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Abstract— The mapping and localization problems have re-
ceived considerable attention in robotics recently. The exploration
problem that drives mapping has started to generate similar
attention, as the ease of construction and quality of map is
strongly dependent on the strategy used to acquire sensor data
for the map.

Most exploration strategies concentrate on selecting the next
best measurement to take, trading off information gathering for
regular relocalization. What has not been studied so far is the
effect the robot controller has on the map quality while executing
exploration plans. Certain kinds of robot motion (e.g, sharp
turns) are hard to estimate correctly, and increase the likelihood
of errors in the mapping process. We show how reinforcement
learning can be used to generate good motion control while
executing a simple information gathering exploration strategy.
We show that the learned policy reduces the overall map
uncertainty by reducing the amount of uncertainty generated
by robot motion.

I. INTRODUCTION

Simultaneous localization and mapping (SLAM) is the prob-
lem of how to take noisy measurements of the environment,
noisy estimates of sensor positions, and recover an estimate of
the true state of the world. SLAM is fundamental to mobile
robotics; an accurate and consistent model of the world is
essential to ensuring the efficient and safe operation of robots
in structured environments or where purposeful navigation
is required. Under a set of common assumptions, in the
limit of infinite time and observations, a perfect map can be
attained [3]. However, the speed with which the estimated
map converges to the true map is strongly dependent on how
observations of the environment are taken and by the trajectory
of the robot. Following the considerable attention that SLAM
estimation techniques have received in the literature, SLAM-
based exploration algorithms have been developed specifically
to select how observations are taken and improve the conver-
gence rate of the map estimation.

Most exploration algorithms compute the next best mea-
surement to be taken (or in some cases the best sequence of
measurements [10], [8]), where the “best” measurement or set
of measurements typically are chosen to maximize the infor-
mation gain with respect to the current map estimate. Once a
measurement or sequence of measurements has been chosen,
the task of executing the plan is given to some lower-level
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controller that tries to achieve the goal state or trajectory in
minimum time or distance. However, the specific kinodynamic
trajectory that a robot takes in executing exploration plans can
have a large impact on the posterior map accuracy. Certain
kinds of motion that are optimal for conventional, distance-
optimal trajectories are undesirable when collecting data to
build a map. In a holonomic robot, point turns are frequently
employed before exploring in a new direction, but estimating
the true angle of a fast point turn is difficult in comparison to
a curved path with large radius of curvature. An exploration
algorithm with many point turns increases the likelihood of
errors in the resulting map.

Our method here will generate trajectories that minimize
the posterior uncertainty of the robot position, independent of
the measurements received during that trajectory. We expect
this controller to be a good heuristic for generating trajectories
that minimize map error. We will assume in this paper that we
are using Extended Kalman Filter SLAM [14] with range and
bearing measurements, although this formalism is not critical
to the methods that we employ in that any measure of the
expected error of the distribution would work.

The optimal solution to this problem might involve arbitrary
trajectories with arbitrary turning rates. For our solution we
approximately fix the translational velocity. Further, we fix
the class of trajectories to be drawn from cubic splines. The
final constraint is the assumption of a controller to follow the
trajectory. The beautiful aspect of reinforcement learning is
that we can plug in any controller and any robot model and
optimize the trajectories according to this controller.

There does not unfortunately exist a computationally
tractable way to optimize the posterior uncertainty of an
extended robot trajectory (with or without integrating mea-
surements); standard optimization techniques from the control
literature will grow exponentially in complexity with the
number of measurements. Our approach will therefore be
to use reinforcement learning to find policies that minimize
the posterior uncertainty given an ordered sequence of k
future points that an exploration planner has selected for data
gathering. Given this set of points, our algorithm can generate
the best k step policy for visiting these points. The success
of our approach depends on careful parameterization of the



action space. We use cubic splines (an example spline is in
figure 1), which allows us to ensure that the derivative of the
spline matches the current orientation of the robot at the start
and end points.

We will show that our reinforcement learner successfully
generates motion trajectories that minimize the posterior co-
variance of the robot in contrast to a standard hand-tuned
controller that minimizes distance. We will also show that
the posterior map learned from data collected by our policy
learns more accurate maps. Finally, we will show that when the
uncertainty generated by turning is high, then the learner will
generate more curved paths. Conversely, when the uncertainty
for translation is high, the learner generates trajectories that
are close to the distance-optimal trajectory (see figure 1).

