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   Preface   



Some mathematical problems are not solved by finding a solution but by first
asking what shape that solution must take, and for travelling wave solutions of
reaction-diffusion systems, that question of form turns out to be the question of
existence itself, since the analysis transforms the equations into a system of ordinary
differential equations whose phase plane either delivers a wave or refuses
one.

 
   A travelling wave solution is a profile that moves through space at a constant speed
without changing shape, and both its existence and its speed are subject to
some lower bound set by the structure of the underlying equation. For the
epidemiological models this course develops, that lower bound turns out to coincide
exactly with the condition under which the epidemic it describes can sustain
itself.

 
   The course assumes only a working knowledge of ordinary differential
equations, enough linear algebra to extract eigenvalues from a Jacobian, and a basic
familiarity with partial differential equations. Everything beyond that is built up
carefully, with derivations shown in full, assumptions named before they are used,
and results interpreted only once they have been proved and tied back to the
biology.

 

                                                                          
                                                                          
                                                                          
                                                                          
   
 



    

   


   1     The Origin of the Travelling Wave Problem   

In 1937 the British statistician and geneticist Ronald Aylmer Fisher published a paper
in the Annals of Eugenics titled “The Wave of Advance of Advantageous Genes,” asking
a simple question with a non-obvious answer: if an advantageous gene enters a
spatially distributed population at a single point, how does it spread? Does the
population carrying it diffuse outward formlessly, the way a drop of ink spreads
through still water, or does something more organised emerge, a front that marks the
boundary between where the gene has taken hold and where it has not, advancing at a
definite speed?

 
   Fisher argued for the wave. He wrote down a partial differential equation
combining the diffusion of individuals through space with the logistic growth of the
advantageous gene within the local population, then looked for solutions of a specific
form, profiles that translate through space at constant speed while keeping their shape
fixed, solutions we now call travelling wave solutions. He showed that such solutions
exist, that the wave speed must be at least as large as some minimum value, and that
this minimum is fixed by the local growth rate together with the diffusion
coefficient.

 
   That same year, three Soviet mathematicians—Andrei Nikolaevich Kolmogorov,
Ivan Georgievich Petrovsky, and Nikolai Semyonovich Piskunov—published an
independent and, in several respects, more rigorous treatment of the same equation in
the Bulletin of Moscow University, placing Fisher’s existence and speed-selection
results on firmer analytical footing. Their paper, known universally by the
initials KPP, together with Fisher’s, set the problem this course is built around,
and the equation they studied is now known by both names, the Fisher-KPP
equation.
                                                                          
                                                                          

 
   The Fisher-KPP equation belongs to a broader class, the reaction-diffusion
equations, any partial differential equation of the form
   
 
	
   
[image: ∂u      ∂2u -∂t =D  ∂x2-+f (u), ]

   	(1)


where u = u(x,t) is the quantity of interest, D> 0 is a diffusion coefficient, and
f (u) is a reaction term describing local change in u from processes other than
spatial spread. The rate of change of u at a point therefore comes from two
contributions, the tendency of u to diffuse from regions of higher concentration
toward regions of lower concentration and the local dynamics encoded in
f .
   
 



Definition 1.1 (Reaction-Diffusion Equation).  A reaction-diffusion equation is a
partial  differential  equation  of  the  form (1),  where  D > 0  is  the  diffusion
coefficient and f : ℝ →ℝ is the reaction term governing local dynamics.
   
 




 
   Reaction-diffusion equations arise across an enormous range of applications,
including chemical kinetics, developmental biology, ecology, and epidemiology, among
                                                                          
                                                                          
many others, and they are capable of producing a rich variety of spatial patterns
and structured behaviours. This course is concerned with one thing such an
equation can produce, the travelling wave solution, studied here carefully and in
depth.

