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ABSTRACT 

 

Mathematical models of vehicle collisions are used to 

understand the relation between damage to a vehicle, 

energy dissipated and impact speeds.  The objective is 

to relate energy absorption to kinetic energy and thus 

determine impact speeds based on residual damage.   [1] 

(Emori R, 1968),  [4] (Mason R P and Whitcomb, D, 

1972) and [5] Campbell K 1974]  modeled automobile-

into-barrier crash tests using a single-degree-of-freedom 

lumped-mass model with one or more springs whose 

stiffness would be determined using full-scale crash 

testing. These were proposed in an era when personal 

computers and did not exist in engineering analysis. 

These fundamental models are reexamined and 

proposals for modification of said models which include 

more detailed effects of dissipation elements in addition 

to spring elements are proposed.   Bond graph modeling 

is used to extend the original model including both 

dampers and springs to better model observed energy 

absorption and restitution during barrier crash testing. 

Models comprised of more dynamic elements are 

generally a more accurate representation of the vehicle 

and hence improve on the original model and provide 

more insight into the analysis. Computer models are 

compared with EBS speeds obtained in actual crash 

tests. Bond graph software tools like CAMPG, 

MATLAB and SIMULINK are used for modeling and 

simulation to relate damage to impact speeds.  Vehicle 

safety researchers and the accident reconstruction 

community can use the bond graph technique to more 

accurately analyze the vehicle versus barrier impact 

speeds.  Ultimately, the bond graph technique is 

extended to vehicle-to-vehicle collisions. 
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I.  INTRODUCTION/BACKGROUND 

 
The National Highway Traffic Safety Administration 

(NHTSA) has been conducting impact tests of vehicles  

of different brands and models for many years in order 

to assist engineers to understand EBS (Equivalent 

Barrier Speed) which is used to relate the damage 

observed in barrier tests to relate to vehicle stiffness and 

energy absorbed in a collision.   Simple models based on 

[1] (Emori R, 1968) and [5] (Campbell K 1974) have 

been used to relate the NHTSA tests to vehicle stiffness 

in order to relate damage to impact speed.  Fig. 1 

illustrates such a simple model. 

 

 

 

 

 

 

 

 

 

Fig 1.  Simple vehicle model considers stiffness and 

mass. 

 

 

 

 

 

 

 

 

 

Fig 2.  Bond Graph model of the Emori model. 

 

Using a bond graph modeling layout method proposed 

by [3] (Granda 2011) that draws the bond graph of the 

vehicle at impact with the barrier. [3] (Granda 2011) 

proposed that bond graphs for mechanical, electrical and 

hydraulic systems can be drawn directly over the 

physical system, thus identifying clearly the physical 

elements to the bond graph as well as the connections.   

Using this superimposed method on the actual system 

the relationship between the physical elements and their 
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corresponding bond graph elements becomes perfectly 

clear. Prior to the collision there is no dynamics 

involved with the bumper and stiffness of the vehicle.  If 

the model before and at the point of impact were to be 

modeled together, which is possible with bond graphs, 

we would have a nonlinear discontinuous model.  In 

order to simplify the analysis we consider the model of 

Fig 2 at the time of impact with the barrier.  The model 

represents the driving force (SE) element which 

represent the friction forces driving the vehicle forward, 

the Inertia element I with parameter m represents the 

mass of the vehicle, the stiffness element C, the spring 

and the barrier is represented as an SF element with zero 

velocity. 

 

The fundamental theory behind the [1] (Emori 1968) 

model shown in Fig 1. States that: “Analyses of full-

sized experiments indicate that the mechanism of 

automobile collision may be simulated by a simple 

model with a mass, which represents the vehicle mass, 

and a non-linear spring, which represents the resisting 

force due to the crushing of the vehicle structure.” 

 

Emori reached the conclusion that permanent 

deformation of a vehicle in a frontal collision with a 

barrier is proportional to the impact velocity.  He 

concluded that: 

 

C = 0.9v   or 

v = 1.1C 

 

Where C= maximum permanent crush (in) 

v= Impact velocity (mi/h) 

 

Then in [4] (Mason R P and Whitcomb, David, 1972) 

published a report that established equations that 

approximate impact speeds and verified the Emori studies 

reaching the conclusion that permanent crush C is directly 

related to the velocity in a linear relationship.  [6] (Fricke 

L, 2010) 

 

C = a + bv  (1) 
 

Where:  C= crush (in) 

              a = constant 

              b = constant 

 

[5] (Campbell K. 1974) established that:  

Vehicle damage and force-deflection (stiffness) can be 

used to estimate the energy absorbed in plastic 

deformation of the vehicle. 