II. SIMULTANEOUS LOCALIZATION AND MAPPING

The slam problem takes measurements of the environment
and noisy estimates of sensor positions to recover an estimate
of the true state of the world. Here, we assume a holonomic
robot that has two types of measurements: landmark and
location (odometry). A location measurement is the internal
position measured directly from the wheel encoders in the

form of a displacement u; = (0trans,ds). The landmark
measurements z; at time ¢ include range r and bearing b from
the robot to each of n landmarks, z; = (r1,b1,...70,bp).

Examples of landmarks include stereo image features, corners
and lines in a range scan. From the sequence of measurements
U, 20, UL, 21, - - - , Ut, Z¢, WE Wish to compute the robot pose
(z,y,60) and the (z;,y;) co-ordinates of each landmark, that
is, the state £ = (z,v,0,21,Y1,- .-, Tn, Yn)-

Given that the measurements u; and z; are noisy, we cannot
know the true state ;. We can, however, compute a distribution
over possible values of &; using the Bayes’ filter:
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Fig. 1. Examples of controllers for different dynamics. Top left: is an example
spline action. Bottom left: an example trajectory chosen by the controller when
the error introduced by rotations is large. Top right: an example distance-
optimal (hand) controller. Bottom right: an example trajectory chosen when
there is little error introduced by rotations.

Note that p(z¢|&) encapsulates our sensor model,
p(&t|€—1,u) encapsulates our motion model and 7 is
a normalization term.

The particular assumptions about the form of p(&;) and
the mechanism for estimating this posterior is one of the
major differences between different SLAM techniques. The
Extended Kalman Filter provides an efficient technique for
estimating p(&;) under the assumption that the posterior can
be approximated reasonably well by a Gaussian distribution
over ¢ such that p(§|z1.. ¢, u1.¢) = N(pt,2t). Additional
assumptions are that the sensor model and motion model can
be linearized and that the noise models are Gaussian; see
[13] for a complete introduction to the Kalman filter and
EKF. Under these assumptions, the expected error of the mean
estimate can be quantified by a function of the covariance
matrix such as the trace or determinant.

IIT. REINFORCEMENT LEARNING (RL)

During exploration, a planner can only observe the current
estimate of the state, rather than the true state of the world,
which is a form of partial observability that often leads to
computational intractability in finding good plans. However,
we will assume a high-level planner has chosen waypoints
for information gathering, and will focus on the problem of
controlling the robot’s uncertainty during travel between each
waypoint. Because we can directly observe the state of the
exploration process at all times, we can phrase this control
problem as a Markov Decision Process (MDP). Briefly, an
MDRP is a tuple (T, A, S, R,~, so) where S is the state space,
so is the start state, A is the set of actions available to the
agent, and R(s, a, ) is the reward for taking action a in state s
and ending in state s’. p(s’|s,a) = T'(s, a, s') is the probability
of transitioning to state s’ given a prior state s and action a.
Finally «y € [0, 1] is a discount factor.

Standard techniques of solving MDPs include value and
policy iteration. The optimal policy provides a mapping of
states to actions such that the long-term expected reward
of the policy is maximized. However, most practical tech-
niques assume discrete state and action spaces and access
to a complete description of the transition model 7'. In our
exploration problem, the robot has a continuous state space
(poses) and action space (motor commands). These issues
are not necessarily fatal in that using intelligent discretization
techniques for continuous state and action spaces have been
used with success in other MDP settings. Most importantly,
however, we do not have a closed form representation of
the reward function, as the reward of each state and action
is effectively a predicted EKF update from the robot pose
for the specific action. Instead of solving for the optimal
policy directly, we turn to reinforcement learning to map the
current state to an appropriate action. We will show that our
policy optimizes the multi-step robot trajectory and reduces the
overall map uncertainty by reducing the amount of uncertainty
generated by robot motion.



A. Policy Search by Dynamic Programming (PSDP)

Policy Search Dynamic Programming [1] learns policies
by decomposing the reinforcement learning algorithm into a
series of one-step policies. The algorithm operates by first
learning a one-step policy at time 7" (e.g., the end time) by
sampling states and actions, and learning to predict an action
that maximizes the immediate one-step reward. A new one-
step policy for the previous time step 7' — 1 is then learned by
sampling states and actions, obtaining an immediate reward as
before. Using the policy previously obtained at time 7, a two-
step value is obtained for each state and action at 7'— 1. Thus,
the value associated with each state and action is accumulated
from the immediate reward at time 7' — 1 and the reward
received by running the learned policy for time T'.