 
   Fisher’s original motivation was population genetics, and it remains the natural
entry point, but the same underlying structure, a locally growing, diffusing quantity
spreading as a front through a medium it has not yet reached, takes on a particular
human resonance in the context of infectious disease. An epidemic spreading through
a susceptible population is, in the right mathematical formulation, itself a
travelling wave, and its minimum speed tells you how fast the disease front
advances.

 

                                                                          
                                                                          
                                                                          
                                                                          
   
 



    

   


   2     What a Travelling Wave Solution Is   

Classical methods for solving partial differential equations, including separation of
variables, the method of characteristics, and Fourier analysis, all proceed by
decomposing the equation into simpler pieces or transforming it into a more tractable
form. Travelling wave analysis does something else, making a claim about the form of
the solution, a specific structural type, and then asking under what conditions that
claim can be true.

 
   The claim is that among all possible solutions of a given equation there may exist
solutions that are pure translations of a fixed spatial profile, moving through space at
constant speed without changing shape.
   
 



Definition 2.1 (Travelling Wave Solution).  A   travelling   wave   solution   of   a
reaction-diffusion equation is a solution of the form

 

   
[image: u(x,t)= w(ξ),    ξ =x − ct, ]

   where w : ℝ →ℝ is the wave profile and c> 0 is the wave speed. The variable
ξ = x−ct is the co-moving coordinate, measuring position relative to a frame that
travels with the wave.
   
 




 
   The definition encodes a symmetry, since writing u(x,t) = w(x−ct) says that at time
t the solution looks like the profile w centred at position ct, and at time t + s it looks like
the same profile w centred at c(t + s). The solution simply translates, appearing
stationary to an observer travelling at speed c in the co-moving frame. This
is what makes the ansatz powerful, since it reduces a time-dependent PDE
to a problem about an ordinary differential equation in the single variable
ξ.

 
   The wave speed c is not prescribed in advance but determined as part of the
analysis, and one of the central discoveries of travelling wave theory is that not every
value of c is admissible.

 
   The sign convention adopted in the ansatz is not a cosmetic choice, since the
literature is not uniform on this point. Writing ξ = x−ct, as this course does
throughout, is one of two natural conventions; the alternative, ξ = x + ct, appears just as
often elsewhere, and the two are not interchangeable labels for the same wave. For the
general reaction-diffusion equation ut = Duxx + f (u) of (1), substituting u(x,t) = w(ξ)
with ξ = x−ct gives, by the chain rule, ut = −cw′(ξ) and uxx = w′′(ξ), so the reduced
ODE is

 

   
[image: Dw ′′ + cw ′ + f(w)= 0. ]

   Substituting instead with ξ = x + ct gives ut = cw′(ξ) and uxx = w′′(ξ), so the
reduced ODE becomes

 

   
[image:    ′′    ′ Dw   − cw + f(w)= 0, ]

   differing from the first only in the sign of the drift term ±cw′.

 
   The two conventions describe physically different waves, not the same
wave restated. Under ξ = x−ct, a fixed value of ξ corresponds to the position
x = ct + ξ, which advances in the positive-x direction as t increases for c> 0; under
ξ = x + ct, a fixed ξ corresponds instead to the position x = −ct + ξ, retreating in the
negative-x direction for that same sign of c. So for a given sign of c, the two
conventions send the wave in opposite physical directions, with ξ = x−ct
denoting the forward-moving convention and ξ = x + ct the backward-moving
one.

 
   Either convention works equally well, and the analysis proceeds identically once the
sign is fixed, but the choice must be tracked consistently wherever the reduced ODE
and its phase plane are used, a point that matters once particular equilibria are
assigned the roles of departure and arrival points for the wave.

 
   The study of travelling wave solutions splits into two natural traditions. One asks
what the wave profile w(ξ) looks like in closed form, whether an explicit formula for it
can be written down, and for certain equations, at certain special speeds, the
answer is yes. The Fisher-KPP equation, for instance, admits a known explicit
solution at the particular speed c = 5/[image: √ --   6], an isolated curiosity rather than the
                                                                          
                                                                          
general picture, since for most speeds c≥ 2 no explicit formula for the profile
exists.