The energy can be expressed in “equivalent barrier 

speed.” 

Full frontal barrier tests can provide the basis for the 

simple force-deflection characteristics of the vehicle.  

He confirmed the earlier two studies and expressed the 

impact velocity as:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 3.  Impact velocity and permanent crush 

 

Where: 

v = impact speed (mi/h) 

C = permanent crush (in) 

b0 = intercept (mi/h) 

b1= slope (mi/h/in) 

 

These principles have been implemented in practice 

relating the measure of permanent crush using six 

measurements and summarizing them in calculations 

that yield the total energy of deformation [9] (SAE 

880072).  This is then equated to the kinetic energy in 

order to come up with the initial impact speed just prior 

to permanent damage at impact with the barrier.   Fig 4 

illustrates the deformed profile measured at the level of 

the stiff structures of the vehicle. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 4. Crush measurements used to calculate Equivalent 

Barrier Speeds. 

 

In January 2005, NHTSA contractor, MGA Research 

Corporation, performed a full overlap barrier crash 



 

 

(NHTSA #M55101) of a 2005 Toyota Camry LE 

(1687.5 kg).  Fig 5 shows the post-collision deformation 

of the front of the Toyota and the crush measurements 

are provided in Table 1.  The resulting deformation and 

known barrier impact speed (56.5 kph) (15.7 m/sec) 

(35.11 mph) were used to develop spring stiffness 

coefficients, commonly referred to as A and B stiffness 

coefficients, see Fig 6.  Recall in this model, it is 

assumed that the vehicle perimeter behaves like a linear 

spring that “dissipates” energy during the barrier impact.  

This methodology, relied heavily upon by the traffic 

collision reconstruction community, culminates in the 

derivation of A and B stiffness coefficients useful when 

assessing vehicle speed based on post-collision 

deformation in real-world collisions.  Immediately after 

colliding with the rigid, non-deformable barrier, the 

Toyota Camry rebounded and came to rest an average of 

709 mm from the face of the barrier.  Clearly energy was 

dissipated during the barrier collision, a quantity to be 

modeled by R elements dampers, yet some potential 

energy was stored and released immediately post-

collision, a quantity to be modeled by C element springs, 

thus accounting for energy dissipation and the energy 

returned to the system resulting in the vehicle rebound.  

Using the proposed Bond Graph modeling of such a 

simple barrier impact collision, the equivalent barrier 

speed can be calculated. The idea is to calculate how 

much energy was stored plus how much energy was 

dissipated the sum equate to the initial kinetic energy the 

vehicle had prior to impact in order to find the EBS. 

 

 
 

Fig 5. Crush measurements to determine impact speed 

 

 
Table 1.  Six point crush measurement profile 

 
Fig 6.  Sample calculation of impact speed from crush 

measurements. 

 
II BOND GRAPH MODELING OF BARRIER TESTS 

 

The Bond Graph model representing the basic Emori 

model shown in Fig 2. Uses distinct element symbols to 

represent the dynamic function of the physical 

components.  Thus, element C represents the spring with 

the fundamental concept by definition that it is an 

energy-storing element. The I element represents the 

inertia effect whose parameter is the mass m of the 

vehicle.  The R element or resistive element specifically 

represents the energy dissipation.  The SE element is the 

driving force produced by the friction forces acting on 

the tires and the SF element represents the Barrier with 

speed at zero.  The 1 and 0 junction elements represent 

how the elements are connected to each other.   It is 

important at this point to illustrate the constitutive 

relations of each of the elements that compose the 

system and the equivalent notation used in bond graph 

modeling.   

 

Table 2. illustrates the constitutive laws the equivalent 

variable are as follow. 

