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3.6 Analyzing the Graph of a Function

L f(x)=x+3x2—x-3

Domain and Range

The function is a polynomial. The domain D is the set of all real numbers. The range R is the set of all real numbers.
Intercepts and Zeros

Find the zeros or x—intercepts by solving x* 4+ 3x> —x —3 = 0.

The possible integer roots of the polynomial are +1,43.

We find that f (1) = 0. Thus 1 is a zero of the polynomial. Then we divide f (x) by the factor x — 1. The quotient is

a 2nd-degree polynomial. Factoring that polynomial, the two roots there are —1, —3. Thus, the zeros are 1,—1, and
3.

The y—intercept is f (0) = —3. The y—intercept is at (0, —3).
Asymptotes and limits at infinity

The function does not have any asymptotes.

lim (x° 433 —x—3) = 4o

X—ro0

lim (x3 +3x2 —x—3) = —o
X—y—o0

Differentiability
The function is a polynomial and hence is differentiable everywhere.

Intervals where f is increasing and decreasing

f(x)=x4+3x —x—3
f(x)=3x> +6x—1

Find critical values:
Set 3x2 + 6x — 1 = 0 and solve for x.

The critical values are

L 6£ V36112

6
—6+ V48
6
—6+4+/3
6
—3+23
3
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Function values of the two critical values:

3
—3+23
f ("’_\f) —3.07
3
—3-2V3 —3-2V3 -3+2+3 —3+2V3
Interval —00, ———— , — "
3 3 3 3
Test point x = ¢ c=-3 c=0 c=1
evaluating 3(=3)%4+6(=3)—1  3(0+6(0)—1 322 +6(2)—1
f(x)=3x*+6x—1 =27-18—1>0 =-1<0 =12412-1>0
atx=c
sign of f (x) ff(x)>0 f(x)<o0 ff(x)>0
Increasing/Decreasing Increasing Decreasing Increasing

Relative Extrema
3123
3

There is a relative maximum at x = _3%2\/? located at (—2.15,3.07). There is a relative minimum at x =
located at (0.15,3.07).

Concavity

Find f” (x) and set it equal to 0. Solve for x to find possible inflection points.

f(x)=6x+6
6x+6=0
6x=—6
x=-1
Function value of x=—1: f(—1)=0
Interval (—o0,—1) (—1,00)
Test point x = ¢ c=-2 c=0
f(x)=6x+6 6(—2)+6 6(0)+6
1" (c) =—-12+6<0 =6>0
Sign of f” (x) f(x)<0 f(x) >0
Concavity Concave down Concave up

Inflection Points

f(=1)==1434+1-3=0
There is an inflection point at (—1,0).
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2. f(x) = —x* +4x° —4x?

Domain and Range

The domain D is the set of all real numbers. The range R is the set of all real numbers.

Intercepts and Zeros

Find the zeros or x—intercepts by solving —x* 4 4x> —4x? = 0.

A -4 =0
—x? (x2—4x—4) =0
—x*(x—2)(x—2)=0

x=0orx=2

The zeros are x = 0 and x = 2.
The y—intercept is f (0) = 0. The y—intercept is at (0,0).
Asymptotes and limits at infinity

The function does not have any asymptotes.

lim (—x* +4x° —4x%) = —oo
X—ro0
lim (—x*+4x° —4x7)

X—r—o0

—00

Differentiability
The function is a polynomial and hence is differentiable everywhere.

Intervals where f is increasing and decreasing

fx) = —x* +4x° —4x?
f(x) = —4x® 4 12x% — 8x
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Find critical values:

Set —4x3 + 12x — 8x = 0 and solve for x.

The critical values are

—4x> +12x—8x=0
—4x (¥ =32 +2) =0
x(x2—3x+2) =0
x(x—=2)(x—1)=0

Function values of these points:

Interval

Test point x = ¢
evaluating

f(x) = —4x>+12x—8

atx=c

sign of £’ (x)
Increasing/Decreasing

Relative Extrema

=441248>0

f(x)>0

Increasing

x=0orx=2o0rx=1

f(0)=0

f(1)=-1

f(2)=0
(0,1)
]

f(x)<0

Decreasing

WWW.C .org

~4(3)+=(3) ()

=—-1354+27-12>0

f(x)>0

Increasing

There is a relative maximum at x = 0 located at (0,0). There is a relative minimum at x = 1 located at (1,—1). There
is a relative maximum at x = 2 located at the point (1,—1).

