
Approach for Enabling High Level Quantum Chemistry in a Periodic Pseudopotential 
Plane-Wave Basis Set Calculation via Correlation Optimized Virtual Orbitals

Duo Song, Eric J. Bylaska, Nicholas P. Bauman, Karol Kowalski, Kevin M. Rosso

Pacific Northwest National Laboratory, Richland, WA 99352, USA

ABSTRACT
For methods currently used in quantum computing such as configuration interaction (CI) and coupled cluster (CC) methods, the virtual orbitals in a pseudopotential plane-wave Hartree--Fock calculation, which
are often scattering states, interact very weakly with the filled orbitals and thus capture very little electron-electron correlation energy due to Coulomb repulsion. It is also shown that the virtual spaces derived
from the one-electron operators can only capture a low amount of correlation. To solve these difficulties, we have recently developed a new approach, which we term as correlation optimized virtual orbitals
with the abbreviation COVOs, to define virtual spaces with a pseudopotential plane-wave code by optimizing the virtual orbitals to minimize small pairwise CI Hamiltonians. The method has successfully been
applied to the H2 and Be2 molecular dimers. The generated virtual orbitals in our plane-wave calculations are able to better capture a significant amount of correlation than virtual spaces from Hartree-Fock and
one-electron Hamiltonian. Moreover, we obtained good agreement with traditional quantum chemistry (Full CI/cc-pVTZ) and quantum computing (VQE and Trotterization) methods for small molecules with free
space boundary conditions (aperiodic convolution), even with small numbers of virtual orbitals. In this work, we propose a way to extend COVO methods to work with periodic systems at the Γ point, as well as
extensions to take into account larger Brillouin integrations. With this approach we have been able to reproduce aperiodic CI results for small molecules using periodic boundary conditions with large unit cells.
The methods will further be applied to CI calculations at the Γ point for minerals that have small unit cells with up to 18 valence orbitals (e.g. periclase (MgO) and diamond). The quality of the results shows a
promising possibility of performing many-body quantum computing calculations with approaches including couple cluster theories in pseudopotential plane-wave basis set for large and complicated molecules
and materials.

Pseudopotential Plane-Wave Many-Body Hamiltonian

INTRODUCTION

Most high-level methods for strongly correlated systems in use today (e.g. full configuration interaction (CI), coupled cluster
(CC), Green's function (GF) approaches) are based on second-quantized Hamiltonians, which are written in terms of
creation and annihilation operators for fermion orbitals. In principle, It is exact to convert the full many-body Hamiltonian to
a second quantized form and popular CC and GF approximations based on this form are very accurate. However, this
conversion has a drawback in that the introduction of a basis set, which has to be small for computational cost reasons.
Typically, these basis sets are composed of atomic-like orbitals generated with heuristics based on an atom calculation for
each kind of atom in the system. An example of this type of basis set is the popular Dunning correlation consistent basis set
in which the atomic orbitals are optimized at the CISD level of theory. While the size of this basis set is small compared to
other basis sets used in quantum chemistry, such as plane-waves, it still needs to contain a large number of atomic orbitals
to produce a truly accurate result. One way to reduce the cost of these calculations is to develop new procedures for
optimizing basis sets. To overcome these limitations, we developed a new method that generates a plane-wave derived
correlation optimized orbitals basis sets. These derived basis sets can also be used in other many-body approaches,
including CC theory and can easily be generalized to work with recently developed Filon Integration Strategy for two-
electron integrals in periodic system. This method is different than other plane-wave derived optimized orbital basis sets in
that it is based on optimizing small select CI problems rather than fitting one-electron eigenvalue spectra and band
structures. In this work, the COVO method was extended to apply to periodic systems at Γ point as well as with larger
Brillouin integrations. Using this new type of virtual space, we were able to perform CI calculations for materials with small
unit cells with up to 18 valence orbitals.
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Virtual space with a small CI Hamiltonian for H2

In the case of H2 a small CI wavefunction can be expressed as 3 determinant
wavefunctions for just singlet (or triplet) states

The energy of the system can be obtained by diagonalizing the following equation

where

The variation with respect to can be obtained as

The non-relativistic electronic Schrӧdinger eigenvalue equation of quantum
chemistry is

where

which can be rewritten in the second-quantization form as

with

Corresponding orbital transformation

Let be ΨA and ΨB be single Slater determinants

The singular value decomposition (SVD) of the one-electron overlap matrix 
between the two orbital sets is

Rotate the orbitals to make their overlap diagonal

Using this transformation, the overlap and Hamiltonian integrals between the 
two determinants are 

where

and

COVOs, which agree well with large Gaussian basis 
set results, were significantly better capturing 
correlation in plane-wave calculations than virtual 
spaces from HF and one-electron Hamiltonian

With just 4 COVOs a significant portion of the 
correlation energy was recovered. By 18 COVOs the 
same amount of correlation energy was recovered 
as with the cc-pVTZ LCAO basis set calculation

CI and QI results for H2

Most virtual states by
straight HF calculations
were scattering states

HF virtuals produced ~zero correlation
H1 virtuals while better, significantly 
underestimated the correlation energy

COVOs for multiple-orbital molecules (Be2)

Be2 Is unbound with HF. All of the bondings comes form correlation.

CONCLUSION

Ø We developed a new approach for defining virtual spaces with a pseudopotential plane-wave code for use
in many-body methods described by second-quantized Hamiltonians. This method is based on optimizing
the virtual orbitals to minimize a small select CI Hamiltonian (i.e. COVOs) that contains configurations
containing filled RHF orbitals and the one virtual orbital to be optimized.

Ø These new types virtual orbitals were significantly better at capturing correlation in plane-wave
calculations than from virtual spaces from Hartree–Fock and one-electron Hamiltonian, and moreover we
were able to obtain good agreement with Gaussian cc-pVTZ basis set results

Ø The COVOs procedure can be applied to larger and more complicated molecules and materials as it
shows promising results in multiple-orbital and periodic systems.

COVOs for periodic systems

The aperiodic CI results for H2 can be reproduced using periodic
boundary conditions with large unit cells.

King et al, J. Chem. Phys. 1967, 47, 1936-1942
• Generalize COVOS to multiple electrons
• Generalize periodic COVOs and CI matrix elements with Filon integration

Bylaska et al, Mater Theory 2020, 4, 3
Filon Integration Strategy for two-electron integrals was used to
extend COVOs in periodic system

Difficulty of using Hartree-Fock virtual orbitals and energy for H2

The two-electron Hamiltonian integral can be split to a Coulomb term and an exchange term

where