 

R Damper Element (Energy dissipation element) 

 

F = e =    Force 

v = f =     Velocity 

b = R =   Damping coefficient 

 

C Spring element (Potential energy storing element) 

 

F = e =    Force 

v = f =     Velocity 

x = q =    Displacement 
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Table 2.  Basic mechanical elements constitutive equations and their equivalence in Bond Graph notation 

 

1/C = k    Stiffness 

 

I Element (Kinetic energy storing element) 

    

F = e =    Force 

v = f =     Velocity 

p = m dv/dt Momentum 

m =          Mass 

                                                                            Barrier 

 
Fig 7.  Proposed  model with six  stiffness components 

   
Fig 8. Bond graph model with six stiffness distributed 

in a crush profile 

The software CAMPG (Computer Aided Modeling 

Program with Graphical interface) has the ability to 

draw the bond graph on the screen and from there, 

automatically find the differential equations and all the 

contitutive laws of a system.  Once the bond graph is 

entered on the screen the software poduces a simulation 

model in source code form that is processed in a 

powerful simulation language, MATLAB and 

SIMULINK.  CAMPG delivers the model in the form of 

.m files for MATLAB or .mdl files for SIMULINK [12] 

(Granda JJ, 2002), [13] (Grandajj 2001). 

 

The CAMPG graphical model for the system shown in 

Fig 8 is shown in Fig 9.  There is a one to one 

correspondence between the symbols of the bond graph 

and the physical elements of the system.  For the reader 

not familiar with the bond graph technology, please see 

[2] (Karnopp D, Margolis D, Rosenberg R, 2012) for a 

more detailed explanation of the notation presented in 

Table 2. and the constitutive laws of each element.  The 

1 and 0 junctions represent connections of elements 

acting together as a system.  The 1 junctions are points 

where the velocities are common and the 0 junctions are 

elements that represent the relative velocities within 

elements of a system. The technology is applicable to 

forensic engineering and accident reconstruction [10] 

(Granda JJ 2016, [11] (Granda JJ 2015). 

 

In Fig 8. the SE indicates the driving force provided by 

the friction forces acting on the tires to move the vehicle 

forward.  This force can be eliminated just prior to 

impact to let the change of momentum occur.  The SF 

element represents the barrier, in this case an element at 

zero velocity.  The model is flexible and can be used for 

impacts with non-stationary object, such as other 

vehicles or trees.     
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Fig 9.  CAMPG Vehicle-Barrier bond graph model. 

 
A. Barrier Test Impact Mathematical Models 
 

1. Reflections on original models 

 

The models discussed so far, are based on the 

assumption that a spring dissipates energy while it is 

compressed. In [6] (Fricke 2010), on page 296 we find 

this conclusion:  

“Emori further concluded that the front 

ends of the 1956 vehicles used in the 

study behaved like linear plastic springs – 

in other words, the vehicle behaved like 

springs that dissipate energy rather than 

store it.”   

 

“The kinetic energy originally possessed 

by the vehicle due to its motion was 

“dissipated” by compressing the spring.” 

 

The time has come to reflect on these concepts in light 

of the current methodologies applicable to modeling and 

simulation of dynamic systems.  The theory behind 

modeling elements in nature is based on the function and 

ability to store kinetic energy, to store potential energy 

and to dissipate energy, as they are present in real life.  

Each function corresponds to a distinctive element and 

comes with distinct constitute laws for each element.  

The combination of constitutive laws leads to the 

derivation of the overall system of differential equations 

which controls the dynamics of the system and needs to 

solve in the time or frequency domain to analyze the 

overall dynamics of the system.  This is the way 

differential equations for the whole system are derived 

using the block diagram method [7] (Palm III W, 1999), 

[8] (Nise N 2014) and also they are derived using the 

bond graph method. [2] (Karnopp, Margolis, Rosenberg 

2012).   If energy is dissipated then energy is not stored, 

therefore, the function of dissipation is not the function 

of a spring but rather of a resistive element which has no 

ability for restitution.  A spring that dissipates energy is 

not really a spring but a damping element whose mission 

and constitutive laws represent the dissipation of energy.   

 

At this stage of technology, we have the ability to 

represent the front of a vehicle with its individual 

components and each one with its corresponding 

dynamic behavior as part of the system. Do we speak of 

energy stored or do we speak of energy dissipated.  If 

the latter is the case then the element that bond graphs 

appropriately recognize as R elements (resistive) of 

dissipative elements take central stage on the discussion.  

Therefore, is the model more like a spring or is it a 

combination of spring damper mechanism that closely 

represents the relation of energy dissipated to vehicle 

damage.  

 

Emori concluded experimentally that the energy 

dissipated in the collision is equal to energy stored in a 

spring.  The experimental results reveal such relation but 

the mission of the dissipation does not belong to spring 

elements but rather to a combination of a spring and 

damper elements in which the damper dominates the 

energy dissipation and the spring provides a small 

restitution.  This is completely consistent with the 

barrier tests and a small amount of restitution.   The end 

result in relating vehicle damage to original impact 

speed still holds using the equivalence of energy 

dissipated in the collision equating it to the kinetic 

energy that the vehicle posseted right before impact. 

