it would not have been
sufficient for direct ascent. EOR attacked this problem by lifting this mass from the
Earth in two pieces and then assembling the spacecraft that would go to the Moon
and back in Earth orbit. But, because the spacecraft would have to go to the Moon
and back, everything that was required for the return trip would have to land on the
Moon and then take off. So even with assembly in Earth orbit, each of the two pieces
would require a rocket at least as big as the Saturn V. The genius of LOR is that
only a very small mass was needed to land on the Moon and an even smaller mass
was needed to carry the two astronauts that landed on the Moon back to lunar orbit
where it could rendezvous with the larger mass required to get back to Earth. But
this genius came at a price – it relied on the capability to rendezvous and dock in
lunar orbit 240,000 miles from the Earth – a capability that had not even been tried
in low Earth orbit. It relied on the ability of astronauts to pilot their craft in ways
that were very different from the aircraft they had flown.

As we build models, we often make some assumptions either to simplify the problem
or because we don’t know some of the things we eventually need to know – for
example, we might make assumptions about what it’s like to walk on the Moon in a
bulky space suit when no one has ever done it before. Sometimes assumptions have
to be made right up until the mission itself. The extended quote below is from What
You Didn’t Know About the Apollo 11 Mission by Charles Fishman in the June 2019
issue of the Smithsonian Magazine.4

For the first Moonwalk ever, Sonny Reihm was inside NASA’s Mission
Control building, watching every move on the big screen. Reihm was a
supervisor for the most important Moon technology after the lunar mod-
ule itself: the spacesuits, the helmets, the Moonwalk boots. And as Neil
Armstrong and Buzz Aldrin got comfortable bouncing around on the Moon
and got to work, Reihm got more and more uncomfortable.

4https://www.smithsonianmag.com/science-nature/what-you-didnt-know-about-apollo-11-mission-
fifty-years-ago-180972165/ Accessed 13 June 2019.
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It was when the cavorting started on the Moon that Reihm got butterflies
in his stomach. Aldrin had spent half an hour bumping around in his
spacesuit, with his big round helmet, when all of a sudden, here he came
bounding from foot to foot like a kid at a playground, right at the video
camera he and Armstrong had set up at the far side of their landing site.

Aldrin was romping straight at the world, growing larger and larger, and
he was talking about how he’d discovered that you have to watch yourself
when you start bouncing around, because you couldn’t quite trust your
sense of balance in Moon gravity; you might get going too fast, lose your
footing, and end up on your belly, skidding along the rocky lunar ground.

“You do have to be rather careful to keep track of where your center of mass
is,” Aldrin said, as if his fellow Earthlings might soon find this Moonwalk
advice useful. “Sometimes, it takes about two or three paces to make sure
you’ve got your feet underneath you.”

Reihm should have been having the most glorious moment of his career.
By the time of the Moon landing, before he turned 30, he had become the
Apollo project manager inside Playtex. His team’s blazing white suits were
taking men on their first walk on another world. They were a triumph of
technology and imagination, not to mention politics and persistence. The
spacesuits were completely self-contained spacecraft, with room for just
one. They had been tested and tweaked and custom-tailored. But what
happened on Earth really didn’t matter, did it – that’s what Reihm was
thinking. If Aldrin should trip and land hard on a Moon rock, well, a tear
in the suit wouldn’t be a seamstress’s problem. It would be a disaster. The
suit would deflate instantly, catastrophically, and the astronaut would die,
on TV, in front of the world.

The lunar module (LM) that carried two astronauts from lunar orbit to the Moon
and back to lunar orbit had two stages – the descent stage and the ascent stage
(LMA). Because everything that was needed to land on the Moon could be left on
the Moon, the ascent stage weighed only about 11,000 pounds (on Earth). Next we
look at one small part of Apollo 11’s trip to the Moon and back (Figure 5) – the
lunar module’s ascent stage’s (Figure 3) flight from the surface of the Moon to the
Command and Service Module (CSM) orbiting 61.6 nautical miles5 above the Moon’s
surface (Figure 7). We will focus on the following elements of this part of the trip:

◦ Where the LMA is at each time during this ascent – that is, its position.

◦ Its velocity.

◦ Its acceleration.

5https://history.nasa.gov/SP-4029/Apollo 11g Lunar Orbit Phase.htm Accessed 13 June 2019.
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Figure 7: From the Moon’s Surface to the Command and Service Module
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◦ The forces acting on the LMA.

◦ The energy used for this part of the trip.

These same ideas – position, velocity, acceleration, force, and energy – will be crucial
elements in many models – for example, launching Apollo 11 from the Earth’s surface
to low earth orbit (LEO) or launching a Mars ascent module from the surface of Mars
to low Mars orbit.

• In the second step of the modeling cycle we analyze our model using physics and
mathematics – for example:

◦ We know that velocity is the derivative of position and acceleration is the deriva-
tive of velocity.

◦ We know from Newton’s Second Law that F (t) = ma(t).

◦ We know at the beginning of Calculus that the work done by a constant force,
F , over a distance, d, is the product Fd and later in the year that if the force is
not constant we use integration instead of multiplication.

◦ One of the results of our analysis will be an estimate of the energy required for
this part of Apollo 11’s mission.

• In the third step of the modeling cycle we interpret/compare our results with the
real world. This step is essential and often requires more thought than might be
expected. It is intertwined with the simplifications and assumptions we made in the
first two steps. In our first example, this step will include at least the following:

◦ An estimate of the fuel used for this part of the trip.

◦ An analysis of the sensitivity of our results to the simplifications and assump-
tions we made in steps 1 and 2. For example, at the beginning of the semester
we might assume that the force of gravity is constant when we compute the
energy used to lift the LMA from the Moon’s surface to an altitude of 61.6 nau-
tical miles. More importantly, in our first model we will look just at two aspects
of the LMA’s ascent from the Moon’s surface to the CSM – its potential and
kinetic energy. The ascent trajectory is actually a complex trajectory requiring
energy not just for lifting and accelerating but also for turning. See Figure 7.

3 Position, Velocity and Acceleration

In this section we develop careful definitions of position, velocity and acceleration – includ-
ing units and notation. We will use vector notation in two and three dimensions, although

12



in your classes you may avoid vector notation. In Section 5 we develop a careful definition
of force and in Section 6 we develop careful definitions of work and energy.

3.1 Position

We measure position in meters and use notation like p(t) in one dimension or ~p(t) or
(x(t), y(t)) in two or more dimensions. The origin of our coordinate system is the center
of the Moon.

The position of the CSM orbiting in a circular orbit6 roughly 61.6 nautical miles above the
surface of the moon can be described by

~p(t) = 1, 851, 000 (cos(ct), sin(ct)) ,

using the approximations 1737 km for the radius of the Moon and 114 km for 61.6 nautical
miles. c is a constant whose value is to be determined.

3.2 Velocity

We measure time in seconds and velocity in meters per second and use notation like v(t)
or ~v(t). Note that

v(t) = p′(t) or ~v(t) = ~p ′(t).

Speed is the magnitude of velocity. The velocity of the CSM orbiting as described above is

~v(t) = 1, 851, 000 c (− sin(ct), cos(ct))

and its speed is 1, 851, 000 c.

3.3 Acceleration

We measure acceleration in meters per second2 and use notation like a(t) or ~a(t). Note
that acceleration is the derivative of velocity and the second derivative of position. The
acceleration of the CSM orbiting as described above is

6This is a simplification. Its orbit was actually elliptical.
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~a(t) = 1, 851, 000 c2 (− cos(ct),− sin(ct)) = −c2~p(t)

and the magnitude of its acceleration is 1, 851, 000 c2. Notice that the direction of the
acceleration is toward the origin at the center of the Moon.

