
Saxon Geometry716

111
LESSON

Warm Up 1. Vocabulary If  a point is the same distance from two points, it is 
_________ from them.

2. Find the distance between points A(2, -3) and B(-6, -7).  

3. The endpoints of   
−−

 XY  are X(8, -3) and Y(-2, 5).  Find the midpoint of   
−−

 XY .

New Concepts The distance between two points in three-dimensional space can be found 
using the distance formula for three dimensions. Notice that it is very similar 
to the distance formula used for coordinate planes, with the addition of a 
third term, z.

Distance Formula for Three Dimensions

Given two points in three-dimensional  
space, A( x  1 ,  y  1 ,  z  1 ) and B( x  2 ,  y  2 ,  z  2 ), 
the distance between them is found 
by the following equation.

d =   √ ��������������    ( x  2  -  x  1 )  
2  +  ( y  2  -  y  1 )  

2  +  ( z  2  -  z  1 )  
2   

1Example  Finding Distance in Three Dimensions

a.  Find the distance between M(5, 7, -3) and N(0, -3, 3).

 SOLUTION

 d   =   √ ��������������    ( x  2  -  x  1 )  
2  +  ( y  2  -  y  1 )  

2  +  ( z  2  -  z  1 )  
2     Distance formula

MN =   √ �������������    (0 - 5)  2  +  (-3 - 7)  2  +  (3 - (-3))  2    Substitute.

MN =   √ ������  25 + 100 + 36   Simplify.

MN =   √ �� 161  

The distance between M and N is   √ �� 161  .

b.  Find the distance between C(0, 5, 2) and D(2, 0, 4).

SOLUTION

 d   =   √ ��������������    ( x  2  -  x  1 )  
2  +  ( y  2  -  y  1 )  

2  +  ( z  2  -  z  1 )  
2     Distance formula

CD =   √ �����������    (2 - 0)  2  +  (0 - 5)  2  +  (4 - 2)  2    Substitute.

CD =   √ ����� 4 + 25 + 4   Simplify.

CD =   √ � 33  

The distance between C and D is   √ � 33  .
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Finding Distance and Midpoint 
in Three Dimensions

Analyze When fi nding 
the distance between 
two points in three-
dimensional space, does 
it matter which point is 
chosen to be ( x  1 ,  y  1 ,  z  1 ) 
and which is ( x  2 ,  y  2 ,  z  2 )? 
Explain your reasoning. 

Math Reasoning

 Online Connection
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717Lesson 111

In Lesson 11, you learned how to find the midpoint of a line segment in two 
dimensions. You can find the midpoint of a segment in three-dimensional 
space by adding an additional term to the midpoint formula.

Midpoint Formula in Three Dimensions

Given two points in three dimensional space,  
A( x  1 ,  y  1 ,  z  1 ) and B( x  2 ,  y  2 ,  z  2 ), the midpoint M 
can be found using the following equation.

M =  (  
 x  1  +  x  2  _

 
2
  ,   

 y  1  +  y  2  _
 

2
  ,   

 z  1  +  z  2  _
 

2
  ) 

2Example  Finding Midpoint in Three Dimensions

The endpoints of   
−−

 XY  are X(9, 4, -2) and Y(-3, 6, -8). Find 
the midpoint.

Notice that both the 
midpoint formula and 
the distance formula 
for three dimensions 
are exactly the same 
as their 2-dimensional 
counterparts when both 
points have the same 
z-coordinate.

Hint

 SOLUTION

M =  (  
 x  1  +  x  2  _

 
2
  ,   

 y  1  +  y  2  _
 

2
  ,   

 z  1  +  z  2  _
 

2
  )   Midpoint formula

M =  (  
9 + (-3)

 _
 

2
  ,   

4 + 6
 _
 

2
  ,   

(-2) + -8
 _
 

2
  )  Substitute.

M = (3, 5, -5) Simplify.

The midpoint of   
−−

 XY  is (3, 5, -5).

3Example  Application: Mountain Climbing

Two people are climbing a mountain. In terms 
of each other’s position, the first climber is 
75 meters north, 25 meters west, and 48 meters 
higher than the second climber. What is the 
distance between the climbers? Round your 
answer to the nearest tenth.

SOLUTION
The first climber’s position is given in terms of the second climber’s 
position. Therefore, you can assign coordinates of (0, 0, 0) to the 
second climber. The coordinates for the first climber are (25, 75, 48).

d =   √ ��������������    ( x  2  -  x  1 )  
2  +  ( y  2  -  y  1 )  

2  +  ( z  2  -  z  1 )  
2    Distance formula

d =   √ �������������    (25 - 0)  2  +  (75 - 0)  2  +  (48 - 0)  2    Substitute.

d =   √ �� 8554   Simplify.

d ≈ 92.5

The distance between the two climbers is about 92.5 meters.
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Saxon Geometry718

Lesson Practice

 a. Find the distance between R(0, 12, -2) and S(6, 8, -3).  

 b. Find the midpoint of F(22, 14, 9) and G(15, -8, -6).  

 c. Skydiving  Two people are skydiving from an airplane. Approximately 
how far apart are they at the instant when the first person is 40 feet 
west, 25 feet north, and 300 feet below the plane, and the second 
person is 25 feet west, 10 feet north, and 250 feet below the plane? 
Round your answer to the nearest tenth.

Practice Distributed and Integrated

 1. A circle whose equation is  x  2  +  y  2  = 36 is shifted 5 units up and 2 units to the left. 
What is the equation for the shifted circle? Graph the shifted circle.

 2. Onto what point does a reflection across the line y = x map the point (-2x, 3y)?

 3. Quadrilateral JKLM was rotated counterclockwise about the origin. The original 
vertices were located at J(4, -2), K(6, 1), L(-1, -3), and M(0, 2). After the 
rotation, the vertices were located at J′(2, 4), K′(-1, 6), L′(3, -1), and M′(-2, 0). 
What was the angle of rotation?  

 * 4. Find the midpoint of D(-10, 2, 13) and E(-4, -2, 5).  

5. Multi-Step Find expressions for R and r if  the height of the equilateral 
triangle is h. 

 6. A rhombus has diagonals that are 10 and 24 units long, 
respectively. Find the perimeter of the rhombus.  

 7. Error Analysis Donald states that the point (13, 18, 16) must lie on the line defined by 
the equation (x, y, z) = (4, 3, 5) + t(3, 5, 4). Is he correct? Explain why or why not.

 8. Landscaping  Ingrid is planning to build a plastic greenhouse for her plants. Which 
of these frames will require more plastic?

  10 ft10 ft 10 ft10 ft

10 ft

9. Algebra A system of three equations has no solution. One equation is 
y = 2x + 7, another equation is 2y = mx + 8, and the third equation 
is y = 3nx + p. What are the values of m, n, and p?

(Ex 1)(Ex 1)

(Ex 2)(Ex 2)

(Ex 3)(Ex 3)
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719Lesson 111

* 10. Space Exploration  Two astronauts are repairing a satellite telescope as shown in 
the figure. The first astronaut is 6 feet in front of the satellite, and the second 
astronaut is 3 feet behind the satellite. How far apart are the astronauts from each 
other? Round your answer to the nearest tenth of a foot.

  

45

6

3

3

3

* 11. Find the midpoint M and distance d between V(3, 7, -6) and W(-4, -8, 7).

 12. Algebra Points J, K, and L are midpoints of �FGH, shown at right. If  
FG = 4x + 18 and KL = 5x - 12, what is the length of   

−−
 FG ?  

 13. Find the matrix that would represent the translation of a 
quadrilateral   1 

__ 2   unit up and 4 units left.  

 14. Draw two triangles that are similar by SAS. Explain how you made 
your sketches.

* 15. Chemistry  An iron atom has an atomic radius of 140 picometers (pm). If  a model 
of the atom has a diameter of 4 centimeters, what is the scale factor?

16. Justify Write and solve an equation for the value of x that allows 
you to apply the Converse of the Same-Side Interior Angles 
Theorem. Explain your answer.  

* 17. Find two numbers that are in the golden ratio to 15. Round your 
answers to the nearest hundredth.  

 18. Milk Cartons  These two milk cartons are similar in shape. If  
the smaller carton holds 32 ounces, what volume does the 
larger hold?  

 19. Justify Rogelio has a set of sticks arranged to form an isosceles 
trapezoid. He adjusts them so that the figure has right angles. 
Explain why the new figure must be a rectangle.

 20. Formulate If  the sum of the angles of a spherical triangle are 
181°, does that mean that the triangle is large or small, relative 
to the size of the sphere? Explain. Use the formula for the area 
of spherical triangles to justify your answer.  

21. Algebra Determine the value of x in the figure at right. Write your answer 
in simplified radical form.  

(111)(111)

(111)(111)

xy2xy2 G
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K
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J
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(x + 18)°
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Saxon Geometry720

 22. Gift Wrapping  Harris wrapped a present for a friend in the shape of a frustum of 
a square pyramid. If  the present was 21 centimeters tall and the two square faces 
had side lengths of 15 centimeters and 25 centimeters, what was the volume of his 
present?  

23. Name a line, a segment, and a triangle on the sphere.

* 24. Find the distance between A(-1, 2, -3) and B(-6, -5, 4).  

* 25. Multiple Choice The scale model of the base of a building is 6 centimeters 
by 8 centimeters. What would be a reasonable scale factor for the 
building?  

  A 1 cm : 1 ft B  1 cm : 2 m
  C 1 cm : 100,000 cm D 1 cm : 6 in.

26. Algebra Write an expression for the side length s of  a regular n-sided polygon 
with area A and apothem length a. 

 27. What is the lateral area of a regular pentagonal pyramid with a side length 
of 6.2 inches and a slant height of 4 inches?  

 28. Generalize Derive a formula to find the minimum perimeter, P, required to enclose 
a rectangular area, A.  

29. Write three similarity statements for these triangles.
A C

B

D

 30. Write An abstract mosaic design has two types of tile. One tile is octagonal.
  a. Given that the design is a semiregular tessellation, sketch a section of it.
  b. Describe the symmetries of the design.
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Lesson 112 721

Finding Areas of Circle Segments

112
LESSON

Warm Up 1. Vocabulary In a circle, the region bounded by two radii and 
their intercepted arc is a _____ of the circle.

2. Determine the height, BD, and the area of �ABC. 
Give exact and approximate answers.

3. A circle sector has a central angle of 30°. The 
radius of the circle is 3 centimeters. What is the 
area of the sector?  

New Concepts A segment of a circle is a region inside a circle that is bounded by a chord and 
an arc.

P

The shaded area in the diagram is a segment of the circle. Since the area of 
the segment is the difference between the area of the arc and the area of the 
triangle, its area can be found by subtracting the triangle’s area from the arc’s 
area.

1Example  Finding the Area of a Segment

Determine the area of the shaded segment of �Q. 
Round your answer to the nearest hundredth.

Connect How could 
you use the solution 
for Example 1 to fi nd 
the total area of the 
segments formed by a 
square inscribed in 
the same circle?

Math Reasoning  SOLUTION
First, find the area of the circle sector and of the 
triangle. Since the triangle is an isosceles right 
triangle, its height and its base are both 6 inches.

 A  sector  = π r  2  (  
m°

 _ 
360°

  )   A  triangle  =   1 _ 
2
  bh

 A  sector  = π( 6  2 ) (  
90°

 _ 
360°

  )   A  triangle  =   1 _ 
2
  (6)(6)

 A  sector  = 9π   A  triangle  = 18

Finally, subtract the area of the triangle from the area of the sector.
 A  segment  =  A  sector  -  A  triangle 
 A  segment  = 9π - 18
 A  segment  ≈ 10.27

(86) (86) 

45°

4 in.

A

B

CD
4 in.

45°

4 in.

A

B

CD
4 in.

(53) (53) 

(35) (35) 

Q

6 in.

Q

6 in.
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Saxon Geometry722

2Example  Using Trigonometry to Find Segment Area

A circle has a radius of 5.2 centimeters. Determine the 
area of the segment formed by a chord with a central 
angle of 78°. Give your answer to the nearest hundredth.

SOLUTION
First find the area of the sector.

 A  sector  = π r  2  (  
m°

 _ 
360°

  ) 

 A  sector  = π(5. 2)  2  (  
78°

 _ 
360°

  ) 

 A  sector  ≈ 18.41

Next, determine the height of the triangle. The altitude of the triangle can 
be found using the sine function.

sin 78° =   h _ 
5.2

  

 h ≈ 5.09

Predict Is the area of a 
sector proportional to 
its central angle? What 
about the area of a 
segment?

Math Reasoning

 Next, substitute the value found for h into the area of a triangle formula.

 A  triangle  ≈   1 _ 
2
  (5.2)(5.09)

 A  triangle  ≈ 13.23  cm  2 

Therefore, the area of the triangle is approximately 13.23 square 
centimeters.

Now find the area of the segment.
 A  segment  =  A  sector  -  A  triangle 
 A  segment  ≈ 18.41 - 13.23
 A  segment  ≈ 5.18  cm  2 

The area of the segment is approximately 5.18 square centimeters.

3Example  Application: Civil Engineering

A wall placed on either side of a bridge is 
a segment of a circle that corresponds to a 
central angle of 45°. The length of the bridge 
is 40 feet. Find the area of the wall.

SOLUTION
First, determine the radius of the circle. Draw an 
altitude to the triangle, bisecting the central angle and 
the bridge. This creates a right angle, so a trigonometric 
function can be used to solve for the radius.

sin 22.5° =   20 _ r  

 r ≈ 52.26

Next, determine the area of the sector.

 A  sector  = π r  2  (  
m°

 _ 
360°

  ) 

 A  sector  = π (52.26)  2  (  
45°

 _ 
360°

  ) 

 A  sector  = 1072.09

5.2 cm

78°

5.2 cm

78°

40 ft

45°

40 ft

45°
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Lesson 112 723

The height of the triangle can be found just as the radius was, but using 
the cosine function. The height is (52.25)(cos 25.5°). Use this to 
determine the area of the triangle.

  A  triangle  =   1 _ 
2
  bh

 A  triangle  =   1 _ 
2
  (40)(52.25)(cos 25.5°)

 A  triangle  ≈ 943.20

Using the area of the triangle, find the area of the segment.
 A  segment  =  A  sector  -  A  triangle 
 A  segment  ≈ 1072.09 - 943.20
 A  segment  ≈ 128.89  ft  2 

Therefore, the area of the structure is approximately 128.89 square feet.

Lesson Practice

 a. In �C,   
−−

 CB  and   
−−

 CA  are perpendicular radii that are each 
48 millimeters long. Determine the area of the segment 
formed by   

−−
 AB , to the nearest square millimeter.  

 b. Determine the area of the shaded circle segment, 
to the nearest square inch.  

 c. Civil Engineering  The base of a dam is in the 
shape of a segment of a circle. The straight 
edge of the base is 320 meters long and 
corresponds to a central angle of 60°. 
What is the area of the structure, to the 
nearest square meter?  