The learner iterates at each time ¢ generating a sample
state (") and action a, propagating each sample s(*) forward
through to time 7" using the policies m; for ¢ € ¢...T. After
sampling all of the actions in state s at time ¢, the best action
a is selected at state s. For each state s, there is thus a best
action a'. These are used as training pairs in a supervised
learning problem at time ¢ and the result is a classifier that,
for any state s, provides an optimal action a. Bagnell et. al.
give theoretical guarantees that the algorithm correctly solves
the reinforcement learning problem.

The specific policy learner we use for each one-step policy
is the multi-class Support Vector Machine [2]. This algorithm
is a discriminative learner that assigns a label (i.e., optimal
action) to each instance to be classified. We use an SVM to
learn our one-step policy for two reasons: the SVM allows us
to learn a classifier over an infinite input space, which allows
us to use a continuous state space (m,y,@,xg,yg), and the
SVM is generally an efficient learner of large input spaces
with a small number of samples. However, the SVM can only
learn to label instances from a discrete set of labels; since
we are associating optimal actions with each state, we must
discretize our action space appropriately.

PSDP also requires that we have a proposal distribution
from which to sample initial states. For our purposes here, we
sample uniformly over the possible destinations. It should be
noted that the PSDP algorithm produces a non-stationary de-
terministic policy, which is a more general class of policy than
is usually used and PSDP is known to minimize approximation
errors compared to value function techniques. The complete
PSDP algorithm is given in figure 2.

IV. PSDP FOR TRAJECTORY CONTROL

The control problem we wish to solve is how to generate
a motion trajectory for the robot from its current estimated
pose (z,y,0) to a destination position (z4,y,) (or sequence
of destinations, (9,9, z;,y}, ...,z y). We therefore need
to define a state space, action space and reward function.

A. State Space

The
robot

state
pose

space of the controller is the current
(x,y,0) and a sequence of destinations

PSDP(ml; M2, M¢41,...T—1 A)
1) fori=11t0 m
o Sample s uniformly over the size of the world
e Va S A
— Use mo Monte Carlo simulations to estimate the
value of action a; from sW: Vo o o (s0)
o (s = argmaz, (V)
o Learn a multi-class SVM with s\9 as instances and
7:(s%)) as labels
2) Return the SVM as m;

Fig. 2. Policy Search by Dynamic Programming

(20,99, 2}, y5, ..., 2, yl) chosen by some high-level explo-
ration planner to maximize information gain'. Note that by our
choice of PSDP, we will decompose the larger reinforcement
learning problem into a series of horizon-one problems and
rely on PSDP to learn a controller that generates trajectories
that move smoothly across a sequence of waypoints.

B. Action Space

In order to express motion between waypoints as a one-step
learning problem, we cannot use direct motor commands as
the actions. We instead use as the action space the simplest
polynomial that both interpolates the start and end goal and
allows us to constrain the start orientation. This is the space
is of cubic splines between the current location of the robot
and the sequence of information waypoints. (A cubic spline
consists of a set of cubic polynomials interpolating a set of
control points.) The spline is fixed such that the derivative of
the spline at the start control point matches the orientation of
the robot at its current position. The orientation with which the
robot arrives at the goal point and the magnitude at the start
and end locations are not fixed. The spline is parameterized
as follows (¢ € [0, 1))

z(t) = apt’ + bpt? + cot + d, (2)
y(t) = ayt® + byt* + cyt +d, 3)

Using this parameterization and providing values for the
x and y positions (z,y)|t—=0, (z,y)|t=1 and derivatives
(%, %)h:o), and (22, %”t:l) at t =0 and ¢ = 1, one can
solve for the specific constants. Although there are nominally
eight total parameters, five of these parameters are fixed.
(x,y)]t=0 is the start position of the robot and (z,y)|t—1
is the destination position (x4, y,). Further, we maintain the
orientation constraint of the robot by requiring that

oy
Ftli=o _ tan(6). 4)

Thus, we have one free parameter at the start point (the
magnitude of the derivative at £ = 0) and two free parameters

IFor the purposes of clarity, and without loss of generality, we describe
the system in Euclidean co-ordinates. In practice, we implemented the state
representation in polar co-ordinates in the robot frame of reference, reducing
the number of variables required to express the joint robot pose and goal
position.



(the orientation of arrival and the magnitude of this ratio) at
the destination.

The kinematic trajectory of the spline does not directly
provide motor control commands. To convert the spline into
an actual motor sequence, we use a simple P — D control
loop on the current robot position estimate and a point on the
spline a distance d in front of the robot.

C. State transitions

Assuming that we have an ordered set of n points
p: (the current state) that we want to visit at time t:
(PtyDt41 - - Pryn). Our new set of points (the new state)
will be <pt+17pt+2 . pt+71,7pt+n+1>» where DPt+n+1 is chosen
uniformly over some maximum distance that we expect to
travel. In situations where the high-level exploration planner
were choosing information waypoints in some predictable
manner, the state transitions might not necessarily be uniform.
However, this is fully transparent to PSDP and reinforcement
learning techniques in general.

