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ABSTRACT
In this paper, we propose a new active learning algorithm
in which the learner chooses the samples to be queried from
the unlabeled data points whose attributes are only partially observed. In addition, we propose a cost-driven decision framework where the learner chooses to query either
the labels or the missing attributes. This problem statement addresses a common constraint when building large
datasets and applying active learning techniques on them,
where some of the attributes (including the labels) are significantly harder or more costly to acquire per data point.
We take a novel approach to this problem, first by building
an imputation model that maps from the partially featured
data to the fully featured dimension, and then performing
active learning on the projected input space combined with
the estimated confidence of inference. We discuss that our
approach is flexible and can work with graph mining tasks
as well as conventional semi-supervised learning problems.
The results suggest that the proposed algorithm facilitates
more cost-efficient annotation than the baselines.

is costly because it often involves human annotators, lab
experiments, etc. The active learning paradigm addresses
the challenge of insufficient labels by optimizing the selection
of queries. Several studies show that active learning greatly
reduces the labeling efforts in various domains, including
graph classification [11], network analysis [4], text mining
[17], and many other machine learning or data mining tasks.
The underlying assumption of active learning scenarios
is that all features of unlabeled data are free or inexpensive to acquire. As such, active learning techniques seek to
find the unlabeled samples that would best improve the system performance once they are labeled. A number of query
strategy frameworks have been developed by researchers,
one of which is uncertainty-sampling [12, 13]. For multiclassification tasks (which we mainly focus on in this paper),
the uncertainty-sampling method queries the instance that
is the least confident:
x∗LC = argmax 1 − Pθ (ŷ|x),
x

x∗LC

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning—concept learning,
knowledge acquisition; H.2.8 [Database Management]:
Database applications—data mining
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1.

INTRODUCTION

The challenge in many of the machine learning tasks is
that while unlabeled data is abundant, acquiring class labels
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is the sample to be queried for labels, and ŷ =
where
argmax y Pθ (y|x), or the label that has the highest posterior
probability under the model θ. One popular improvement on
this base sampling strategy is to consider the density around
the sample ([19], [16]), penalizing outlier samples that are
not representative. Note that these sampling strategies assume that the learner has access to the fully featured unlabeled dataset from which it can make a query.
However, an interesting problem arises when acquiring
some of the features becomes costly. For example, consider
that we would like to build a large dataset from scratch to
classify wines. While some of the primitive attributes such
as their weights, colors, etc. are easier to acquire, other
physicochemical attributes such as chemical reaction time
can only be obtained via actual experiments, which is more
costly [5].
Another example is a graph categorization problem on
big graph data. Among various ways to acquire features
for graph categorization such as graph kernel methods [8,
1], a new method to transform graphs into feature vectors
by their topological and label attributes has been proposed
[14]. However, computing some of the topological attributes
for the entire graph has high computational overhead, which
makes it difficult to obtain a fully featured dataset for an extremely large graph, given the limited computing resources.
In addition, for a graph categorization task on biological
networks, features of a given network are often not computable without further experiments. Thus, given the bud-

get constraint, only a small subset of the dataset can be
fully featured, whereas the majority of the data points are
only partially featured with free attributes. If we were to
use the traditional active learning techniques, the learner is
forced to choose the samples from a pool that is only partially observed, which may not be rich enough to learn a
true classifier in the output space.
Some of the works on active feature-value acquisition ([18],
[15]) also address the costly attributes problem, but most of
the works focus on querying for the most informative attributes rather than the labels. In other words, the purpose
of active feature-value acquisition is to tune the current system model by optimally choosing the instances to recover
the missing features. In this approach, the expected utility
is typically obtained by comparing the model’s prediction
with the true labels that are assumed to be given.
In this paper, however, we present a new approach to learn
from the partially observed dataset by first building an imputation model for missing features, and then by performing
active learning in the projected input space. We also propose a novel confidence metric for the inference step which
is incorporated into the utility function for active selection.
We build the imputation model by using the subset of samples that are fully featured. Therefore, our method can be
applied even when there are initially no labels available, because the inference model is built within the input space
only. We also present a cost-driven decision framework to
selectively query for missing attributes or labels when there
is a separate cost for them, depending on their maximum
utility.
The rest of the paper is organized as follows: Section 2
describes in detail the proposed active learning framework.
We discuss the implications of this research in graph mining
tasks in Section 3, and we report and analyze the empirical
results in Section 4. We give our concluding remarks and
proposed future work in Section 5.