Practice Distributed and Integrated

 * 1. Determine the area of the shaded circle segment. Round your answer to the 
nearest square centimeter.  

 2. Design  Andres is designing a logo for the math club. He wants the symbol 
to include a trapezoid with one base length being 4 centimeters and the 
midsegment being 10 centimeters. What length should he make the other 
base? 

 * 3. Find the exact distance between P(-1, 7, -5) and Q(12, 11, 10). 

 4. Error Analysis A student determines that the maximum area that can be contained by 
a triangle with a perimeter of 30 centimeters is 30 square centimeters, since a right 
triangle with side lengths 5, 12, and 13 centimeters can be drawn. Is the student 
correct?

(Ex 1)(Ex 1)

13 in.157° 13 in.157°

(Ex 2)(Ex 2)

(Ex 3)(Ex 3)

11 cm11 cm
(112)(112)

(69)(69)

(111)(111)

(107)(107)
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Saxon Geometry724

 5. Multiple Choice This orthographic drawing shows the front, top, 
and right-side views of a solid. Which of these sketches 
represents the solid?  

  A  B 

  C  D 

6. Model If  three of a parallelogram’s vertices are located at (-4, 2), (-1, 3), 
and (-1, 6), what are all the possible coordinates of the fourth vertex?

 7. Use the figure at right to answer the following questions.
 a. Write the matrix representing the vertices of the polygon.
 b. Find the image matrix for a 90° rotation about the origin.
 c. Graph the image. 

 8. A square has an area of 36 square centimeters. If  each side of 
this square is multiplied by x, the resulting square has an area 
of 900 square centimeters. Find the value of x.  

 9. Astronomy  A scale model of the sun has a diameter of 8 feet. If  the sun’s 
actual diameter is 865,000 miles, what is the scale factor? Express your 
answer in scientific notation with two significant digits. 

 10. Justify   
−−

 AP  is parallel to   
−−

 BQ  and perpendicular to   � � � PQ  .

  a. Circle A’s radius is   
−−

 AP . Is   � � � PQ   tangent to �A? Why or why not? 

  b. A second circle, �D, has   � � � PQ   as a tangent at point Q. On which line 
 does the center of �D lie? 

* 11. Multi-Step Determine the area of the shaded circle segment in this kite, 
to the nearest tenth of a square inch.  

 12. In spherical geometry, which postulate does not hold true?

 13. Write Two different circles have chords of equal length. Does this mean that 
the arcs that correspond to each of the chords are equal in length? Explain.

 14. Multiple Choice Which statement is not true?  

  A tan (  15
 

__ 10  )  = tan (  3 
__ 2  )  B tan (  14

 
__ 16  )  = 90° - tan (  16

 
__ 14  ) 

  C 180° - tan (  4 
__ 2  )  = tan (  1 

__ 2  )  D tan (  20
 

__ 15  )  = 90° - tan (  3 
__ 4  ) 

 15. Describe the diagram in two ways.

Front Side TopFront Side Top

(93)(93)

(34)(34)

x

y

O

4

2

2

-2

-2-4

-4

M K

J

L

x

y

O

4

2

2

-2

-2-4

-4

M K

J

L

(105)(105)

  

(96)(96)

(110)(110)

(58)(58)

4 in.9 in.

B

4 in.9 in.

B(112)(112)

(109)(109)

(104)(104)

(82)(82)

(106)(106)
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Lesson 112 725

 16. Algebra Given the point D(1, -1), find the point on the line y = -  
3
 __ 

2
  x - 6 that is 

closest to D. 

* 17. A circle has a radius of 5 inches. Determine the area of the segment formed by 
a chord with a central angle of 36°. Round your answer to the nearest tenth of a 
square inch. 

* 18. A line segment has an endpoint at (-7, 3, 8). If  the segment’s midpoint is at 
(2, -4, 9), what are the coordinates of the other endpoint? 

 19. Farming  A farmer wants to fill a conical silo to half  its capacity. Would he fill 
more than half  the height or less than a quarter of the height? Explain.

 20. If  �ABC � �LMN, and AB = 9.3 centimeters, BC = 3.2 centimeters, 
and LN = 4.6 centimeters, what are the lengths of the other sides?

 21. Verify Show that the origin lies on the line defined by the equation 
(x, y, z) = t(4, 1, 3). 

 22. Rotate the figure 90° clockwise about point P, and then translate the 
image along v.  

 23. Packaging  A tin can is designed to have a radius of 2 inches and a height 
of 3 inches. To the nearest hundredth of a square inch, how much paper is 
needed to wrap a label around the can? 

 24. Programming  A programmer is making a video game. He wants to program 
a button with a command that moves a player’s character along the vector 
〈-4, 2〉. If  a player’s character starts at the point (8, 3) and the button is 
pressed three times, what should the character’s final position be?  

  A (-8, 3) B (-7, -2)
  C (-4, 9) D (9, 2)

* 25. Determine the area of the shaded part of this figure, to the nearest tenth 
of a square foot.

 26. Formulate Anushka performs a dilation on a figure such that all the points of 
the figure remain the same. Write the dilation map for her transformation.

 27. Explain whether it is possible or not to construct a triangle with 
side lengths of x + 7 inches, x - 11 inches, and 2x + 1 inches.

 28. Multiple Choice Which statement is not true of all rhombuses?  
  A Both pairs of opposite angles are equal.
  B The diagonals bisect the opposite angles.
  C All consecutive sides are equal.
  D All consecutive angles are perpendicular.

* 29. Find the midpoint of (12, 3, 3) and (-4, 7, -9).  

 30. Algebra In a regular polygon, the sum of half  of the angles is 1260°. 
How many sides does this polygon have?  

(42)(42)
xy2xy2

(112)(112)

(111)(111)

(103)(103)

(25)(25)

(108)(108)

P

R

Q

v

P

R

Q

v

(90)(90)

(62)(62)

(71)(71)

26°
3.2 ft

26°
3.2 ft

(112)(112)

(102)(102)

(39)(39)

(65)(65)

(111)(111)

(Inv 3)(Inv 3)
xy2xy2
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Symmetry of Solids and Polyhedra

113
LESSON

Warm Up 1. Vocabulary The smallest angle through which a figure with rotational 
symmetry can be rotated to coincide with itself  is called the __________.

2. Find the order of rotational symmetry for the following figures.  
 a. b. 

3. How many of the digits from 1 to 9 exhibit rotational symmetry? Which 
ones?  

New Concepts Recall that line symmetry refers to a plane figure which can be divided by a 
line into two congruent, reflected halves.

Plane symmetry describes a three-dimensional solid 
that can be divided into two congruent, reflected halves 
by a plane.

Symmetry about an axis, or rotational symmetry, 
describes a figure or solid that can be rotated about 
a line, called the axis of symmetry, so that the image 
coincides with the preimage.

1Example  Plane Symmetry

Analyze Look at the 
solids in Example 1. 
How many planes of 
symmetry does each 
fi gure have? 

Math Reasoning
For each figure, sketch one plane through the solid 
that will divide it into two congruent, reflected halves.

a.     b.

SOLUTION

a.  Two possible planes are shown. b.  One possible plane is the  
    plane through the figure’s center.

  

(76) (76) 

(76) (76) 

(76) (76) 

Plane SymmetryPlane Symmetry

Symmetry
about an axis

Symmetry
about an axis

 Online Connection
www.SaxonMathResources.com
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Lesson 113 727

Like plane figures, solids also have orders of rotational 
symmetry and angles of rotational symmetry. Every 
time the cube at right is rotated 90° about the axis 
shown, it coincides with itself. So, its angle of 
rotational symmetry is 90°, and it has an order 
of rotational symmetry of 4.

2Example  Rotational Symmetry in Solids

Recall that the order of 
rotational symmetry is 
the number of times a 
fi gure with rotational 
symmetry coincides with 
itself as it rotates 360°.

Hint  Determine whether each solid has rotational symmetry over the axis 
shown. If  so, give the order of symmetry and the angle of rotational 
symmetry.

a.  

SOLUTION
Yes, the solid has rotational symmetry. The order of symmetry is 5, and 
the angle of rotational symmetry is 72°.

b.  

SOLUTION
Yes, the solid has rotational symmetry. The order of symmetry is 8, and 
the angle of rotational symmetry is 45°.

3Example  Application: Identifying Symmetries 
of Solids

Draw two planes through the figure that will divide it into 
symmetrical halves.

Then, draw an axis through which it has rotational 
symmetry and give the angle and order of rotational 
symmetry.

SOLUTION
Possible solutions are shown here, but there are many planes through 
which this figure is symmetrical, and several axes of symmetry through 
which the figure displays rotational symmetry.

The degree of rotational symmetry over the axis shown is 180°, and the 
order of rotational symmetry is 2.

90°

90°

90°

90°

90°

90°

90°

90°
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Lesson Practice

a. Draw one plane through which the 
figure has plane symmetry.

 b. Determine whether the solid has rotational symmetry through the 
given axis. If  it does, give the angle of rotational symmetry and the 
order of symmetry.

  

 c. Draw two planes through which the figure is symmetrical. Then draw 
an axis through which it has rotational symmetry and give the angle 
and order of rotational symmetry.

  

Practice Distributed and Integrated

* 1. Determine whether the solid has plane symmetry. If  it does, show 
the symmetry in a drawing.  

 2. Algebra Two rectangles are in the similarity ratio of 4:3. The smaller 
rectangle has a length of 9 feet and a width of 3 feet. What is the 
perimeter of the larger rectangle?  

 3. Find the length of the diameter of a sphere whose radius has endpoints 
C(3, 4, -2) and D(6, -3, 8), where C is the center of the sphere.  

4. Furniture Restoring  Yuan is restoring the top of his desk, shown 
at right. He has cut a circular hole in the top, which has a 2-inch 
radius for computer wires to pass through. What area will he 
need to paint, to the nearest inch?  

 5. Find the perimeter of right �ABC if  m∠A = 42° and the hypotenuse 
is 12 centimeters. Round to the nearest hundredth of a centimeter. 

(Ex 1)(Ex 1)

(Ex 2)(Ex 2)

(Ex 3)(Ex 3)

(113)(113)

xy2xy2

(87)(87)

(111)(111)

48 in. 24 in.48 in. 24 in.(40)(40)

(68)(68)
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6. Multiple Choice Which does not represent the geometric probability 
associated with a single region of this tangram?  

  A   1 
__ 2   B    1 

__ 4  

  C   1 
__ 16   D   1 

__ 8  

 7. The vertices of �JKL are J(2, 1), K(6, 1), and L(4, 5). Use matrix 
multiplication to reflect the image across the y-axis and then rotate 
the triangle 180° about the origin. What is the image matrix?

* 8. Determine the area of the shaded circle segment, to the 
nearest hundredth of a square inch.  

 9. Determine the sums of the first seven Fibonacci numbers 
the first eight Fibonacci numbers and the first nine 
Fibonacci numbers.  

* 10. Formulate A parallelogram has coordinates W(3, -1), X(a, b), Y(7, 6), 
and Z(c, d). Write equations for c and d in terms of a and b.

11. Home Improvement  Michaela is attaching a shelf  to a wall and will 
use a metal bar for support, as shown. What length of metal does she 
need to use? 

 12. What is the 90th triangular number?  

* 13. Determine whether the solid has rotational symmetry. If  it does, give the angle 
of rotational symmetry and the order of symmetry.

 14. Chemistry  An iron atom has an atomic radius of 140 picometers (pm). If  a 
model of the atom is a sphere with a volume of 30 cubic inches, what is the 
scale factor between the model and an actual iron atom? Round your 
answer to the nearest hundredth. 

 15. Error Analysis Ella attempted to graph the inequality y < 1.5x + 2. Identify 
any errors she has made.  

 16. Multi-Step The sine of one acute angle in a right triangle is 0.75. What 
is the sine of the other acute angle?  

* 17. In �C,   
−−

 CA  and   
−−

 CB  are perpendicular radii that are each 28 centimeters 
long. Determine the area of the circle segment formed by   

−−
 AB , to the 

nearest square centimeter.  

 18. Multiple Choice The equation of the line at right is:  
  A y = 2x - 1 B y = -2x + 1
  C y = 2x + 1 D y = -2x - 1

 19. Find the midpoint of J(4.5, 3.25, 8.6) and K(-2.5, 6.75, -2.6).  

* 20. Determine whether this solid has plane symmetry, symmetry about 
an axis, or neither.  

   

(Inv 6)(Inv 6)

(105)(105)

3.2 in.3.2 in.

(112)(112)

(Inv 11)(Inv 11)

(92)(92)

3.5 in.
60°

3.5 in.
60°

(56)(56)

(Inv 8)(Inv 8)

(113)(113)

(110)(110)

x

y

O

4

2

2 4

-2

-4

-4

x

y

O

4

2

2 4

-2

-4

-4

(88)(88)

(Inv 7)(Inv 7)

(112)(112)

x

y

O

4

2 4

-2

-2-4

-4

x

y

O

4

2 4

-2

-2-4

-4

(16)(16)

(111)(111)

(113)(113)
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 21. The perimeter of �EFG is 35.7 inches, and ∠E � ∠G. If  EF = 12.2 inches, 
determine EG.  

 22. A tangent and a secant are drawn from an external point P to a circle. The tangent 
is 8 meters long and the part of the secant inside the circle is 12 meters long. How 
long is the secant?  

 23. Verify Use the relationship  A  segment  =  A  sector  -  A  
�

 to verify that the area of this 

segment is given by  (  1 
__ 4  π -   1 

__ 2  )  r  2 .  

  

r

 24. Determine the slope of the line passing through (-4, 0) and (2, 4).  

 25. Force  A beam supports a structure that leans against it. The beam carries 
a 15-pound vertical load and a 25-pound horizontal load. What is the total 
load that the beam is carrying?  

 26. Generalize Two cones are similar, but one has twice the surface area. How are 
the volumes related?  

 27. Art  Bruce wants to build a rectangular picture frame out of clay. He can 
stretch the clay to a maximum length of 32 centimeters. What is the greatest 
area the picture frame can enclose?  

* 28. Tell whether this solid has plane symmetry, symmetry about the given axis, 
or neither.

   

 29. How many vertices does a polyhedron with 22 edges and 10 faces have?

 30. Analyze Will the line connecting the points A(-2, 4, 6) and B(3, 5, 6) ever 
intersect the line connecting the points C(8, -3, -4) and D(13, -2, -4)? 
Explain.  

(51)(51)

(101)(101)

(112)(112)

(16)(16)

(83)(83)

(77)(77)

(107)(107)

(113)(113)

(49)(49)

(108)(108)
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Solving and Graphing Systems 
of Inequalities114

LESSON

Warm Up 1. Vocabulary A statement that compares two expressions using >, <, >, <, 
or ≠ is a(n) ________.