4 Frames-of-Reference

Perhaps the greatest modeling story every told is the great leap of understanding that
led us to see/model our Earth as a planet spinning rapidly about its axis and revolving
rapidly around the Sun. This leap contradicts our everyday experience. Depending on
your latitude, you are traveling at a rate of between zero (at the poles) and 1036 miles per
hour (at the equator) in a circle around the axis of the Earth. Yet, looking around you,
you don’t see any motion and you don’t feel any motion. Actually it’s worse than that.
You are also traveling at over 66,400 miles per hour around the Sun.

Everything we perceive, everything we measure, is filtered through a frame-of-reference,
or coordinate system. In our everyday life that frame-of-reference is usually fixed to the
spinning Earth. Because we live in that frame-of-reference and don’t feel the Earth spinning
around its axis and its motion around the Sun, humankind’s natural first models envisaged
the Sun traveling across the sky. Indeed, in these first natural models the Earth was flat.

Just before Apollo 11 lifted off we all saw that its velocity was zero but was it? It looked like
it was zero because the cameras and their frame-of-reference were attached to the Earth’s
surface spinning along with the Earth. The origin of the frame-of-reference that is most
useful for near Earth travel is fixed at the center of the Earth but is not spinning along
with the Earth. In this frame-of-reference the Saturn V was traveling at over 900 miles per
hour even before ignition. That’s why launch sites are usually close to the equator (The
Kennedy Space Center is at latitude 28.6◦ N.)

When we travel to and from Mars, we will use a frame-of-reference whose origin is at
the center of the Sun. When we watch broadcasts from the International Space Station,
the camera and the frame-of-reference is fixed to the ISS. We see astronauts suspended
“weightless” without falling or moving. But, the ISS and the astronauts in it are traveling
around the Earth at close to 5 miles per second7 and the Earth’s gravity is pulling them
downward enough to compensate for the difference between their velocity vector that is
tangent to their orbit and the orbit itself.

7They are moving so fast that the ISS typically travels two or three times around the Earth while people
who watched a space shuttle launch are driving home in traffic.
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Figure 8: A Spinning SpaceCraft

We enclosed the word “weightless” in quotation marks in the paragraph above because
this word is unfortunate. It obscures the physics, as a lot of everyday language does. The
astronauts are “weightless” in the sense that if attached to a scale in the spacecraft the
scale would register zero because the spacecraft, the astronaut and the scale are all moving
freely under the pull of the Earth’s gravity. If a person is standing on a scale on Earth, the
scale is pushing up, preventing the person from falling and matching the downward pull of
the Earth’s gravity. The two forces cancel out and the person stays put.

Although the word “weightless” obscures the physics, it does illuminate some of the effects
that space flight has on humans. Astronauts get puffy faces on the International Space
Station because on the Earth gravity pulls fluids down from the face. The same thing
happens on the ISS but since an astronaut’s face is also being pulled downward the fluids
are not being pulled downward with respect to the face. In the frame of reference fixed to
the ISS it is as if the fluids became “weightless” and the astronaut’s face puffy.

If someone grew up on a long “coasting” trip to one of the outer planets, their entire
experience in the spaceship’s frame-of-reference would be one of “weightlessness,” without
gravity. In their frame-of-reference there would be no “up” or “down.” Because of the
detrimental effects of prolonged weightlessness on the human body we may decide to spin
a spaceship around its axis creating an “artificial gravity.” See Figure 8. You’ve experienced
this effect every time you’ve ridden in the right side of a car making a left turn. Because
the car is turning left the right side of the car pushed you left to keep you from going
straight and flying out of the car. Passengers in moving cars perceive this as a “centrifugal
force” pushing them toward the outside of a curve. Physicists call this an inertial force. If
one grew up on a spinning spaceship, in their frame-of-reference “down” would be toward
the circumference of the ship.
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In the next section we talk about force. Anytime we use the word “force” we must be
particularly aware of our frame-of-reference. In fact, we often use qualifying adjectives –
for example, we talk about fictitious or pseudo forces and in the preceding paragraph about
artificial gravity – in situations where the forces seem very real in one frame-of-reference
but not another.

Newton’s Laws hold in frames-of-reference that are not accelerating. Such frames-of-
reference are called inertial frames-of-reference. One example is two players playing tennis
on a cruise ship traveling at a constant speed in constant direction. To them the game
seems completely normal, as if they were playing on dry land. But, if the cruise ship is
turning, then the tennis ball will appear to follow a curved path – not because it is curving
but because the players and court are following a curved path under it.

As a faculty member teaching first year calculus and physics courses you must decide how
much time to spend on fictitious, pseudo, or artificial forces that arise when we work
with non-inertial frames-of-reference – like those attached to spinning spacecraft, planets
and moons. For much of what we do in this paper we can avoid non-inertial frames of
reference – for example, by using a frame-of-reference whose origin is at the center of the
Earth but is not attached to the Earth and does not spin with it.8 One reason to discuss
pseudo forces like the “centrifugal force” that creates “artificial gravity” is that the popular
literature is full of them. Careful and explicit discussion of pseudo forces like this can be
very illuminating but is also time-consuming and can be a source of confusion.

5 Force

We measure force and rocket thrust in kg meters per sec2, or Newtons (N). The thrust
produced by the LMA’s APS (ascent propulsion system) is 16 kN or 16,000 N.9 The force
produced by a single one of the five RocketDyne F-1 engines that powered the first stage
of the Saturn V is 6,770 kN10 for a total first stage thrust of 33,850 kN or 33,850,000 N.

This is a good place to talk about an important habit-of-mind – checking your work and
others’ work as you go. You might ask your students to compare these numbers to the
launch weight of Apollo 11 from the Earth and of the LMA when it took off from the
Moon. The weight of Apollo 11 at launch was about 6,100,000 pounds, or 27,000,000 N –
so the five F-1 engines had more than enough thrust to overcome the force of gravity and
lift the Apollo 11. The weight of the LMA was 11,000 pounds, or 49,000 N. Notice that the

8By using this frame-of-reference we are usually implicitly simplifying a model by ignoring the effects of
the Sun.

9https://en.wikipedia.org/wiki/Ascent propulsion system Accessed 13 June 2019.
10https://en.wikipedia.org/wiki/Rocketdyne F-1 Accessed 13 June 2019.
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LMA’s APS had a thrust of only 16,000 N – not enough to overcome the force of gravity
and lift the LMA. What is wrong with this analysis?11 This leads us to a discussion about
gravity.

The magnitude of the gravitational force exerted by an object of mass M on another object
of mass m is given by the expression

F =
GMm

r2

where G is the gravitational constant, 6.67384 × 10−11 meters3 kilogram−1 second−2 and
r is the distance between the two objects. Since we are interested in a rocket or satellite
of mass m near a much more massive object, like the Earth or the Moon of mass M , M
is usually much larger than m. We will use the center-of-mass of the larger object as the
origin. In reality the two objects move about their common center-of-mass but because
M is so much larger than m we will assume that the larger object remains fixed at the
origin.12 The force exerted by the object of mass M on the object of mass m is pulling
the object of mass m toward it. If ~p denotes the position of the object of mass m then the
force vector is given by

~F =

(
GMm

||~p ||2

)
︸ ︷︷ ︸
magnitude

(
− 1

||~p||

)
~p︸ ︷︷ ︸

direction

= −
(
GMm

||~p ||3

)
~p

and its acceleration by

~p ′′ =
1

m
~F = −

(
GM

||~p||3

)
~p.

