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Motivation

Phonons are involved in a variety of materials properties, like the spe-
cific heat and superconductivity. They can also appear in optical spec-
troscopy, particularly relevant for dense hydrogen since corresponding
experiments are often limited to optical probes. Phonon calculations
form the starting point for more sophisticated calculations, like electron-
phonon coupling or anharmonic e↵ects.

First principles phonon calculations require at minimum a force cal-
culator (see below). However, with QMC methods, there is statistical
noise, which, depending on the problem, can be significant: in the case
of dense atomic hydrogen, most of the resulting forces from a reason-
able single displacement have magnitude smaller than 10�3 Ry / Bohr,
approximately equal to the level of statistical noise (see right).

Histogram of force magnitudes in a conventional calculation (blue) and

a random displacement calculation (orange). With the conventional

method, the majority of the forces cannot be resolved

Phonon band structure using force constants calculated by centered finite

di↵erence with � = 0.05 Bohr (green), and band structure produced

using the same data but with artificial noise added (blue). Based on this

we would expect a resolution of ⇠ 10�5 to be required.

Conventional method

The force constants �ij, which are second derivatives of the energy, can be obtained as the first derivatives of
the forces:

1. Construct supercell,

2. displace a particular atom coordinate Ri by a small amount �,

3. perform force calculation in the presence of this displacement, giving the force constant ��ij =
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by forward finite di↵erence,

4. and repeat with as many displacements as necessary.

Using the symmetries of the structure, the number of the displacements (and hence force calculations) can be
as little as one [1, 2].

Random displacement method

To improve the signal-to-noise, we can displace all of the atoms:

1. Construct supercell,

2. displace every atomic coordinate by a random amount Ri � R0
i 2

(��,�),

3. perform force calculation in the presence of this displacement.

This is repeated as many times as possible, and the finite di↵erence
evaluation is generalized to a linear regression problem [3].
In the limit of perfect sampling, this method calculates the force con-
stants with an error O(�2), comparable to a centered finite di↵erence
estimate.

Results

We performed tests with DFT in order to verify that, in practice, the
random displacement protocol reproduces the conventional protocol,
using various numbers of force calculations (samples) and levels of arti-
ficial noise. The resulting phonon band structures using this alternate
protocol (blue) reproduce the conventional protocol (green) with ac-
ceptable resolution. � = 0.05 Bohr for the random displacements, and
for convergence � = 0.007 Bohr for the single displacement, using a
centered finite di↵erence estimate.

Using this new protocol, we can calculate force constants with QMC
using 50 force calculations. Note that simply trying to reduce the statis-
tical noise on a single calculation to an acceptable level would require
the calculation to be over 1000 times as long. The resulting phonon
spectra (blue) have acceptable resolution and are shown alongside cor-
responding DFT PBE calculations (green). � = 0.05 Bohr.

Summary

•For dense atomic hydrogen, the energy and length scales are such that the forces are
“small” compared to QMC resolution in a conventional displacement calculation

• Instead of having to improve error bars by 2 orders of magnitude, the force constants can
be calculated using a simple, all-atom random displacement protocol

•This alternative protocol requires no specialized implementation: all calculations shown
are performed with Quantum ESPRESSO [4, 5] and QMCPACK [6], out of the box

•We calculated phonon band structures for atomic hydrogen at two di↵erent densities,
with su�cient resolution to see that the energy surface is slightly “flatter” in QMC than
in DFT PBE
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