 
2. Relation of the Emori Model to  

Bond Graph models for Barrier Tests 

 

In the spring damper model, both elements see the same 

deformation.  The question is if the spring has the ability 

to restore that deformation which would be more in line 

with the definition of a spring or whether the damper has 

taken over the role of dissipating the energy. 

 

The conclusion Emori reached is that the deceleration 

force of an automobile in a head-on collision was 

directly proportional to the deformation.  He discovered 

that the permanent deformation of a vehicle involved in 

a frontal collision with a barrier is directly proportional 

to the impact velocity.  He derived the equation 

 

     C=0.9v   or           (2) 

     v= 1.1C           (3) 

Where: 

C= maximum permanent crush 

v= Impact velocity. 

 

If we examine the [1] (Emori Richard, 1968) and [4] 

(Mason R P and Whitcomb, D, 1972) studies, both 



 

 

R 
e 

f 

R 

related the permanent damage to the velocity and the 

decelerating force to the deformation, the same function 

that a damping element would normally perform in a 

system.  They concluded that such absorbed energy was 

equal to the energy that would be stored in a spring but 

in this case was dissipated as we propose here by the 

effect of the damping element R.  In the equation: 

 

C = a + b v   (4) 

 

The term b v is similar to the constitutive law of a 

Resistive element (R) element in bond graph modeling. 

They expressed the equation in terms of C, deformation 

but [5] (Campbell Kenneth L. 1974) perfected it in terms 

of forces.  A damper produces forces proportional to the 

velocity as the element dissipates energy.  The term (a) 

is the deformation that produces no permanent damage.   

Therefore, it was concluded that the energy dissipated 

can be measured as if the energy would be stored in a 

plastic deformable spring – whereas it is in fact the R 

element as represented in bond graphs that represents 

the energy dissipation. 

 
B. Bond graph models of Energy dissipation in 
Barrier impacts.  

 

Besides the stiffness element (spring), we propose a 

model with energy absorbing characteristics.  Such 

element in the Bond graph notation is the R element, 

which is the energy dissipating element in mechanical 

systems.  The R element constitutive relation in bond 

graphs is expressed in terms of generalized variables e’s 

(forces) and f’s (velocities), q’s (displacements) and p’s 

(momentum).     

 

(5) 

 

(6) 

 

 

Fig 10.  Damper constitutive relation in bond graphs 

 

Where: F = e = force, b = R =Dissipation constant or 

damping constant, v = f = velocity. Keep in mind that 

such element does not have to be linear and this 

constitutive equation may take another mathematical 

form.  The proposed modified bond graph model for a 

barrier test is shown in Fig 11. 

 

In the representation shown in Fig 11, both elements, the 

C (spring) and the R (damper) experience the same 

deformation and the same relative velocity between the 

vehicle impact speed and the barrier at zero.  In the bond 

graph shown in Fig 12, that concept is clear.   

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 11. Modified barrier test with energy storing 

(stiffness) and energy dissipation elements (damping). 

 

 
 

Fig 12 Bond Graph of Fig 11 in CAMPG 

 

The relative velocity f4 is the difference between the 

vehicle velocity prior to impact f3 and the velocity of the 

barrier (f7 = f8 = zero).   The SF element is the barrier 

representation with zero velocity.  It is worth noticing 

that the model will allow motion of the barrier if we 

want to represent an object that has some small mobility 

like a tree.   Based on this new modified model, the 

forces that contribute to the crush of the vehicle would 

be the sums of the forces generated by the stiffness 

elements and those generated by the energy absorbing 

components.  These are those from the spring element 

(C) and those from the energy dissipating element (R).  

These forces (e) variables on the bond graph are e5 and 

e6.  The 1 junction represents this addition of forces.  

Following the derivation of internal forces and velocities 

in each part of the system as shown in [2] (Karnopp D, 

Margolis D, Rosenberg R, 2012) we can find the 

equations that lead to the calculation of those forces, 

outputs that are available in a computer simulation of 

this model.  