 
   The other tradition asks instead whether a travelling wave solution exists at all, and
if so, for which values of c, addressing what the minimum admissible wave speed is and
what the profile looks like qualitatively even without a closed form. Its tools are the
phase plane and the theory of ordinary differential equations, and its answers are
geometric rather than formulaic.

 

   
 

   2.1     A Typology of Travelling Wave Profiles 

Travelling wave solutions come in different topological flavours, depending on what the
profile w(ξ) does as ξ→±∞, and naming these clarifies what kind of object the
analysis is seeking.
   
 



Definition 2.2 (Front).  A travelling wave solution is called a front if the profile
w(ξ) connects two distinct constant states: w(ξ) →L− as ξ →−∞ and w(ξ) →L+
as  ξ → +∞,  with  L− ≠ L+.  A  front  is  the  travelling  wave  counterpart  of  a
heteroclinic orbit in the phase plane.
   
 



   
 



Definition 2.3 (Pulse).  A travelling wave solution is called a pulse if the profile
                                                                          
                                                                          
w(ξ) departs from a constant state and returns to the same constant state: w(ξ) →
L as ξ →±∞. A pulse is the travelling wave counterpart of a homoclinic orbit in
the phase plane.
   
 



   
 



Definition 2.4 (Wave Train).  A travelling wave solution is called a wave train if
the profile w(ξ) is periodic in ξ. A wave train is the travelling wave counterpart
of a closed orbit in the phase plane.
   
 




 
   The Fisher-KPP wave studied in this course is a front, connecting the state w = 1
behind the wave to the state w = 0 ahead of it, the boundary between an invaded region
and one not yet invaded. The pulse and wave train are named here to give an honest
picture of the landscape this course is choosing among, but neither is developed
further.

 

   
 

   2.2     Heteroclinic and Homoclinic Orbits 

The existence of a front is equivalent to the existence of a heteroclinic orbit in
the phase plane of the reduced ODE system, and the phase-plane analysis to
follow turns on the distinction between two kinds of orbit, heteroclinic and
homoclinic.
   
 


                                                                          
                                                                          

Definition 2.5 (Heteroclinic Orbit).  A   heteroclinic   orbit   of   an   autonomous
system x′ = F(x) is a trajectory x(ξ) such that x(ξ) →p as ξ →−∞ and x(ξ) →q
as ξ→ +∞, where p and q are distinct equilibria of the system.
   
 



   
 



Definition 2.6 (Homoclinic Orbit).  A homoclinic orbit of an autonomous system
x′ =  F(x)  is  a  trajectory  x(ξ)  such  that  x(ξ)  → p  as  ξ → ±∞,  where  p  is  an
equilibrium of the system.
   
 




 
   A front corresponds to a heteroclinic orbit, since the profile connects two distinct
equilibria of the phase-plane system, one approached as ξ→−∞ and the other as
ξ→ +∞. The existence question for a front therefore becomes exactly the question of
whether the phase-plane system admits a heteroclinic orbit with the right boundary
behaviour, a geometric restatement that makes phase-plane analysis the natural
tool.

 

                                                                          
                                                                          
                                                                          
                                                                          
   
 



    

   


   3     The Fisher-KPP Equation as a Worked Example   

The Fisher-KPP equation is the natural case to work through from beginning to end,
since it is the equation in which the travelling wave problem was first posed, and it can
be carried through nondimensionalisation, wave reduction, phase-plane analysis,
existence, and speed selection using nothing more than elementary phase-plane theory.
Every idea it introduces reappears, in generalised form, in the epidemiological analysis
developed across the sections that follow.

