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Preface

Nature inspired methods for optimization have been available for many
years. They are attractive because of their inspiration and because they are
comparatively easy to implement. This book aims to illustrate this, using
a relatively new language, Julia. Julia is a language designed for efficiency.
Quoting from the developers of this language:

Julia combines expertise from the diverse fields of computer
science and computational science to create a new approach
to numerical computing. [Bezanson et al. 2017]

The case studies, from industrial engineering with a focus on process
engineering, have been fully implemented within the book, bar one example
which uses external codes. All the code is available for readers to try and
adapt for their particular applications.

This book does not present state of the art research outcomes. It is pri-
marily intended to demonstrate that simple optimization methods are able
to solve complex problems in engineering. As such, the intended audience
will include students at the Masters or Doctoral level in a wide range of re-
search areas, not just engineering, and researchers or industrial practitioners
wishing to learn more about Julia and nature inspired methods.
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One

Introduction

1.1 Optimization

The problems considered in this book will all be formulated as the mini-
mization of the desired objectives. There may be one or multiple objectives.
In either case, the general formulation is

min
𝑑∈𝒟

𝑧 = 𝑓(𝑑) (1.1)

𝑔(𝑑) ≤ 0
ℎ(𝑑) = 0

where 𝑑 are the decision (or design) variables and 𝒟 is the search domain
for these variables. 𝒟 might be, for instance, defined by a hyper-box in 𝑛
dimensional space,

𝒟 ≡ [𝑎, 𝑏]𝑛 ⊂ ℝ𝑛

when only continuous real-valued variables are considered. More gener-
ally, the problem may include integer decision variables. Further, the con-
straints, 𝑔(𝑑) and ℎ(𝑑), will constrain the feasible points within that do-
main.

1.2 Process systems engineering

The focus of this book is on solving problems that arise in process systems
engineering (PSE). Optimization plays a crucial part inmany PSE activities,

1



2 CHAPTER 1. INTRODUCTION

including process design and operation. The problems that arise may have
one or more of these challenges, in no particular order:

• nonlinear models

• multi-modal objective function

• nonsmooth and discontinuous

• distributed quantities

• differential equations

• small feasible regions

• multiple objectives

Each of these aspects, individually, can prove challenging for many opti-
mization methods, especially those based on gradients to direct the search
for good solutions. Some problems may have several of these characteris-
tics.

Three chapters will present example design problems which exhibit
some of the above aspects:

1. purification section for a chlorobenzene production process: discon-
tinuous, non-smooth, small feasible region;

2. design of a plug flow reactor: continuous distributed design variable
with behaviour described by differential equations;

3. heat exchanger network design: combinatorial, non-smooth, com-
plex problem formulation.

These problems may be challenging for gradient based methods and there-
fore motivate the use of meta-heuristic methods. In this book, I will present
meta-heuristic methods inspired by nature.



1.3. NATURE INSPIRED OPTIMIZATION 3

1.3 Nature inspired optimization

There are many optimization methods and different ways of classifying
these methods. One classification used often is deterministic versus stochas-
tic. The former include direct search methods [Kelley 1999] and what are
often described as mathematical programming, such as the Simplex method
[Dantzig 1982] for linear problems and many different methods for nonlin-
ear problems [Floudas 1995]. The main advantage of deterministic meth-
ods is that they will obtain consistent results for the same starting conditions
and may provide guarantees on the quality of the solution obtained and/or
the performance of the method, such as speed of convergence to an optimal
solution. If you are interested in using Julia for mathematical programming,
the JuMP1 package is popular.

Stochastic methods, as the name implies, are based on random be-
haviour. The main implication is that the results obtained will vary from
one attempt to another, subject to the random number generator used. How-
ever, the advantage of stochastic methods can be the ability to avoid getting
stuck in local optima and potentially find the global optimum or optima for
the problem.

Some popular stochastic methods include simulated annealing [Kirk-
patrick et al. 1983] and genetic algorithms [Holland 1975] but many others
exist [Lara-Montaño et al. 2022]. Simulated annealing, as the name im-
plies, is based on the process of annealing, typically in the context of the
controlled cooling of liquid metals to achieve specific properties (hardness,
for instance). Genetic algorithms mimic Darwinian evolution, for instance,
by using survival of the fittest to propagate good solutions and evolve better
solutions. One common aspect of many stochastic methods is that they are
inspired by nature.