2. Solve 4x + 5 < -x - 5.  

3. Write the inequality shown in the graph.

4. Multiple Choice Which of the following values 
satisfies the inequality 3x - 13 < 2x + 2?  

 A   √ � 10   B 42
 C 15 D   √ �� 253  

New Concepts Recall that when an inequality is graphed, the graph must be shaded to show 
all the points that satisfy the inequality. If, when the inequality is solved for y, 
it starts with y > or y ≥, then the region above the line must be shaded. If  it 
starts with y < or y ≤, then the region below the line must be shaded.

A system of two or more inequalities is graphed the same way. In a 
conjunction, the solution set is the set of points on the coordinate 
plane that satisfy all of the inequalities in the system. In a disjunction, 
the solution set is the set of points on the coordinate plane that satisfy 
any of the inequalities in the system.

1Example  Systems of Inequalities in Two Dimensions
Recall that when an 
inequality uses ≥ or ≤, a 
solid line is used to graph 
it. When an inequality 
uses > or <, a dashed 
line is used to graph it.

Hint

 Graph the region described by the inequalities y ≤ x + 4 and y > 2x - 1.

SOLUTION
First, graph the lines y = x + 4 and 
y = 2x - 1. Since the first inequality uses ≤, 
use a solid line. For the second inequality,
use a dashed line. Next, shade the region 
below y = x + 4 and above y = 2x - 1. The 
shaded region is the solution to the system 
of inequalities.

In Example 1, the problem asks for the conjunction of two inequalities. Only 
points that are in both graphs are part of the solution. The disjunction of 
two inequalities can also be graphed. In a disjunction, all points that are in 
either graph are part of the solution.

(88)(88)

(88)(88)

2

-4

x

y

O

4

2 4-2

-2

2

-4

x

y

O

4

2 4-2

-2

(88)(88)

(88)(88)

x

y

8

12

8-8
O

y ≤ x + 4 y > 2x - 1

x

y

8

12

8-8
O

y ≤ x + 4 y > 2x - 1
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2Example  Systems of Inequalities With Disjunction

Graph the region described by the inequalities y < x - 1 or 
y > -x + 1.

SOLUTION
First, graph the lines y = x – 1 and y = -x + 1, 
then shade the region below y = x - 1 and 
above y = -x + 1. Both lines should be 
dashed lines, since both are strict inequalities. 
The shaded region is the solution to the 
system of inequalities.

For a system of more than two inequalities, the solution set is the 
conjunction or disjunction of all three graphs.

3Example  More Systems of Inequalities in 
Two DimensionsThe solution region for 

Example 3 is an enclosed 
area bounded on all sides 
by the three inequalities. 
However, not every 
system of inequalities 
is bounded on all sides. 
The region that is 
described by the system 
of inequalities y ≤ -2, 
or y ≥ 3x + 1, or y ≥ 2x 
+ 6, would describe all 
the points outside of the 
closed fi gure.

Caution

 Graph the region described by the inequalities y ≥ -2, y ≤ 3x + 1, 
and y ≤ -2x + 6.

SOLUTION
First graph the lines y = -2, y = 3x + 1, and 
y = -2x + 6. Since the inequalities are not 
strict, use solid lines. Shade in the region that 
is above y = -2, below y = 3x + 1, and below 
y = -2x + 6. The shaded region is the solution 
to the system of inequalities.

4Example  Application: Logic

Leslie’s age is equal to or less than twice Bruno’s age, and greater 
than or equal to Bruno’s age plus 3. Draw the graph that represents 
Leslie’s possible age.

SOLUTION
Let Bruno’s age be x. The problem states that 
Leslie’s age is less than or equal to 2x and 
greater than or equal to x + 3. If  Leslie’s 
age is y, two equations that represent this 
situation are y ≤ 2x and y ≥ x + 3. Moreover, 
both Leslie and Bruno must have a positive 
age, so the system should also include y ≥ 0 
and x ≥ 0. Graph all of these lines and find 
the conjunction of their solutions sets as shown
in the graph here.

x

y
8

4

84-8-8 -4

-8

-4

O
y > -x + 1

y < x - 1

x

y
8

4

84-8-8 -4

-8

-4

O
y > -x + 1

y < x - 1

x

y

4

8-8-8 -4

-8

O

y = -2x + 6

y = -2

y = 3x + 1

x

y

4

8-8-8 -4

-8

O

y = -2x + 6

y = -2

y = 3x + 1

x

y

2

4

6

8

4 6 82
O

y ≤ 2x

y ≥ x + 3

x

y

2

4

6

8

4 6 82
O

y ≤ 2x

y ≥ x + 3
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Lesson Practice

 a. Graph the region described by the inequalities y > x and y < -2x + 5.

 b. Graph the region described by the inequalities y ≤ x + 1 or 
y ≥ -2x - 1.  

 c. Graph the region described by the inequalities x > -3, y < -2x, 
and y > x - 1.  

 d. Security  A house has two security cameras. One camera can observe 
the region above y = x - 5 and the other camera can observe the 
region above y = -2x - 4. Graph the region that can be observed by 
both cameras.  

Practice Distributed and Integrated

  *1. Determine if  the solid has plane symmetry.

2. The length of the hypotenuse of a right triangle is 17 centimeters. 
Name one pair of possible leg lengths.

 3. Find  θ  1  and  θ  2  to the nearest degree. 

 

G I

H

33

17

θ1

θ2

 4. Multi-Step Show that (4, -4, 5) is the point of intersection of the line 
(x, y, z) = (-2, 0, 1) + t(3, -2, 2) and the line through the points 
(3, 5, 11) and (5, -13, -1).  

5. Determine the area of the shaded circle segment, to the nearest tenth 
of a square centimeter.

 * 6. Graph the region described by the inequalities y ≥ x and y ≤ x - 3.

 7. Weather  A particular spherical weather balloon has a radius 
of 10 meters at a certain altitude. What is the volume of air in 
the balloon?  

8. The first iteration of a fractal is shown. Sketch the second 
iteration of the fractal.  

 9. A cube with sides that are 6 units long has one vertex at the origin. 
Determine the distance between the origin and the vertex that is 
diagonally opposite it through the cube.  

(Ex 1)(Ex 1)

(Ex 2)(Ex 2)

(Ex 3)(Ex 3)

(Ex 4)(Ex 4)

(113)(113)

(9)(9)

(82)(82)

(108)(108)

63°

15.5 cm

63°

15.5 cm

(112)(112)

(114)(114)

(80)(80)

(Inv 10)(Inv 10)

(111)(111)
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* 10. The drawing shows a part of a solid and its center of rotation. 
Draw the complete solid with an order of rotational symmetry of 4.

11. Write What is the direction of a zero-magnitude vector?

* 12. Lighthouses  Two lighthouses are placed along a shoreline. The first one can light 
the region below the line y = 2x + 5 on a map and the other can light the region 
above the line y = -x + 1 on the same map. Graph the region that at least one 
lighthouse can light.  

 13. Find LN in the triangle. Round your answer to the nearest hundredth.

 14. Multi-Step The hypotenuse of one 45°-45°-90° right triangle is 
53 feet while a leg of a second, similar triangle is 37.5 feet. 
Which triangle has the greater area?

 15. Anatomy  In the diagram, A is 1.9 centimeters, B is 1.17 centimeters, 
C is 0.42 centimeters, E is 0.68 centimeters, G is 1.89 centimeters, 
and H is 3.06 centimeters. Which ratios of these lengths are 
approximately equal to the golden ratio?  

 16. Triangle ABC has vertices A(-3, 2), B(-4, -2), and C(2, 1). Apply a dilation 
centered at (3, -3). Use a scale factor of 3.

  Hint: First, translate the preimage, �ABC, so the center is at the origin. 
Then, apply the dilation. Finally, translate the figures so the preimage 
returns to its original location, and identify the coordinates of A′, B′, and C′.

 17. Algebra Find the value of x in this rhombus.  

   

7x + 16 8x + 14

30

* 18. Graph the region described by the inequalities y > 3x + 2 or y > 2x.

* 19. Formulate What is an expression for the area of a shape composed of a circle with 
a radius g that has had a circle of radius r cut out of it?  

 20. Error Analysis Patrice wrote this expression for the area of the segment shown: 

   2 
__ 3  π (9)  2  -   

1 __ 
2
  (9) (  

9  √ � 3  
 ____ 

2
  ) . Correct Patrice’s error.

 21. Multiple Choice Circle C has the equation,  (x - 5)  2  +  (y - 2)  2  = 16. If  �C 
is translated right 2 units, what is the equation of its image, �C′?  

  A  (x - 3)  2  +  (y - 2)  2  = 16 B  (x - 5)  2  +  (y - 4)  2  = 16
  C  (x - 7)  2  +  (y - 2)  2  = 16 D  (x - 5)  2  +  (y - 2)  2  = 36

order: 4order: 4

(113)(113)

(89)(89)

(114)(114)

35°

98°

L N

M

50

35°

98°

L N

M

50
(94)(94)

(53)(53)

B
A

E

G H

C
B
A

E

G H

C

(Inv 11)(Inv 11)

(84)(84)

xy2xy2

(52)(52)

(114)(114)

(97)(97)

120°

9 cm

120°

9 cm
(112)(112)

(75)(75)
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735Lesson 114

 22. Find the length of   
−−

 IF  in the triangle at right.  

 23. If   cos  2 θ = 0.45, what is the value of sin θ  

to the nearest hundredth?

 24. Determine whether the solid has plane symmetry, symmetry about an axis, or 
neither.  

   

 25. Generalize If  a polygon circumscribes a circle, is the polygon regular? 
What if  the circle circumscribes the polygon?  

 26. Photography  A photographer takes a photo of the ridge above him from the 
bottom of a gorge. If  he knows the gorge is 110 meters deep and his angle of 
elevation is 78°, how far should he focus the lens to obtain the clearest photo 
of the ridge of the gorge? Round your answer to the nearest meter.  

 27. Buildings  The front of the building shown is to be surfaced with bricks. 
The building has two 3-by-7-foot doors and ten 2.5-by-2.5-foot windows that will 
not be covered with brick. If  each brick covers 0.5 square feet, how many bricks 
will be needed?  

   
35 ft

50 ft

* 28. Graph the region described by the inequalities y ≥ 2x, y ≥ -2x, and 
y ≤ x + 2.  

 29. Verify Stacy says that a triangle with side lengths of 8.7, 10.1, and 13.6 
is a right triangle. Is she correct?  

 30. Analyze The coordinates for the image of point P(x, y) under a transformation 
are P′(   4 __ 

5
  y -   

3
 __ 

5
  x,   4 __ 

5
  x +   

3
 __ 

5
  y). Identify the transformation as a rotation, translation, 

or reflection, and specify the center of rotation, line of reflection, or translation 
vector.  

10

8

9
E

FG I

H

10

8

9
E

FG I

H
(60)(60)

(91)(91)

(113)(113)

(106)(106)

(73)(73)

(40)(40)

(114)(114)

(33)(33)

(67)(67)
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Finding Surface Areas and Volumes 
of Composite Solids115

LESSON

Warm Up 1.  Vocabulary A plane figure that is made up of two or more simple shapes 
is called a _______________.

2.  Find the surface area and the volume of this 
right prism.  

3. Find the surface area and the volume of this 
right cylinder to the nearest hundredth. 

New Concepts Recall that the perimeter of a two-dimensional composite figure is the sum 
of the perimeters of the shapes that make up the figure, minus the lengths 
of the common sides. Similarly, the surface area of a three-dimensional 
composite solid is the sum of the surface areas of the simple solids that 
make up the composite solid, minus the areas of the common faces.

Scomposite figure = Scone + Scylinder Acommon faces

1Example  Finding Surface Areas of Composite Figures

Generalize The surface 
area of a composite 
solid cannot be found 
by simply adding the 
surface areas of the solids 
that compose it. Explain 
why this statement 
is true.

Math Reasoning

Find the surface area of the solid. Round any decimal answers to 
the nearest tenth of a square unit.

4 cm

4 cm

5 cm

SOLUTION
Determine the surface area of the figure by adding the surface areas of the 
cube and the pyramid excluding the areas of the common faces.

(40)(40)

(59)(59)

8 cm

5 cm

4 cm

8 cm

5 cm

4 cm

(62)(62)
3 in.

10 in.

3 in.

10 in.
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737

A cube has six congruent faces. In this composite solid, one face is 
common with the pyramid. Find the surface area of five faces.

 S  cube  = 5 s  2 
 S  cube  = 5 (4)  2 
 S  cube  = 80

The pyramid is regular, so the four triangular faces are congruent. In 
this solid, the base of the pyramid is common with the cube, so it is not 
included in the surface area. Find the lateral surface area of the pyramid.

In the formula 

 L  pyramid  =   1 _ 
2

   P�, P is the 

perimeter of the pyramid 
and � is its slant height.

Reading Math   L  pyramid  =   1 _ 
2
  P�

 L  pyramid  =   1 _ 
2
  (4 × 4)(5)

 L  pyramid  = 40

Add the areas to find the surface area of the composite solid.

 S  composite  = 80 + 40 
 S  composite  = 120

The surface area of the composite solid is 120 square centimeters.

The volume of a composite solid is the sum of the volumes of the 
individual solids that make up the composite solid.

2Example  Finding Volumes of Composite Figures 
by Adding

To review the surface 
area and volume of 
various solids, refer to 
these previous lessons.

• Prisms: Lesson 59
• Cylinders: Lesson 62
• Pyramids: Lesson 70
• Cones: Lesson 77
• Spheres: Lesson 80

Hint  Find the volume of the solid. Assume that the 
prisms and cylinders are right and that the bottom 
of the figure is exactly half  of a cylinder. Round 
any decimal answers to the nearest tenth of a 
square meter.

SOLUTION
The volume of this composite solid is the sum of the volumes of the cube 
and the half-cylinder. First, find the volume of the cube.

 V  cube  = Bh 
 V  cube  = (3 · 3)3 =  3  3 
 V  cube  = 27

Now, find the volume of the half-cylinder.

 V  half-cylinder  =   1 _ 
2
  π r  2 h

 V  half-cylinder  =   1 _ 
2
  π(1.5 )  2 (3)

 V  half-cylinder  ≈ 10.6

Add the volumes to find the volume of the composite solid.

 V  composite  ≈ 27 + 10.6 
 V  composite  ≈ 37.6

The volume of the composite solid is approximately 37.6 cubic meters.

3 m

3 m

3 m
3 m

3 m

3 m

Lesson 115
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3Example  Finding Volumes of Composite Figures 
by Subtracting

Find the volume of the solid. Round the answers to the nearest tenth of 
a cubic unit.

1 yd 5 yd

12 yd

Use substcripts, such as  
V  large cylinder  to help keep 
the quantities organized 
when the same formula 
is being used on more 
than one fi gure.

Hint  SOLUTION
The solid is composed of a large cylinder with a smaller cylinder removed. 
Find the total volume of the larger cylinder, and subtract the volume of 
the smaller cylinder.

