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Presenter
Presentation Notes
Hello. I am Chiwoo Park with Florida State University, presenting a problem of tracking the time-varying distributions of sizes and shapes with application to materials domain.  This work is supported by the AFOSR. 
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Nanoparticles with controlled sizes and shapes are 
important for producing many important materials

Carbon nanotubes are grown from 
nanoparticle catalysts (Fe, Co). Nanotube 

radii are influenced by particle sizes.

Polymer-grafted nanoparticles has 
significant ramifications in the design of 

scalable and tough coatings in AF 
structures. 

Presenter
Presentation Notes
We first start with a background information on the materials domain problem. Specifically, the size and shape control issues on nanoparticles. Nanoparticles are miniscule particles whose dimensions are less than 100 nm. Under such small scale, the properties of nanoparticles are largely influenced by the size and shape factor.  Nanoparticles with controlled sizes and shapes are important for producing many important materials. 



3

However, the outcomes following a chemical recipe of 
nanoparticles vary significantly from synthesis to synthesis.

Day 1:    130 X 27 nm Day 2: 140 x 30 nm

133.6 x 34.3
AR 3.9

135.6 x 29.5
AR 4.6

140.3 x 30
AR 4.7

d 36 nm

140 x 30
AR 4.7

Presenter
Presentation Notes
However, getting the controlled sizes and shapes is not easy. Nanoparticles are chemically synthesized. The outcomes following a standard chemical recipe vary significantly from synthesis to synthesis. 
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For a controlled synthesis, aim to quantify uncertainties in 
particle sizes and shapes and their temporal changes.

CTAB 3.5 g
NaOL 0.62 g
AgNO3 8.2 mg
HAuCl4 250 mL, 1 mM
HCl 1.8 mL, 12 M, 

pH ~1-2
Ascobic Acid 
(AA)

7.1 mg

Seed Solution 0.2 mL

Physical System: Chemical 
Synthesis of Nanoparticles Light Sources 

Liquid Flow Sample Holder

Continuous 
Flow: samples 
flow through  
instruments

Images or UV 
spectrum

Chemical Reactor

Measurement System: 
In situ spectroscope & microscope

Presenter
Presentation Notes
In order to control such run-to-run variation, one should be able to track the changes of particle sizes and shapes in time. Such temporal changes gives important clues on how the chemical process goes and thus what control action we need to apply. To get the particle sizes and shape information, we use in situ metrology: in situ spectroscope and in situ microscope. Each instrument is connected through a microtubing to a chemical reactor. A pumping system continuously feed a small reaction solution to the measurement instruments for real-time size and shape measurements.  
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Estimating the time-varying particle size & shape 
distribution is referred to as distribution tracking.

d ~1.5 ± 0.5 nm

Particle Shape Samples

Particle Size Samples(S1) In situ 
Spectroscope

(S2) In situ 
Microscope

Particle Size & Shape 
Distribution at Process Time t 

Presenter
Presentation Notes
The two instruments provide different information. Spectroscopes can provide particle sizes for a sample of nanoparticles. What we get is a histogram of particle sizes. Microscope provides fine details. We can get particle shape information in addition to particle size information. By combing data from the two information sources, we would like to estimate the particle size and shape distribution changing in time. Estimating the time-varying distribution is referred to as the distribution tracking, because distribution data is tracked. 
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DDDAS aspect of the distribution tracking problem

Chemical synthesis of 
nanoparticles

(S1) In situ spectroscopePhysical System

Multi-Sensor Measurement

(S2) In situ electron 
microscope

Distribution tracking 
model

Model

Sensor Reconfiguration

Best combine two complementary sensors in terms of
• Effectiveness: capture the necessary distributional changes.  
• Efficiency: Slow and expensive measurements can be avoided as much as 

possible

Model 
verification

Presenter
Presentation Notes
The DDDAS aspect of our distribution tracking problem is related to how the multiple measurements are best combined. Spectroscope only provides size information. Microscope can provide fine details but comes with expensive time and operating cost. The DDDAS – dynamic sensor reconfiguration can help how we configure the instruments to make the best uses of resources for the distribution tracking. 
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Shape distribution tracking: estimate a particle shape 
distribution at a process time t.

• How is a shape defined?