 

   
 

   3.1     Nondimensionalisation 

The Fisher-KPP equation in dimensional form is
   
 
	
   
[image:                (     ) ∂u-= D ∂2u-+ ru 1− u- , ∂t     ∂x2         K ]

                                                                          
                                                                          
   	(2)


where u = u(x,t) is the population density, D> 0 the diffusion coefficient, r> 0 the
intrinsic growth rate, and K> 0 the carrying capacity. As long as these three parameters
remain in the equation, what actually matters, not their individual values but how they
compare to one another, stays hidden. Nondimensionalisation removes them and
reveals the equation’s true structure.

 
   Nondimensionalising (2) begins by identifying, for each of the variables u, t, and x,
a reference scale of the same dimension, a representative value against which every
other value of that variable can be measured. The right choice is always the one that
makes biological sense, not the one that simplifies the algebra, since the algebra follows
from the biology.

 
   For the population density u, the natural reference is the carrying capacity K. When
u = K the environment is fully saturated; when u = 0 it is empty; every physical
population value is some fraction of K, and the dimensionless ratio u∗ = u/K names
that fraction.

 
   For time t, the natural reference is 1/r, the characteristic generation time. The
growth rate r measures how fast the population grows when far below carrying
capacity, the rate constant of the linearised dynamics, so its reciprocal 1/r is the
timescale of one generation of growth, and the dimensionless time t∗ = rt counts how
many generations have elapsed.

 
   For space x, the natural reference is [image: √ ----   D/r], the distance over which diffusion and
reproduction interact on the scale of one generation. Diffusion spreads a population at
a rate governed by D, reproduction amplifies it at a rate governed by r, and [image: √----  D/r] is the
spatial scale at which these two processes balance, so a dimensionless distance
x∗ = x/[image: √ ----   D/r] of order one places the point roughly one generation-spread from the
origin.

 
   The dimensions of the four parameters are

 

                                                                          
                                                                          
   
[image:                  2 [u] = M-,  [D]= L--,  [r]= -1,  [K]=  M-,      L          T        T          L ]

   with M denoting count or mass, L length, and T time. One can check directly that K
carries the dimensions of u, that 1/r carries the dimensions of t, and that [image: √ ----   D/r] carries
the dimensions of x; this agreement is not something to be verified after the fact but an
inevitable consequence of having chosen biologically meaningful scales in the first
place. Had the dimensions failed to agree, the scale would have been the wrong
choice.

 
   The change of variables is
   
 
	
   
[image:                            √︂ --- u = Ku ∗,    t = 1t∗,    x =  D- x∗.                 r             r ]

   	(3)


Read this way, every physical population value is a multiple of the capacity K, every
physical time a multiple of the generation time 1/r, and every physical distance a
multiple of the generation-spread [image: √D/r-], with the dimensionless ratio in each case
naming that multiple.

 
   Applying the chain rule to (2),
   
 
	
                                                                          
                                                                          
   
[image:           ∗      2           2 ∗ ∂u-= Kr ∂u-,    ∂-u-= K ·-r ∂-u-. ∂t      ∂t∗     ∂x2      D  ∂x∗2 ]

   	(4)


Substituting (4) into (2) and dividing through by Kr,
   
 
	
   
[image: ∂u ∗  ∂2u ∗ ---∗ =---∗2-+ u∗(1 − u ∗). ∂t    ∂x ]

   	(5)


All three parameters have cancelled, so the stars can be dropped and the dimensionless
Fisher-KPP equation is
   
 
	
   
[image: ut = uxx+ u(1− u). ]

   	(6)


                                                                          
                                                                          
This equation carries no free parameters because all three were consumed in building
the reference scales, K for population, 1/r for time, and [image: √----  D/r] for space, so the equation
is exactly as simple as the biology allows.
   
 



Exercise 3.1.  Verify  the  chain  rule  computation  in (4)  by  differentiating  u =
Ku∗,  t =  t∗/r,  and  x =  x∗[image: √ ----   D/r] directly  and  substituting  into  the  dimensional
equation (2).
   
