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Preface

There is no book about policy-space response oracles. There is an excellent 2024 survey, the original 2017 paper, and several dozen variant papers — and between them they will tell you what PSRO is, what its variants claim, and where the open problems lie. None of them will tell you how many episodes per payoff cell you actually need, what happens when your best-response oracle undertrains, why your exploitability curve looks excellent until you compute the real exploitability, or whether the variant you are about to implement will beat plain self-play on your domain at the budget you can afford.

Papers optimize for novelty claims. This book optimizes for the questions you hit on a Tuesday afternoon with a job running.


What makes this book different

Everything in it was run. There is one PSRO loop — eighty-four lines, printed in full in Chapter 5 — and every algorithm in the book is that loop with different components screwed in. There is one companion repository, roughly five thousand lines, small enough that you can read every line and large enough to be a real system. Every number in every table came out of a committed experiment on hardware described in the caption.

Which means the book contains results that are inconvenient. A chapter on diversity methods that reports a null result at 2.3× the wall-clock cost. A flagship comparison whose second column refused to separate seven variants at all — until a second, larger budget point inverted it, turning the apparent winner into the worst arm by a factor of four. A capstone domain whose first version was game-theoretically dead and had to be redesigned. Those are not editorial failures; they are the reason to trust the rest.



The reader contract

Four clauses, honored throughout:


	Nothing is asserted that the repository does not demonstrate.

	Every figure caption carries its script, seed, and budget.

	Restricted and full exploitability are always labeled. Conflating them is the most common error in this literature and the book never commits it.

	When a celebrated variant fails to beat the baseline under equal budget, that result prints, with the experiment attached.





Who this is for

You can train a PPO agent. You are hazy on game theory, or you learned it once and would like it back in computational form. Chapters 1 through 4 supply exactly the game theory the book needs and no more — computed rather than proved, because you will trust a theorem you have watched two independent algorithms agree on more than one you have merely read.

You do not need a GPU cluster. Parts I and II run on a laptop. Parts III and IV were run on one to eight V100s, and every experiment ships a smoke mode that finishes in under a minute.



How to read it

Part I (Chapters 1–4) builds the machinery where everything can be exact — normal-form games, fictitious play and its failures, and double oracle, which turns out to be this book’s production loop with exact components. Part I closes by naming the three exactness assumptions reality refuses.

Part II (Chapters 5–8) breaks them one per chapter: the loop printed and instrumented, best responses by reinforcement learning, payoffs by budgeted estimation, and the meta-solver as a swappable dial. At the end you have run real PSRO on poker.

Part III (Chapters 9–12) re-benchmarks the published variant zoo under equal compute in one harness, and reports what separated and what did not.

Part IV (Chapters 13–15) builds and solves a capstone domain end to end, documents the engineering that keeps week-long runs honest, and sorts the field’s open problems by whether they are fundamental or merely undone.

If you are evaluating whether to use PSRO at all, read §1.6’s checklist and §14.6 first. Between them they will tell you honestly whether the rest of the book is worth your time.



Acknowledgments

The companion repository was built collaboratively with Claude Code, under the architectural constraints described in Chapter 5 — a single loop, four component contracts, and a rule that no variant may modify the loop. That constraint held across six milestones and is verifiable in the repository’s commit history.



A note on this edition

This is the first edition, published as the work reached the point where every claim in it is backed by a committed experiment. Two experiments the text names as worth running are not run — a λ sweep for the diversity bonus, and a second variant of one figure — and both are named in place rather than quietly omitted.

What that means for the reader: nothing here is speculative, but the book is a snapshot of a living repository, and where later runs change a number, revisions will follow. Leanpub delivers updates free to everyone who has bought a copy. If you find a claim the repository does not support, that is a bug worth reporting — the issue tracker is the right place, and the correction will ship.





Part I — Foundations by Construction

Build the machinery bottom-up, entirely in games where every answer can be computed exactly. Part I ends by naming the three exactness assumptions that reality refuses — which are the outline of Part II.




Chapter 1 — Why Games Are Hard


What you’ll build. Nothing yet — this is the one chapter that earns its keep by breaking things instead. You will watch reinforcement learning, an approach that conquers fixed worlds, fail in two distinct and instructive ways the moment the world contains another learner. Then you will meet the single architectural idea this book spends fourteen chapters building, measuring, and shipping: keep two games — the enormous true one you can only sample, and a small explicit one you can actually solve — and grow the small one until it speaks for the large one.