 V  large cylinder  = π r  2 h   V  smaller cylinder  = π r  2 h

 V  large cylinder  = π (5)  2 (12)   V  smaller cylinder  = π (1)  2 (12)

 V  large cylinder  = 300π   V  smaller cylinder  = 12π

Subtract the volume of the small cylinder from the volume of the large 
cylinder to find the volume of the composite solid.

 V  composite  = 300π - 12π

 V  composite  = 288π

 V  composite  = 904.3

The volume of the solid is approximately 904.3 cubic yards.

4Example  Application: Volume of a Gas Tank

Jenna heats her home with propane, which is 
stored in a tank in her backyard. How many 
cubic feet of propane does it take to fill the 
tank to the nearest tenth?

SOLUTION
The tank is composed of a cylinder and two congruent hemispheres. 
Since the hemispheres on either side of the tank combine to make one full 
sphere, the volume of the tank is the sum of the volumes of the cylinder 
and a sphere with a 2-foot radius.

 V  tank  =  V  cylinder  +  V  sphere 

 V  tank  = π r  2 h +   4 _ 
3
   r  3 π

 V  tank  = π (2)  2 (8) +   4 _ 
3
   (2)  3 π

 V  tank  = 32π +   
32

 _ 
3
  π

 V  tank  ≈ 134.0

It takes approximately 134 cubic feet of propane to fill the tank.

4 ft

8 ft

4 ft

8 ft
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Lesson Practice

 a.  Find the surface area of the solid. 
Assume that the cones shown are right. 
Give the answer to the nearest tenth 
of a square unit.

 b. Find the volume of the solid. Assume 
that the cone and cylinder are right. Give 
the answer to the nearest tenth of a 
cubic unit.  

 c. Find the volume of the solid. Assume that 
the prisms are right.  

 d. A truck has a storage compartment as 
shown. If  the width of the truck is 5 feet, how 
many cubic feet of cargo can the truck carry 
in the compartment?  

5 ft

12 ft

8 ft

3 ft

Practice Distributed and Integrated

 1. Find the surface area of the solid. Assume that the prism and pyramid 
are right.  

 2. Find the matrix that would represent the translation of a triangle 4 units 
left and 8 units down.

 3. Analyze What are two possible shapes for a cross section of a cube?

 4. Determine whether the solid has plane symmetry, symmetry about 
an axis, or neither.

(Ex 1)(Ex 1)

6 cm

3 cm

4 cm

6 cm

3 cm

4 cm

(Ex 2)(Ex 2)

22 m

7 m

12 m

22 m

7 m

12 m

(Ex 3)(Ex 3)
2 in.

15 in.

11 in.

9 in.

2 in.

15 in.

11 in.

9 in.

(Ex 4)(Ex 4)

(115)(115)
15 in.

25 in.

25 in.

15 in.

25 in.

25 in.

(100)(100)

(85)(85)

(113)(113)
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 5. Find the measure of the smaller arc between two secants if  the larger arc 
measure is 114° and the exterior angle is 29°.  

 6. In the figure,   
−−−

 MO  �   
−−

 NP . Find m  � NP  .  

 7. Astronomy  Four moons are in the same circular orbit around a planet. 
The arc measure between moons A and B is 55°, and the arc measure 
between moons C and D is 33°. If    

−−
 AC  and   

−−
 BD  intersect at E on the 

planet, what is m∠AEB?  

 * 8. Analyze Can points A, L, and F on the sphere at right be considered 
a triangle? Explain why or why not.  

 *9. Graph the solution to y - x > 4 or 3y + x < 6 and label the point 
(3, -4). Is (3, -4) in the solution set?  

 10. A circle has a radius of 5.2 meters. Determine the area of the segment 
formed by a chord with a central angle of 120°. Round your answer to 
the nearest hundredth.  

 11. Find the volume of the solid to the nearest tenth. Assume that the cylinder 
is a right cylinder.  

 12. In an isosceles triangle, the vertex angle measures 2(x + 7)° and the base 
angles measure (3x - 37)°. Determine the angle measures.  

 13. Multiple Choice The coordinates of three vertices of a parallelogram are (1, 2), 
(2, -3), and (-3, -1). Which cannot be the coordinates of the fourth vertex?  

  A (0, 6) B  (-2, -7)
  C (-2, 8) D (-4, 3)

 14. Describe the diagram in two ways.

 15. Write Write three statements that form a syllogism.  

* 16. Is (-1, -4) a solution to the disjunction of y > 3x - 2 and 2x - y > 1? Is (2, 3)?

 17. Find the volume of this solid. The prisms are right prisms.  

 18. −−
 XY  has a midpoint of (4, -3, 6). Point X has coordinates (12, 7, 1). 

What are the coordinates of point Y?  

 19. Multi-Step Draw quadrilateral JKLM with vertices J(2, 4), K(2, -3), L(-3, -3), 
and M(-3, 4). In the same coordinate plane, draw the image under the dilation 
D  

O,   1 
__ 2  
 (x, y). What is the relationship between the areas of the two quadrilaterals?

 20. Error Analysis The two triangles are similar. Daphne found the value of 
x to be 8. What was her error?

(79)(79)

x°
M

N

O

P

6x°

72°

x°
M

N

O

P

6x°

72°

(104)(104)

(64)(64)

L

A F

L

A F
(109)(109)

(114)(114)

(112)(112)

(115)(115)

4 cm

2 cm

4 cm

2 cm

(51)(51)

(61)(61)

(106)(106)

(21)(21)

(114)(114)

(115)(115)

44 m

76 m
38 m

10 m
44 m

76 m
38 m

10 m
(111)(111)

(102)(102)

x
4 5

10x
4 5

10

(41)(41)
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 21. Verify Show that quadrilaterals ABCD and EFGH are congruent, 
and identify the type of quadrilateral(s) they are.

 22. Art  Rhea is making a regular heptagon-based pyramid out 
of paper maché. To cover the lateral surface of the pyramid, she 
needs 70 square inches of paper maché. If  the slant height 
of the pyramid is 2 inches, what are the side lengths of the 
heptagon?  

* 23. Silos  How many cubic feet of grain can the silo hold to the 
nearest tenth? 

 24. Analyze Does the function y =  x  4  have a line of symmetry? 
Does it have rotational symmetry?

 25. Surveying  A surveyor uses trigonometry to find the height of 
a building by measuring the distance from the top of one to the 
top of the other. Find θ. Round your answer to the nearest degree.  

   

52°

680 ft

180 ft

θ

 26. Which congruence theorem applies to these triangles?

 27. A regular polygon has 120 sides. What angle of rotational 
symmetry does the polygon have?  

 28. Algebra The points D, E, and F are midpoints of �ABC. If  DF = 2x + 1 
and BC = 14, find x and DF.  

   

A

F

C E B

D

* 29. Baseball  In baseball, the term foul ball refers to a ball that is hit and its trajectory 
goes outside of two rays, one formed by home base and first base and the other 
formed by home base and third base. For a diagram of a baseball diamond 
with home base at (3, 2) and first base at (5, 4), write a disjunction of simplified 
inequalities whose solution is the area where a foul ball would go.

 30. Two congruent parallelograms make the following shape. Describe m∠JKL 
in terms of x.  

(92)(92)

x

y

O

4

2

A(-3, 1)

B(1, 4)

C(4, 0)

D(0, -3)

E(-5, -1)

F(-1, -4)

G(2, 0)

H(-2, 3)

x

y

O

4

2

A(-3, 1)

B(1, 4)

C(4, 0)

D(0, -3)

E(-5, -1)

F(-1, -4)

G(2, 0)

H(-2, 3)

(70)(70)

17 ft

40 ft

17 ft

40 ft

(115)(115)

(76)(76)

(98)(98)

(36)(36)

(113)(113)

xy2xy2

(55)(55)

(114)(114)

x
J

L

K
x

J

L

K
(34)(34)
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116
LESSON

Warm Up 1. Vocabulary A ________ is a relationship in which every input 
is paired with exactly one output.

2. Find the angle measures of this right triangle 
to the nearest degree.  

3. Find the value of x in this scalene triangle to 
the nearest tenth. 

  x
51°

78°20

4. Find the value of y in this triangle to the 
nearest tenth.  

  

45

y

40 95°

New Concepts The reciprocals of the sine, cosine, and tangent ratios are the trigonometric 
ratios called cosecant, secant, and cotangent.

More Trigonometric Ratios

In a right triangle, the cosecant of an angle is the ratio of the length 
of the hypotenuse to the length of the side opposite the angle. It is 
the reciprocal of the sine ratio.

csc θ =   
hypotenuse

 _ 
opposite

   =   
1 _ 

sin θ
  

In a right triangle, the secant of an angle is the ratio of the length of 
the hypotenuse to the length of the side adjacent to the angle. It is 
the reciprocal of the cosine ratio.

sec θ =   
hypotenuse

 _ 
adjacent

   =   
1 _ 

cos θ
  

In a right triangle, the cotangent of an angle is the ratio of the length of 
the side adjacent to the angle to the length of the side opposite the angle. 
It is the reciprocal of the tangent ratio.

cot θ =   
adjacent

 _ 
opposite

   =   
1 _ 

tan θ
  

(SB 17) (SB 17) 

B56

A

C

65
33

B56

A

C

65
33

(82)(82)

(94)(94)

(98)(98)

Secant, Cosecant, and Cotangent

Since cosecant, 
secant, and cotangent 
are reciprocals of 
trigonometric ratios, they 
are not defi ned when the 
ratio that they are the 
reciprocal of is equal to 0. 
For example, cosecant is 
undefi ned when θ = 0°, 
because sin 0° = 0.

Caution

 Online Connection
www.SaxonMathResources.com

SM_G_SBK_L116.indd   742SM_G_SBK_L116.indd   742 5/7/08   1:37:46 PM5/7/08   1:37:46 PM



Lesson 116 743

1Example  Identifying Secant, Cosecant, 
and Cotangent

a.  Find the value of the secant, cosecant, and 
cotangent of θ in the triangle.

 SOLUTION

sec θ =   
1 _ 

cos θ
   csc θ =   

1 _ 
sin θ

   cot θ =   
1
 

_ 
tan θ

  

cos θ =   
a _ c   sin θ =   

b _ c    tan θ =   
b _ a  

sec θ =   c _ a   csc θ =   
c _ 
b
    cot θ =   

a
 _ 

b
  

b.  If  a = 65, b = 72, and c = 97, find the value of the secant, cosecant, 
and cotangent of θ.

SOLUTION

sec θ =   
c _ a   csc θ =   

c _ 
b
   cot θ =   

a _ 
b
  

sec θ =   
97 _ 
65

   csc θ =   
97 _ 
72

   cot θ =   
65 _ 
72

  

Remember that if a is 
the reciprocal of b, then 
b is also the reciprocal 
of a. Therefore, the sine, 
cosine, and tangent 
ratios are the reciprocals 
of the cosecant, secant, 
and cotangent ratios.

Hint  Using trigonometric identities for sine, cosine, and tangent, it is possible to 
derive two trigonometric identities using secant, tangent, and cosecant.

 sin  2 θ +  cos  2 θ = 1  sin  2 θ +  cos  2 θ = 1

   cos  2 θ = 1 -  sin  2 θ  sin  2 θ = 1 -  cos  2 θ

     cos  2 θ
 

_ 
 cos  2 θ

   =   
1 _ 

 cos  2 θ
   -   

s in  2 θ
 

_ 
 cos  2 θ

     
 sin  2 θ

 
_ 
 sin  2 θ

   =   
1 _ 

 sin  2 θ
   -   

 cos  2 θ
 

_ 
 sin  2 θ

  

  1 =   sec  2 θ -  tan  2 θ 1 =  csc  2 θ -  cot  2 θ

Trigonometric Identities

Secant and tangent are related by the identity:

1 = s ec  2 θ -  tan  2 θ

Cosecant and cotangent are related by the identity:

1 =  csc  2 θ -  cot  2 θ

2Example  Using Trigonometric Identities

In a right triangle, the secant of an angle is 2. What is the tangent 
of the angle?

SOLUTION
Use the first trigonometric identity given above. 

  1 =  sec  2 θ -  tan  2 θ
 1 =  2  2  -  tan  2 θ
 -3 = - tan  2 θ
 tan  2 θ = 3
 tan θ =   √ � 3  
The tangent of the angle is   √ � 3  .

S T

R

a

b
c

θ
S T

R

a

b
c

θ

SM_G_SBK_L116.indd   2SM_G_SBK_L116.indd   2 2/26/08   10:06:00 PM2/26/08   10:06:00 PM



Saxon Geometry744

By using these two new trigonometric identities and  sin  2 θ +  cos  2 θ = 1, you 
can solve any of the six trigonometric ratios in terms of any of the other five. 

3Example  Application: Directions

The distance between Diane and Ali’s home 
is 4.5 miles. The cosecant of θ equals 2.66. 
How far does Noah live from Diane and Ali? 
Round your answers to the nearest tenth. 

SOLUTION 
Set up an expression showing the cosecant of the angle.

  csc θ =   
hypotenuse

 _ 
opposite

  

 2.66 =   
h _ 

4.5
  

h ≈ 12.0 miles
Then, use the Pythagorean Theorem to solve for x.

 4.5  2  +  x  2  ≈  12.0  2 
   x  2  ≈ 123.8
  x ≈ 11.1 miles

Therefore, Noah lives 11.1 miles from Ali and 12.0 miles from Diane.

Lesson Practice

 a. Find the value of the secant, cosecant, and cotangent 
of θ in the triangle.  

 b.  If  the cosecant of an angle is 2, what is the 
cotangent of that angle?  

 c.  Parula and Janet live 2.02 miles apart. 
Find how far Sanjay lives from Parula 
and Janet if  the cot θ = 1.19. Round 
your answers to the nearest hundredth 
of a mile.  

Practice Distributed and Integrated

 1. Elasticity  A certain elastic band will break if  stretched so that its total length is 
more than 22 inches. The plastic band is placed around a spherical balloon with 
a radius of 1.7 inches. If  the balloon is inflated so that its radius doubles, will the 
elastic band break? Explain.

 2. Architecture   Determine the combined areas of the four circular 
segments of glass used in this stained-glass window. Round your 
answer to the nearest square inch.  

x

h

θ

Diane

AliNoah

4.5 miles

x

h

θ

Diane

AliNoah

4.5 miles

(Ex 1)(Ex 1)

X Z

Y

y

x
z

θ
X Z

Y

y

x
z

θ(Ex 2)(Ex 2)

(Ex 3)(Ex 3)

y

x

θ
Parula Sanjay

Janet

2.02 miles y

x

θ
Parula Sanjay

Janet

2.02 miles

(96)(96)

(112)(112) 13 13 

Predict If sin(-θ) = -sin 
θ, then what can we 
predict about csc(-θ)? 
Explain your answer.