 

𝑒4 = 𝑒5 + 𝑒6    (7) 

𝑒4 = 
1

𝑐5
𝑞5 + 𝑓6. 𝑅6   (8) 

𝑓6 = 𝑓4 = 𝑓3 − 𝑓7 = 𝑓2 − 𝑆𝐹8 = 
1

𝐼2
𝑝2 − 𝑆𝐹8        (9) 

𝑒4 = 
1

𝑐5
𝑞5 + (

1

𝐼2
𝑝2 − 𝑆𝐹8)𝑅6 

 

𝑒4 = 
1

𝑐5
𝑞5 +

𝑅6

𝐼2
𝑝2 − 𝑆𝐹8𝑅6 

bvF 

Rfe 

(10) 

(11) 



 

 

Since the barrier is stationary 𝑆𝐹8 is zero.  The forces 

that cause damage are: 

 

𝑒4 = 
1

𝑐5

𝑞5 +
𝑅6

𝐼2
𝑝2  

𝑓4 =
1

𝐼2
𝑝2 

In order to calculate the amount of energy that caused 

damage, we must integrate the product of these forces 

times the velocity because e4.f4 is the total power, its 

integral is the total energy, as follows: 

 

𝐸𝑑𝑎𝑚𝑎𝑔𝑒 = ∫𝑒4 𝑓4𝑑𝑡 = ∫(
1

𝑐5
𝑞5 +

𝑅6

𝐼2
𝑝2) (

1

𝐼2
𝑝2)𝑑𝑡  

 

It is worth noting that this total energy that causes 

damage considers the entire vehicle as a dynamic system 

with its parts interacting with each other and the 

expression reveals all those components as well as the 

displacements (q), the dissipation element (R6) the 

stiffness (1/C5) and the momentum (p). 

 

For the readers not familiar with bond graphs, the 

expression can be written in more familiar notation 

considering that q = x =displacement and p = m.�̇�   R=b, 

I=m, 1/C=k. 

 

𝐸𝑑𝑎𝑚𝑎𝑔𝑒 = ∫(𝑘𝑥 +
𝑏

𝑚
𝑚. �̇�) (

1

𝑚
𝑚. �̇�) 𝑑𝑡  

 

𝐸𝑑𝑎𝑚𝑎𝑔𝑒 = ∫(𝑘𝑥 + 𝑏. �̇�)(�̇�)𝑑𝑡  

 

𝐸𝑑𝑎𝑚𝑎𝑔𝑒 = ∫(𝑘𝑥. �̇� + 𝑏. �̇�2)𝑑𝑡  

 

In this case Edamage can be calculated by simply 

integrating the product of the variables (e4.f4) on the 

computer simulation rather than an analytical 

expression.  This way the model is valid whether the 

stiffness (C) and the dissipation elements (R) are linear 

or nonlinear. The integral equation finally will be 

constituted by the linear or nonlinear constitutive 

equations of the R and C elements (linear or nonlinear). 

In this case we tested the linear model.  To do this we 

make Edamage = (e4.f4) one of the derivatives and add it 

to the state space form of the differential equations and 

the computer will integrate it as a function of time and 

calculate the energy that caused damage. Once energy 

that caused damage is known, we can equate it to the 

kinetic energy and calculate the EBS.    

 

It is worth noting that the simulation is a forward process 

while the reconstruction from damage is a reverse 

process.  In order to reconcile this, multiple computer 

simulations of controlled collisions in a barrier test 

(forward process) using the data of the vehicle shown in 

Fig 5 and Fig 6 were done in order to demonstrate that 

the bond graph model simulation can be used to 

calculate EBS (Equivalent Barrier Speed). The result 

converged to produce consistent results with those 

observed on barrier the test of the vehicle of Fig 5 and 

Fig 6. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 13. Crush and velocity graphs vs. time 

 

The Crush is measured directly from the bond graph 

simulation and is identified as variable q5 which is one 

of the state variables.  The velocity during the crush 

process is also easily obtained as the second state 

variable is the momentum of the vehicle p2 which 

divided by the mass yields the velocity of vehicle and is 

shown in the second plot of the figure above.  Using the 

MATLAB graphic and plotting tools the maximum 

crush is displayed at .5138 m which is 20.22 in of crush 

and occurs at 86 milliseconds into the crash, the time at 

which the velocity is also zero. This is very close to the 

average crush 20.65 in of the data shown in Fig 6. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 14. Acceleration and crush energy vs. time 

 

The simulation showed the acceleration pulse which is 

shown in top plot of the above figure, deceleration. The 

CAMPG/MATLAB system calculated the total crush 

(15) 