2.

METHOD

2.1

Maximum Expected Utility

There are two aspects of optimization in this problem
(Figure 1). First, we need to acquire labels that will best
improve our current system model (classifier). This is similar to the traditional active learning scenario, except that
some of the data points are only partially featured. Second, we may also query for the missing attributes so that
we can improve our inference that can map partially featured samples to the fully featured space. In this paper, we
assume that there is a separate cost incurred for acquiring
labels and for acquiring missing attributes. As such, the
ultimate optimization requires an agenda that chooses an
instance that would either best improve the system performance or the imputation model at each iteration given the
limited budget. In the following subsections, we discuss the
two different query types that we can ask to our annotators
under the proposed framework.

2.1.1

Acquiring Labels

Let us consider N data points {x1 , · · · , xN } in the input
space X, where the corresponding true labels are {y1 , · · · , yN }.
The traditional active learning problem can be expressed as
finding a solution to the following equation:

Label 1
Label 2
Partially Featured
(Unlabeled)
Projection
(via Inference)
Current
Decision Boundary

1. Query Labels

2. Query Missing Attributes

Figure 1: Illustration of the proposed algorithm. Given
the available labeled data and the current system’s decision
boundary, the learner may choose between the two different
query actions depending on which action has a higher value:
(1) it may choose to ask for labels (e.g. of the samples that
are near the current decision boundary), or (2) it may ask
for filling in the missing attributes (e.g. of the points with
low inference confidence).

x∗ = argmax V (x),
x∈X

where x∗ is the sample to be queried for labels, and V (x) is
the value of information of the sampled data to the learning
algorithm. V (x) can be replaced with any active selection
criterion discussed above, e.g. the density weighted uncertainty score proposed in [16].
Now, let us assume that some of the attributes are costly
to acquire, and thus some of the data points are only partially featured. Let us denote the fully featured subset of X
as Xf , and the partially featured subset of X as Xp , where
X = Xf ∪ Xp . We further assume that each xf ∈ Xf is
(1)
(m)
a vector of m attributes, denoted {xf , · · · , xf }. Similarly, each xp ∈ Xp is a vector of l attributes for l < m,
(1)
(l)
denoted {xp , · · · , xp }. Note that every attribute in xp is
also included in xf for l < m.
Then, we train an imputation model T : Xp → Xf such
that it transforms the data from the partially featured subset
Xp to the fully featured Xf . For example, for some tasks, T
can be a multivariate regression model that fits xp to xf , or
a variant of EM inference algorithm that predicts xf from
xp . We present the EM inference model that we used in our
paper in Section 2.2. Thus, we can reformulate our task as:
x∗ = argmax V (T (x)),
x∈{Xf ∪Xp }

where T (x) is a projection of x ∈ Xp into the fully featured
space, and x = T (x) for x ∈ Xf . Note that this may not
return an ideal solution if T is not accurate. In order to
account for the confidence level of the imputation model T
on a given data point, we denote α(xp ) as the confidence
level of T inferring x0f = T (xp ), where 0 ≤ α(x) ≤ 1 for

x ∈ X. Finally, we can write the maximum expected utility
U (x) as:
x∗ = argmax λ · Vnorm (T (x)) + (1 − λ) · α(x),

(1)

x∈{Xf ∪Xp }

where 0 ≤ λ ≤ 1 is a weight factor, and Vnorm (·) is a normalized value of samples. Note that α(xf ) = 1 for xf ∈ Xf . As
such, the optimization problem can be seen as a competence
between the projected value of an unlabeled data point and
the confidence of inference by the model.

2.1.2

Acquiring Missing Attributes

We optimally acquire missing attributes such that it would
improve the current inference model the most, which would
consequently make the process of acquiring labels discussed
above more precise and efficient. In this paper, we present a
simple metric for determining the value of an instance with
missing features as follows:

We chose to use a Gaussian Mixture Model (GMM) to model
the joint density over all features. For objects with missing
features, we then exploit the simple parametric form of the
conditional Gaussian distribution to impute the missing values.
In our experiments a fixed set of feature(s) is missing
from some of the training data. However, in this section
we present a general framework that can work with varied patterns of missing data. Consider sample xi ∈ Rd ,
for i ∈ [1, N ], where N is the number of observations in
the training set. We then partition xi into vectors xio and
xim , corresponding to its observed and missing features. We
describe EM algorithm for a GMM with missing features,
where K is the number of components.