• How is a probability distribution of shapes defined?

• How is the temporal change in the distribution 
modeled?

Presenter
Presentation Notes
We now go into details of shape distribution tracking. Later, we will brief about the size distribution tracking, which is relatively simple. Shape distribution tracking is in general about estimating a time-varying shape distribution. It involves many technical problems. First, how is a shape defined? Second, How is a probability distribution of shapes defined? How is the temporal change in the distribution modeled?  In statistical shape theory, the first two problems have been discussed. However, the last problem has not been discussed. Our approach can provide a solution to the third problem. 
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Shape modeling: shape as a closed curve

𝜃𝜃 (𝑥𝑥 𝜃𝜃 ,𝑦𝑦 𝜃𝜃 )

𝜃𝜃 ∈ 𝕊𝕊1 𝝓𝝓 𝜃𝜃 = (𝑥𝑥 𝜃𝜃 , 𝑦𝑦 𝜃𝜃 ) ∈ ℝ2

𝑟𝑟(𝜃𝜃)

𝝓𝝓

Contains the location, and 
orientation of an object

𝑟𝑟 𝑟𝑟 𝜃𝜃 = |𝝓𝝓 𝜃𝜃 − 𝝓𝝓𝑐𝑐|

𝝓𝝓𝑐𝑐

(𝑥𝑥 𝜃𝜃 ,𝑦𝑦 𝜃𝜃 )

Pre-shape: still contains 
the orientation 

Presenter
Presentation Notes
Start with the first problem: how is a shape of an object modelled in two dimensional domain. In a modern shape analysis, a shape of an object is represented by a parametric curve representing the outline of the object. An outline is a closed curve, which has the same topology as an unit sphere in 2D. A parametric curve for a closed curve is represented by a map from the parameter theta in an unit sphere to (x,y) coordinate in 2D. The parameter theta represents one point on the outline of an object, and the corresponding (x,y) coordinate represents the (x,y) coordinate of the point on the outline. This parametric curve contains the size and shape information, but it also contains other uninterested factors: location and orientation of an object. After removing the uninterested factors,  the curve represents a shape of the object.To cancel the location effect, we take the centroid distance transformation of the parametric curve. The transformation gets the distance from the centroid of the closed curve to each (x,y) coordinate on the curve. The centroid distance function still contains the orientation information. So, the centroid distance is referred to as a preshap. 



9

Shape modeling: shape as a closed curve

𝑟𝑟(𝜃𝜃)

𝑟𝑟 𝜃𝜃 = |𝝓𝝓 𝜃𝜃 − 𝝓𝝓𝑐𝑐|

𝝓𝝓𝑐𝑐

(𝑥𝑥 𝜃𝜃 ,𝑦𝑦 𝜃𝜃 )

Pre-shape: still affected 
by the orientation 

• Pre-shape space, Γ, is a collection of all 
such functions.  

Γ = {𝑟𝑟:𝕊𝕊1 ↦ ℝ+}

• Rotation group: 

O = 𝑜𝑜 𝜃𝜃 = 𝜃𝜃 − 𝑎𝑎: 𝑎𝑎 ∈ 𝑆𝑆1 .

• A shape is an equivalent class,

𝑟𝑟 = {𝑟𝑟 ∘ 𝑜𝑜: 𝑜𝑜 ∈ 𝑂𝑂}

Presenter
Presentation Notes
A preshape belongs to a pre-shape space, a collection of all maps from an uniform sphere to positive realTo define different orientations of a pre-shape, we define a rotation operator. This operator applies on a pre-shape, which defines one oritentation. A shape is defined as a collection of pre-shapes with the same shape but different orientations. 
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Shape modeling: partial Procrustes alignments of pre-
shapes