Formulas like the formula,

F =
GMm

r2
,

for the gravitational force do not arise from thin air and it is important that we discuss
where they come from and what they mean in class. We know from experience that two

11The force of gravity on the surface of the Moon is only one-sixth the force of gravity on the surface of
the Earth. So the weight of the LMA on the Moon was only one-sixth its weight on Earth.

12The fact that this assumption is not exactly correct is hint foreshadowing the gravity-assist or slingshot
orbits that are now routinely used as apparent sources of energy.
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identical books weigh twice as much as one and that three weigh three times as much as
one. Thus, we expect that the gravitational force should be proportional to the mass, m.
Similarly, it also sense that twice as many Earths would pull twice as hard as one and that
the gravitational force is also proportional to the mass, M .

Whatever influence one object has on another naturally depends on the distance between
the two. For example, lights appear brighter when we are closer than when we are far
away. At a distance, r, from a light bulb, for example, its light is spread out over a sphere
of radius r and area 4πr2. Thus, the strength of the light from that bulb at a distance r
might be expected to be inversely proportional to r2. This might suggest the denominator
r2 in the formula for gravitational force.13 This is the first leg of the modeling cycle.
Confirmation of this formula comes from the third leg – comparing predictions made by
the formula with real world experiments.

Because the product GM occurs so often, it is convenient to replace it by a single constant
µ = GM . Thus, our formulas above become

F =
µm

r2

~F = −
(
µm

||~p ||3

)
~p

~p ′′ = −
(

µ

||~p ||3

)
~p.

The mass of the Earth is Mearth = 5.9736× 1024kilograms. So for the Earth

µearth = (6.67384× 10−11 meters3 kilogram−1 second−2)(5.9736× 1024kilograms)

= 3.98669× 1014meters3 second−2

We will approximate the Earth by a sphere of radius 6.371 × 106 meters. Thus, at the
surface of the Earth the calculated acceleration due to gravity is

13Isaac Newton inferred this by comparing the acceleration of the Moon to that of objects near
the Earth’s surface. https://www.physicsclassroom.com/class/circles/Lesson-3/The-Apple,-the-Moon,-
and-the-Inverse-Square-Law
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calculated gearth =
3.98669× 1014

(6.371× 106)2
= 9.822 meters per second2.

Since we spend most of our time on the surface of the Earth we commonly write g instead
of gearth. Note that this figure does not agree with the commonly used value, g = 9.80
meters per second2. Asking students what is wrong is a good exercise in modeling and
requires a new trip around the modeling cycle taking into account the centrifugal force14

produced by the Earth’s rotation about its axis. Asking students to determine the force of
gravity on the surface of the Moon is another good exercise.

We all have first hand experience with centrifugal pseudo force whenever we turn while we
travel – in a car, on a bicycle, on a train, or even running – for example, when our bodies
press against the outside wall of a car on a sharp turn or a motorcyclist or bicyclist leans
into a turn. We can even do some simple experiments by hanging a weight from a string
and swinging it around a circle.

Newton’s first law, also called Galileo’s law of inertia, states that a body at rest will
remain at rest in the absence of any external force and that a moving body will travel
with constant velocity in the absence of any external force. Although this law makes sense
from an intellectual standpoint, it actually contradicts our everyday experience. Because
of friction and air resistance, all of the moving bodies in our everyday experience slow
down. Nonetheless we do have a great deal of experimental evidence supporting Newton’s
first law of motion.

If an object is traveling around a circle of radius R meters at a speed of s meters per second
then its position at time t in seconds can be modeled by a function like

~p(t) = R

(
cos

(
st

R

)
, sin

(
st

R

))
.

Notice that the velocity,

~p ′(t) = s

(
− sin

(
st

R

)
, cos

(
st

R

))
,

has magnitude s and that the acceleration

14This is a pseudo force as discussed in the previous section. We feel it because our frame-of-reference is
a non-inertial frame-of-reference spinning along with the Earth.
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~p ′′(t) =

(
s2

R

)(
− cos

(
st

R

)
,− sin

(
st

R

))
= −

(
s2

R

)
~p(t)

has magnitude s2/R.

The force necessary to produce this acceleration on a body of mass m has magnitude
ms2/R and this is the magnitude of the force you feel from the outside wall of a turning
car. This leads to nice set of problems early in a Calculus course.

The first of these exercises look at circular orbits. As we noted above, the force produced
by gravity by an object of mass M on another object of mass m at a distance R has
magnitude

GMm

R2
.

Since the force necessary to keep a satellite of mass m is a circular orbit of radius R is
ms2/R we can compute the necessary speed by:

ms2

R
=

GMm

R2

s2 =
GM

R

s =

√
GM

R

and the period of such an orbit is

2πR

s
=

(
2π√
GM

)
R3/2.

Now we can ask students to do things like compute the speed and period of the International
Space Station or of the CSM orbiting around the Moon. We can also ask students to
determine the altitude of an Earth satellite in geosynchronous orbit. Note that this requires
understanding the difference between an ordinary day and a sidereal15 day.

15In everyday English the word “day” represents the time noon-to-noon from one day to the next – that
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The two formulas above for the speed and period of an object in a circular orbit are the
source of a real problem for astronauts trying to rendezvous in space. If you are piloting
the LMA trying to rendezvous with the CSM, for example, and are too far behind it then
the natural reaction is to speed up to try to catch it but that kicks you into a higher orbit
with a longer period. So you actually fall further behind.

As another exercise students can revisit the value g ≈ 9.822 meters per second2 that
we found earlier for the acceleration produced by gravity on the Earth’s surface. As we
noted above this is somewhat different than the commonly used value g ≈ 9.80 meters per
second2. The formula s2/R we found earlier for the magnitude of the acceleration on an
object traveling on a circle of radius R at a speed s can be used to find the magnitude of
the acceleration experienced by an object on the Earth’s surface at, for example a latitude
of 42 degrees.

This object is making one revolution around a circular path whose radius is approximately
6, 371, 000 cos(42π/180) meters every 24 hours. This gives it a speed of 344.31 meters per
second and, using the formula above, the magnitude of its acceleration toward the Earth’s
axis is 0.0186 meters per second2. This much downward acceleration is needed just to keep
the object at a constant height. So the acceleration we observe is the calculated acceleration
above, 9.822 meters per second2, minus this figure.16 This is close to the commonly used
value, g = 9.80 meters per second2.

6 Energy and Work

We’re all familiar with work and energy and that familiarity can be both a help and a
hindrance as we seek to quantify these notions. In one simple example, consider lifting an
object – say a textbook weighing two pounds or 8.9 Newtons – a distance of three feet or
0.9144 meters. Pounds and Newtons are units we use to measure force. The work done
lifting this textbook is six foot-pounds or 8.138 Newton-meters, or 8.138 Kilogram meters2

per second2. It is the product of the force and the distance. That is, W = Fd. This makes
sense – it takes the same amount of work to lift six books one meter as to lift one book six
meters. We also use the term joule for Newton-meter. Energy is the capacity to do work
and is measured in the same units as work.

Discussing work and energy is an excellent venue in which to discuss modeling. Suppose,
for example, that a car starts at the bottom of a hill and drives 200 meters uphill and

is, 24 hours or 24× 60× 60 = 86, 400 seconds. Because the Earth is rotating around the Sun it must rotate
slightly more than once around its axis between noon one day and noon the next. The time for one rotation
about its axis is a sidereal day, 86,164 seconds.