2.2.1

Expectation

For each Gaussian j ∈ [1, K], we find the posterior probability of xi belonging to j. Let µj the mean of j be split into
µo and µm . Furthermore, we partition Σj into Σoo , Σom ,
Σmo = Σ>
om , and Σmm . We first calculate the likelihood

x∗p = argmax IV (xp ) = argmax ρ(xp ) · (1 − α(xp ))β , (2)
xp ∈Xp

where IV (xp ) is the value of potential error reduction in
inference of xp , ρ(xp ) is the density of samples around xp
in the input space, α(xp ) is the confidence of inference by
the model, and β is a weight factor determined empirically.
As such, the learner would favor the instances with missing
features of which the inference confidences are low, and the
instances that have many neighbors.

2.1.3

Joint Optimization Selections

At each query iteration, we decide whether to query a
sample for labels or to query a sample for its missing features. Acquiring missing features would improve the inference model, whereas acquiring labels would result in a more
myopic improvement in the system performance. As such,
given the limited budget, the query strategies may depend
on the learner’s agenda and its preference on taking risks
in favor of high return [10]. In this paper, we implement a
greedy cost-optimization strategy where the learner chooses
the best action at each iteration, where the utility for an
action is penalized by its cost [7]. The utility function of an
unlabeled point x can be formulated as:
(x∗ , q ∗ ) = argmax

max(

x∈{Xf ∪Xp }

V (T (x) IV (x)
,
),
Cl
Cm

(3)

where q ∗ is a query action type for the corresponding value
functions, Cl is the cost for querying the labels, and Cm is
the cost for querying the missing attributes. Note that Xp
may include the samples that are labeled already. If the
labeled samples are queried for their missing attributes, it
would adjust the input space and thus refine the current
boundary.

2.2

qij = N (xio ; µo , Σoo )

xp ∈Xp

Imputation Model

An imputation model T can be different depending on
the types of the attributes of the dataset. In this section,
we describe the Expectation Maximization (EM) inference
algorithm for the real-valued attributes used in our experiments. As demonstrated in ([9], [6]), EM training can be
naturally extended to perform inference over missing values.

Then, defining πj to be the prior probability of component
j, we compute
qij πj
pij = PK
k=1 qik πk

2.2.2

Maximization

We recompute the parameters for separately each Gaussian j. To do this, we first assume that xi comes from Gaussian j and consider xim conditioned on xio , which is also a
Gaussian distribution.
i,j
−1
i
−1
xi,j
m |xo = N (µm + Σmo Σoo (xo − µo ), Σmm − Σmo Σoo Σom )
(4)

Thus, we impute any missing values xim to the conditional
mean
−1
i
x̂i,j
m = µm + Σmo Σoo (xo − µo )

(5)

We therefore get x̂i,j from combining xio and xi,j
m . Now we
incorporate the imputed values when updating µj and Σj .
PN
i,j
i=1 pij x̂
µj = P
N
i=1 pij
PN
Σj =

i=1

pij (x̂i,j − µj )(x̂i,j − µj )>
PN
i=1 pij

Finally, we recompute πj by summing the posterior weights.
PN
pij
πj = PK i=1
PN
k=1
i=1 pik
Upon completion of EM training, we impute the missing
values without assuming that they come from any particular mixture component. For each xi with missing features,
we draw component j randomly from Multinomial(pi ). We
then set x̂im using Equation (5). (Alternatively, we could
randomly draw xim using Equation (4).)
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Figure 2: Active learning performance on UCI datasets

2.3

Algorithm

In this section, we present the algorithm that implements
our method discussed in Section 2.1 and 2.2. We assume that
the data X is divided into two sets, unlabeled and labeled,
which we denote as XU L , and XL . We denote K as the oracle (annotator), and its answer upon query on xul ∈ XU L as
yK . The objective of this task is S, which is the accuracy of
the trained classifier. Given the formulated expected utility
U (in Equation 1) and the imputation model T , we design
our algorithm as follows.

Algorithm 1 Active learning framework
function Active Learning(X, T , U )
Xf0 ← T (Xp )
. Apply T on the partailly-featured
data Xp
Xf ← Xf ∪ Xf0
while IterationN otOver do
. From Eq. (3)
(x∗ul , q ∗ ) ← argmax U (xul )
x

if q ∗ : query labels then
yk ← QU ERY (x∗ul , K)
XL ← XL ∪ {x∗ul }
XU L ← XU L − {x∗ul }
U pdate S with XL
else if q ∗ : query missing attributes then
xf ← QU ERY (x∗ul , K)
Xf ← Xf ∪ {xf }
Xp ← Xp − {x∗ul }
U pdate T with Xf
end if
end while
end function

3.