Concavity

Find f” (x) and set it equal to 0. Solve for x to find possible inflection points.
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f(x) = —12x* + 12x—8
12x° 4 24x—8 =0
—4(3x* —6x+2) =0

33 —6x+2=0
3+43
X =
3
x=0.42,1.58
f (3_ ﬁ) =—0.44
3
/ <3+ ﬁ) "y
3
3-V3 3-V33+V3 3+V3
Interval —oo, , ,00
3 3 3 3
Test point x = ¢ c=0 c=1 c=2
f(x)=—1222+24x—8  —12(0)>+24(0)—8  —12(1)*+24(1)—8  —12(2)*+24(2)—38
f//(c) :_8<O =4>0 =-8<0
Sign of f” (x) f(x) <0 f(x)>0 f(x) <0
Concavity Concave down Concave up Concave down

Inflection Points

A B
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3. f(x) =257
Domain and Range

The function is undefined when x*> = 0, or x = 0. The domain D is (—oo,0) U (0, ). The range R is the set of all real
numbers.

Intercepts and Zeros

ZE10S!

2x—2=0
x=2

(2,0) is a zero.
The y—intercept is f (0), which is undefined. There is no y—intercept.

Asymptotes and Limits at Infinity

% 2 22
2x—2 T —3 T2

: X X _ X X S
lim — = =0
x—eo X X 1

)C2
L 2x—2
lim 5 =0
X—oo X

There is a horizontal asymptote: y = 0.

There is a vertical asymptote: x = 0.

Differentiability

The function is differentiable everywhere, except at x = 0.

Intervals where f is increasing and decreasing

x(2) - (2x—2) (2x
fg= 2R -2
_2x2—4x2+4x

x*
—2x% +4x
A
—2x+4
3

Critical values: x =2, x=0
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Interval

Test point x = ¢

evaluating
—2x+4
3 atx=c
X
Sign of f' (x)
Increasing/Decreasing

Relative extrema

There is a relative maximum at x = 2 located at (2,0.5).

Concavity

f" (x) is undefined at x = 0.

Interval
Test point x = ¢

dx—12
f"(x): xx4

£ (0
Sign of " (x)

Concavity

Inflection Points

Chapter 3. Applications of Derivatives, Solution Key

(_‘X”O) (072
c=-—1 c=1
—M:Qj4<0 —umj4>0
(=1) (1)
f(x)<0 f(x)>0
Decreasing Increasing
Y 3(=2) — (—2x+4) (3x?
i = T CHAD )
_4)63—12)62
==
_Ax—12
o
4x—12=0
4x =12
x=3
4
@)=y
(=o,0) (0,3)
c=—1 c=1
4(-1)—12 4(1)—12
(1) (1)
=-8<0 =-8<0
f"(x) <0 f(x) <0

Concave down

There is an inflection point at x = 3 located at (3, g).

Concave down

f(x) <0

Decreasing

Concave up
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gl

4. f(x)=x 3
Domain and Range

The domain of each individual function is the set of real numbers. The domain D of the function is (—eo, o). The
range R is the set of all real numbers.

Intercepts and Zeros

LIy
|
=

W=
Il

o

szorx%—lzo

Wit

=
S}

1
13

=
I

x==+l1

The x—intercepts are x =0, x = —1, and x = 1.
The y—intercept is (0,0).
Asymptotes and Limits at Infinity

There are no asymptotes.

Differentiability
ffx)y=1- %x*% =1 — ——. The function is differentiable on (—c0,0) U (0, o).

372
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Intervals where f is increasing and decreasing

Ve
L _ 1
Y2
1=3Vx2
1
i _— =
Va7 ="
1
+ o —x
3V3
3
2
S’ (x) is undefined at x = 0.
Critical values: x = i#,x =0
3
f (—‘?) =0.384
3
f ({) =0.384

Interval <—w,—\g§> (—\9@,0)

Test point x = ¢ c=-1 c=—0.1 c=0.1 c=1
. 1 1 1 1
evaluatingl - ———=atx=¢ 1-—/—m—>0 1-—F——<0 1-—F—=<0 1——S=>0
3¢/ (x)? 3¢/(=1)? 3{/(=0.1)2 3:/(0.1)? 3V
Sign of f' (x) f(x)>0 f(x)<0 f(x)<o0 f(x)>0
Increasing/Decreasing Increasing Decreasing Decreasing Increasing

Relative Extrema

=

There is a relative maximum at x = —# located at <—\é§,0.384>. There is a relative minimum at x = —

located at (\9@,0.384> .

Concavity
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f1(x) =

f" (x) is undefined at 0.

Interval

Test point x = ¢

. 1
evaluating — atx=c¢

\/;
Sign of f” (x)

Concavity

Inflection Points

There is an inflection point at x = 0 located at (0,0).