16This is a simplification. We should use vectors here.
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then 200 meters downhill. The total change in height is zero meters and, thus, it has done
zero work. But this result contradicts our intuition and the fuel gauge. In fact, without
friction the car’s engine would do positive work going uphill and then negative work going
downhill. This simple model W = Fd looks at only one part of the real world. Braking,
friction, engine friction and air resistance also do work. A typical car accelerating or driving
uphill burns a lot of gas and then, going downhill or braking, the friction in its engine and
brakes wastes all that energy. The whole idea behind hybrid cars and regenerative braking
is to slow a car down by using a generator in place of brakes or engine friction. Instead
of wasting energy by generating heat the energy is stored in batteries. The heat you feel
when you rub your hands together rapidly is a symptom of energy being wasted (unless
your hands are cold) in the form of heat created by friction.

We begin by looking at two forms of energy:

• The gravitational potential energy associated with height. We usually measure the
potential energy associated with height with respect to ground level. For example
on the surface (ground level) of the Earth the force that gravity exerts on a body
of mass m measured in kilograms is −9.80m N (kilogram meters per second2) and
the work done to lift this mass to a height of h meters above the ground is 9.80mh
N-meters, or joules, or kilogram meters2 per second2. Thus, the potential energy of
a mass m at a height h above ground level is

P = 9.80mh

or

P = mgh,

where g is the acceleration produced by gravity on the surface of the Earth. This
latter formula can be used on the Moon or Mars by using the acceleration produced
by gravity on the surface of the Moon or Mars.

• The kinetic energy associated with motion. Early in a Calculus course we will
simply use the familiar formula

K =
mv2

2

for kinetic energy. Later on (Section 8) we will derive this formula as an integration
exercise. For now, however, we simply note that if v is measured in meters per second
and m in kilograms, then K is measured in kilogram meters2 per second2, or joules,
the right units for energy and work.
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One of the key principles underlying our understanding of motion is conservation of
energy. In our simplest models of motion we consider the two forms of energy, kinetic
energy and potential energy, discussed above. There are other important forms of energy
– for example, the chemical energy stored in fuels and in batteries and the energy stored
in a pressurized tank of gas. Looking at just the kinetic and potential energy of a mass in
motion we see that the total energy is

E = P +K = mgh+
mv2

2
.

This leads to a quick exercise when students are studying the chain rule and implicit
differentiation – conservation of energy implies that dE/dt = 0. We can check this as
follows for an object of mass m moving vertically:

E = mgh+
mv2

2

dE

dt
= mg

dh

dt
+mv

dv

dt

= mgv +mv(−g)

= 0,

since v = dh/dt and dv/dt = −g.

This is also a good point for some experimentation (the third step in the modeling cycle)
and a discussion of numerical approximations of derivatives. Using inexpensive off-the-shelf
consumer cameras or mobile devices with cameras, students can make their own movies
of falling objects. Then, using widely available software – like Vernier’s Logger Pro for
Windows and Mac or Video Physics for iOS17, to mark objects frame-by-frame in a movie,
students can collect position data and see how the potential energy associated with height
is converted to kinetic energy as an object falls and how total energy is conserved. Part of
this analysis is estimating velocity from position data.

Now we turn to our main example for the beginning of a Calculus course. We want a
first, very rough estimate of the energy and fuel needed for the lunar ascent module to

17https://www.vernier.com Accessed 18 June 2019.
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lift off from the surface of the Moon to its rendezvous with the orbiting CSM. For this
first rough estimate we make the simplifying assumption that the CSM is in a circular
orbit 114 km above the surface of the Moon. Its orbit was actually elliptical. We use
1737 km as our estimate for the radius of the Moon. Our first two calculations look at
the magnitude, gsurface, of the acceleration produced by gravity on the surface of the Moon
and the magnitude, gorbit, of the acceleration produced by gravity at the CSM.

gsurface =
GMmoon

R2
moon

=
(6.67384× 10−11)× (7.348× 1022)

1, 737, 0002
≈ 1.63 meters per second2

gorbit =
(6.67384× 10−11)× (7.348× 1022)

1, 851, 0002
≈ 1.43 meters per second2

Our formula for the work required to lift the LMA from the surface of the Moon to the
orbit of the CSM is mgh. But, what figure should we use for g? Should we use gsurface or
gorbit? This discussion foreshadows our use later in the course of integration to calculate
work when the force is not constant. For now, however, we’ll compromise and use the
average,

g =
gsurface + gorbit

2
≈ 1.53 meters per second2,

and, importantly, we’ll note that the effect of this choice on our energy estimate is quan-
tifiable – certainly well less than 13%.

Now, what estimate should we use for the mass of the lunar ascent module? This is even
more complex than the preceding estimate. Close to one-half of the LMA’s mass at launch
was propellant for the APS (ascent propulsion system) and most of that had been used by
the time the LMA reached the CSM’s orbit. But, the LMA had to lift fuel as it climbed.
Once again, precise calculations require integration because the mass is declining as the
LMA ascends. As a rough estimate we’ll use 3500 kg but this is very, very rough. So our
estimate for the energy required to lift the LMA from the surface of the Moon to the orbit
of the CSM is

P ≈ 3500× 1.53× 114, 000 ≈ 6.1× 108 joules.

when it reaches the orbit of the CSM.

We derived the formula

24



s =

√
GM

R

for the speed of an object in a circular orbit around an object of mass M earlier. Using
Mmoon and R = 1, 737, 114 meters we compute

s ≈ 1630 meters per second.

and, plugging this value for v into our formula for kinetic energy,

K =
mv2

2
≈ m 16302

2

Once again we must decide what figure to use for the mass, m, of the LMA. By the time
it reaches the orbit of the CSM it has burned almost all its fuel but we will still use the
same estimate, 3500 kilograms, that we used earlier because along the way we do have to
consider the kinetic energy of the fuel expelled from the rocket. This gives us

K ≈ 3500× 16302

2
≈ 5× 109 joules.

So our very, very rough estimate for the energy required to lift the LMA from the Moon’s
surface to the CSM’s orbit is

E = P +K ≈ 5.61× 109 joules.

When you estimate how much gasoline you’d use on a trip you need to know two things
– how far you’d be driving and the “mileage” (MPG) you can expect from your vehicle.
Mileage is a moderately18 useful concept for vehicular travel here on Earth because most
of the gas you burn is used to overcome friction and air resistance. In space the energy we
use is used for acceleration and deceleration. Because there is virtually no friction in the
near vacuum of space you can coast essentially forever, racking up the miles, with no use
of energy. This brings us to a discussion of jet and rocket propulsion and a nice example
of the power of the limit definition of the derivative.

18Even here on Earth mileage is a bit too simplistic – for example, you get better mileage for highway
driving than for city driving; better mileage for level driving than driving in mountainous terrain; and lower
mileage if you drive excessively slowly or excessively fast.
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But, first, we look more closely at the LMA’s propulsion systems. The most severe con-
straint on the LMA was mass. Safety often comes at the price of mass – for example, we
always carry extra fuel and we often use redundant systems in case one component fails.
For the LMA safety was even harder because it had to work the very first time and could
not be tested in anything like its actual operating environment on the Moon. For these
reasons the LMA’s propulsion systems had to be as simple as possible. It had two: the
APS (ascent propulsion system) and the RCS (reaction control system). The APS was
the bigger of the two. It had 2353 kg of fuel and provided the thrust needed to launch
the LMA from the surface of the Moon, power it to the velocity and height needed to
rendezvous with the CMS and make some of the necessary orbital adjustments. Because it
had to be simple, it had no throttle – simply on or off – and no gimbals – and there was no
redundancy. The RCS was smaller. It had 287 kg of fuel but there was redundancy and it
was much more controllable. The RCS controlled attitude and provided small adjustments.