(14) 

(12) 

(16) 

(17) 

(13) 



 

 

energy at 207500 joules. This value was used to 

calculate EBS since that we have from equation (14) is 

the integral of the product (f4.e4) which as explained 

above equation (14) was calculated by integrating the 

power by adding it to the derivatives during the 

integration process. Fig 14. Shows that the crush energy 

calculated at 207,500 joules. This is the result that is 

sought from this approach to calculate EBS because 

once crush energy as expressed in equation (14) has 

been calculated then this is equated to the kinetic energy 

prior to the collision as follow: 

 

𝐸𝑑𝑎𝑚𝑎𝑔𝑒 = ∫𝑒4 𝑓4𝑑𝑡 =
1

2
𝑚 𝐸𝐵𝑆2 

 

Using the simulation value from the simulation and 

equation (18) the value for EBS obtained was 15.68 

m/sec = 51.43 ft/sec = 35.06 mph, thus verifying the 

controlled speed collision of the test of vehicle data 

shown in Fig 5 and Fig 6. 

 
1. How does CAMPG MATLAB predict EBS? 

 

In order to give the reader more detail of how this 

process of automated modeling and generation of the 

differential equations takes place and avoid the 

appearance of a black box approach, the CAMPG model 

that produced the results shown in Fig 13 and Fig 14 is 

presented below in Fig 15. Once the bond graph of Fig 

12 is entered, CAMPG generates a set of .m files.  One 

of those (campgequ.m) shows the constitutive relations 

and derivatives that were used in the simulations and are 

shown below. 

Fig 15. Derivatives and constitutive relations 

 

Here the derivatives which are computer generated are 

dQ5/dt, and dP2/dt.  We added dE/dt in order to 

calculate the crush energy.  The product (e4.f4) is of 

interest therefore the integration capability of this .m 

script was used to calculate the crush energy. 

CAMPG generated not only the above form of the 

equations but also the Cauchy form and the State Space 

form of the differential equations.  These are shown in 

Fig 16.  The outputs variables necessary to obtain the 

plots of Figs 13 and Fig 14. were obtained from the 

solution of these differential equations and the desired 

output equations. Below the CAMPG generated Cauchy 

and State Space forms. 

 
Cauchy form of the equations 

 dQ5=P2/I2-SF8 

 dP2=SE1-Q5/C5-P2/I2*R6+SF8*R6 

 dE = e4*f4 

  e4=Q5/C5+P2/I2*R6-SF8*R6 

  f4=P2/I2-SF8 

 

State Space Form 

[
 
 
 
 
𝒅𝑸𝟓

𝒅𝑷𝟐

𝒅𝑬 ]
 
 
 
 

=

[
 
 
 
 𝟎

𝟏

𝑰𝟐
𝟎

−
𝟏

𝒄𝟓
−

𝑹𝟔

𝑰𝟐
𝟎

𝟎 𝟎 𝟏]
 
 
 
 

[
 
 
 
 
𝑸𝟓

𝑷𝟐

𝑬 ]
 
 
 
 

+ [
𝟎 −𝟏
𝟏 𝑹𝟔

𝟎 𝟎
] [

𝑺𝑬𝟏

𝑺𝑭𝟖
] 

     

       {𝐴 𝑀𝑎𝑡𝑟𝑖𝑥}                       {𝐵 𝑀𝑎𝑡𝑟𝑖𝑥} 
 

[
𝑒4

𝑓4
] =

[
 
 
 
1

𝐶5

𝑅6

𝐼2
    

0
1

𝐼2

0

0
]
 
 
 

[
𝑸𝟓

𝑷𝟐

𝐸
] + [

0 −𝑅6

0 −1
] [

𝑺𝑬𝟏

𝑺𝑭𝟖
] 

   
{𝐶 𝑀𝑎𝑡𝑟𝑖𝑥}                  {𝐷 𝑀𝑎𝑡𝑟𝑖𝑥} 

 

Fig 16.  Computer generated differential equations in 

Cauchy form and in State Space Form. 
 
C. Six spring model with damping 

 

The modified barrier test with damping can be extended 

to the six spring model.  Bond graphs are very flexible 

because other elements can be added or removed to an 

existing bond graph. CAMPG accounts for these 

changes and the new model whether increased in 

complexity or decreased is processed to produce 

automatically a new computable model in MATLAB.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 17. Modified six spring-damper barrier test model. 