In this book, we will consider three such nature inspired optimization
methods: genetic algorithms, particle swarm optimization [Kennedy and
Eberhart 1995], and a plant propagation algorithm [Salhi and Fraga 2011].
These are chosen somewhat arbitrarily as examples of stochastic methods.
The selection is in no way intended to indicate that these are the best meth-

1https://jump.dev/

https://jump.dev/
https://jump.dev/


4 CHAPTER 1. INTRODUCTION

ods for any particular problem. The aim is to illustrate the potential of these
methods, how theymay be implemented, and how theymay be used to solve
problems that arise in process systems engineering.

1.4 Literate programming

This book includes all the code implementing the nature inspired optimiza-
tion methods and most of the case studies, sufficient to allow readers to
attempt the problems themselves.

Programming is at heart a practical art in which real things are
built, and a real implementation thus has to exist. [Kay 1993]

The book has been written using literate programming [Knuth 1984].
The motivation for literate programming, to quote Donald Knuth, comes
from:

[…] the time is ripe for significantly better documentation of
programs, and that we can best achieve this by considering
programs to be works of literature. [Knuth 1984]

Therefore, this book may be considered to be the documentation of the
code used to implement themethods and to evaluate the problems defined in
the case studies. The code presented in the book is automatically exported
to the source code files, suitable for immediate invocation.

The technology supporting literate programming in this case is org
mode2 (version 9.5.4). Org mode is a special mode in the Emacs ed-
itor3 (version 29.0.50.0). Org mode supports code blocks which may
include programming code in a very wide range of languages. These code
blocks are tangled into code files [Schulte and Davison 2011]. In the case
of this book, all the code can be found in the author’s github reposi-
tory4. As well as enabling tangling to create the source code files, org

2https://orgmode.org/
3https://www.gnu.org/software/emacs/
4https://github.com/ericsfraga/NatureInspiredOptimization.

jl

https://orgmode.org/
https://orgmode.org/
https://www.gnu.org/software/emacs/
https://www.gnu.org/software/emacs/
https://github.com/ericsfraga/NatureInspiredOptimization.jl
https://github.com/ericsfraga/NatureInspiredOptimization.jl
https://orgmode.org/
https://www.gnu.org/software/emacs/
https://github.com/ericsfraga/NatureInspiredOptimization.jl
https://github.com/ericsfraga/NatureInspiredOptimization.jl
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mode supports exporting documents to a variety of different targets, in-
cluding PDF, epub, and HTML. The HTML version of the book is freely
available5.

Lastly, the literate programming support in org mode not only en-
ables tangling, it also allows for code to be run directly within the Emacs
editor while editing the document, with the results of the evaluation inserted
into the document [Schulte and Davison 2011]. This bookmakes full use of
this capability to process the results of the optimization problems, includ-
ing extracting and generating statistical data with awk, grep, and similar
tools, and plotting the outcomes with gnuplot6.

1.5 The Julia language

Julia7 is a multi-purpose programming language with features ideally suited
for writing generic optimization methods and numerical algorithms in gen-
eral. To repeat the quote from the initial authors of the language,

Julia combines expertise from the diverse fields of computer
science and computational science to create a new approach
to numerical computing.[Bezanson et al. 2017]

For the purposes of this book, the key features of Julia are the following:

• dynamic typing for high level coding;

• multiple dispatch to create generic code that may be easily extended;

5http://www.ucl.ac.uk/~ucecesf/niobook
6http://www.gnuplot.info/
7https://julialang.org/

http://www.ucl.ac.uk/~ucecesf/niobook
http://www.ucl.ac.uk/~ucecesf/niobook
http://www.gnuplot.info/
https://julialang.org/
http://www.ucl.ac.uk/~ucecesf/niobook
http://www.gnuplot.info/
https://julialang.org/
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[tweet]8

• functional programming elements for operating on data easily;

• integrated package management system to enable re-use and distri-
bution; and,

• the REPL (read-evaluate-print loop) for exploring the language and
testing code.

In this section, some of these aspects will be illustrated through code
elements that will be used by all the nature inspired optimization methods
presented in this book.

Julia version 1.7 has been used for all the codes in this book. I have
tried to ensure that the style guide9 for writing Julia code has been followed
throughout.