Although the APS and RCS were separate systems they used the same fuel and it was
possible to transfer fuel from one to the other – for example, after the LMA docked with
the CMS any remaining fuel from the APS and RCS was transferred to the CMS.

If a thruster like the LMA’s APS is not lined up exactly with the LMA’s center of mass
it will produce a turning force when it is fired. This is unavoidable and requires small
adjustments. Often adjustments like these are made using gimbals but the APS did not
have gimbals and, thus, this responsibility was assumed by the RCS. Although the LMA did
not have a redundant APS and its fuel was limited there were back up plans – for example,
if the LMA was unable to rendezvous with the CMS, the CMS had some maneuverability.

7 Jet and Rocket Propulsion, Momentum and Thrust

Bicyclists and motorists propel themselves forward by turning tires that push against the
ground. Airplane propellers and helicopter rotors push against the air. In space there
is nothing to push against. So we rely on another key law of physics – conservation of
momentum.19 An object of mass m traveling with velocity v has momentum p = mv.
The law of conservation of momentum states that the total momentum of a system stays
constant. You feel the effects of this law whenever you fire a gun – it is called “recoil.”

Suppose you have a gun that together with a bullet has a mass m and that the bullet
has mass ∆m. If you hold the loaded gun still as you fire, its velocity is zero. So the
momentum of the gun and bullet system is zero. After you pull the trigger the bullet
has velocity vb (called “muzzle velocity”) and the gun has velocity vg. The bullet has
momentum ∆m vb and the gun has momentum (m −∆m)vg. So the total momentum of

19Closely related to Newton’s Third Law – “for very action there is an equal and opposite reaction.”
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the system is ∆m vb + (m−∆m)vg and by conservation of momentum:

∆m vb + (m−∆m)vg = 0

vg = −
(

∆m

m−∆m

)
vb

You feel that sudden jump from zero to vg as recoil.

This is a good place in the narrative for exercises using the limit definition of the derivative.
The LMA’s APS used a combination of a propellent, Aerozine 50, and an oxidizer, nitrogen
tetroxide (N2O4). As this fuel burned, its products were ejected from LMA with a velocity
ve, called the exhaust velocity. In the small unit of time ∆t, the engine burned a small
mass ∆m, of fuel which shot out the back of the rocket with velocity −ve. (Since the
mass ejected is going backwards and we’d like ve to be positive.) The velocity of the LMA
increased by a small amount ∆v. Students should be able to come up with the following
computation:

−∆m ve + (m−∆m)∆v = 0

∆m ve = (m−∆m)∆v

∆v =
∆m ve
m−∆m

∆v

∆t
=

∆m

∆t

(
ve

m−∆m

)

and, taking the limit as ∆t→ 0,

dv

dt
= −

(ve
m

)(dm
dt

)
.

Note that

lim
∆t→0

∆m

∆t
= −dm

dt
,
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since the change in the mass m of the LMA is −∆m.

Notice that −dm/dt is the burnrate. Now, since force is mass times acceleration and
acceleration is the derivative of velocity, the force produced by the APS is

F = m

(
dv

dt

)
= −m

(ve
m

)(dm
dt

)
= −ve

(
dm

dt

)
.

This is also called the “thrust” of the rocket engine. Notice that if the engine burns fuel at
a constant rate then the thrust is also constant but the acceleration it produces increases
as the LMA burns its fuel and its mass decreases.

Notice that if all this is happening in the presence of a gravitational force producing an
acceleration g then

dv

dt
= −

(ve
m

)(dm
dt

)
− g.

After students have learned to differentiate the natural logarithm this is a good venue in
which to foreshadow our later work with integration and antiderivatives. We can ask them
to check that velocity, which is the antiderivative of acceleration, is

v(t) = −ve log

(
m(t)

c

)
,

without gravity and

v(t) = −ve log

(
m(t)

c

)
− gt,

with gravity. This leads to

v(t) = v(t0)− ve log

(
m(t)

m(t0)

)
and

v(t)− v(t0) = −ve log

(
m(t)

m(t0)

)
− g(t− t0).

28



These are commonly written as

v(t1)− v(t0) = −ve log

(
m(t1)

m(t0)

)
,

and

v(t1)− v(t0) = −ve log

(
m(t1)

m(t0)

)
− g(t1 − t0).

These equations are the first part of the derivation of the Tsiolkovski Rocket Equation.

As we discussed above, we need some measure (or metric), somewhat analogous to MPG
for cars, of what we can accomplish with a given mass of rocket fuel. The metric that is
most commonly used is the specific impulse (Isp), which can be expressed in one of two
ways:

• The change in velocity that one kilogram of fuel can impart to a mass of one kilogram.
Expressed this way the Isp of the combination of Aerozine 50 and N2O4 used by the
LMA’s APS is 3050 meters per second. This number is often called the effective
exhaust velocity and is the number we will use for the exhaust velocity, ve. We
use the adjective “effective” because the actual exhaust velocity is a mythical sim-
plification. It is based on the idea that the mass of the burnt fuel is ejected straight
backwards, but it is more complicated than that. The cones of thrusters are designed
so that the burnt fuel is ejected as close to straight backwards as possible but ejecting
it all straight backwards is impossible.

• The length of time one kilogram of fuel can accelerate a mass of one kilogram at one
g. Expressed this way the Isp of the combination of Aerozine 50 and N2O4 is 311
seconds.

Since accelerating an object at a rate g for t seconds produces a ∆v of gt we see that the
two figures agree:

3050 = g(311) = 9.80(311).

At the end of Section 6 we found the following very, very rough estimates for the total
energy (kinetic + potential) required to lift the LMA from the surface of the Moon to the
CSM orbiting around the moon:
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K =
mv2

2
≈ m 16302

2
≈ 3500× 16302

2
≈ 5× 109joules,

P ≈ 3500× 1.53× 114, 000 ≈ 6.1× 108 joules.

and

E = P +K ≈ 5.61× 109 joules.

If we express this as equivalent kinetic energy (using our usual rough estimate for the
LMA’s mass) we get

Ktotal =
3500 v2

total

2
≈ 5.61× 109 joules,

which leads to

vtotal ≈ 1790.

That is, the total energy needed is the same as would be needed to accelerate the LM from
rest to 1790 meters per second. Thus, since one kg of fuel can accelerate a mass of one kg
3050 meters per second, the LMA’s APS would need approximately

1790× 3500

3050
≈ 2054 kg

of fuel. The LMA carried 2353 kg of fuel for the APS, so this extremely rough estimate is
in the ballpark. We will improve this estimate as we learn more calculus and make more
turns around the modeling cycle. Before going on note that our model so far is very, very
rough – for example, we did not consider the energy required for changes in direction20

and to hold as a margin for error.

20For example, after the LMA reached an altitude of only 15 meters it pitched 54◦ face down to
build horizontal velocity as it climbed. This occurred much earlier than a similar maneuver during
the launch of the Saturn V since the LMA did not have to contend with atmospheric drag. See
https://history.nasa.gov/afj/loressay.html Accessed 2 July 2019.
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8 Optimization and Kinetic Energy (Revisited)

At this point in a Calculus course we typically look at optimization problems. In the work
above we simply quoted the formula

K =
mv2

2

for kinetic energy. Finding this forrmula is a nice, simple optimization problem for students.
Let g denote the acceleration due to gravity on the surface of the Earth. Let m denote
the mass of an object fired straight upward with an initial velocity of v0. Then its height,
h(t), and velocity, v(t), are given by:

h(t) = v0t−
gt2

2
v(t) = h′(t) = v0 − gt.

