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2.1 Tangent Lines and Rates of change

l.a. Lety=f(x). Forxo=3, f(x) = 1> =1 (3)> =2 and forxo =4, f(4) = L? = 1 (4)> = L0 =3,

1
The average rate of change of y with respect to x over [3,4] is mgec = f)=fw) _ f (33)_{ L) 87 1=

X1—X0 —
b. First, find /' (x).

The instantaneous rate of change of y = f (x) with respect to x at xo = 3 is f' (3) = 2xo =2(3) = 6.
c. The slope of the tangent line at x; =4 is f' (4) = 2xo =2(4) = 8.

d. The slope of the secant line between xo = 3 and x; = 4 is the same as the average rate of change of y with respect
JS)—f(x0) _ -3 1 _ 7

to x over the interval [3,4]. Then mg, = = 5 =1=s.

€.

32


http://www.ck12.org

www.ck|2.org Chapter 2. Derivatives, Solution Key

A
y
12 //
10.5 //

9 //
T /

6
4.5 7

/ < Tangent line at x = 4
3 // I ll
=1,2 - Secant line

15 il N - ! :

- > 7 =k

/ Tangent line atx =3
X
of o5 - /5/ 2 25 3 35 4 45 5
.9 Fili
2. a. Lety= f(x). Forxo =2, f(2) = § and forxo =3, f(3) = 1.
1_1 2_3
The average rate of change of y with respect to x over [2,3] is mgec = W =32=58f= —é.

b. First, find /' (x).
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: +h) — f(x0)
/ -1 f (xO
f(x0) hlg(l) h
1 1
— i Xo+h X0
hlg(l) h
X0 __xoth
— 1lim (xo+h)xo  (x0+h)xo
h—0 h
xo—(x0+h)
(xo+h)x0

=0 h
—h 1

—lim( —— x-
hl—I>Ig)<(x0—|—h)xo x h>

h—r>r(1) (x0+h)xo

1
= lim ——
h=0 x5+ hxo
1
)
X0

The instantaneous rate of change of y = f (x) with respect to x at xo = 2 is f/ (2) =

(2l —

f)—flxo) _ 373

to x over the interval [2,3]. Then mg, = = T2 =5 2

€.
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3. The slope of the tangent line at a point x is f” (x).
v Sxo+h) = f(x0)
f (x0) = lim I
ot ()
50 h
_ limx%+2x(2)h+h2—l—l—x(2)—l
h—0 h
2x3h+ h?
— lim 20T
h—0 h
. h(2x5+h)
=0 h
= lim (243 +
Jim (25 +4)
= 2x(2)
The slope of the tangent line at xo = 6 is f' (6) = 2x5 = 2(6) = 12.
4.a. Lety=f(x). Forxo=1, f(1)= %ﬁ =1landforxg=4, f(3) = % = @
: - fl)—f0) _ f@)-) _ 21 _ (V3 |
The average rate of change of y with respect to x over [1, 3] is mgec = = — U=l = — = (521 (5
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6 2°
b.
7 (x0) = Jim 0 E ) =S 0
1 h_L
R —
i 7T R) | (V) (/)
M (Vo 1) (Vi)
(Vao+h) (v) _ (Vaorh)(v5o)
= lim (Vioth) v
-0 h(\xo+h) (/Xo)
— Jim V0T VIoth
heoh( xo-{-h)(\/)To)
i (V¥o— v¥%o+h)  (vXo+ vEo+h)
h=0h(/xo+h) (X) (y/Xo+ vVxo+h)
= lim xo— (ot h)
=01 (v/xo+ 1) (/%0) (/%o + VX0 + 1)
. —h
TR (VT ) (vR) (vt Vet h)
‘ 1
= (Voo k) (Vi) (Vi Voo T h)
1
TV 0) (vE) (vio + Va0 10)
1
(V) (Vi) (Vi Vi)
1
- (vR) (ve) (2 vi)
1
- 2(vm)
c. f' = — 1 z:_l
5.a. h(35) = 4.9(3.5)2 = 6002.5 meters
b.
_ h(35)—h(0)
©35-0
49(35)>-4.9(0)°
- 35
_4.9(35)°
T35
=4.9(35)
= 171.5 m/sec

c. Set h(t) = 200 and solve for the numbers of minutes 7 that pass for the rocket to travel 200 meters.
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200 = 4.9¢2
200 _
4.9
40.82 = 1?
6.39 =
Next, find the average velocity:
_ 200—nh (0)
6.39-0
~200-4.9(0)°
- 6.39
200
~6.39
=31.3 m/sec

d. Write i (¢) = f (¢) do avoid confusing % (¢) with 4 in the formula for the instantaneous rate of change.

f/ (tO) — }lll_l,gf(to_'—h]z_f(to)

4.9 2_4.9¢2
~ lim (to+h)"—4.915
h—0 h
4.9 (12 +2hty + h?) — 4.9¢2
— lim ( 0 + 0 + ) 0
h—0 h
. 4.912 +9.8hxo +4.9h* — 4.9¢
= lim
h—0 h
. 9.8hty+4.9h
=lim —
h—0 h
i 29020+ 1)
h—0 h
= 1im4.9 (219 + 1)
h—0

=9.8¢y

Rewrite the formula with /' (¢) : 4 (t) = 9.8f. Then /' (35) = 9.8 (35) = 343 m/sec.
6. a.
%(2) —=(0)
2-0
©9.9(2)°-9.9(0)°
- 2-0

V=

_ 79.2
2
= 39.6 nanometers/nanosecond
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b.
. #(to+h) —x(to)
/ ) =1 %(—
% (1) hlg(l) h
9.9 (1o +h)® —9.9¢3
— fim 22 (0 R) 0
h—0 h
i 29 (g +315h+3t0h* + h*) —9.913
=0 h
. 9.913 +29.712h +29.7th* +9.9h> — 9.9¢
= um
h—0 h
. 29.712h+29.7toh* +9.9h°
= lim
h—0 h
9.9h (313 + 3toh + h?
— lim ( OJF 0 + )
h—0 h

= 1im 9.9 (32 + 3toh + h
hgl’(l)9 (0+ 0+)

=29.71

The instantaneous velocity at 7o = 2 is » (2) = 29.7 (2)* = 118.8 nanometers /nanosecond.
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