1.1 Single-agent RL in one page

Reinforcement learning’s contract is simple and, within it, spectacularly honored. There is an environment: states, actions, a transition rule, a reward. The environment is allowed to be unknown, enormous, stochastic — but it must be fixed: the same policy earns the same expected return today, tomorrow, and on the ten-millionth training episode. Under that contract, learning is optimization. A policy’s quality is a well-defined number; improve it and it stays improved; and the field’s great results — from Atari to robotic manipulation to the control layers inside modern products — are monuments to how far gradient ascent can climb a landscape that holds still.

Every guarantee in the single-agent canon leans on the fixity clause somewhere: the optimal policy exists and is deterministic; value functions are well-defined objects to regress toward; an evaluation score means what it says. This chapter is about what happens to all of it when the clause fails — not through drift or noise, but through the most structured failure possible: part of the environment is another agent, learning back, with interests of its own.



1.2 The environment learns back

Put two ordinary Q-learners in the simplest adversarial situation that exists — matching pennies, the 2×2 game Chapter 2 will solve exactly — and let each treat the other as scenery: just an environment, per the contract. Each agent estimates action values against the opponent’s current behavior and shifts toward its greedy choice. Both do this simultaneously.


[image: Figure 1.1 — Each agent’s P(heads) over training; both traces circling 0.5 without approaching it; inset: the trajectory in (p₁, p₂)-space — a noisy annulus around (½, ½), not a clean closed curve. two tabular Q-learners on iterated matching pennies; sustained radial deviation 0.125, p₀ ranging over (0.17, 0.83); hyperparameters and their sweep in the experiment’s notes]
Figure 1.1 — Each agent’s P(heads) over training; both traces circling 0.5 without approaching it; inset: the trajectory in (p₁, p₂)-space — a noisy annulus around (½, ½), not a clean closed curve. two tabular Q-learners on iterated matching pennies; sustained radial deviation 0.125, p₀ ranging over (0.17, 0.83); hyperparameters and their sweep in the experiment’s notes

The result is a chase with no finish line. When agent 1 leans heads, agent 2’s estimates soon notice and lean away; agent 1’s estimates then chase agent 2’s new behavior; and the pair circles the mixed equilibrium indefinitely, each agent’s “environment” dissolving under it precisely because the agent is learning about it. Every arrow in the single-agent contract now points somewhere false. There is no fixed optimal policy to converge to — the best reply changes as the opponent does. Value estimates chase a moving target, so convergence of the estimates signals nothing about convergence of play. And an evaluation score — “agent 1 wins 61% against its current opponent” — is a fact about one moment of a dance, not a property of agent 1.

Readers of Chapter 3 will feel déjà vu, and should: fictitious play’s oscillation on the same game is this phenomenon in its purest form, with exact best responses replacing noisy learned ones. The orbit is not an artifact of Q-learning’s crudeness. It is what best-response dynamics do on cyclic games, and cyclic structure — rock needs paper needs scissors — is not exotic; it is what adversarial interaction generically produces. The book returns to this point with money on the table in Chapter 12, where the lineal descendants of “just run RL against the current opponent” score 0.99 exploitability — essentially maximally cheatable — on a cyclic benchmark that equilibrium-tracking methods solve to 0.05.



1.3 The quieter failure: overfitting to your partner

The orbit at least announces itself — training curves that won’t settle are hard to ignore. The second failure mode is worse because training looks perfect while it happens.

Train a pair of agents together with independent RL until they perform excellently — then introduce them to different partners, trained the same way in the same game, and watch the performance evaporate. Lanctot et al. (2017) named the phenomenon joint-policy correlation: independently trained agents do not learn to play the game; they learn to play each other, co-evolving a pair of mutually-shaped policies whose competence is real but entangled — a private dialect mistaken for the language.

The measurement is stark. Across five independently trained pairs, partners who trained together score 1.00; the same policies paired with a stranger score 0.10. A tenfold collapse, from swapping nothing but the partner — and note what did not change: every one of those policies is exactly as competent as it was a moment earlier, against the one partner it was trained with.


[image: Figure 1.2 — The 5×5 cross-play payoff matrix for five independently trained pairs: a bright diagonal (partners trained together) against a dim off-diagonal (partners swapped). five-colour matching game, five pairs trained by independent Q-learning from different seeds, all 25 pairings evaluated; diagonal 1.00, off-diagonal 0.10]
Figure 1.2 — The 5×5 cross-play payoff matrix for five independently trained pairs: a bright diagonal (partners trained together) against a dim off-diagonal (partners swapped). five-colour matching game, five pairs trained by independent Q-learning from different seeds, all 25 pairings evaluated; diagonal 1.00, off-diagonal 0.10

The phenomenon is easiest to stage in coordination games, but its adversarial twin is the one this book hunts: an agent trained against a fixed stable of opponents becomes excellent against that stable — and its excellence says nothing about the opponent not in the stable. The evaluation problem and the training problem collapse into each other (Chapter 2 makes this identity precise: the only honest score against an adaptive adversary is exploitability — what the best response to you earns — and computing it requires the very best-response machinery training needs). “It beat everything we tested it against” is, in an adversarial setting, a sentence about the tests.