(18) 

%....Define derivatives (dp,dq) and 

output variables (e,f) ...... 

         e1=SE1 ;                 f2=P2/I2 ; 

         f3=f2 ;                     e5=Q5/C5 ; 

         f8=SF8 ;                  f1=f2 ; 

         f7=f8 ;                     f4=f3-f7 ; 

         f5=f4 ;                     f6=f4 ; 

       dQ5=f5 ;                   e6=f6*R6 ; 

         e4=e5+e6 ;              e7=e4 ; 

         e8=e7 ;                    e3=e4 ; 

         e2=e1-e3 ;             dP2=e2 ; 

        dE=f4*e4; 



 

 

 

 
Fig 18. Bond graph model of six spring-damper barrier 

test generated superimposing the bond graph on the 

physical system.   

 

Each one of the assemblies for stiffness and dissipation 

is labeled 1 through 6 as the convention to measure the 

damage in the positions C1, C2, C3, C4, C5 and C6 as 

indicated in Fig 4.  For clarity, Fig 19 shows the bond 

graph model by itself and in it the positions 1 – 6 that 

correspond to each of the assemblies so that the 

correspondence of the physical elements to the bond 

graph is perfectly clear. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 19.  Modified barrier test bond graph model with 

stiffness and dissipation components. 

 

D. Energy of deformation and EBS from Bond Graph 
Models 

 

In order to calculate the total energy involved in the 

deformation of the vehicle during the collision, one 

would have to add the energy (stored) in all the stiffness 

elements (C) and that dissipated by all the (R) elements.  

This way, all the parts of the vehicle that are designed to 

absorb energy are considered while some energy is 

stored.  This could explain that while the collision of a 

vehicle is close to plastic collisions there is some 

restitution.  In this model the energy is calculated by 

finding the sum of the energies of the (c5, c11, c15, c19, 

c14, c28) stiffness elements and that of (R4, R10, R14, 

R18, R22, R27) dissipation elements.  Directly from the 

bond graph, the products (e5.f5, e15.f15, e19.f19, 

e14.f14, e28.f28) and (e4.f4, e10.f10, e14.f14, e18.f18. 

e22.f22, e27.f27) represent the individual power 

consumption of each dynamic element that contributes 

to the damage.  If that is the case in order to calculate the 

total energy of deformation, what we need to do is to 

expand the state space of the derivatives involved.  In 

other words, in this case the derivatives are (dq5, dq11, 

dq15, dq19, dq24, dq28 and dp20).  We add one more 

derivative to the state space set of equations and we have 

the following state space representation of the system.   

The computer will treat the sum of powers as the 

derivative of the total energy.  When it is added to the 

state space will treat that as another variable to integrate 

and in doing so will calculate for us the total energy of 

deformation considering all the parts of the car involved 

in the deformation, some by energy storing and some by 

energy dissipation. 

 

The model of Fig 19 was entered in CAMPG which 

produced seven differential equations.  The derivative 

are the deformation at the positions of the springs-

damper assemblies and the momentum of the vehicle. 

These expressed in vector form are:  

 

dp_q=[dQ11;dQ15;dQ24;dQ28;dQ5;dQ19;dP20]; 

 

dQ11 is understood as the derivative of the displacement 

(velocity) at position 1 and dP20 is understood as the 

derivative of the momentum of the vehicle (rate of 

change of momentum), in fact impact force.   To this set 

we define a new derivative the products of e and f’s on 

each energy storing element and in each dissipating 

element.  The summation of those products is the total 

power (derivative of the energy).  The integral of that 

sum is the total energy that caused damage.  

 

𝐸𝑑𝑎𝑚𝑎𝑔𝑒 = ∫(𝑒11 𝑓11 + 𝑒15𝑓15 + 𝑒24𝑓24 + 𝑒28𝑓28

+ 𝑒5𝑓5 + 𝑒19𝑓19)𝑑𝑡 

  
(20) 

(19) 



 

 

III. Models in the elastic range. No damage  

 

In order to account for the initial contact that causes no 

permanent damage, [5] (Campbell Kenneth L. 1974) 

perfected the equations and concluded that he energy 

dissipated in permanent damage could be calculated by 

finding out the volume of the permanent damage.   He 

suggested that the energy dissipating characteristics of a 

vehicle can be represented by surrounding it with linear 

springs.  Such concept is shown in Fig. 20. 