At the top of its travels, at time t∗, its initial kinetic energy K has been converted into
potential energy mgh(t∗). Thus, K = mgh(t∗). As usual, students find t∗ by solving the
equation h′(t∗) = 0 and then use this value to determine h(t∗). Finally, they compute
mgh(t∗) to determine K.

v0 − gt∗ = 0

t∗ =
v0

g

h(t∗) = v0t∗ −
gt2∗
2

= v0

(
v0

g

)
−
g
(
v0
g

)2

2
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=
v2

0

g
− v2

0

2g

=
v2

0

2g

So,

K = mgh(t∗) = mg

(
v2

0

2g

)
=
mv2

0

2
.

9 Simulation, Riemann Sums, and Euler’s Method

In December 1968 Frank Borman, James Lovell, and William Anders on Apollo 8 were the
first people to fly to the Moon. They made ten orbits of the Moon before returning to
Earth. In March 1969 the Apollo 9 mission with James McDivitt, David Scott, and Russell
Schweickart tested the lunar module in Earth orbit. Apollo 10 in May 1969 with Thomas
Stafford, John Young, and Eugene Cernan was the dress rehearsal for Apollo 11. Stafford
and Young flew the LM within 50,000 feet of the Moon’s surface, jettisoned the descent
stage, and returned in the ascent stage to the command and service module for the trip
back home. Step-by-step NASA tested as much as possible. But when the ascent stage of
the lunar module lifted off with Neil Armstrong and Buzz Aldrin at 1:54 PM (EDT) on
July 21, 1969 leaving the descent stage behind it was the first ever rocket launch from the
Moon. They were 240,000 miles from Earth and the vast Kennedy Space Center complex.
The 11,000 pound LMA was dwarfed by the 6,100,000 pound Saturn V that had launched
their journey five days earlier. This was the first launch of the LMA from the surface of
the Moon. It was manned. It had to work the first time.

Modeling and simulation has played a key role throughout the space program, from virtual
testing of rockets and flight plans to training astronauts for procedures, like the crucial ren-
dezvous, that were contrary to all their experiences as pilots. The mathematical foundation
of these simulations is the Riemann sums we cover in Calculus classes and the simple step
from left rectangles to the trapezoidal method is the first step toward the clever algorithms
that were necessary not only for simulation but for the real-time split second guidance of,
for example, the LM’s descent to the Moon’s surface. The following quote is from page 118
of Charles Fishman’s One Giant Leap: the Impossible Mission that Flew Us to the Moon.

The onboard computers were, in fact, tackling the most elaborate real-life
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physics problem ever devised. As Armstrong and Aldrin were flying the lu-
nar module Eagle from orbit to the Moon’s surface, looking for a place to land,
worrying about computer alarms, and watching their fuel dwindle, the com-
puter was not only tracking the LM’s position and handling the navigation and
the thrust of the engine up until Armstrong took control; it was also doing all
those guidance calculations while also taking into account the fact that the lu-
nar module’s mass was changing constantly and dramatically. During the final
descent to the landing, the lunar module burned off 17,400 pounds of fuels – 9
tons of fuel gone in 12 minutes. Eagle weighed only 9,500 pounds without the
fuel. The math was hard, and the [mathematicians’ and programmers’] mission
was to get the hard math into the computer.

The problem was that the world of computers in the late 1950s and early
1960s was anything but reliable. Just the opposite: Computers required whole
rooms of space; they required staff people just to operate them and nurse
their idiosynchracies; they required enormous quantities of electricity; and they
didn’t operate in anything like real time.

Your calculus class almost certainly includes Riemann sums and a definition like:

∫ b

a
f(x) dx = lim

∆x→0

n∑
i=1

f(xi−1)∆x

and also the trapezoidal method estimates:

n∑
i=1

(
f(xi−1) + f(xi)

2

)
∆x.

It should also emphasize the importance of estimates like these. Most of the integration
problems that come up in the real world do not have exact closed form solutions. Building
on these fundamental elements of a calculus class we want to do the following:

• Introduce the language of differential equations and systems of differential equations.
We’ve already done some of this in this article.

• Introduce Euler’s method and the modified Euler method for approximating solutions
to systems of differential equations.

• Introduce either computer software or using a language like Python to approximate
solutions of systems of differential equations.
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Perhaps the most important benefit of this work is that it provides a mathematically-
powered playground in which our students can experiment with different ideas. One of
the most difficult and most important things we must do as math and science teachers is
to challenge and engage our most well-prepared students without overwhelming our least
prepared students. Success depends in part on leveraging the various different backgrounds
of our students. The playground we discuss in this section does both. It provides a venue in
which the best prepared students can race ahead and it also can leverage the background of
students who excel at programming and, especially, at graphics or even game programming.
It can also leverage the skills of students who excel at using Mathematica or similar software.

Figure 9 shows three screenshots from an immersive three-dimensional game that a student
might create for her classmates. This game enables students to test their knowledge to
execute a maneuver called “Hohmann Transfer” that is often used to change the orbit of a
space craft. The top screenshot is a still image showing a satellite in a low Earth parking
orbit. The middle screenshot is a still image showing the view from the satellite in this
parking orbit. Because the satellite completes many orbits in each day an astronaut would
fly around the Earth many times each day. The live view is very dramatic.

The goal of this game is to use Hohmann transfer to lift the satellite into an orbit whose
period is one (sidereal) day and thus stays above the same spot on the Earth. The bottom
screenshot shows the parking orbit, the Hohmann transfer trajectory and an almost com-
pleted geostationary orbit. As a student “plays” the game he can switch between the three
views shown in Figure 9. “Winning” the game requires first determining the altitude of
a geostationary orbit and then computing the time and ∆v for two burns: The first burn
puts the satellite into an elliptical orbit whose perigee is on the parking orbit and whose
apogee is on the geostationary orbit. The second burn“circularizes” the trajectory when
the satellite reaches the geostationary orbit. Because this game was written at the United
States Military Academy, success is rewarded by the Army Fight Song that is played when-
ever our football team scores. Figure 10 shows the satellite flight control panel – players
must fill in the time and ∆v for each of the two burns.

Your students can use their programming abilities to create straightforward variations of
this game – for example, traveling from Earth’s orbit to Mars’ orbit or more creative games
like the LMA lifting off from the Moon and rendezvousing with the CSM or experimenting
with gravity assist or “slingshot” orbits or even to practice rendezvous. The heart of these
games (simulations) is numerical approximations to solutions of the differential equation:

~p ′′ = −
(
GM

||~p||3

)
~p,

with additional terms added for the burns.
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Figure 9: Hohmann Transfer – The Game
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Figure 10: Hohmann Transfer – Control Panel
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9.1 Examples

We begin with two examples before discussing Euler’s Method, the Modified Euler Method,
and using Mathematica or similar software.

9.1.1 Testing and Exploring Euler’s Method and the Modified Euler Method

Our first example can be used to check out programs and as an example shedding some
light on the accuracy of our approximations. We use the initial value problem:

dx

dt
= x+ t, x(0) = 1,

for t ∈ [0, 1]. As a first step students can verify that the exact solution of this IVP is
x(t) = 2et − t − 1. Figure 11 is the output of the Python program below using Euler’s
Method and the Modified Euler Method with ten steps.