1.4 What strategic reasoning offers instead

Game theory’s offer is a change of object. Stop asking for a policy that is good against the opponent at hand — that target moves, and §1.2 showed what chasing it buys. Ask instead for a policy profile that is stable against deviation itself: one where, with everyone’s strategy on the table, no player can gain by unilaterally switching. That is Nash’s equilibrium concept, and in the two-player zero-sum settings where this book mostly lives, it comes with the strongest guarantee in the subject: an equilibrium strategy caps any opponent’s gain — clever, adaptive, omniscient, it does not matter — at the game’s value. The orbit of §1.2 was two agents each optimizing against a moment; an equilibrium is the fixed point the orbit circles, computed instead of chased.

“Solving a game,” in this book, means producing a strategy profile whose exploitability — the amount a perfect adversary would take from it — is (approximately) zero. That one number is the book’s y-axis, defined by hand in Chapter 2 and estimated at increasing expense from Chapter 6 onward. It repairs each failure of §1.2–1.3 in turn: it is a property of your strategy alone, not of a training partnership (JPC’s blind spot); it is defined against the best response, not the current one (the orbit’s blind spot); and driving it to zero is a terminating task rather than an endless chase — something a loop can be built around.



1.5 The wall

So compute the equilibrium and go home. Chapter 2 does exactly that — twice, with two different exact algorithms — for games whose payoff tensor fits in memory. The wall is that almost no game anyone is paid to solve does.

The strategy spaces of real interactions are not large; they are unenumerable. A policy for even a toy imperfect-information card game like Leduc poker maps each of hundreds of information states to a distribution over actions — the pure strategies alone outnumber atoms before the deck gets realistic. A pursuit policy in Chapter 13’s capstone is a neural network mapping a ten-dimensional continuous observation to motion: its strategy “set” is a weight space with hundreds of thousands of dimensions. Exact solvers consume the payoff tensor whole (Chapter 2’s both do); there is no tensor here to consume. And yet §1.4’s prize — the equilibrium, the exploitability guarantee — is defined over precisely this impossible space.

The way through the wall is the book’s one big idea, and it has already been paid for by the failures above. §1.3’s diseased pattern — a fixed stable of opponents, an agent that masters the stable — contains, read correctly, a healthy mechanism: against a fixed stable, RL works beautifully; fixity is restored, the single-agent contract holds, the orbit cannot start. The pathology was never the stable; it was that the stable never grew.



1.6 Two games, one loop: the plan of the book

Keep two games.

The true game is the monster: the simulator, the strategy space you cannot write down. You interact with it in exactly two ways — play it (sample returns for specific policies) and search it (train one new policy against a specified opponent mixture). Nothing in this book ever asks the true game for more.

The empirical game is small and explicit: its “strategies” are the handful of policies discovered so far — the roster, Chapter 2 will teach you to say — and its payoff tensor is filled by playing the true game. It is a game Chapter 2’s exact machinery can solve. Solve it; take the resulting mixture as the current best understanding of how the true game should be played; train one new policy against that mixture (this is where RL earns its keep, on the fixed target the mixture provides); add the new policy to the roster; repeat. Every pass, the empirical game grows one strategy per player and becomes a slightly better miniature of the truth.


Figure 1.3. the two-game architecture diagram: true game below (dark, vast, two arrows in: evaluate, best-respond), empirical game above (small, explicit, one arrow in: solve), the loop circulating between them. This diagram is the book’s recurring map — it reappears with one component highlighted at the head of Chapters 5–8, and figure-manifest treatment should version it accordingly

That loop is policy-space response oracles — PSRO — and the book’s structure is the loop’s anatomy. Part I (Chapters 2–4) builds the loop where every part can be exact: the solving (Ch. 2), the responding and its oldest failure mode (Ch. 3), and the loop itself under its maiden name, double oracle, complete with a termination proof and an unreasonable empirical appetite — solving 500-strategy games while evaluating a third of them (Ch. 4). Part I ends by naming the three exactness assumptions reality refuses. Part II (Chapters 5–8) breaks them one per chapter: the loop frozen in print and instrumented (Ch. 5), best responses by reinforcement learning (Ch. 6), payoffs by budgeted estimation (Ch. 7), and the solver itself as a swappable dial (Ch. 8) — at the end of which you have run true PSRO on poker. Part III (Chapters 9–12) takes the published variant zoo and does to it what vendors never do: re-benchmarks it under equal compute, in a fixed harness, reporting what separated and what did not. Part IV ships it — a pursuit-evasion capstone built and solved end to end (Ch. 13), the engineering that keeps week-long runs honest (Ch. 14), and the open problems, sorted by whether they are fundamental or merely unfunded (Ch. 15).