D. Reward

The reward for each action is computed from the change
in uncertainty of the posterior robot pose estimate. If w;—j is
the original uncertainty and w;—g1 is the final uncertainty,
then r—p = wuy=p — Ui=k+1, encouraging the policy to
introduce as little uncertainty as possible through the motion
of the robot. Since we are using an Extended Kalman filter,
the posterior is given by a Gaussian with covariance ¥ and
mean p, and a good measure of uncertainty in a Gaussian
distribution is the trace of the covariance matrix; the use
of the trace (in contrast to the determinant) for information
gathering in exploration problems has been shown elsewhere
to improve performance [8]. While any matrix norm may
work as a metric, the trace corresponds intuitively to the
sum of the magnitudes of the principal components of the
Gaussian distribution. Similarly, the determinant corresponds
approximately to the volume.

We have not specifically incorporated obstacle avoidance
into the trajectory generation, but in order to model the
cost of potential collisions, we would provide a penalty term
for leaving a corridor and a penalty term for running into
obstacles. In particular, we would define a corridor of width r
on a straight line between (z,y) and (z,,y,) that is assumed
to be free of obstacles. In moving from (z, y, 0) to (x4,y,) the
robot would be penalized with a very large negative reward
if at any instant it moves further than w away from the
straight-line vector between the start and goal points. This
obstacle avoidance measure would model the effect of corridor
environments; note that we could use the obstacles already in
our map to generate large punishment. We could also replan
immediately upon discovering new obstacles.

E. Motion Model

In addition to the components required by PSDP to learn
good controllers, we also require a motion model of the robot.
This motion model is the principal reason for using intelligent

control to minimize uncertainty, but the model is not used
by the learner; the learner instead uses data to learn how to
minimize the uncertainty captured by the model. We use the
motion model to simulate the outcome of robot motion and to
update the EKF posterior, but do not give knowledge of the
robot motion to the reinforcement learning algorithm.

We use a common motion model that represents each
motion as a combination of a translation and a rotation,

o 5trans + N(07 5transatra7zs) (5)
d9 + N(0,0609), (6)

/

trans
’

0y =
where each action has some (unobserved) noise added ac-
cording to normal distribution. In the above, §trqns is the
commanded translation from the previous location and g is
the commanded rotation from the previous location, and the
standard deviation of each noise term is proportional to the
commanded translation or rotation. A similar but more general
motion model would include systematic bias terms in the
induced noise [4].
From the translation and rotation, we can compute the new
position of the robot as

¥ = x4 68,4,sc08(0) 7
Y = Y+ Oanssin() ®)
0 = 0+, 9)

This model is equivalent to saying that the robot first moved
directly forward by 6¢rans + N(0,0transOtrans) and then
turned by dg + N (0, dg0y).

Note that good techniques exist for learning robot motion
models from data [4], which allows us to perform the learning
process offline in simulation. The n SVMs corresponding to
the policy of length n can then be used directly on a physical
robot.

V. EXPERIMENTS

We used reinforcement learning to learn the best trajectory
for a robot tracking its position with an Extended Kalman
filter in a world of size 35 x 35 with point features. We
used Policy Search Dynamic Programming to learn multi-step
policies; each one-step policy was learned using a support
vector machine with a Gaussian kernel, C' = 5, and v = 0.2.
These parameters were computed by doing a parameter search
with one step input/output pairs. Each learning problem used
my; = 1,000 samples were taken with m2 = 1 roll-out
samples for each start sample. A total of 160 actions for
each sample were considered by sampling from the space of
possible cubic splines. Both the landmark locations and the
goal positions were chosen at random. Training each horizon-
one problem with 1,000 samples takes about an hour. The time
to classify actions using an SVM takes milliseconds, making
it viable for use in online SLAM.

A. One-step policies

Looking at figure 3(a), we can see the improvement over
the distance-minimizing hand controller in terms of the overall
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Fig. 3. A comparison over all destinations of the RL controller and the
hand controller (a) in terms of pose and map uncertainty and (b) in terms of
the proportion of time that the RL controller is better for various numbers of
randomly selected landmarks.

map and pose uncertainties. In figure 3(b), it is clear that the
map and pose uncertainties are better than the hand controller
nearly 98% of the time. Further, up to 80% of the time the RL
controller will obtain better overall sum squared error in the
maps. Note that figure 3 reflects destinations at least 7 meters
from the current location of the robot and randomly selected
landmarks.