Math Reasoning
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 * 3. Multiple Choice Which of the following is not a possible value for sec θ ?  
  A 1.46 B 8.99
  C -0.89 D -19.02

 * 4. Algebra The surface area of this composite solid made of two cones 
is (3  √ � 13   + 15)π. Find the radius, r.  

 5. Exercise  Doug is walking on a treadmill. If  the conveyor belt 
is moving at 3.6 miles per hour backward, how fast and in what 
direction must Doug walk in order to stay on the treadmill?  

 * 6. Write List all the possible reasons why a system of two linear 
equations could have no solution and explain why there is no 
solution in each case.  

 7. A region is bound by the vertices (1, 2), (3, 5), and (4, 0). Find the 
coordinates of a point inside the region and a point outside the region.  

 8. Analyze In the diagram, ∠1 and ∠2 are complementary. Write 
a paragraph proof to show that ∠2 and ∠3 are complementary.  

 9. Error Analysis Joanna is trying to place a segment with vertices (3, 2) and 
(4, 5) in a three-dimensional coordinate system. She decides the new 
coordinates are (0, 3, 2) and (0, 4, 5). Explain her error and correct it.

* 10. Find the volume of the composite solid. Assume that the pyramid is 
right. Give your answer to the nearest tenth of a cubic inch.  

 11. Multi-Step Classify the polygon with vertices L(1, -1), M(-3, -3), 
and N(-3, 2). Find the perimeter. Give your answer in simplified 
radical form.  

 12. Write How is it that a conjunction of linear inequalities might have no solution, 
but a disjunction of the same inequalities would always have a solution?

 13. Algebra Determine the perimeter of this quadrilateral.  

 14. Storage  A rubber stopper for a bottle is in the shape of 
a frustum of a cone with a height of 5 centimeters. If  the 
top circle has a radius of 1 centimeter and the bottom 
circle has a radius of 3 centimeters, what is the volume 
of the stopper? Round your answer to the nearest tenth 
of a cubic centimeter.  

 15. The diagram shows intersecting chords in a circle. Find the value 
of x to the nearest hundredth.  

* 16. Analyze The sine and cosine functions always give a value between 
1 and –1. Is the same true for secant and cosecant? Explain.

 17. Draw the net of a pentagonal pyramid.

 18. Find the distance between Y(5, 5, 5) and Z(–5, –5, –5).  

(116)(116)

(115)(115)
xy2xy2

r2

4
5

√13

r2

4
5

√13

(63)(63)

(81)(81)

(114)(114)

(31)(31)

1
2

3

1
2

3
(108)(108)

(115)(115)

9 in.

6 in.

6 in. 8 in.

9 in.

6 in.

6 in. 8 in.

(57)(57)

(114)(114)

(58)(58)
xy2xy2

(52 - y) mm

(2y - 5) mm

(3y + 14) mm

(52 - y) mm

(2y - 5) mm

(3y + 14) mm(103)(103)

(86)(86)
(2x - 6)

(x + 3)

7

5

(2x - 6)

(x + 3)

7

5(116)(116)

(Inv 5)(Inv 5)

(111)(111)
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* 19. Medicine  Find the surface area of this medicine capsule to the nearest 
tenth. Assume that the cylinder is right and each of the ends are 
hemispheres.  

 20. The endpoints of line segment   
−−

 XY  are X(-3, -2) and Y(-1, 1). 
Graph   

−−−
 X′Y′  after   

−−
 XY  has been rotated 180° about the origin.

 21. Determine the point of tangency and the equation of the 
tangent line in the diagram at right.  

* 22. Algebra If  the hypotenuse of a right triangle is 4 and tan θ =   
a
 __ 

b
  , 

find csc θ, sec θ, and cot θ.  

 23. Find the value of x to the nearest hundredth if    
−−

 AC  bisects ∠A.  

   

B

7
D

C

A

8

43°

5

x

 24. Multi-Step If  cos θ · tan θ = 0.8, find the value of cos θ. Then, find θ to 
the nearest degree.  

 25. Use inductive reasoning to write the next three steps of this series: 
3, 5, 7, 11, 13, 17, …  

 26. Given a fixed perimeter, which shape has the greatest area?  

 27. Determine whether this wheel has rotational symmetry. If  it does, give 
the angle of rotational symmetry and the order of symmetry.

* 28. Formulate Write an expression for sin θ in terms of sec θ.

 29. A circle whose equation is  (x + 2)  2  +  (y - 7)  2  = 81 is shifted 
4 units upward and 8 units to the left. What is the equation for 
the shifted circle? Graph the shifted circle.

 30. Using the diagram, prove �BAM � �CAM.

(115)(115)

5 mm10 mm 5 mm10 mm

(78)(78)

(72)(72)

x

y

O

2

3

1

1

-1

-1-2-3

x

y

O

2

3

1

1

-1

-1-2-3

(116)(116)
xy2xy2

(98)(98)

(91)(91)

(7)(7)

(107)(107)

(113)(113)

(116)(116)

(95)(95)

A

B CM

A

B CM

(30)(30)
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Determining Line of Best Fit

117
LESSON

Warm Up 1. Vocabulary Two lines with the same slope and different y-intercepts 
are ________ lines. (parallel, perpendicular, skew)

2. What is the midpoint of the line segment with endpoints 
(5, 7, -2) and (1, 1, -6)? 

3. Determine the slope of the line passing through (4, 8) and (10, 10).  

 A -3 B  -  
1 __ 
3
  

 C   1 
__ 3   D 3

New Concepts Data is easier to read and understand when it is 
displayed in graphical form. In one such graph 
called a scatterplot, points are plotted to show a 
possible relationship between two sets of data. For 
example, if  the heights and arm spans of people are 
measured, the data may appear as shown. 

The relationship between the two quantities can 
be better understood by placing a line of best fit 
through the data. The line of best fit is a line that 
comes closest to all of the points in the data set. 
The line of best fit approximates the data set and 
can be used to make predictions about the data.

1Example  Choosing a Line of Best Fit
A well-chosen line of 
best fi t has a slope that 
represents the trend of 
the data and is located 
within the data points.

Caution

 Explain why the line in each graph is, or is not, a good choice for the line 
of best fit.

D
is

ta
nc

e

Time

D
is

ta
nc

e

Time

D
is

ta
nc

e

Time

SOLUTION
In the leftmost graph, the line has the correct slope, but it lies too far from 
the data points. This line is not a good choice for the line of best fit.

In middle graph, the line goes through some of the data points, but the 
slope is too steep. This line is not a good choice for the line of best fit.

In the rightmost graph, the line goes through the data points and its slope 
represents the trend in the data. This line is a good choice for the line of 
best fit.

(37) (37) 

(111) (111) 

(16) (16) 

x

y

he
ig

ht

arm span

x

y

he
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arm span

line of
best fit

x

y
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ht
arm span

line of
best fit

x

y

he
ig

ht
arm span
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The relationship, or correlation, between two quantities in a scatterplot can 
exhibit a positive correlation, a negative correlation, or no correlation. When 
both quantities increase together, there is a positive correlation and the line 
of best fit has a positive slope. When one quantity increases as the other 
decreases, there is a negative correlation and the line of best fit has a negative 
slope. When the points are randomly scattered, there is no correlation and a 
line of best fit cannot be drawn.

If  there is a correlation in a scatterplot, the correlation may be described as 
strong or weak. A strong correlation exists when most of the data points are 
very close to the line of best fit. As the data points move further away from 
the line of best fit, the correlation weakens.

2Example  Identifying Correlation

Describe the correlation between the data 
points in the scatterplot.

SOLUTION
The line of best fit has a negative slope. 
Therefore, the data has a negative correlation. 
The data is not tightly bunched around the 
line of best fit. Therefore, the correlation 
can be described as weak. The correlation in 
this scatterplot would then be described as 
negative and weak.

To draw a line of best fit, attempt to find the line that passes through as 
many data points as possible, with the other points being as close as possible 
to the line. A good rule to remember is that approximately the same number 
of points should lie above the line as lie below it.

3Example  Drawing a Line of Best Fit

If possible, use a clear 
plastic ruler to draw 
the line of best fi t. The 
points can be seen 
better as the ruler 
is moved around to 
approximate the data.

Hint
 Draw the line of best fit in the scatterplot. 

Then, describe the correlation in the data.

SOLUTION

The line of best fit shows a strong, 
negative correlation.

D
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e
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D
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ta
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y

x
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x
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A line of best fit can be used to find values that are not a part of the data 
plotted in a scatterplot. The line approximates the trend in the data. To 
predict the value of a data point that is not included in the data, find that 
point on or near the line of best fit.

4Example  Application: Tree Growth Patterns

A local power company made a scatterplot 
to show the growth of the trees in a forested 
area through which power lines pass. When the 
trees reach a height of 26 feet, the company 
trims them so they do not interfere with the 
power lines. Use the line of best fit in the 
scatterplot to estimate the time it takes for the 
trees to reach 26 feet in height.

SOLUTION
Extend the line of best fit. Locate 26 feet on 
the vertical axis and draw a horizontal line 
until it touches the line of best fit. Then draw 
a vertical line from this point to the horizontal 
axis, and read the time. The time is 36 months 
when the height is 26 feet. Therefore, the trees 
should take about 36 months, or 3 years, to 
reach a height of 26 feet.

Lesson Practice

 a. Explain why the line in each graph is, or is not, a good choice for 
line of best fit.

x

y

A

x

y

B

x

y

C

 b. Describe the correlation between the data 
points in the scatterplot.
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0

(Ex 1)(Ex 1)

x

y

x

y
(Ex 2)(Ex 2)

A good line of best fi t is 
predictive; future data 
points will lie near a 
good line of best fi t, but 
future data points will 
lie further from a poor 
choice of line of best fi t. 

Hint
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 c. Draw the line of best fit in the scatterplot. 
Then describe the correlation in the data.

 d. Minh is keeping track of the 
progress as his new home is 
being built. Every 5 weeks, he 
records the percent of the home 
that is complete. He constructs 
a scatterplot of his findings. If  
the trend in the data continues, 
when will his home be 100% 
complete? 

Practice Distributed and Integrated

 1. Error Analysis Describe and correct the error in finding the volume of the composite 
solid. Give your answer to the nearest tenth of a cubic unit.

  V =   
1 __ 
3
  π  (4  2 )(5) +   1 

__ 3  π( 4  2 )(5)

  V =  26  2 
__ 3  π + 26  2 

__ 3  π

  V = 53  1 
__ 3  π

  V = 167.5

 The volume is approximately 167.5 cubic units.

 2. Is the following statement always, sometimes, or never true?

 A square is both a rhombus and a rectangle. 

 3. Barn Construction  The exterior of the barn shown will be entirely covered with 
metal sheeting. To the nearest square foot, how much metal sheeting is needed to 
cover the building? 

14 ft

55 ft

10 ft

8 ft

(Ex 3)(Ex 3)

D
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Time

D
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e

Time

(Ex 4)(Ex 4)
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%
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0

(115)(115)

5

5

4

5

5

4

(52)(52)

(115)(115)
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 4. Algebra An exterior angle of a triangle measures (45 - y)°. The two remote 
interior angles measure (2y + 12)° and (31 - y)°. Determine the value of y.

 5. Multi-Step Find all the missing angle measures and lengths in the triangle 
shown. Round each answer to the nearest whole number. 

 6. A triangle has a base of 1.5 meters and a height of 6 meters. A second, 
similar triangle has three times the base and height of the original triangle. 
What is the area of the second triangle? 

 7. Model Draw two lines of reflection that will transform 
rectangle STUV to rectangle S′T ′U ′V ′.

 8. What are the vertices of the region that is the solution 
of y ≤ - x + 1, y ≤ 3x + 5, and y ≥   1 

__ 3  (x - 1)? Give a 
point in the region that is not on the boundary. 

 9. Find LJ in the triangle at right. 

* 10. �JKL has vertices J(1, 3), K(0, 5), and L(-2, -2). Apply a dilation centered at 
(-3, 4). Use a scale factor of   1 

__ 2  . Find the coordinates of the vertices of the image. 
Hint: Draw axes at (-3, 4) and find the coordinates of J, K, and L as if this was 
the origin. Apply the dilation, then find the coordinates of each image point with 
respect to the actual origin. 

* 11. Estimate Draw the line of best fit in the scatterplot. Then, describe the 
correlation. 

x

y

* 12. Solve tan θ in terms of csc θ. 

 13. Algebra As part of their training for a triathlon, Tila and Jamaal must run to and 
then swim across a circular pond. Find the length of Tila’s total route to the 
nearest meter. 

20 m
Tila

Jamaal

25 m
75 m

xy2xy2

(18)(18)

(98)(98)

27°

53

50

R

ST
27°

53

50

R

ST
(87)(87)

(90)(90)
S T

UV

S′ T′

U′V′

S T

UV

S′ T′

U′V′

(114)(114)

M

NL

J K
9.5 12

12

M

NL

J K
9.5 12

12

(60)(60)

(84)(84)

(117)(117)

(116)(116)

xy2xy2

(101)(101)
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* 14. Write Would you expect the data relating the number of days a student is absent 
and the student’s grades to show a positive or a negative correlation? Explain.

 15. Find the radius of this circle to the nearest hundredth of a meter. 

  

130°

A = 12 m2

 16. Architecture  A building has a base that is twice as long as it is wide, and the area 
is 50 square meters. If  a contractor wants to make a scale drawing on an 8  1 

__ 2   × 11 
inch piece of paper, what is the largest scale he could use that would be a whole 
number? 

* 17. According to the scatterplot, approximately what is the average number 
of hours of daylight per day one could expect for the month of June?

* 18. Write Using the equation of a circle and a line, explain why a 
circle and a line can intersect in at most two points. Hint: Solve the 
general equation of a line for one variable and substitute into the 
general equation of a circle. 

 19. How many lines of symmetry does the figure below have? What order is 
the rotational symmetry? 

* 20. Multiple Choice Which of the following is not a possible value for csc θ? 
  A 1.12 B  14.24
  C -8.76 D -0.12

 21. Use the figure shown at right to find WY. 

 22. Justify �ABC was either reflected across an axis or rotated about the origin. 

If  the triangle is represented by the matrix  
⎡
 

 
 ⎢   

⎣
   
2   
2
   
-3

    
6
   
-2

    
-6

  
⎤
 
 
 �   

⎦
  and the image matrix 

is  
⎡
 

 
 ⎢   

⎣
  
-2    

2
    3   
6
    2    
-6

   
⎤
 
 
 �   

⎦
 , was the triangle reflected or rotated about the origin? If  it was 

reflected, was it across the x-axis or the y-axis? If  it was rotated about the origin, 
was it by 90°, 180°, 270°, or 360°? Explain your reasoning. Name the line of 
reflection or angle of rotation in your explanation.