The package and modules

The codes presented in this book are tangled into a Julia package called
NatureInspiredOptimization and available from the author’s
github repository10. This package can be added to your own Julia in-
stallation by entering the package manager system in Julia using the ] key
and then using the add command with the URL of the git repository
for the package. This will add not only the package specified but also any
dependencies, i.e. other packages, specified by this package. Hitting the
backspace key will exit the package manager. Once added, the package
and any sub-packages it may define, can be accessed through the using
Julia statement. This will be illustrated in the examples in this book.

8https://twitter.com/mrdoornbos/status/
1557332205709541383?s=20&t=Raxk1hSjWBmrgqdvU_VIVw

9https://docs.julialang.org/en/v1/manual/style-guide/
10https://github.com/ericsfraga/NatureInspiredOptimization.

jl

https://twitter.com/mrdoornbos/status/1557332205709541383?s=20&t=Raxk1hSjWBmrgqdvU_VIVw
https://docs.julialang.org/en/v1/manual/style-guide/
https://github.com/ericsfraga/NatureInspiredOptimization.jl
https://twitter.com/mrdoornbos/status/1557332205709541383?s=20&t=Raxk1hSjWBmrgqdvU_VIVw
https://twitter.com/mrdoornbos/status/1557332205709541383?s=20&t=Raxk1hSjWBmrgqdvU_VIVw
https://docs.julialang.org/en/v1/manual/style-guide/
https://github.com/ericsfraga/NatureInspiredOptimization.jl
https://github.com/ericsfraga/NatureInspiredOptimization.jl
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Some external packages have been used in writing the code presented in
the book. These include DifferentialEquations11, Plots12,
JavaCall13, andPrintf14. Thesewill automatically be installedwhen
installing the NatureInspiredOptimization package. The one
exception is the Jacaranda package (see Section 3.2 below), written by
the author and not currently registered in the Julia Registry. Therefore, this
package needs to be added explicitly.

In summary, installing the NatureInspiredOptimization
package can be achieved as follows:

$ julia
julia> ]
pkg> add https://gitlab.com/ericsfraga/Jacaranda.jl
pkg> add https://github.com/ericsfraga/NatureInspiredOptimization.jl
[...]
(@v1.7) pkg> BACKSPACE
julia> ^d
$

Note that the Jacaranda package is found in a gitlab repos-
itory while the NatureInspiredOptimization package is on
github.

Objective function

All optimization problems in this book will define an objective function.
The methods implemented will all be based on the same signature for the
objective function:

(z, g) = f(x; π)

where 𝑓 is the name of the function implementing the objective function for
the optimization problem, to be evaluated at the point 𝑥 in the search space.

11https://diffeq.sciml.ai/stable/
12https://docs.juliaplots.org/latest/
13https://juliainterop.github.io/JavaCall.jl/
14https://docs.julialang.org/en/v1/stdlib/Printf/

https://diffeq.sciml.ai/stable/
https://docs.juliaplots.org/latest/
https://juliainterop.github.io/JavaCall.jl/
https://docs.julialang.org/en/v1/stdlib/Printf/
https://diffeq.sciml.ai/stable/
https://docs.juliaplots.org/latest/
https://juliainterop.github.io/JavaCall.jl/
https://docs.julialang.org/en/v1/stdlib/Printf/
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The second optional argument, 𝜋, will consist of a data structure of any type
which includes parameters that are problem dependent. The function 𝑓 is
expected to return a tuple. The first entry in the tuple, 𝑧, is the value of the
objective function for single objective problems and a vector of values for
multi-objective problems. The second element of the tuple, 𝑔, is a single
real number which indicates the feasibility of the point 𝑥: 𝑔 ≤ 0 means the
point is feasible; 𝑔 > 0 indicates an infeasible point, with the magnitude
of 𝑔 ideally representing the amount of constraint violation, when this is
possible. In determining the fitness of a point, see Section 2.2 below, both
the value(s) of 𝑧 and 𝑔 will be used.

To allow for both single and multi-objective problems in the code that
follows, the generic comparison operators ≻ (\succ in Julia) and ≽
(\succeq in Julia) will be used. 𝑎 ≻ 𝑏 means that 𝑎 is better than 𝑏
and 𝑎 ⪰ 𝑏 means that 𝑎 is at least as good as 𝑏. For single objective min-
imization problems, which will be the case for the case studies presented
later in the book, these operators correspond to the less than (<) and less
than or equals (≤) comparisons:

1 ≻(a :: Number, b :: Number) = a < b
2 ≽(a :: Number, b :: Number) = a ≤ b
3 export ≻, ≽

This code segment illustrates several Julia features:

1. the single line definition of a function using assignment;

2. the definition of a binary operator so that ≻ or ≽ can be used as in
a≻b to compare a and b;

3. the use of generic types so that the same operator can be used for
real valued numbers, integers, or combinations of these; and,

4. the use of export to make the operator available without needing
to qualify it with the package name.