These results show that minimizing the one-step pose uncer-
tainty indeed provides trajectories that will help to minimize
the total map uncertainty as well as the sum squared error.
Further, as the number of landmarks increases, the proportion
of times the sum squared error is better increases. We speculate
this is because the position of the robot has fewer jumps
in it, thereby enabling the controller to generate a path
that more closely resembles the target spline. Note that the
average uncertainty of the map increases with the number
of landmarks, because more landmarks are distributed further
from the robot, contributing to the overall uncertainty. The
salient feature of figure 3 is the difference between controllers.
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Fig. 4. Exploration trajectories: a sequence of 4 exploration points are
given by a high-level planner for exploration. On the left is the true four-step
trajectory generated from the learned controller. On the right is the trajectory
of the distance-minimizing controller.

Note from figure 1 that when the variance in the turn error is
very low, the trajectory will converge to the distance optimal
trajectory.

B. Multi-step policies

The creation of multi-step policies takes polynomial time in
the number of steps that we want to optimize. In particular,
the number of simulation steps that we have to perform is
O(%n(n + 1)akv), for n the horizon, a the number of actions,
mq the number of samples at a given timestep and my the
number of approximations of the value function that we need
to perform.

Since the computation of the policy takes ¢? simulation
steps for a fixed problem, the the bottleneck of generating a
multistep policy resides in the training. Computing a one-step
policy corresponds to simply setting ¢ = 1, and therefore is
significantly faster than generating a true multi-step policy. In
our experiments, the total training time for a one-step policy
is about 30 minutes, while a four-step policy can take 5 hours.
The training of each SVM is trivial; in our experiments it takes
well less than a minute per SVM. Finally, when we need to
evaluate a state (perform classification using an SVM), the
computational time remains at milliseconds, making it viable
for use in online SLAM.

In figure 5, we see the result of learning multi-step policies
versus one-step policies. Clearly the one-step policies perform
significantly worse than the multi-step policies. The reason for
this is that there is no lookahead. For example, the two step
policy can anticipate the need to be at the first destination at
a certain angle, where the one-step policy is oblivious to this
need.

tth

C. Multistep Policy Evaluation

As a proxy for investing the computational time into cre-
ating an n step policy for an n step problem, we decided
to compare the benefits of using a true four-step policy over
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Fig. 5. Comparison of a (a) one-step policy run for 6 destinations and (b)
a true 4-step policy.

repeating the one-step policy six times. Further, we perform
a comparison directly to the hand controller for each set of
landmarks and destinations. Figure V-B shows an example
trajectory chosen by the controller, and the corresponding
trajectory generated by the hand controller. In this example, the
uncertainty of the map learned by the RL controller compared
favorably to the map learned by the hand controller.

In figure 5(a) we used a 1 step policy over 6 steps and
compared this to the hand controller. We can see a reduction
in the sum squared error some of the time, the pose uncertainty
about 80% of the time and the map uncertainty almost all of
the time. This shows that a one-step controller can improve
overall uncertainty somewhat.

For the true four-step policy, we performed a quantitative
comparison of the learned policies and hand-crafted con-
trollers. We used m; = 1000 samples and we test on 300
trials consisting of four steps each, where actions are chosen
either by the hand controller or by the learned RL policy. Here
we used a true four step policy and not a four step policy that
is generated via chaining four one-step policies. The results
are presented in figure 5(b). Clearly, the RL controller is doing

better than the hand controller.

Comparing figure 5(a) and 5(b) we see that the true 4 step
policy results in a reduced map uncertainty nearly all of the
time and lower sum squared error in the map up to 80% of
the time. In contrast to the iterated one-step policy, we notice
that the true 4-step policy significantly outperforms the iterated
1-step policy.

These results indicate that the SLAM problem can greatly
benefit from the use of trajectory planning as we have pre-
sented it here. In particular, when taking into account the next
n destinations, the RL will produce a policy much better than
a standard hand tuned policy.

VI. CONCLUSIONS

We have shown a novel approach to trajectory control for a
mobile robot performing exploration. Given destination points
for information gathering, we have shown that reinforcement
learning can be used to learn a control policy that finds
actions to minimize the increase the posterior uncertainty of
the robot pose. We have furthermore shown that this is a good
heuristic for generating better maps. Using this technique we
can generate arbitrary k-step policies that can optimize the
full trajectory given knowledge of k destinations. While in
the future real data will be obtained from real environments
to ensure that our simulations are accurate, these results show
ways in which the robot can create better maps by taking
different actions.
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