 23. How many plane symmetries does a regular square pyramid have? 
Describe them.

 24. Write an indirect proof showing that a right triangle cannot have an obtuse angle.
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(35)(35)
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(75)(75)

(76)(76)

(116)(116)

(104)(104) 66°

Y

W
X

Z

8y°(y + 4°)

66°

Y

W
X

Z

8y°(y + 4°)
(105)(105)

(113)(113)

(48)(48)
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 25. What is the lateral area of a regular pyramid with a base perimeter of 
10 inches and a slant height of 10 inches? 

 26. If  the volume of the smaller of these two similar solids is 17.2 cubic meter, 
what is the volume of the larger? 

12 m

4 m

 *27. Verify Use trigonometric identities to verify tan θ =   
sin θ
 

________
 

  √ ���� 1 - si n  2 θ  

  .

 28. Flight  The diagram shows a plane taking off. If  the acceleration due 
to lift is 11.14 m/se c  2  at 63.9° to the horizontal, and gravity pulls 
straight down at 9.8 m/se c  2 , what is the resultant acceleration vector 
felt by the passengers?  

 29. Horticulture  Sunflower seeds grow in a special pattern: each 
spiral of seeds has the same number of seeds as the previous 
two spirals combined. If  the first two spirals have 3 and 4 seeds, 
respectively, 

  a. how many seeds are in the tenth spiral? 
  b. how many seeds are there in the first ten spirals altogether? 

 *30. Multiple Choice Which scatterplot shows a correct line of best fit? 

  A

x

y B

x

y

  C

x

y D

x

y

(70)(70)

(99)(99)

(91)(91)
11.4 m_

sec2

9.8 m_
sec2

63.9°

11.4 m_
sec2

9.8 m_
sec2

63.9°
(83)(83)

(Inv 11)(Inv 11)

(117)(117)
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Determining Line of Best Fit Using 
a Graphing Calculator

Technology Lab 15 (Use with Lesson 117)

15
L AB

In this lab, a graphing calculator will be 
used to examine a set of data and predict 
values that are missing from the data. The 
chart shows a test that was applied to a 
number of different bookshelves. The 
bookshelves were loaded with the weight 
given in the fi rst column, and the time until 
the bookshelf  collapsed is recorded in the 
second column. Use the data in the chart 
for this lab.

 1. Press  on the calculator. Press 

. Now enter the coordinates for 

a scatterplot into the calculator. Enter 

the test weights into List 1 (L1) and the 

times into List 2 (L2).

2. Press  and then press . To plot the points entered onto a graph, 

press  twice, then press  to highlight the scatterplot icon and 

press  again.

Graphing
Calculator Tip  

Choose as small a 
window as possible that 
still shows all the points 
on the scatterplot. This 
will help the patterns 
be seen in the data and 
verify that the line of 
best fi t is accurate.

3. Adjust the window using the test weights for 
the interval of x values and the time to collapse 

for the interval of y values. By pressing ,

 the points entered can be seen plotted onto the 
coordinate plane.

 By fitting a line to the scatterplot, the time to 
collapse can be predicted for the load weights 
that are not given on the chart.

4. Press . Then press  and choose 

LinReg(ax + b) from the menu. 

Press  twice.

5. The calculator will output values for a line that 

fits the scatterplot. Write these values down, 

then press  and enter the equation in 

slope-intercept form.

 6. Press . The graph should now display the scatterplot with a line over it.

Bookshelf Test

Test Weights Time to 
Collapse

200 lbs 1460 seconds

400 lbs 1213 seconds

600 lbs 1108 seconds

800 lbs 930 seconds

1000 lbs 104 seconds

1200 lbs 807 seconds

1400 lbs 642 seconds

1600 lbs 491 seconds

Bookshelf Test

Test Weights Time to 
Collapse

200 lbs 1460 seconds

400 lbs 1213 seconds

600 lbs 1108 seconds

800 lbs 930 seconds

1000 lbs 104 seconds

1200 lbs 807 seconds

1400 lbs 642 seconds

1600 lbs 491 seconds
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 7. What does this data tell about the time to collapse under different loads? 
Explain what may have caused the dip in the 1000-pound test.

An outlier is a point in a set of data that is considerably displaced from the 
rest of the data. Outliers can make it hard to use a set of data effectively, 
because they signifi cantly alter the line of best fi t.

 8. Press        on the calculator to 

estimate the time to collapse for 1800 pounds, adjusting the window as 
necessary. Is this an accurate estimation? Why might it not be?

 9. Edit the scatterplot coordinates and find one point that may be an outlier. 

Press  in both columns to remove this point from the data set.

 10. Follow steps 4–6 above to find a new equation for a line of best fit.

Math Reasoning

Analyze What is 
one disadvantage of 
eliminating possible 
outliers? Think of one 
instance where an 
outlier should not be 
eliminated?

 11. Using this new line, follow step 8 above and 
estimate the time it will take a bookshelf to 
collapse under the weight of 1800 pounds. Has 
the estimate changed? What caused the change? 
Is the new estimate more accurate than the one 
obtained above?  

Lab Practice

Using the chart “Bookshelf  Test”, remove another one of the data points 
and fi t a new line to the data. Does removing one of the other data points 
cause a signifi cant change in the line of best fi t? Can you still make an 
accurate estimate of the time to collapse for a given weight? In another 
data set, how can it be determined if  a point were an outlier?  
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Finding Areas of Polygons 
Using Matrices118

LESSON

Warm Up 1. Vocabulary The point (0, 0) on the Cartesian plane is called the _____.

2. Add the two matrices  
⎡
 
 
 ⎢   

⎣
   
1
   

0
   

0
   

1
   
⎤
 
 
 �   

⎦
  +  

⎡
 
 
 ⎢   

⎣
   
-1

    
3
   

4
   

0
   
⎤
 
 
 �   

⎦
 .  

3. Multiple Choice If  the perimeters of these shapes are equal, which shape has 
the greatest area?  

 A square B  rectangle
 C rhombus D parallelogram

New Concepts The area of a polygon on the coordinate plane can be found using the 
determinant of a matrix.

Determinant of an m × 2 Matrix

Given A = 
   

 

 x  1 

 
 

  x  2    
 x  3 

 

 
 

 �   
 x  m 

    

 

 y  1 

 
 

  y  2    
 y  3 

 

 
 

 �   
 y  m 

  
, the determinant of A is given by the formula:

det(A) = 
 ( x  1  y  2  +  x  2  y  3  +  x  3  y  4  + … +  x  m  y  1  -  y  1  x  2  -  y  2  x  3  -  y  3  x  4  - … -  y  m  x  1 ) 

1Example  Taking the Determinant of a Matrix

Since the vertices of 
any polygon can be 
listed as a two-column 
matrix, the formula for 
the determinant given 
here will work for any 
polygon.

Hint

 Calculate the determinant of A =  
⎡

 

 

 ⎢ 
 
 

⎣

   
6
 
 
 9   

3
   

1
 
 
 2   

1
   
⎤

 

 

 � 
 
 

⎦

 .

SOLUTION
Substitute  x  1  = 6,  y  1  = 1,  x  2  = 9,  y  2  = 2,  x  3  = 3, and  y  3  = 1 into the 
determinant formula.

det(A) =  x  1  y  2  +  x  2  y  3  +  x  3  y  1  -  y  1  x  2  -  y  2  x  3  -  y  3  x  1 
det(A) = (6)(2) + (9)(1) + (3)(1) - (1)(9) - (2)(3) - (1)(6)
det(A) = 12 + 9 + 3 - 9 - 6 - 6 
det(A) = 3

The determinant of A is 3.

Matrices can be used to find the area of any convex polygon by putting the 
polygon’s vertices into a vertical matrix and finding the determinant of that 
matrix divided by 2.

(SB 13)(SB 13)

(100)(100)

(107)(107)

 Online Connection
www.SaxonMathResources.com
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Matrix Method of Computing Area of a Polygon

Given a convex polygon with n vertices, ( x  1 ,  y  1 ), ( x  2 ,  y  2 ), up to ( x  n ,  y  n ), 
the area of the polygon is equal to the absolute value of one-half  of the 
determinant of the matrix listing the coordinates vertically.

A =    1 _ 
2
   det 

   

 
 x  1 

    x  2 
 

 
 

 �   
 x  m 

    

 
 y  1 

    y  2 
 

 
 

 �   
 y  m 

      
  

So, the area of the polygon can be given by the formula.

A = 

⎪  
1 _ 
2
   ( x  1  y  2  +  x  2  y  3  +  x  3  y  4  + … +  x  n  y  1  -  y  1  x  2  -  y  2  x  3  -  y  3  x  4  - … - y  n  x  1 )⎥ 

2Example  Calculating Area Using Matrices

Calculate the area of the pentagon with vertices (0, 2), (1, 1), (1, -2), 
(-2, 0), and (-3, 2).

x

y

O

4

2 4

-2

-2-4

-4

SOLUTION
Use the formula,  ⎪A =    1 _ 

2
  ( x  1  y  2  +  x  2  y  3  +  x  3  y  4  +  x  4  y  5  +  x  5  y  1  -  y  1  x  2  -  y  2  x  3 ⎥

⎪  
1 _ 
2
   -  y  3  x  4  -  y  4  x  5  - y  5  x  1 ).⎥ 

Using the ordered pairs in the order given,  x  1  = 0,  y  1  = 2,  x  2  = 1,  y  2  = 1,  
x  3  = 1,  y  3  = -2,  x  4  = -2,  y  4  = 0,  x  5  = -3, and  y  5  = 2.

Substitute into the formula and solve to find the area of the pentagon.

A =  ⎪   1 _ 
2
   [0(1) + 1(-2) + 1(0) + (-2)(2) + (-3)(2) - 1(2) - 1(1) -⎥  

 ⎪  1 _ 
2
   (-2)(-2) - (-3)(0) - 0(2)]⎥ 

A =  ⎪  
1 _ 
2
  (0 - 2 + 0 - 4 - 6 - 2 - 1 - 4 - 0 - 0)⎥ 

A =  ⎪  1 _ 
2
  (-19)⎥ 

A = -  
19 _ 
2
  

The area of the pentagon is   
19

 _ 
2
   or 9.5 square units.

The matrix that is 
constructed to fi nd 
area is diff erent from 
a point matrix. It is 
arranged in 2 columns 
with x-coordinates in 
the fi rst column and 
y-coordinates in the 
second column instead 
of 2 rows.

Caution
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3Example  Application: Fencing

Joshua has a unique fence around his house. The plans for his house are 
drawn on a grid. The coordinates of the corners of his fence are located at 
(-2, 0), (-3, -3), (1, -4), and (3, 4). Determine the area of Joshua’s land 
if  1 unit on the grid is 1 yard.

SOLUTION

When using this method, 
you may want to sketch 
the polygon fi rst. Note 
that this method can 
only be applied to 
convex polygons.

Caution  Joshua’s fence is a quadrilateral around the origin. Use the determinant 
area formula.

A =   1 _ 
2
  ( x  1  y  2  +  x  2  y  3  +  x  3  y  4  +  x  4  y  1  -  y  1  x  2  -  y  2  x  3  -  y  3  x  4  -  y  4  x  1 )

Using the pairs in the order given,  x  1  = -2,  y  1  = 0,  x  2  = -3,  y  2  = -3,
x  3  = 1,  y  3  = -4,  x  4  = 3, and  y  4  = 4. Substitute into the formula to find 
the area of Joshua’s land.

A =  ⎪   1 _ 
2
  [(-2)(-3) + (-3)(-4) + (1)(4) + (3)(0) - (-3)(0) - (1)(-3)⎥ 

 ⎪  
1

 
_ 
2

   -  (3)(-4) - (-2)(4)]⎥ 

A =  ⎪  
1 _ 
2
  (6 + 12 + 4 + 0 + 0 + 3 + 12 + 8)⎥ 

A =  ⎪  1 _ 
2
  (45)⎥ 

A =   45 _ 
2
  

The area of Joshua’s land is 22.5 square yards.

Lesson Practice

 a. Calculate the determinant of  
⎡

 

 

 ⎢ 
 
 

⎣

   
5
 
 
 4   

5
   

6
 
 
 2   

0
   
⎤

 

 

 � 
 
 

⎦

 .  

 b. Calculate the determinant of  
⎡

 

 

 ⎢ 
 
 

⎣

   
-2

 
  

 1    
0
   

-4
 

  
 2    

3
   
⎤

 

 

 � 
 
 

⎦

 .  

 c. Calculate the area of the hexagon with vertices (1, 4), (2, 3), (1, -4),
(-1, -4), (-2, 0), and (-1, 4).  

 d. Sports  The gravel for the infield of a baseball diamond forms 
a pentagon. The vertices of the pentagon are located at (0, -35), 
(-70, 35), (-35, 70), (35, 70), and (70, 35). If  one unit equals one foot, 
determine the area of the field.  

Practice Distributed and Integrated

 * 1. Flooring  Bart wants to paint a design on his tiled floor. He determines the 
vertices of the polygon he is going to paint are located at (-5, 7), (-1, 15), (5, 2), 
(0, -8), and (-10, -3). What is the area Bart wants to paint?  

(Ex 1)(Ex 1)

(Ex 1)(Ex 1)

(Ex 2)(Ex 2)

(Ex 3)(Ex 3)

(118)(118)
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 * 2. Describe the correlation in the scatterplot.  

 * 3. Architecture  On a grid of the floor plan of a building, the corners of 
the building are located at the points (5, 7), (7, 0), (1, -5), and (-6, 2). 
If  one unit represents one yard, what is the area of the actual floor?

 4. Analyze Explain what happens to the graph of cosecant and secant when 
sin θ = 0 and when cos θ = 0.  

 5. What is the distance between the point (-9, 4) and the line y = 3?  

6. Write Using Theorem 64-1, explain why, if  a tangent to a circle has a point of 
tangency, T, and   

−−
 TA  is a diameter of the circle, then   

−−
 TA  is perpendicular to 

the tangent.  

 7. Find the volume of this right cylinder from which a smaller right cylinder 
has been removed. Give your answer to the nearest tenth of a cubic 
centimeter.  

 * 8. Calculate the determinant of  
⎡

 

 

 ⎢ 
 
 

⎣

   
5
 
 
 4   

2
   

4
 
 
 5   

1
   
⎤

 

 

 � 
 
 

⎦

 .  

 9. Determine the area of the shaded part of the circle by 
determining the area of the segment and subtracting 
that from the area of the circle. Write your answer in 
terms of π.

 10. Analyze A region is defined by the disjunction of the inequalities y > -x + 2 and 
y < x + 2. Graph the region, then add y > -2x + 3. If  y > -2x + 3 were 
included in the disjunction, would the region be larger?

 11. Draw front, top, and side views of the solid at right.

 12. Algebra Find the equation of the line of symmetry of 
the function y =  ⎪x - 3⎥ .

* 13. Multi-Step Find the circumferences and areas of the inscribed and circumscribed 
circles if  the regular hexagon has a side length of 10 inches.

 14. Multiple Choice The conjecture, “The bisector of an angle divides the angle 
into two congruent acute angles,” has  

  A no counterexamples. B  many counterexamples.
  C exactly one counterexample. D exactly two counterexamples.