IMPLICATIONS IN BIG GRAPH DATA

In the previous section, we described the framework for
our approach which is flexible and can work with any conventional semi-supervised classification task with continuous features. In this section, we present the implications of
the proposed framework in relation to graph mining tasks.
A graph categorization problem, for example, is an important and active research topic in graph mining tasks, where
the challenge is to efficiently extract features from a graph.

However, because most of the featurization techniques involve graph enumeration and graph isomorphism testing
which are NP-complete, it is almost impossible to enumerate through the all of the subgraphs and extract features for
active learning, especially for large graph data. In addition,
extracting features and labels from graphs often requires
extensive human efforts, which makes the processing of the
dataset for graph categorization more difficult.
[14], for example, proposes a method to extract twenty
attributes per node based on its topology and labels. While
some of the simple attributes, such as the giant connected
component, are easier to compute (O(n+m) where n and m
denotes the number of nodes and edges, respectively), there
are more complex and informative attributes that require a
high computational overhead (e.g. the spectral attributes
that depend on eigen decomposition, which has the worst
case performance of O(n3 )). In addition, features such as
label entropy and neighborhood impurity require labeling
efforts beforehand, which in some cases are not computable
without further annotations or experiments. In contrast,
our imputation step to acquire missing attributes only takes
O(nd2 k), where d is the number of attributes, k is the number of clusters [20].
The proposed framework thus allows for a new way to
tackle the graph mining problem. Using our framework, we
propose to mine the graph on a partially-observed basis,
and use the imputed features in order to rank the selection queries. This allows us to greatly reduce the efforts in
labeling and transforming the graph into features, and to
avoid enumerating through the entire graph to extract features. Note that once the method for transforming graphs
into feature vectors is determined, the rest of the process
can simply follow the algorithm presented in Section 2.
In the following section we present our results on the real
datasets using the algorithm discussed above. We choose
the typical UCI datasets [2] for multi-classification as representative examples of semi-supervised learning problems.
We also present a preliminary result on the Yeast protein
interaction network (PIN) dataset.

4.
4.1

RESULTS AND ANALYSIS
Baselines

We obtain the baseline performance as follows. We first
build a system classifier using only the available labeled data

Table 1: Active learning performance on UCI Vetebral Column Dataset with varying percentage of samples missing some of
the attributes (30%, 50%, 70% missing 3 attributes out of 8).
Classification Error

% of Missing Data
0 % (Oracle)
30 %
50 %
70 %
90 %

Cost = 0.25

Cost = 0.50

Cost = 0.75

Cost = 1.00

0.271
0.279
0.347
0.398
0.415

0.201
0.195
0.262
0.303
0.421

0.146
0.182
0.181
0.281
0.413

0.130
0.161
0.164
0.209
0.352

Table 2: Active learning improvement on the Yeast Protein Interaction Networks dataset (50% data missing 3 attributes out
of 8). Initial classification error rate = 0.701, chance performance = 0.80.
Classification Error

Method
Partial Featured
Oracle
EM Inference

Cost = 0.25

Cost = 0.50

Cost = 0.75

Cost = 1.00

0.641
0.569
0.583

0.627
0.555
0.573

0.578
0.521
0.541

0.574
0.463
0.484

points with the reduced-features. In other words, we remove
the features corresponding to the missing test feature from
the training data. Note that this dataset with missing features might not be rich enough to build a good classifier.
We then perform the traditional active learning on this classifier, using the same selection criteria (e.g. entropy-based
selection for this experiment) as the proposed algorithm for
the value function V (·). We refer this baseline as the partial features method. We also present the result when we
assume that we have a perfect inference of every missing
feature (referred as the oracle baseline). We treat this as
our soft upper bound.
The two algorithms that we propose are referred as (1)
Joint EM Inference and (2) EM Inference. The joint EM
inference method allows the learners to choose between the
two actions illustrated in Figure 1, depending on the relative
values. The EM inference method, on the other hand, performs imputation only at the first iteration using the initially
available fully featured dataset, and performs traditional active learning with the entropy-based selection criteria.