 




 

   
 

   3.2     The Travelling Wave Reduction 

Having reduced the Fisher-KPP equation to the parameter-free form (6), we look
among its solutions for those of the travelling wave form
   
 
	
   
[image: u(x,t)= w(ξ),    ξ =x − ct, ]

   	(7)


                                                                          
                                                                          
where w : ℝ →ℝ is the wave profile and c> 0 the wave speed, fixed to the
forward-moving convention of Section 2 and used throughout this course. This is the
travelling wave ansatz, a bet on a translational symmetry, the claim that the solution
looks the same at every moment up to a shift in position.

 
   By the chain rule,

 

   
[image:                                     2 ut = ∂-w(x − ct)= −cw ′(ξ),   uxx =-∂--w(x − ct)= w ′′(ξ),      ∂t                           ∂x2 ]

   where primes denote differentiation with respect to ξ. Substituting into (6),
   
 
	
   
[image: w ′′ + cw′ + w(1 − w) = 0. ]

   	(8)


The PDE has become a second-order nonlinear ODE in the single variable ξ, a problem
about a function of one variable rather than two, and this reduction is exactly the
payoff of the ansatz.

 
   We are looking for a front connecting the fully invaded state to the uninvaded state,
so the boundary conditions paired with (8) are
                                                                          
                                                                          
   
 
	
   
[image: w(ξ) → 1  as ξ → −∞,     w(ξ) → 0   as ξ → + ∞. ]

   	(9)


Far behind the wave (ξ→−∞, corresponding to x≪ct), the population has reached
its maximum density and the wave has fully swept the region; far ahead of
the wave (ξ → +∞, corresponding to x≫ct), the population is absent and
the wave has not yet arrived. The wave itself is the transition zone between
these two states, advancing to the right at constant speed c. The boundary
conditions do not specify, though, for which values of c such a wave actually
exists.

 
   The travelling wave ansatz shares a structural kinship with the method of
characteristics, both being changes of variable designed to exploit a symmetry of the
equation. In the method of characteristics the symmetry is the direction along which
the solution propagates without interaction, and the PDE reduces to an ODE along each
characteristic; in the travelling wave ansatz the symmetry is translational, and the
solution is stationary in the co-moving frame.

 

   
 

   3.3     Existence, Speed Selection, and the Wave Profile 

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

                                                                          
                                                                          
                                                                          
                                                                          
   
 



    

   


   4     From the SI Model to the Fisher-KPP Equation   

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

   4.1     From the Non-Spatial SI Model to the spatial SI Equation 

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

   4.2     Reduction to a Single Equation 

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

   4.3     Biological Meaning of the Boundary Conditions and the Wave Speed
                                                                          
                                                                          


Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

                                                                          
                                                                          
                                                                          
                                                                          
   
 



    

   


   5     The SIR Travelling Wave and Basic Reproduction Number   

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

   5.1     The SIR Model and Its Travelling Wave Reduction 

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

   5.2     Boundary Conditions, Equilibria, and Linearisation 

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

   5.3     The Minimum Wave Speed and the Condition for Endemicity 

Content not available in this sample version; the complete version can be purchased on
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   6     Births, Deaths, and the Endemic Travelling Wave   

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

   6.1     The Vital-Dynamic SIR Model and Its Travelling Wave Reduction


Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

   6.2     Boundary Conditions, Equilibria, and Linearisation 

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

                                                                          
                                                                          
   6.3     The Minimum Wave Speed and the Condition for Endemicity 

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

                                                                          
                                                                          
                                                                          
                                                                          
   
 



    

   


   7     The Travelling Wave Framework and Its Extensions   

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

   7.1     Extensions and Modifications Within Reach of This Framework 

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.

 

   
 

   7.2     What the Method Offers 

Content not available in this sample version; the complete version can be purchased on
Leanpub at https://leanpub.com/travelling-wave-solutions.
   
 
   

                                                                          
                                                                          
   


    