# Compare Euler’s Method and the Modified Euler Method

import math

from matplotlib import pyplot as plt # Use pyplot for graphics

def f(t, x): # RHS of differential equation

return x + t

def oneStep(t, x, dt): # Single step for Euler’s Method

return x + f(t, x) * dt

def exact(t):

return 2 * math.exp(t) - t - 1

def euler(start, x0, dt, n): # Euler’s Method -- Iterate single step

timeList = [start] # For graphics -- list of time values

xList = [x0] # For graphics -- list of x values

exactList = [exact(start)] # For graphics -- list of exact values

x = x0

t = start

for i in range(n):

x = oneStep(t, x, dt)

t = t + dt

timeList.append(t)

xList.append(x)

exactList.append(exact(t))

print(t)
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print(x)

print(exact(t))

plt.plot(timeList, xList)

plt.plot(timeList, exactList)

plt.show()

def modStep(t, x, dt): # Single step for Modified Euler’s Method

d1 = f(t, x)

x1 = x + d1 * dt

d2 = f(t + dt, x1)

return x + dt * (d1 + d2)/2

def modEuler(start, x0, dt, n): # Modified Euler’s method -- Iterate Single Step

timeList = [start] # For graphics -- list of time values

xList = [x0] # For graphics -- list of x values

exactList = [exact(start)] # For graphics -- list of exact values

x = x0

t = start

for i in range(n):

x = modStep(t, x, dt)

t = t + dt

timeList.append(t)

xList.append(x)

exactList.append(exact(t))

print(t)

print(x)

print(exact(t))

plt.plot(timeList, xList)

plt.plot(timeList, exactList)

plt.show()

euler(0, 1, 0.1, 10)

modEuler(0, 1, 0.1, 10)

9.1.2 The Initial Ascent of the LMA

In this example we look at the initial part of the LMA’s ascent from the Moon’s surface.
During this part of its ascent to meet with the CSM it is traveling straight upward. This
part of its trajectory lasted only a short time until it reached an altitude of roughly 15
meters. At that time it pitched 54◦ face down to build horizontal velocity as it climbed. In
this example, we estimate what would have happened if it had continued straight upward
until it ran out of fuel. This will give us another estimate of the capability of the LMA’s
APS.

We will denote the height in meters of the LMA above the Moon’s surface at time t by h(t)
and its velocity in meters per second at time t by v(t). We denote the mass in kilograms
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Figure 11: Ten Steps with Euler’s Method and the Modified Euler Method
(The Yellow Curve is the Exact Solution)
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of the LMA at time t by m(t). We will use the following rough estimates/assumptions:

• The mass of the LMA at liftoff was 4700 kg.

• The mass of the APS’ fuel at liftoff was 2353 kg.

• The burn rate, b, of the fuel is a constant 5.11 kg/sec.

• The exhaust velocity, ve, for the APS is 3050 meters per second.

• The radius of the Moon is 1,737,000 meters and its mass is 7.348× 1022 kilograms.

Based on these assumptions we see that:

• m(t) ≈ 4700− bt ≈ 4700− 5.11t.

• µmoon = G×Mmoon ≈ 6.67384× 10−11 × 7.348× 1022.

• There is enough fuel for 7.67 minutes.

This leads to the differential equation:

dv

dt
≈ −

(
ve
m(t)

)(
dm

dt

)
− µmoon

(1737000 + h(t))2
≈
(

ve
4700− bt

)
b− µmoon

(1737000 + h(t))2

and the system of differential equations:

dv

dt
≈

(
ve

4700− bt

)
b− µmoon

(1737000 + h(t))2

dh

dt
= v(t)

Finally, note that at launch time, h(0) = 0 and v(0) = 0. Using the Mathematica NDSolve

procedure or a Python program using the Modified Euler Method and 1000 steps to ap-
proximate the solution to this IVP we see (Figure 12) that when all the fuel was burned
the height of the LMA would have been 266 kilometers or 144 nautical miles and its speed
would have been 1.43 kilometers per second. Thus, it would be well above the orbit of the
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CSM and but shy of the CSM’s speed (1.63 kilometers per second). This is looking pretty
good but we can see that we need a more complex trajectory to match the orbit of the
CSM.

On the Apollo 11 mission the APS was used to place the LMA in an elliptical orbit whose
apolune matched that of the CSM. Then the RCS was used for a series of course adjustments
to match the orbit of the CSM. Remember the orbit of the CSM was also elliptical but
we assumed for simplicity that it was circular. This is a great topic for students studying
ellipses and elliptic orbits. Matching two elliptical orbits requires matching their planes as
well as where in the orbits they are at perilune. This is the complexity that Vernher von
Braun was worried about and is a job for the more controllable RCS rather than the APS.

This is a great place to encourage students to ask questions and explore on their own. Our
work above was based on a burn rate b = 5.11 kg/sec. One natural question is what would
happen with a different burn rate – either higher or lower. With a higher burn rate the
LMA would accelerate faster but also for a shorter time – how would this affect the height
it would reach and the velocity it would have when its fuel ran out? How would this affect
its kinetic and potential energy and its total energy when its fuel ran out? What other
considerations might come into play when deciding what burn rate to use for the APS?
At this point students have the tools to work out some examples – for example, they can
create the table below comparing results for three different burn rates: the burn time, the
velocity at the end of the burn, the height at the end of the burn, and the kinetic, potential,
and total energy at the end of the burn.

burn rate (kg/sec) burn time (min) v (km/sec) h (km) kinetic (J) potential(J) total (J)

4.61 8.51 1.36 275 2.16 × 109 9.07 × 108 3.07 × 109

5.11 7.67 1.44 266 2.40 × 109 8.80 × 108 3.28 × 109

5.61 6.99 1.50 256 2.61 × 109 8.50 × 108 3.46 × 109

These calculations, the kinds of calculations that are easily within the range of our students,
enable them to build up, essentially experimentally, some insight into the complex problem
of reuniting the the two astronauts on the LMA with the third astronaut on board the CSM
for the trip home. The very best students might come up with additional experiments –
for example, they might look at trajectories that start a few feet above the Moon’s surface
and that have both a vertical and horizontal component and try to match the height and
velocity of the CSM. One of the things they might do is see how much of the APS’ fuel is
required to do this.

As the calculus course progresses we still have work to do. The next step is to look at
trajectories that would take the LMA to an orbit matching the CSM’s height and velocity.
But, first we discuss Euler’s Method and the Modified Euler Method and using Mathematica
for approximating solutions to IVPs while students are still studying integration in one
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Figure 12: Python Output for LMA Ascent

42



dimension. Our idea here is to work with differential equations (initial value problems) at
the same time as integration.

9.2 Left Endpoint Rectangles and Euler’s Method

Most calculus courses include the left endpoint method

n∑
i=1

f(xi−1)∆x

both for estimating the area under a curve y = f(x) and for estimating the distance traveled
by a moving object whose velocity is given by v = f(t). With this as motivation you can
introduce Euler’s Method:

ŷ(ti) ≈ ŷ(ti−1) + ∆t f(ti−1, ŷ(ti−1)), ŷ(t0) = y0.

for approximating solutions to initial value problems, dy/dt = f(t, y), y(t0) = y0 and you
can observe that if the variable y does not appear on the RHS then this is just the left
endpoint method.

9.3 The Trapezoidal Method and The Modified Euler’s Method

Most calculus courses include the trapezoidal rule (or method)

n∑
i=1

(
f(xi−1) + f(xi)

2

)
∆x

both for estimating the area under a curve y = f(x) and for estimating the distance traveled
by a moving object whose velocity is given by v = f(t). With this as motivation you can
introduce the Modified Euler’s Method:

gi = f(ti−1, ŷ(ti−1))

hi = f(ti, ŷ(ti−1) + gi∆t)

ŷ(ti) = ŷ(ti−1) +

(
gi + hi

2

)
∆t
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ŷ(t0) = y0

for approximating solutions to initial value problems, dy/dt = f(t, y), y(t0) = y0 and
you can observe that if the variable y does not appear on the RHS then this is just the
trapezoidal rule.