 

 

 
 

Fig 20. Vehicle exterior surrounded with springs beyond 

the vehicle surface to model the elastic range 

deformation without resulting in permeant damage. 

  

A bond graph model of such vehicle with springs that 

account only for displacement which is restored and 

does not cause permanent damage.  In this case 

modeling with spring is correct because what it 

represents is the elastic range where the spring stores 

energy and releases it again without any reminiscence 

that would indicate permanent damage. Let’s look at a 

section of the vehicle with the springs surrounding the 

side and the front.  Fig 21 indicates the physical system 

for one quarter of the vehicle.  Fig 22. shows its 

corresponding bond graph. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 21.  Vehicle and surrounding elastical range no 

damage. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig 22.  Vehicle and surrouning elastical elements. No 

damage.  CAMPG bond graph model. 

 

 
IV Bond Graph models for frontal collisions 

 
A. Vehicle to vehicle model. 

The bond graph models presented here for barrier tests 

can be extended to represent vehicle to vehicle 

collisions.  Once we have determined that the modified 

model shown in Fig 11 has the necessary physical 

elements and represents accurately a dynamic model of 

the vehicle involved in a collision, it follows that using 

the bond graph technology the second vehicle can be 

modelled with the same components but traveling in the 

opposite direction simulating a frontal collision.  

 

Shown in Fig 23. We see the two vehicle model.  It is 

possible using this technique to model the vehicles 

before and after the collision. It is a discontinuous model 

before the collision. Then it is continuous during the 

collision, maximum engagement and then separation at 

which point is discontinuous again.  In the model of Fig 

23. both vehicles contact the bumpers and both inflict on 

each other crash forces that cause damage. During 

mutual contact, the bond graph model of the two 

vehicles represents a new system where all elements of 

both vehicles interact together as a complete system. 

The proposed models can consider elements with 

different stiffness and different energy absorbing 

properties distributed in any configuration across the 

contact area. This represents vehicle parts designed to 

absorb impact which are not evenly distributed and have 

different physical properties, in different locations, 

consistent with how vehicles are made. 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 23. Vehicle to vehicle frontal collision model 

 

V. CONCLUSIONS 

 
We have examined the original Emori and subsequent 

models whose objective was to calculate the energy of 

deformation observed on a barrier test and relate this to 

the original kinetic energy that a vehicle had prior to a 

collision.  The objective, use of EBS to relate to accident 

reconstruction and predict the impact speed. 

 

The original models considered vehicles as if they 

behaved as linear springs, a concept, which in the 60’s 

and 70’s, was used to understand collisions in a practical 

way without the simulation tools, software and 

computers available today.  Those models lacked 

consideration of the vehicle detail, the differences 

between models and assumed they deformed as linear 

springs. This research is an attempt to have a 

constructive discussion among the experts in simulation 

in accident reconstruction.  We have proposed that the 

energy of deformation is not simply an effect of the 

stiffness elements (springs) but that the model of a 

vehicle in a barrier test or in an actual collision behave 

more as a combination of stiffness elements and energy 

dissipation elements.  In fact there is some restitution 

and cannot be assumed that all collisions are only 

plastic.  Therefore, there is some energy restored and 

restitution in an actual barrier test and in an actual 

collision.  Since the majority of energy is absorbed, the 

proposed model provides a means for understanding that 

absorption of energy by producing bond graph models 

that have both effects.   

 

Simple models of one spring and damper were discussed 

in order to establish the foundation to build a six-station 

model that would resemble the six crush measurements 

used in practice to evaluate and quantify vehicle 

damage.  It is important to point out that in doing so we 

are considering the fact that stiffness and damping of 

vehicles are not uniform across the width of the vehicle  

 

 

 

and the models proposed here are consistent with that 

concept. 

 

A model with six stations with energy absorbing 

elements and energy storing elements would likely be 

too complicated for hand calculations.  Software like 

CAMPG derives the equations of motion and delivers 

them in source code to sophisticated simulation 

programs like MATLAB and SIMULINK and resolves 

that difficulty.  Once that concept is understood, it opens 

the door to model vehicles in great detail.  Modern 

vehicles have energy absorbing materials behind the 

bumper covers and other elements that together with the 

frame and other components are designed to dissipate 

energy in collisions.  Detailed models, considering parts 

like radiators, cooling system and the engine which are 

dynamic players in a collision can be modeled using the 

approach presented here.  
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