4.2

UCI Dataset

We test our algorithm on typical UCI datasets for multiclassification task (Vertebral Column (3 classes), Glass (7
classes), and Wine Quality (6 classes)). We assume that
some of the features are more expensive to acquire than others for a given dataset, and thus we artificially assign some of
the attributes as missing features and hide them from the experiment. For example, the Wine Quality dataset contains
12 physicochemical attributes (e.g. fixed acidity, volatile
acidity, citric acid, etc.) of continuous numbers, where acquiring each attribute incurs a varying cost. For this experiment, we assume that the more informative attributes are
more expensive, and that some portion of the samples are
missing for those attributes. In addition, we assume that
querying the labels incurs cost 3 times higher than querying
the missing attributes. We ran the experiment 5 times each
with a different random allocation of Xf and Xp as well as

a different initial labeled set, and we report the average over
the runs. Figures 2a, 2b, and 2c show the results when 50%
of the data were assumed to be missing from a set number
of attributes. X-axis has been normalized by a fixed budget.
In Figures 2a, 2b, and 2c, it can be seen that the proposed algorithms (EM Inference and Joint EM Inference)
perform better than the baseline (Partial Features), with
p < 0.01 on a paired two-sided t-test. The joint EM inference method outperforms the EM inference only method,
which indicates that acquiring the missing attributes incurs
a higher information gain even at the cost of acquiring fewer
labels. While the EM inference algorithm converges at a
higher error rate than the oracle method (which assumes a
perfect inference model) due to the errors in inference of Xp ,
the joint method converges at a similar error rate with the
oracle method. This indicates that the proposed algorithm
can almost reach the oracle performance at a significantly
lower cost.
Table 1 shows the different performance of the EM inference algorithm on the Vertebral Column dataset depending
on the initial proportion of the samples that are missing
some of the attributes. If a higher percentage of the samples is partially featured at the beginning, the system cannot
build a confident inference model due to the small number
of fully featured data points available to train. This is well
represented in Table 1: we observe that with the dataset of
which 30% is partially featured, we can achieve almost the
same performance as the oracle performance. As expected,
the performance degrades as we increase the percentage of
the partially featured samples.

4.3

Protein Interaction Networks

We also present a preliminary result of our method on
graph datasets. The extension to graph mining tasks is
straightforward, because one can cast the graph categorization problem as a semi-supervised learning problem with
the numerical features extracted from graphs, as proposed
in literature extensively.

We apply our method on the protein interaction network
(PIN) of Yeast dataset [3], which consists of 2361 nodes and
7182 edges, where each node is encoded as one of the 13 PIN
classes. We use the subset of the dataset with the five most
frequent classes. For our experiment, we implement some of
the topological attributes proposed by [14] (e.g. clustering
coefficient, neighborhood connectivity, eccentricity, average
degree, etc.), and assume that 50% of the data are missing
3 out of 8 attributes.
Table 2 shows the active learning performance of three different methods (EM Inference, Oracle, Partial Features) at
each interval. It can be seen that the EM Inference method
outperforms the Partial Features baseline at every interval.
Note that the EM Inference method has a similar performance as the Oracle method even with the constraint that
the dataset was initially only partially featured. This result
implies that applying our methods to graph categorization
can result in the reduced costs and efforts in transforming
graphs into features, as well as in annotating graphs with
labels. This can be regarded as an additional aspect of optimization for building a big graph dataset for mining and
learning.

5.

CONCLUSION

The proposed algorithm has been shown effective in the
selected UCI datasets and the Yeast Protein Interaction
Network dataset. Specifically, it was shown that with the
dataset of which 30% is partially featured, we can build a
classification model that is almost as good as the model built
with the fully featured dataset. This implies a practical benefit when building a new dataset: given a limited budget, we
may not need to acquire features for all of the data samples
that we have, but may choose to leave some portion of the
dataset partially featured. As such, the proposed algorithm
can save the time and expenses that would normally take
to build a fully featured dataset, which is a significant improvement especially for large unlabeled datasets. In addition, the proposed framework can be applied in a variety of
tasks, including graph classification, text mining, etc.
There is more work that needs to be done to further develop this research. First of all, we plan on performing more
experiments on various types of graphs, and show the efficacy of our method in saving costs and computational overhead for extracting features from graphs. Secondly, we can
improve the framework by formulating a long-term agenda
for choosing between the two query types, rather than a
myopic optimization method. The long-term agenda would
outperform the proposed greedy implementation especially
when the total budget is variable. Finally, we can generalize the proposed EM algorithm method such that it can be
used for other types of datasets as well, for example where
the missing attributes are binary or categorical.
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