For multi-objective problems, the value 𝑧 returned by the objective
function will be a vector of values. When comparing multi-objective solu-
tions, the comparison is based on dominance: a solution dominates another
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solution if the first one is at least as good in each individual value and strictly
better for at least one value:

1 dominates(a, b) = all(a .≽ b) && any(a .≻ b)

This illustrates the use of broadcast, the dot operator, which asks Julia
to apply the operator (or function) that follows the dot to each individual
element in turn. So this code says that 𝑎 dominates 𝑏 if all the values of 𝑎
are at least as good as the corresponding values of 𝑏 and if any value of 𝑎 is
better than the corresponding value of 𝑏.

Given the definition of dominance, we can now define an operator for
comparison:

1 ≻(a :: Vector{T}, b :: Vector{T}) where T <: Number =
dominates(a,b)↪

The important feature of this code is that we have defined the function
to works for vectors so long as

1. they are of the same type, T, and

2. the type T represents a number entity, such as Float64 or
Int32.

Julia has a hierarchy of types defined.
The multiple dispatch feature of Julia will ensure that the proper com-

parison function is invoked when comparing objective function values for
different points in the search.

Multiprocessing

An additional capability of Julia is multiprocessing, using multiple com-
puters or computer cores simultaneously. Given the increasing prevalence
of multi-core systems, including both desktop computers and laptops, it is
reasonable to consider writing all code to make use of the extra potential
computational power available.

In Julia, the Threads package which is part of the base system pro-
vides an easy to use interface to enable the use of multiple cores. The sim-
plest construct, which I will be using in this book, is:
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1 Threads.@threads for x ∈ acollection
2 # do something(x)
3 end

This executes the body of the for loop in parallel using as many
threads as made available to Julia. Invoking Julia with the -t option tells
Julia how many cores to use simultaneously:

julia -t N

where N is some number, usually less than or equal to the number of cores
available on the computer, or by

julia -t auto

In this case, Julia itself will determine the number of cores to use auto-
matically.

The advantage of the nature inspired optimization methods I will be
presenting later in this book is that they are all based on populations of
solutions. Therefore, the computation associated with the members of the
population are easy to distribute amounts the computational cores avail-
able. The plant propagation algorithm implementation (see Section 2.5)
uses threads to evaluate members of the new population in parallel.

1.6 Representation

Different mathematical problem formulations of the same problem may
have an impact on the solution process. Examples exist for the Simplex
method [Hall and McKinnon 2004]. The choice of formulation may be a
consideration for some problems. Further, for a given formulation, there
may be alternative representations of the decision variables [Fraga et al.
2018] and these may affect the performance of individual optimization
methods. Tailoring the formulation or representation to the method used
may prove beneficial [Salhi and Vazquez-Rodriguez 2014].

For a given formulation, the representation should be chosen taking into
account the following considerations:
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1. The representation should be suitable for the optimization method or
methods, enabling the implementation of the appropriate operations
that are required by the methods. For instance, if the method is a
genetic algorithm, the representation should be suitable for cross-
over and mutation operators.

2. The representation should cover the complete space of feasible solu-
tions to the problem or, at worst, ensure that the desirable potential
solutions can be represented.

3. On the other hand, the representation should minimise the proba-
bility of the method’s operators generating infeasible or undesirable
solutions.

Multiple dispatch in Julia aids the process of considering different rep-
resentations. For instance, different versions of the objective function im-
plementation can be written that differ in the type of the first argument.
This enables alternative representations without needing to change the im-
plementation of the solution method. An example of this appeared re-
cently [Fraga 2021c]. This latter example includes code in Julia using
the Fresa15 implementation of a plant propagation algorithm [Fraga 2021b;
Fraga 2021a] (see Section 2.5).

15http://github.com/ericsfraga/Fresa.jl

http://github.com/ericsfraga/Fresa.jl
http://github.com/ericsfraga/Fresa.jl
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