When a number of preshapes are available, 

𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛 ∈ Γ

Align the preshapes to a reference shape 𝑟𝑟∗ ∈ Γ

�̃�𝑟𝑖𝑖 = 𝑟𝑟𝑖𝑖 ∘ 𝑜𝑜∗, where 𝑜𝑜∗ = arg min
𝑜𝑜∈𝑂𝑂

𝑟𝑟𝑖𝑖 ∘ 𝑜𝑜 − 𝑟𝑟∗

All of the aligned preshapes are the data to be analyzed

𝐷𝐷 = {�̃�𝑟𝑖𝑖: 𝑖𝑖 = 1, … ,𝑛𝑛}

Presenter
Presentation Notes
In practical applications, when we have particles and their outlines, we first get their preshapes. Align each preshape to a reference shape for finding the orientation that makes its best match to the reference shape. It is referred to as partial Procrustes alignment in statistical shape literature. After the alignments, all of the aligned preshapes would be our base data to fit a model.   
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Shape modeling: fit a statistical model to the aligned 
preshapes

�̃�𝑟𝑖𝑖 𝜃𝜃 = �
𝑚𝑚

�
𝑛𝑛

𝛼𝛼𝑚𝑚,𝑛𝑛 𝑎𝑎𝑚𝑚 𝑡𝑡𝑖𝑖 𝑏𝑏𝑛𝑛(𝜃𝜃)

Suppose that each aligned preshape �𝑟𝑟𝑖𝑖 is observed at time 𝑡𝑡𝑖𝑖 .

Fixed basis function 
of time

Fixed basis function 
of space

Unknown 
coefficients

�̃�𝑟𝑖𝑖 𝜃𝜃 = 𝐛𝐛𝜃𝜃T ⊗ 𝒂𝒂𝑡𝑡𝑖𝑖
𝑻𝑻 𝜶𝜶Vectorial Form

Presenter
Presentation Notes
Then , we fit a statistical model to the aligned preshapes. Suppose that the ith preshape is observed at process time t_i. The aligned preshape is modeled as a spatial-temporal model with fixed temporal basis functions, fixed spatial basis functions and unknown coefficients. Its vectorial form can be described here in the second line. 



12

Shape modeling: Prior model

In a vectorial form, �̃�𝑟𝑖𝑖 𝜃𝜃 = 𝐛𝐛𝜃𝜃T ⊗ 𝒂𝒂𝑡𝑡𝑖𝑖 𝜶𝜶

The support of the coefficient vector 𝜶𝜶 can be constrained 
based on the underlying nanoparticle growth kinetics,

𝜶𝜶 ∈ 𝑪𝑪
The truncated prior distribution on the coefficient can be 
posed. For example, a mixture of truncated normal distribution

𝜶𝜶 ∼�
𝑘𝑘

𝛽𝛽𝑘𝑘𝑁𝑁𝐶𝐶(𝝁𝝁𝑘𝑘 ,𝚺𝚺k)

Presenter
Presentation Notes
The aligned preshape is determined by a vector of \alpha coefficients.  We consider the coefficient vector as a random quantity, because particle shapes can vary with uncertainties. So we define a probability distribution over the coefficient vector to describe the uncertainties. The support of the distribution is constrained by the underlying nanoparticle growth kinetics. The support set is denoted by C. We can pose a trunctated probability distribution supported on C to define a prior distribution of the coefficient vector. For example, we can use a mixture of truncated normal distributions. 
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Shape modeling: Posterior estimation

The particle shape distribution at a time t can be induced form

�̃�𝑟𝑖𝑖(𝜃𝜃) ∼ ∑𝑘𝑘 𝛽𝛽𝑘𝑘𝑁𝑁𝐶𝐶((𝐛𝐛𝜃𝜃T ⊗ 𝒂𝒂𝑡𝑡𝑖𝑖
𝑻𝑻 )𝝁𝝁𝑘𝑘 , (𝐛𝐛𝜃𝜃T ⊗ 𝒂𝒂𝑡𝑡𝑖𝑖

𝑻𝑻 )𝚺𝚺k(𝐛𝐛𝜃𝜃 ⊗ 𝒂𝒂𝑡𝑡𝑖𝑖 ))

The distribution parameters, 𝛽𝛽𝑘𝑘 ,𝝁𝝁𝑘𝑘,𝚺𝚺𝑘𝑘: 𝑘𝑘 = 1, … . , can be estimated 
using the exact Gibbs sampling. 

The predictive distribution  p(�𝑟𝑟𝑖𝑖(𝜃𝜃)|𝐷𝐷) of particle shapes at a testing 
time t can be achieved. 