 15. Find the line perpendicular to y = 12x - 4 that passes through the point (4, 1).

 *16. Calculate the determinant of   
⎡
 
 
 ⎢   

⎣
   
1
   

0
   

2
   

0
   
⎤
 
 
 �   

⎦
 .  

 *17. Formulate If  the height and radius of a cone are H and R, respectively, 
what is a formula for the area of the circular cross section that is 
h units from the vertex of the cone?  

x

y

x

y
(117)(117)

(118)(118)

(116)(116)

(42)(42)

(64)(64)

28 cm

16 cm

6 cm

28 cm

16 cm

6 cm

(115)(115)

(118)(118)

5 in.5 in.

(112)(112)

(114)(114)

(93)(93)

xy2xy2
(76)(76)

10 in.10 in.

(106)(106)

(14)(14)

(37)(37)

(118)(118)

(85)(85)
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* 18. Write Is the line in the scatterplot a good choice for line of best fit? 
Explain why or why not.  

 19. An isosceles right triangle has a hypotenuse of 16 feet. What is the 
perimeter, to the nearest tenth of a foot?  

 20. What is the equation of a circle with a radius of 5 and a center point 
located at (6, -2)?  

 21. Megaphones  Matteo is making a homemade megaphone out of newspaper for 
Recycling Awareness Week at his school. He plans to have the megaphone be a 
right circular cone that is 2 feet long, with an opening that is 8 inches across at 
one end, and be as thick as three sheets of newspaper. How much newspaper 
does he need?  

 22. In this figure,   
−−

 VU  is a diameter. What is the measure of ∠VTU ?  

 23. Flight  An airplane is flying at an elevation of 1 mile. Its location is 
35 miles east and 140 miles south of the airport. Another airplane is flying 
at an elevation 2.25 miles, and its location is 300 miles west and 95 miles 
north of the airport. Find the distance to the nearest tenth of a mile 
between the planes.

 24. �ABC and �DEF are similar and have sides related by the ratio 3:4. If  the area of 
�ABC is 15.3 square units, what is the area of �DEF ?  

 25. Multiple Choice Which of the following values of θ is not in the domain of cot θ?  
  A 90° B  0°
  C 45° D 270°

 26. Construction  A construction company is having cinder blocks 
specially made for the walls of a building. For structural 
support, each block must contain approximately 3000 cubic 
inches of concrete. How tall should each block be to meet the 
specifications? Give your answer to the nearest whole inch.

 27. Looking down from her balcony, Celeste sees her car at a 
25° angle of depression. The balcony is 16 feet above the 
ground, and Celeste is about 5 feet tall. How far away is she 
from her car, to the nearest foot?  

* 28. Error Analysis Oscar and Reena drew different lines of best fit in a 
scatterplot. Which line of best fit is more suitable for the data in 
the scatterplot? Explain.  

* 29. Calculate the area of the pentagon with vertices (0, 2), (-3, 1), 
(-2, -1), (1, -1), and (3, 1).  

 30. Solve the system of inequalities y > 5x + 1 and y ≤ 5x - 11.

x

y

x

y
(117)(117)

(53)(53)

(75)(75)

(77)(77)

T

U V

T

U V

(47)(47)

(111)(111)

(87)(87)

(116)(116)

12 in.18 in.

x

3 in.

3 in.

12 in.18 in.

x

3 in.

3 in.

(115)(115)

(73)(73)

Oscar

Reena

x

y

Oscar

Reena

x

y
(117)(117)

(118)(118)

(88)(88)
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Platonic Solids 

119
LESSON

Warm Up 1. Vocabulary A section of a cone or a pyramid that has 
two parallel bases is called a _______. (base, frustum, 
vertex)

2. Draw the cross section created by the plane’s intersection 
with this triangular pyramid.

3. Find the volume of a cone with an 8-inch height and a 
6-inch diameter in terms of π.  

4. Find the radius of a sphere with a volume of 972π cubic centimeters.

New Concepts In a regular polygon, all angles are congruent and all sides are congruent. 
A regular polyhedron is a polyhedron in which all faces are congruent, 
regular polygons, and the same number of faces meet at each vertex. Regular 
polyhedrons are also called Platonic solids. There are five Platonic solids: 
the tetrahedron, the cube, the octahedron, the dodecahedron, and the 
icosahedron. These are the only regular polyhedrons. Each one is pictured 
and defined below.

Tetrahedron: A polyhedron with four 
faces. A regular tetrahedron has 
equilateral triangles as faces, with 
three faces meeting at each vertex.

Generalize List all the 
shapes that make up 
the  faces of the Platonic 
solids.

Math Reasoning  Cube: A polyhedron with six faces. 
All the sides are squares, with three 
faces meeting at each vertex.

Octahedron: A polyhedron with eight 
faces. A regular octahedron has 
equilateral triangles as faces, with 
four faces meeting at each vertex.

Dodecahedron: A polyhedron with 12 faces. The faces of a regular 
dodecahedron are regular pentagons, with three faces meeting at 
each vertex.

Icosahedron: A polyhedron with 20 faces. A regular icosahedron has 
equilateral triangles as faces, with five faces meeting at each vertex.

The number of vertices, edges, and faces in each of the platonic solids is 
shown in the table. The last column demonstrates that the platonic solids 
follow Euler’s formula.

(103)(103)

(85)(85)

(77)(77)

(80)(80)

 Online Connection
www.SaxonMathResources.com
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Properties of Platonic Solids

Regular Polyhedron Vertices 
(V)

Edges 
(E)

Faces 
(F)

V - E + F

tetrahedron 4 6 4 2

cube 8 12 6 2

octahedron 6 12 8 2

dodecahedron 20 30 12 2

icosahedron 12 30 20 2

1Example  Hexagons and Platonic Solids

Why are none of the Platonic solids made with regular hexagons? Explain 
using angle measures.

SOLUTION
Each angle in a regular hexagon measures 120°. At least three hexagons 
would need to be placed at each vertex.

A tessellation is a 
repeating pattern of 
polygons that completely 
covers a plane with no 
gaps or overlaps. 

Math Language  This means that each vertex would have a total measure 
of 120° × 3 = 360°.

But, 360° is the angle of a point on a plane. If  the angles 
added to 360°, the hexagons would make a tessellation, 
not a polyhedron.

2Example  Angles of Platonic Solids

a.  What is the sum of the measures of the angles at a 
vertex of a regular octahedron?

SOLUTION
Each vertex is the meeting point of four equilateral triangles. 
The measure of each angle in an equilateral triangle is 60°.

60° × 4 = 240°

The sum of the angles is 240°.

b.  What is the sum of the measure of the angles at a vertex of a cube?

SOLUTION
Each vertex is the meeting point of three squares. The measure of each 
angle in a square is 90°.

90° × 3 = 270°

The sum of the angles is 270°.
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c.  Make a general statement about the sum of interior angles for a vertex 
of a Platonic solid.

SOLUTION
The sum of interior angles for a vertex of a Platonic solid must be less 
than 360°. If  the sum of interior angles is 360°, the faces would all lie in a 
plane and therefore could not be part of a polyhedron.

Because the sum of interior angles of a vertex cannot be greater than 360°, a 
Platonic solid cannot be constructed with faces that have more than 5 sides. 
As you saw in Example 1, hexagons cannot be used to construct a Platonic 
solid, because a vertex where 3 hexagons meet sums to 360°.

3Example  Proving the Five Platonic Solids 

Prove that the five Platonic solids can only be made from equilateral 
triangles, squares, or regular pentagons. Also, explain why there are no 
other possibilities for Platonic solids.

SOLUTION

Justify Explain why it is 
not possible for only two 
faces to meet at a vertex 
of a polygon.

Math Reasoning As shown above, the sum of interior angles of a vertex of a Platonic solid 
must be less than 360°. Also, at least three polygons must meet at each 
vertex.

The measure of each angle in an equilateral triangle is 60°. Three 
possibilities exist for the number of equilateral triangles that can meet at 
a vertex of a Platonic solid.

Three faces: 3 × 60° = 180° tetrahedron
Four faces: 4 × 60° = 240° octahedron
Five faces: 5 × 60° = 300° icosahedron

The measure of each angle in a square is 90°. For squares, only one 
possibility exists for the number of faces that can meet at a vertex of a 
Platonic solid.
Three faces: 3 × 90° = 270° cube

The measure of each angle in a regular pentagon is 108°. Only one 
possibility exists for the number of faces that can meet at a vertex of a 
Platonic solid.

Three faces: 3 × 108° = 324° dodecahedron

A Platonic solid cannot be constructed with polygons that have more than 
five sides. Therefore, only five Platonic solids are possible.

Lesson Practice

 a. Explain why regular octagons cannot be used to construct a Platonic 
solid.

 b. What is the sum of the interior angles of a vertex in an icosahedron?

 c. Explain why four squares cannot meet at a vertex of a polyhedron.

(Ex 1)(Ex 1)

(Ex 2)(Ex 2)

(Ex 3)(Ex 3)
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Practice Distributed and Integrated

1. Error Analysis Brittney solves sin θ in terms of csc θ like this: sin θ =   
  √ ����  csc  2 θ - 1  

 ________ 
csc θ

  . 
Write the correct answer and explain Brittney’s error.

 2. Using Euler’s formula, determine how many edges a polyhedron with 10 vertices 
and 7 faces has.  

 * 3. Which of the Platonic solids can be classified as a pyramid?  

 * 4. Multiple Choice Which of the following is not a net for a tetrahedron?  

  A B

  C D

 5. Write A rectangular prism has lengths of 7 units, 3 units, and 5 units. What are the 
dimensions of the prism after a rotation of 270°? Explain your answer.

6. Multi-Step Find the perimeter of this triangle. Round your answer to the 
nearest tenth.  

 7. The function y = 8x + 1 makes an angle with the positive x-axis. What is 
the angle measure to the nearest degree?  

 * 8. Write The area of a triangle with vertices (0, 0), (a, b), and (c, d) is equal to   1__
2

times the determinant of  
⎡
 
 
 ⎢   

⎣
  
a   
c
   

b
   

d
  
⎤
 
 
 �   

⎦
 . Use this to explain the formula for the area of a 

convex polygon about the origin given in Lesson 118.

9. Sewing  A tailor is cutting out the pattern shown to make a dress. Find 
the area of the tailor’s pattern to the nearest tenth of a square inch.  

* 10. Write Use the determinant area formula to explain why the area is dilated 
by  a  2  when the side lengths of a convex polygon are dilated by a.

 11. Use a trigonometric ratio to find the value of x in the diagram to 
the nearest hundredth.  

 
29°

14

x

* 12. Space Walks  Two astronauts are moving in space on unassisted space walks. The 
first astronaut begins at (3, -1, 4) and moves to (9, 2, 11). The second begins at 
(-49, -15, -2) and moves to (-38, -11, 4). Show that the astronauts will meet 
at the point (39, 17, 46) if  they stay on the same linear paths.

(116)(116)

(49)(49)

(119)(119)

(119)(119)

(113)(113)

70

45

42°
P Q

R

70

45

42°
P Q

R

(98)(98)

(82)(82)

(118)(118)

28 in.

40 in.

13 in. 13 in.

8 in.

18 in.

28 in.

40 in.

13 in. 13 in.

8 in.

18 in.

(40)(40)

(118)(118)

(68)(68)

(108)(108)
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 13. Multiple Choice In which scatterplot is there a strong positive correlation?  

  A

x

y B

x

y

  C

x

y D

x

y

* 14. How many axes of rotation does a tetrahedron have?  

15. In the circle shown, chords   
−−

 AB  and   
−−

 CD  intersect at E. Find the value of x.

* 16. Analyze Calculate the area of the triangle with vertices (2, 3), (4, 5), and (1, 6).

 17. Storage  Alastair’s attic is in the shape of a rectangular pyramid. 
If  the floor’s dimensions are 10 feet by 20 feet, and the height of the attic is 
6 feet, what volume can theoretically be stored in Alastair’s attic?  

 18. Analyze What geometric figure will result from dilating a circle centered about the 
origin with a 5-unit radius by a scale factor of 0?

 19. Graph the solution of the conjunction of 2x + 3y > 1 and the disjunction of 
x - 3y ≥ 1 and 5y - 4x ≥ 10.

20. Find the value of x. Give your answer in simplified radical form.

 21. Design  The logo for a communications corporation is a regular pentagon 
inscribed in a circle with a radius of 3 inches. Determine the combined 
area of the five circle segments in square inches, to the nearest tenth.  

 22. Algebra The point (x, -3) is translated 3 units right. The image has coordinates 
(3, -3). Find the value of x.  

 23. Running  Beth runs 150 meters at 43° north of west. Which is larger, her 
northward displacement or her westward displacement, and by how much? Round 
your answer to the nearest tenth.  

(117)(117)

(119)(119)

9

12

3

D

A x
E

C

B

9

12

3

D

A x
E

C

B

(86)(86)

(118)(118)

(70)(70)

(84)(84)

(114)(114)

10 yd

x 20 yd

10 yd

x 20 yd(29)(29)

(112)(112)

xy2xy2

(71)(71)

(89)(89)
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 24. Is the following statement always, sometimes, or never true?

 A square is a rhombus.  

 25. Products  A jar of peanut butter with a 3.5-inch diameter has had a 1-inch-radius 
hemispherical scoop taken out of it. What volume of peanut butter remains in the 
jar, to the nearest tenth?  

  

3.5 in.

5.75 in.

 26. Algebra Find the side length of an equilateral triangle in terms of r, if  it is 
inscribed in a circle with a radius, r. What is the side length if  the triangle 
circumscribes the circle instead?  

 27. Use trigonometric identities to find the tangent of an angle when the 
secant of that angle is   3 

__ 2  . Express your answer in simplified radical form.

 28. Multi-Step Find the perimeter of the triangle. Round your answer to the nearest 
whole number.  

42

91°

38°

* 29. Analyze Which Platonic solids can produce a cross section that is a pentagon?

 30. Find the value of a in this scalene triangle.  

15

110° 40°

a

(52)(52)

(115)(115)

xy2xy2

(106)(106)

(116)(116)

(94)(94)

(119)(119)

(94)(94)
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Topology

120
LESSON

Warm Up 1. Vocabulary A transformation about a point, P, such that each point and 
its image are the same distance from P is called a  _______.
(dilation, reflection, rotation, translation)

2. What properties are shared by rectangles and squares?

3. Multiple Choice The set of points in space that are a fixed distance from a 
given center point is called which of the following?  

 A cone B  cube
 C cylinder D sphere

New Concepts An extension of geometry that deals with the nature of space is a topic called 
topology. This branch of geometry deals with the properties of a geometric 
figure that do not change under stress. 

As an elementary example, a square and a circle are topologically the 
same in that they both have a boundary that isolates an area within a two-
dimensional space. You can think of starting with a circle and then pulling 
at four equally spaced points along its circumference to form a square. 

