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 Summary
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- We presented highly accurate electronic density in several solids 
with PW-AFQMC [1]. 

- We implement interatomic forces and propose a geometry 
optimization procedure for forces with noises (to be published).

Auxiliary-field QMC

Electronic density and interatomic forces are some of the most 
fundamental physical quantities in solids. Accurate electronic 
density helps designing better DFT functionals; forces (and stresses) 
are essential in geometry optimization. However, calculations of 
these quantities by many-body methods remain challenging.
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Ground state of the Schrödinger equation  can be 
obtained by imaginary-time projection from an initial wave function 

 . Rewrite the propagator as:

H |Ψ⟩ = E |Ψ⟩

ΨI

Here, we transform the two-body part of the Hamiltonian 
 into a random sampling of one-body propagators 

, where auxiliary field  is sampled with probability . 
H2 = H − H1

̂A(x) x p(x)

e−ΔτH = ∫ dxp(x)B̂(x) + 𝒪(Δτ2), B̂(x) = e− Δτ
2 H1e ̂A(x)e− Δτ

2 H1

Under this idea, 
AFQMC [2] performs 
a random walk in the 
Slater determinant 
space. All walkers 
are averaged at the 
end to estimate the 
ground state wave 
function .e−βH |ΨI⟩

Physical quantities are  
obtained as the expectation value of observables . A 
back-propagation [3,4] (on ) is usually required for non-energy 
observables (e.g. density and forces).
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Density results
We calculated electronic densities  using plane-
wave AFQMC. A finite-size correction [6] is applied to approach the 
thermodynamic limit. Below are the results for Si.

ρ(r) = ⟨Ψ |c†(r)c(r) |Ψ⟩
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computational origin 
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We can benchmark DFT functionals in Si with this density:

<001> <110> <111>Si Si

Interatomic forces

Benchmarking 
Route

Interatomic forces on atom :     

We computed this in PW-AFQMC, and benchmarked it against the finite 
difference of accurate AFQMC total energies in Si near equilibrium:

i Fiα = −
∂

∂Riα
⟨Ψ |H |Ψ⟩ = − ⟨Ψ |

∂H
∂Riα

|Ψ⟩

Plane-wave AFQMC [5] follows this procedure, and takes advantage 
of electronic structure machinery from DFT, efficient FFT-based 
algorithms, force calculations without Pulay term, etc.

Geometry optimization
Interatomic forces are usually accurate gradients of the potential 
energy surface. But AFQMC forces come with statistical error bars. 
What’s the best way to perform geometry optimizations in the 
presence of noisy forces?  

We find that a classical steepest descent method with a fixed step 
length leads to good performance. Below is an AFQMC phase 
transition to the equilibrium structure ( -tin) in a compressed Si 
lattice, based on this algorithm.

β

We also find that using large initial noises can greatly boost the 
efficiency. Increasing the statistical accuracy at later stages allows 
better convergence.

(Density from pseudopotential core not included)

See [1] for further details, including results on NaCl and Cu.

Step size = 0.7 Bohr
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