For more details, please refer to our paper (Park 2014 Technometrics)

Presenter
Presentation Notes
With the prior distribution, one can derive the probability distribution of shape. The distribution of shape comes with multiple parameters, mixing proprotions of mixture model, mean and covariances of mixture components. We can do posterior estimation of the parameters using the exact block Gibbs sampler. For more details, refer to our paper in Technometrics. After the posterior estimation of the model parameters, we can get the posterior predictive distribution of shape, so we can estimate a particle shape distribution at any arbitrary testing time point. 
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State space modeling for estimating particle size 
distribution only

Histogram (yt) Particle size distribution (B𝜶𝜶𝒕𝒕)

State-Space Modeling and Kalman Filtering
Qian, Huang & Park, Ding, Annals of Applied Statistics (2019)

Au NPs

d ~1.5 ± 0.5 nm

(spectroscope or microscope data)

Presenter
Presentation Notes
Now, we move to a size distribution tracking problem to estimate the time-varying distribution of particle sizes. The size quantity is univariate positive real. We have a histogram of different sizes from a sample of nanoparticle solutions taken from a chemical reactor. Since the histogram is taken at different process times, we have the time series of histogram data. The main problem is how to estimate a particle size distribution, considering temporal and spatial correlation. In our state-space modeling, histogram data are modeled as Poisson random variables with time-varying Poisson intensities. The time-varying Poisson intensities are related temporally using a state-space model. The estimation of the time-varying particle size distribution  can be achieved by a very efficient algorithm of Kalman filter type. 



15

The distribution tracking works with adaptive sensor re-
configuration. 

Size distribution tracking 
with in situ spectroscope   

Distribution tracking model is 
validated with the size data

Shape distribution tracking 
with in situ microscope

If the conformity is not good, trigger other 
complementary measurements

p(�𝑟𝑟𝑖𝑖(𝜃𝜃)|𝐷𝐷)

Presenter
Presentation Notes
Now we brief about how the two complementary sensors are dynamically configured to achieve the particle size and shape distribution tracking. Suppose that we have a pre-learned distribution tracking model learned with some past data from spectroscope and microscope data.  In a new experiment, cheap and fast spectroscope measurements are regularly taken, and we keep tracking particle size distribution and how it changes in time. Each time of the measurement, we check the measured size distribution with the prediction from a model. If the conformity is low, a high-resolution microscope is triggered to take fine details of particle sizes and shapes, which are used to update the model. Doing so would minimize the necessary number of expensive microscope measurements. 
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The distribution tracking works with adaptive sensor re-
configuration (illustrative example: Au Nanorods) 

Presenter
Presentation Notes
This page illustrates the outcome of the dynamic sensor reconfiguration with gold nanorod experiments. In this example, a size represents the length of nanorods, and a shape represents the length divided by width of nanorods. The left plot shows the actual particle size distribution with mean and quantiles changing in time. The right plot shows the actual particle shape distribution with mean and quantiles. Vertical lines on both of the plots represent when microscope measurement is triggered. 
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With the small number of microscope data, the estimated 
particle size and shape distributions are quite comparable 

to the actual particle size and shape distributions.

(solid lines: estimated, dotted lines: ground truth)

Presenter
Presentation Notes
With the small number of microscope data, the estimated particle size and shape distributions are quite comparable to the actual particle size and shape distributions. The left plot compares the estimated particle size distribution with the ground truth. Green lines are means of the distributions, Red lines are 95% quantiles, Blue lines are 5% quantiles. Solid lines are estimated, and Dotted lines are ground thuth. We have the similar plot for the particle shape distributions on the right. 
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Conclusion

• Discussed a distribution tracking problem in materials 
engineering

• We mainly focused on the mathematical issues related to shape 
distribution tracking: how a shape is defined, how a shape 
distribution is modeled, and how the time-varying shape 
distribution is modeled. 

• Presented how multiple distribution trackers are combined 
using the DDDAS framework. 

Presenter
Presentation Notes
Conclusion. Discussed a distribution tracking problem in materials engineeringWe mainly focused on the mathematical issues related to shape distribution tracking: how a shape is defined, how a shape distribution is modeled, and how the time-varying shape distribution is modeled. Presented how multiple distribution trackers are combined using the DDDAS framework. Thank you for listening to my talk and I am open to questions now. 
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