The preface made the reader a contract — no claim without a script, every figure carrying its seed — and one clause bears repeating where the book’s attitude is being set: when a celebrated variant fails to separate from the baseline under equal budget, that result prints, with the experiment attached. The literature this book leans on is excellent at ideas and structurally bad at that sentence; a practitioner’s book has no excuse.


Practitioner callout 1.1 — Do you even need game theory? The most expensive way to discover “no” is Chapter 10. Run the checklist first. Is the interaction genuinely adversarial or mixed-motive? If all agents share one objective, you are doing cooperative multi-agent RL — a hard, worthy, different problem with its own methods and books; PSRO’s machinery mostly buys you overhead there. Will you face an adapting opponent, or one fixed distribution of behavior? Against a fixed distribution — machines that don’t update, users who don’t strategize — that distribution is just environment stochasticity; the single-agent contract holds; train against it directly and keep your week. Is your game’s structure mostly transitive? If strategies roughly ladder from worse to better — many games of pure skill do — plain self-play climbs the ladder at a fraction of PSRO’s cost, and Chapter 12 measures exactly this — including the trap: self-play appears to match the field on Leduc at a tight budget and turns out, at four times that budget, to be four times worse than any alternative, while being maximally exploited on the cyclic benchmark at every budget. §11.4 gives a cheap cyclicity diagnostic to run before choosing. Can you enumerate the strategy space after all? Then skip the oracles: Chapter 2’s LP or a CFR-family tree solver finishes while PSRO is still warming up (§14.6 draws the full boundary). What remains — adversarial, adaptive, cyclic, unenumerable — is this book’s home turf, and the reader who arrived here through the checklist can spend the remaining fourteen chapters without buyer’s remorse.





What breaks next: nothing yet — Chapter 2 is where things get solved, twice over, on games small enough to fit on a page. Enjoy the exactness. It lasts three chapters.




Draft status / build notes (not for print)


	Written last in Part I per drafting order; all forward references are to drafted chapters (2–4) or committed results (Ch. 12 shootout numbers 0.99/0.05; Ch. 4’s 2n/3 and 500-strategy result; Ch. 13 capstone).

	BUILD-GAP (blocking the next revision), two experiments — spec’d inline:

	Study A (Fig 1.1): independent tabular Q-learners on iterated matching pennies; action-probability traces + (p₁,p₂) orbit inset. New directory experiments/ch01_why_games_are_hard/.

	Study B (Fig 1.2): k=5 independently trained pairs in a minimal coordination gridworld; k×k cross-play matrix; measured JPC gap replaces the qualitative sentence in §1.3. Pure numpy; environment design delegated, documented in NOTES.md.

	Both are laptop-scale. Consolidated gap ledger for one Claude Code session now: ch01 studies A+B (blocking), ch04 study B (blocking), ch03 Shapley (blocking), ch02 coordination panel (non-blocking), test-pinning of ch02’s two worked examples (non-blocking).




	BUILD: Fig 1.3 architecture diagram — design asset, not an experiment; needs the highlight-variant treatment noted inline and a figure-manifest entry convention for non-generated figures (flag for M6 manifest format).

	BUILD: citations — Lanctot et al. 2017 (JPC/InRL), a canonical independent-Q-in-games reference [candidates: Claus & Boutilier 1998; Singh–Kearns–Mansour dynamics], Nash 1951 (deferred detail to Ch. 2).

	Tone check requested: Ch. 1 runs slightly warmer/laptop-scale-narrative than Ch. 2–4 by design (it is the shop window). If it reads as too far from the Part I voice, the fix is trimming §1.6’s part-by-part tour, which currently does double duty with the preface’s roadmap — decide after the preface drafts.

	Skeleton conformance: all six sections + callout delivered; skeleton’s “Fig 1.2 architecture diagram” renumbered to Fig 1.3 (JPC matrix took the 1.2 slot — manifest should record the renumber).








Continue Reading

This is the free sample of Policy-Space Response Oracles in Practice. The complete book runs to fifteen chapters across four parts, with 26 figures and a companion repository at https://github.com/aerodyneai/psro-in-practice.

The full edition is available at Leanpub.
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