A circle and the number 8, however, are not 
topologically the same. A circle divides a 
two-dimensional space into two distinct 
regions, while the number 8 divides the 
space into three regions. The diagram shows 
a circle being distorted. No matter how it is altered, 
the shape still only divides the space into two regions.

Shapes in topology are considered infinitely pliable. That is, they can be 
stretched, compressed, and put under any other kind of stress. However, 
they cannot be cut, torn, or glued to form other topological shapes. 

1Example  Topological Transformations

Explain why a torus, which is a doughnut shape, can be considered 
topologically the same as a coffee cup.

SOLUTION
A pliable torus can be reshaped to form a coffee cup by thinning out one 
side of the torus where the handle will be, and decreasing the size of the 
hole while moving it closer to the side with the handle. Then, a depression 
that will eventually form the hollowed portion of the coffee cup can be 
created. This transformation is shown in the diagram.

(78) (78) 

(65) (65) 

(80) (80) 

A circle  under stressA circle  under stress

The term under stress 
means that if a force 
is applied to a shape, 
the force could cause 
the shape to change. In 
topology, there must 
also be a restorative force 
that can undo changes to 
restore the shape back to 
its original form.

Hint

 Online Connection
www.SaxonMathResources.com
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If  two shapes or solids are topologically equivalent, it means they share 
the same topological properties in the way they divide space.

2Example  Topological Equivalence

Which object is topologically equivalent to the given object?

A B C D

SOLUTION
The given object does not separate the two-dimensional plane into 
different regions. From the choices, the only object that does not separate 
the two-dimensional plane into different regions is choice D. Therefore, the 
object in choice D is topologically equivalent to the given object. If  
the object were simply straightened out, it would be identical to D.

To classify a set of objects, use a rule that will divide them into topological 
classes. For example, the lowercase letters of the alphabet can be categorized 
according to the number of regions into which they divide the plane.

Letters without a hole do not divide the plane. Letters with one hole divide 
the plane into two regions—the outside and the inside. 

Analyze Why might the 
grouping of lowercase 
letters be altered for 
someone handwriting 
these letters?

Math Reasoning The letters without a hole are {c, f, h, k, l, m, n, r, s, t, u, v, w, x, y, z}. 
The letters with one hole are {a, b, d, e, o, p, q}. 
The letter with two holes is {g}. 
The letters with two parts are {i, j}.

3Example  Topological Classes

 Classify the uppercase letters into topologically equivalent classes.

SOLUTION
The letters can be grouped into letters with no holes, letters with one hole, 
and letters with two holes. 
The letters with no holes are {C, E, F, G, H, I, J, K, L, M, N, S, T, U, V, W, 
X, Y, Z}. 
The letters with one hole are {A, D, O, P, Q, R}. 
The letter with two holes is {B}.
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ExplorationExploration  Observing Properties of Möbius Strips

In this exploration, you will create a Möbius strip and investigate some of 
its properties.

1. Cut a strip of paper approximately 1 inch wide and as long as possible.

Connect Construct a 
second Möbius strip. 
Cut the strip along a 
line that is one-third the 
distance from a side. 
Continue to cut along 
this line until you reach 
the point where you 
started cutting. What is 
the result?

Math Reasoning 2.  Give one end of the strip a half  twist and tape this end to the other end 
of the strip, making a loop with a half  twist in it. This loop is referred to 
as a Möbius strip. 

3.  Starting at the middle of the strip on the outside, draw a line along the 
middle of the strip’s surface until you have gone completely around the 
strip. Explain what you notice. What conclusions can you draw based on 
this observation? 

4.  Cut along the line you drew in step 3. What is the result? How does this 
support the conclusion you made in step 3?

Lesson Practice

 a. Is the symbol for infinity, ∞, topologically the same as the capital letter 
B? Explain.

 b. Which object is topologically equivalent to the given object?  

A B C D

 c. Classify the ten digits (1, 2, 3, 4, 5, 6, 7, 8, 9, 0) into topological classes 
by the number of regions they divide the plane into.

Practice Distributed and Integrated

 1. The triangle ABC is translated 4 units right and 3 units down. Write a point 
matrix for �ABC and find the matrix that transforms �ABC to �A′B ′C ′.

  

x

y

O

8

4 8

-4

-4

A(-2, 3)

B(4, 8)

C(6, -1)

 2. Given a fixed area, which shape will have the least perimeter?  

(Ex 1)(Ex 1)

(Ex 2)(Ex 2)

(Ex 3)(Ex 3)

(100)(100)

(107)(107)
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 3. Multiple Choice Which region represents the conjunction of y ≥ 3x+1 
and y ≤ -x?  

  A A B B
  C C D D

 4. Verify Use the determinant area formula to verify that the area of 
a square with a side length of s has an area of  s  2 .

 5. Find x and m  � KJ  , if    
−−

 JL  �   
−−−

 JM ,   
−−−

 JM  �   
−−−

 KN , and m = 120°.

  

(2x - 35)°

(x - 3)°

(3x - 5)°

M

N

L

J

K

 6. A composite transformation reflects a figure over the x-axis, rotates it 120°, and 
then flips it across the y-axis. Will the resulting image be the same, regardless of 
which order these transformations are performed? Explain.

 7. What is the measure of ∠A?  

 8. Multi-Step Is sin θ =   
   √ 				 1 + co t  2 θ  

 
_________ 

cot θ
    true? Use trigonometric identities to prove it or use 

a counterexample to disprove it.

 9. Find FD.  

 10. Games  During a board game, Bhavna has pieces at points (2, 5), (-3, 1), and 
(1, –6) on the game board. Imagine the pieces are the vertices of a polygon. What 
is the area of the polygon?  

 11. Lighthouses  A lighthouse flashes its light to warn ships that are closer than 
1500 meters away. If  the lighthouse keeper knows his lighthouse is 50 meters tall, 
at what angle of depression should he begin flashing the light at the ship? Round 
your answer to the nearest hundredth.  

50 m

1500 m
(Not to scale)

θ

(88)(88)

x

A

y = -x

y = 3x + 1

B

C
D

y
4

2

2 4-2-4

-4

x

A

y = -x

y = 3x + 1

B

C
D

y
4

2

2 4-2-4

-4

(118)(118)

(104)(104)

(90)(90)

100°

20°

A

100°

20°

A
(79)(79)

(116)(116)

4

9

D

F

4

9

D

F

(50)(50)

(118)(118)

(73)(73)
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* 12. A square pyramid has vertices R(1, 1, 2), S(3, 1, 2), T(3, -1, 2), and U(1, -1, 2). 
If  the vertex of the pyramid is V(2, 0, 6) what is the height of the pyramid?  

* 13. Write The faces of a soccer ball are regular polygons. Why is a soccer ball 
not an example of a Platonic solid?

* 14. Multiple Choice Which letters are topologically the same whether they are 
uppercase or lowercase?  

  A a and P B  b and D
  C e and D D J and k

 15. Algebra Find x if  AB = x + 6.  

7x - 12

A

B

 *16. Draw a net for an octahedron.  

 17. To the nearest whole square centimeter, find the surface area of a sphere with 
a 15-centimeter radius.  

 18. Civil Engineering  Determine the area of the circle segment of this bridge, to 
the nearest square yard.  

  

70°

75 yd

 19. Multi-Step A triangle has vertices X(–2, 3), Y(1, 1), and Z(–1, –3). 
Find all the measures in the triangle. Round angles to the nearest 
degree and sides to the nearest tenth.

* 20. Physics  When an object rests on a surface, a force vector called the normal 
force holds the object up. This vector is always perpendicular to the surface. 
Find the horizontal and vertical components  F  V  and  F  H  of  the normal force, 
vector  F  N  in the diagram, if  the normal force is 12 pounds. Round your 
answers to the nearest hundredth of a pound.

 21. Formulate The point x is the midpoint of a and b on the number line. The 
point y is the midpoint of c and d on the number line. Determine an 
expression for the midpoint of x and y. Interpret your result.

* 22. Analyze Is a knotted loop of string topologically equivalent to an 
unknotted loop of string? Explain.

 23. Formulate Determine a formula for the area of a segment with a central angle 
measure of 0° < x° < 180°, in a circle with a radius, r.  

(111)(111)

(119)(119)

(120)(120)

xy2xy2

(55)(55)

(119)(119)

(80)(80)

(112)(112)

(98)(98)

(89)(89)

35°

55°FV

FN

FH

35°

55°FV

FN

FH

(11)(11)

(120)(120)

(112)(112)
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 24. Write a two-column proof to show that if  two parallelograms both have an area of 

A and a base of b, corresponding to heights  h  1  and  h  2  respectively, then  h  1  =  h  2 .

A

b

h1 A

b

h2

* 25. Error Analysis Joseph conjectures, “A closed soup can is topologically 
distinct from an open soup can.” Identify and correct his error.

 26. Find the distance between P(2, 5, 6) and H(-2, 7, 1).  

 27. Describe the correlation shown in the scatterplot as negative or positive, 
and strong or weak.  

 

x

y

* 28. Write Could a fork and a spoon be considered topologically equivalent? 
Explain.

 29. Basketball  Shirley is playing basketball and wants to pass the ball, but is not sure 
to which teammate to throw the ball. She decides to pass the ball to whomever is 
closest. To whom should she pass the ball, and why?

Shirley

Taryn

Amanda

 30. The drawing shows a part of a solid and its center of rotation. Draw the 
complete solid with order of rotation 3.

(27)(27)

(120)(120)

(111)(111)

(117)(117)

(120)(120)

(51)(51)

(113)(113)
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Polar Coordinates12
INVESTIGATION

Math Reasoning

Analyze Which of the 
points (0, 0°), (0, 75°), and 
(0, 270°) coincides with 
the pole? How do you 
know?

 A polar coordinate system is a system in which 
a point in a plane is located by its distance, r, 
from a point called the pole, and by the 
measure of a central angle θ. 
The pole corresponds to the origin of the 
coordinate plane. The polar axis is the 
horizontal ray with the pole as its endpoint 
that extends infinitely to the right.

The angle θ is formed from two rays, the initial 
side and the terminal side. The initial side is 
the ray that lies on the polar axis, and the 
terminal side is the ray that is rotated relative 
to the polar axis.

The angle is measured counterclockwise from 
the initial side.

The graph shows the location of point P given 
by P(4, 30°), where r = 4 and θ = 30°.

To convert from polar to Cartesian coordinates, use a trigonometric ratio. 

The initial side, the terminal side, and the line segment that is perpendicular 
to initial side from Point A form a right triangle.

 1. Use a trigonometric ratio to write and 
solve an equation that describes CB. Round 
the answer to the nearest hundredth. 

 2. Formulate The length of   
−−

 CB  is the horizontal 
coordinate of point A in the Cartesian 
coordinate system. Write a general equation 
for finding the x-coordinate of a point in
terms of r and θ.  

 3. Predict Use step 1 and 2 to write a general equation for finding the 
y-coordinate of a point in terms of r and θ.  

 You can also convert from Cartesian coordinates to polar coordinates by 
looking at the right triangle made by the x-axis and a perpendicular line from 
the x-axis to the point.

90°

0°180°

270°

4

2

2 4

-2

-4

-4 -2

pole polar axis

90°

0°180°

270°

4

2

2 4

-2

-4

-4 -2

pole polar axis

90°

0°180°

270°

4

2

2 4

-2

-4

P(4, 30°)
terminal side

initial side

30°

-4 -2

90°

0°180°

270°

4

2

2 4

-2

-4

P(4, 30°)
terminal side

initial side

30°

-4 -2

90°

0°180°

270°

4

2

4

-2

-4

A(3, 30°)

BC
-4 -2

90°

0°180°

270°

4

2

4

-2

-4

A(3, 30°)

BC
-4 -2

 Online Connection
www.SaxonMathResources.com
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 4. Use the Pythagorean Theorem to write an 
equation to find the value of r for the point 
(-8, 6), shown here.  

 5. Use a trigonometric ratio to write and solve an 
equation that describes  θ  2 .  

 6. Formulate Use steps 4 and 5 to write a general 
equation for finding the distance r and angle  θ  2  
of a point in terms of x and y.  

 7. Since a polar coordinate must be measured counterclockwise from the 
positive x-axis, what is the value of θ ? What is the polar coordinate for 
(-8, 6)?  

 8. Formulate Write an equation for finding θ in terms of  θ  2  in each of 
Quadrants II, III, and IV.  

Math Reasoning

Analyze Which point 
in the table coincides 
with the pole? Would it 
be correct to give the 
coordinates of this point 
as (0, 0°)?

A polar function is a function that has θ as its independent variable and 
r as its dependent variable.

 Polar functions can be graphed in polar coordinates. For example, to graph 
the function r = 1 + sin θ, use a table of values with multiples of 30°.

θ r θ r

0° 1 210° 0.5

30° 1.5 240° 0.13

60° 1.87 270° 0

90° 2 300° 0.13

120° 1.87 330° 0.5

150° 1.5 360° 1

180° 1

The graph of r = 1 + sin θ is an example of a cardioid curve.

9. Plot the graph of the polar equation r = 2.5. Describe the shape of 
the graph.

 10. Generalize Using your graph from step 9, write an equation that will graph 
a circle with a radius, t in polar coordinates.  

Math Language

The graph of y = cos(2θ) 
is an example of a 
quadrifolium, meaning 
“four leaves.”

 11. Create a table of values from 0° to 360° by multiples of 15° for the polar 
function r = cos2θ.  

 12. Plot the points from your table of values. When r is negative, take the 
absolute value of r.  

x

y
8

4

4 8

-4

-4-8

-8

(-8, 6)

r

θ2

θ
x

y
8

4

4 8

-4

-4-8

-8

(-8, 6)

r

θ2

θ

90°

0°180°

270°

1

1 2

-1

-2

-2 -1

90°

0°180°

270°

1

1 2

-1

-2

-2 -1
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Hint

When θ has a value 
greater than 360° this 
indicates more than 
one rotation around the 
circle. 480°, for example, 
is identical to 120°, 
because it is one full 
circle of 360° and then 
another 120°.

 13. Plot the graph of the polar equation r =   
θ
 

_ 
360°

  . Use multiples of 45° 
for θ.  

 14. Extend your plot to cover the range 0 ≤ θ ≤ 1080°. Describe the shape 
of the graph.  

Investigation Practice

 a.  Convert these polar coordinates to Cartesian coordinates. 

1. (4, 180°)  

2. (1, 270°)  

 3. (3, 360°)  

 b. Convert these Cartesian coordinates to polar coordinates.

 1. (-3, -3)  

 2. (0, 2)  

 3. (3, -2)  

 c.  Plot the graph of the polar equation r = 1 + cos θ. Describe 
the shape of the graph, and its relationship to the graph of 
r = 1 + sin θ.

 d. Analyze Plot the graph of the polar equation r = 1 - sin θ. 
Describe the shape of the graph, and its relationship to 
the graph of r = 1 + sin θ.
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