Students with coding experience – for example, with Python – can easily write programs to
approximate solutions to IVPs using this method. This is a good time to advertise future
courses in Numerical Analysis. Using the Modified Euler Method in real time would have
strained the computing power available at the beginning of the Apollo Project. Even now
real time computing and especially simulations requires very sophisticated algorithms.

If your calculus students use Mathematica or similar software then they can use that to
approximate solutions to IVPs. See Figure 13.

10 Adding the Change in Pitch at an Altitude of 15 Meters

In this section we add another complication – another trip around the Modeling Cycle. As
mentioned earlier, when the LMA reached an altitude of 15 meters it pitched 54◦ face down
to build horiziontal velocity. This maneuver was accomplished by firing the RCS and did
not use any of the APS’ fuel. The time, tpitch, at which this occurred is easily determined
using Mathematica or other software. We will assume for simplicity that this maneuver
happened instantaneously. After this maneuver the motion of the LMA was described by
the differential equations:

d~v

dt
=

(
veb

m(t)

)
(sin 54◦, cos 54◦)−

(
µmoon

||~p||3

)
~p

d~p

dt
= ~v

Figure 14 shows Mathematica code and results. This is looking really good. When the
LMA’s fuel runs out the height of the LMA is 117 km, 3 km above the orbit of the CSM
and the velocity is 1.75 kps, well above that, 1.63 kps, of the CSM. Although we are far
from a complete flight plan for the LMA’s ascent to the CSM we’ve made substantial
progress.
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Figure 13: Mathematica Example
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Figure 14: Mathematica approximation for trajectory after pitch maneuver
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11 U- and Other Turns in Space

Just under 56 hours after Apollo 13 lifted off from KSC, there was an explosion and rupture
in one of its oxygen tanks.

Within about 3 hours, all oxygen stores were lost, along with water, electrical
power, and use of the service module propulsion system. Visual assessment of
the damage could not be made until the end of the mission, when the service
module was jettisoned in preparation to reentry. Then it could be seen that the
cover of service module bay number 4 had blown off and the equipment inside
was badly mangled.

With the service module damaged beyond use, the only source for power and
consumables was the lunar module. The resources of the command module had
to be preserved for the vital reentry operation. And so the lunar module became
the lifeboat for Apollo 13. Fortunately, the loss of oxygen from the remaining
tank was slow enough that the last fuel cell continued to supply power for
about two hours. This was enough time to evaluate options and prepare for a
quick return to Earth. The crew then powered down the command module and
shifted to the powered up the lunar module for the trip home.

The major concern was, of course, did the loss of the service module leave
Apollo 13 enough consumables to get home? The lunar module was built for a
45-hour lifetime and that had to be stretched to 90. It was determined that the
oxygen supply was sufficient, and calculations indicated that there would be
enough power in the batteries if all unnecessary electrical devices were turned
off. Water looked like it was going to be a problem, however. Water was
used not only for drinking but for rehydrating food and for cooling onboard
equipment. By restricting water usage as much as they could, the astronauts
were able to stretch their supply for the rest of the trip.21

There were many, many things to do. In the first place, did we have enough
consumables to get home? Fred started calculating, keeping in mind that the
LM was built for only a 45-hour lifetime, and we had to stretch that to 90.
He had some data from previous LMs in his book – average rates of water
usage related to amperage level, rate of water needed for cooling. It turned
out that we had enough oxygen. The full LM descent tank alone would suffice,
and in addition, there were two ascent-engine oxygen tanks, and two backpacks
whose oxygen supply would never be used on the lunar surface. Two emergency
bottles on top of those packs had six or seven pounds each in them. (At LM

21https://www.lpi.usra.edu/lunar/missions/apollo/apollo 13/return/ Accessed19 July 2019.
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jettison, just before reentry, 28.5 pounds of oxygen remained, more than half
of what we started with.)

We had 2181 ampere hours in the LM batteries. We thought that was enough
if we turned off every electrical power device not absolutely necessary. We
could not count on the precious CM batteries, because they would be needed
for reentry after the LM was cast off. In fact, the ground carefully worked out
a procedure where we charged the CM batteries with LM power. As it turned
out, we reduced our energy consumption to a fifth of normal, which resulted
in our having 20 percent of our LM electrical power left when we jettisoned
Aquarius. We did have one electrical heart-stopper during the mission. One of
the CM batteries vented with such force that it momentarily dropped off the
line. We knew we were finished if we permanently lost that battery.22

The natural first reaction to the crisis would have been to “make a U-turn and get back
to Earth as quickly as possible.” One of the possibilities considered was a “Direct Abort
Trajectory.” This would have required jettisoning the lunar module and using the CSM’s
service propulsion system. It would have gotten the three astronauts, Jim Lovell, Jack
Swigart, and Fred Haise, back about one day earlier but in addition to losing their lifeboat
it was unknown if the CSM would survive firing its SPS. After considering this and other
alternatives, Gene Krantz chose a circumlunar or “free return” trajectory that used the
Moon’s gravity to make the U-turn. This is a hint of the gravity-assist or “slingshot”
trajectories that are now used routinely for space exploration.

We have tools in our playground to explore U- and other turns in space and this is a
good investigation for our students. The mathematically simplest solution is to use the
engines to stop and then reverse the direction of the velocity. That’s an easily calculated
∆v. Another possibility is to fire the engines perpendicular to the velocity vector. The
explosion occurred when Apollo 13 was very close to the point at which the Moon’s gravity
and the Earth’s gravity were equal and opposite. So we and our students can explore U-
and other turns using the system of differential equations:

v′x = k

 −vy√
v′x

2 + v′y
2



v′y = k

 vx√
v′x

2 + v′y
2


22https://www.hq.nasa.gov/office/pao/History/SP-350/ch-13-3.html Accessed 19 July 2019.
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p′x = vx

p′y = vy

where vx and vy are the x- and y-coordinates of velocity and px and py are the x- and y-
coordinates of position and k is the magnitude of the acceleration produced by the engine.
The value of k depends in the usual way on the effective exhaust velocity and burnrate of
the engine and on the mass being turned. Students can explore solutions using software like
Mathematica’s NDSolve or using a programming language like Python with the Modified
Euler Method using trial-and-error to look for the best way of making a U-turn and learning
a lot about turning spacecraft.

12 What’s Next?

We have just scratched the surface of the many ways in which the space program can be
used to engage and motivate students in first year calculus and physics course. Here are
just a few further ideas:

• We often need ideas for projects that stretch students just a little bit. One example
is to explore the lunar module’s descent stage.

• Soft landings are a big problem, especially on Mars. We have already tried lots of
things with Mars landers.

• Parachutes.

• Pitch, roll, and yaw maneuvers and angular motion. Moments of inertia.

• Simpson’s Rule and more advanced methods for approximating solutions to differen-
tial equations.

• Exploring gravity-assist or sling shot trajectories.

One very open-ended possible project idea is exploring different strategies for exploring
Mars. As one example, students might explore using unmanned vehicles and robots to
establish a large permanent outpost on Mars including a KSC, Mars. This effectively
breaks the problem into two separate problems – trips from the Earth to Mars, typically
with large payloads and trips from Mars to the Earth with much smaller payloads. At first
it would be sufficient to bring just astronauts and small payloads back. So the hard part
of this exploration is establishing KSC, Mars and a Martian habitat for explorers.
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