04+x3 =

_
B

V1
f(x) <0
Concave down

50 f(x)=—vV2x—6+3
Domain and Range

2x — 6 needs to be greater than or equal to 0.

Domain D = [3,0)
The greatest that f can be is 3. The range is (o, 3].

110
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Intercepts and Zeros
Since 0 is not in the domain, there is no y—intercept.

Find the zeros:

—V2x—6+3=0
—V2x—6=-3
2x—6=9

2x =15

15

=7

There is a zero at x = %

Asymptotes and Limits at Infinity

lim (- \/2x—6—|—3> S

X—yo0

There are no asymptotes.

Differentiability
, 1 _1
fx) = =5 2x-6)} (2)
B —1

(2x— 6)%
The derivative is undefined at x = 3.

f3)=3
The function is differentiable on (3, o).
Intervals Where f is increasing/decreasing
Check the sign of £’ (x) on (3,c0). One test point is x = 4. f' (4) = ——=—L—— < 0. The function is decreasing on

2(4)-6
(3,%0).

Relative Extrema
There is an absolute maximum at x = 3 located at (3, 3).

Concavity
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S (x) is undefined at x = 0.
On the interval (3,00), f”(x) > 0 for all values in the interval. The function is concave up in the interval.
Inflection Points

There are no inflection points.

6. f(x) =x*>—2x

Domain and Range

Because of the square root function, the domain D is [0, o).

From using the first derivative, the minimum value of f is —1.19. The range is [—1.19,00).
Intercepts and Zeros

ZEros:

¥ =2/x=0
x% (x%—2> =0
x=0orx? =2

x= V4

There are two zeros: x = C/Z and x = 0.

Asymptote and Limits at Infinity

There are no asymptotes.
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limx® —2y/x=o0

X—$o0

Differentiability

=22 )t oo L
f(x)=2 2<2>x =2 7

Find critical values:

1
X —— =0
N
22 —1=0
2x%:1
%_l
YT
12
s_ (1
2=(3)
(1) L _ V6
“\4) Va4
3
1
f(%f):—ﬂ9

S’ (x) is undefined at x = 0. The function is differentiable in (0, o).

Intervals where f is increasing/decreasing

3
Interval (O, @ )

4
Test point x = ¢ c=0.5 c=1
1 1 1
evaluating 2x — — atx=c¢ 2(5)——=<0 2(1)——=<0
2R o3 W=
Sign of f' (x) f(x)<0 ff(x)>0
Increasing/Decreasing Decreasing Increasing

Relative Extrema

/ 3/
There is a relative minimum at x = % located at the point ( 416 ,— 1. 19)

Concavity
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The second derivative is undefined at x = 0. It is greater than O for all values in (0, o). The function is concave up
on (0,00).

Inflection Points

There are no inflection points.

5 4 3 2 4 O\Vé 3 4 5
A+

7. f(x) =1-+cosx on [T, 7

Domain and Range

The domain D is [—m,7]. Since —1 < cosx < 1, the range of 1+ cosx is [0,2].
Intercepts and Zeros

Z€ros:

14+cosx=0
cosx = —1
X=—TOrxX==m

y—intercept

f(0)=14cos0=2

There is a y—intercept at (0,2).
Asymptotes and limits at infinity

There are no asymptotes. The limits at infinity are not relevant because we are looking at a function on a finite,
closed interval.

Differentiability
The function is differentiable at every point of its domain.

Intervals where f is Increasing/Decreasing

114


http://www.ck12.org

WWW.C

Applications of Derivatives, Solution Key

.org Chapter 3.
f(x) = —sinx
—sinx =0
x=0
f(0)=1+cos0=2
Interval (—m,0)
L
Test point x = ¢ c=-3
. . T
evaluating sinx atx = ¢ —sin (—E> >0
Sign of f’ (x) fl(x)>0
Increasing/Decreasing Increasing

—sin (g) <0
f(x)<0

Decreasing

Because we are analyzing a continuous function on a closed interval, we check the endpoints for extrema.

f(=m)=0
f(m)=0
There is an absolute maximum at x = 0 located at (0,2). There are absolute minimums at x = —7 and x = 7 located
at (—m,0) and (m,0).
Concavity
f" (x) = —cosx
—cosx=0
T T
=——orx= -
)
T
—Z) =1
/(=)
T
) =1
)
Interval (n n)
nterva =
2 )

Test point x = ¢

evaluating —sinxatx =c¢

Sign of " (x)

Concavity

Inflection Points

The points of inflection are at x =

3n
C=—— CcC =
2
3
—Cos (—I) >0 —cos0 <0
f"(x)>0 f(x) <0
Concave up Concave down

—%andx =% located at (—%,1) and (3,1).

ff(x)>0

Concave up
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