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Chapter 1: Multivariable Calculus and its Applications

Sample Worked Examples



Multivariable Calculus | Partial Differentiation Chapter continued

z=xsiny + ysin x: partial derivatives as slopes

=y =1 fixed (3z/ax direction)

= x =1 fixed (az/ay direction)

Figure 1.1: The partial derivative 0z/0z is the slope of the red curve (slicing the surface z = f(z,y) with
the plane y = 1); 0z/0y is the slope of the blue curve (slicing with z = 1).

1.2 Worked Examples

0%z B 0%z
dxdy  Oyox’

Example 1.1: If z = zsiny + y sinz, prove that

Solution:

Let z = zsiny + ysinx ... (1). Differentiating (1) partially w.r.t. z, then w.r.t. y,

0 ok

a—;:siny—kycosx...@), é)y—;x:coswacos:c ... (3)
Differentiating (1) partially w.r.t. y, then w.r.t. z,

0 ok

a—Z:xcosy+sinx...(4), Wgy:coswacosx ...(5)

From (3) and (5),

0%z 0%z
D20y = Dy = Cosx + cosy
2 2
Example 1.2: If u = f(x + ct) + g(z — ct), prove that gu = 02%.

ot? 0z2



Multivariable Calculus | Total Differentiation Chapter continued

Surface z=x? + y? (blue-ish) and tangent plane (red) at (1, 1)
dz = 9z/ax dx + az/ay dy

Figure 2.1: The tangent plane to z = 2 + y? at (1, 1, 2). Moving a small distance (dz, dy) from (1,1), the
true surface height changes by approximately dz = 2 dx + 2 dy, the change predicted by the tangent plane.

2.2 Worked Examples

dz 2
. — a1 _ 142 az
Example 2.1: If z = tan™ " (z/y), * = 2t, y = 1 — t*, show that prAE
Solution:
z
z Y
t
Let z = tan~!(z/y). By the total derivative formula,
dz Ozdx Ozdy
Lo =
dt oz dt oyt (1)
Differentiating z partially,
o, o L
or 22 +y?’ oy 12+ y? N
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Multivariable Calculus | Composite Functions and the Chain Rule Chapter continued

3. Composite Functions and the Chain Rule

3.1 Introduction

A “function of a function” is called a composite function. If z = f(x,y) where z = ¢(u,v) and
y = ¥(u,v), then z becomes a composite function of (u,v), and the chain rule gives

0z 0z0x 0z0y 0z 0z0x 0z0y

u_ 0xou Oyou  ov  dxdv  oyow

The dependency between the variables is easiest to keep track of with a small tree diagram: =
branches down to its immediate arguments z, y, and each of those branches down again to the
ultimate independent variables u,v. Every path from z down to a given bottom variable con-
tributes one product term to the derivative with respect to that variable.

Z
T Yy
890/6/ &x/av ay/a/ yy/au

Reading the diagram: to reach u from z, there are two routes (z -+ ¢ = vand z = y — u);
multiplying the labels along each route and adding the routes together reproduces exactly the
formula for 9z/0u above. The same tree, with p, ¢, 7 or r, s, t in place of z, y, governs every worked
example in this section.

More generally, if u = f(r, s,t) where r, s, t are each functions of z, y, z, then
u_oudr ouds oudt
dr Ordx 0OsOx Ot Oz

and similarly for Ou/dy and du/0z.

Where the multivariable chain rule is used in engineering

e Coordinate transformations: converting a governing equation from Cartesian to polar,
cylindrical, or spherical coordinates (heat conduction in a pipe, stress around a circular
hole, potential flow around a cylinder) all use exactly this chain rule.

e Fluid mechanics: resolving a velocity or potential field into radial and tangential compo-
nents uses the chain rule for the transformation z = r cos 6, y = rsin6.

e Thermodynamics: changing the independent variables of a state function (e.g. express-
ing entropy in terms of (7', P) instead of (7, V')) is a direct application of the chain rule,
used in deriving relations between C'p and CYy .

Figure 3.1 shows the geometric picture behind Example 3.3 below: the rectangular grid of con-
stant r and constant 6 lines is mapped by = rcos, y = rsiné onto a grid of concentric circles
and radial lines in the zy-plane.
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Multivariable Calculus | Jacobians and their Properties Chapter continued

4. Jacobians and their Properties

4.1 Introduction

If u, v are functions of z, y, the Jacobian of (u, v) with respect to (z,y) is the determinant

Ju Ou

0w |or oy
g ey Rl L

dr  dy
and similarly for three variables u, v, w of x,y, z,
Jdxr Oy 0z

J_ o(u,v,w) |Ov Ov Ov
- O(z,y,2) Oz 37; oz |
( ) ow Ow OJw

dr dy Oz

The Jacobian is a single number (or function) that measures how a small area (or volume) ele-
ment is scaled and distorted when we change from the variables (z, y) to the variables (u, v). Two
key properties are used repeatedly:

) ) d(u,v)  Id(u,v)  I(r,s)
Property 1 (Chain rule for Jacobians): = X

perty 1 JacobIan): ote.y) ~ 9(r.5) ~ Bley)
Property 2: If J is the Jacobian of (u,v) w.r.t. (x,y), and J' is the Jacobian of (z,y) w.r.t. (u,v),
thenJ-J =1.

Where Jacobians are used in engineering

e Change of variables in multiple integrals: converting an area or volume integral to polar,
cylindrical, or spherical coordinates always introduces the Jacobian as an extra factor (e.g.
dA = rdrdf) — essential for computing moments of inertia, centroids, and fields with
circular or spherical symmetry.

e Verifying invertibility: a coordinate transformation is locally invertible exactly where its
Jacobian is non-zero — used when checking that a proposed change of variables is valid.

e Robotics and mechanism design: the Jacobian matrix relating joint velocities to end-
effector velocity is the higher-dimensional analogue of the Jacobians studied here.

Figure 4.1 shows the Jacobian geometrically for the polar transformation z = r cosf, y = rsin6:
a small rectangle of area dr df in (r, §)-space maps to a small curved region of area r dr df in the
xy-plane — the extra factor r is the Jacobian.

4.2 Worked Examples

d(u,v,w)

Example4.1: lfu=z+y+z2, v=y+2, w=z find .
(z,y,2)

Solution:

27



5.3 Worked Examples

Example 5.1: Find the maximum and minimum values of f(z,y) = 23 +y% — 32 — 12y + 20.

Solution:

of of _

ox Ay
Setting both to zero: x = +1, y = £2, giving four critical points (1,2), (1,-2),(-1,2), (-1, —-2).
Here r =6z, s =0, t = 6y.

=322 — 3, 3y? — 12

(1,2) (1,-2) (-1,2) (-1,-2)

r = 6x 6 6 —6 —6

t = 6y 12 —12 12 —-12
rt— s° 72>0 -72<0 —-72<0 72> 0
Result minimum  saddle saddle  maximum

f(=1,-2)=—-1-8+3+24+20=238,  f(1,2)=1+8—-3-24+20=2
| Maximum = 38 at (~1,~2); Minimum = 2 at (1,2)|

Example 5.2: Find the extreme values of f(z,y) = z* +y* — 222 + 42y — 29/%.

Solution:

0 0
—f:4x3—4x+4y, —f:4y3+4a:—4y
ox oy

Setting both to zero and adding gives 2> +y3 = 0 = (z+y)(2®> —2y+y?) = 0. Since 22 —zy+y> >0
with equality only at the origin, we need y = —x; substituting back gives 23 —2z = 0, so x = 0, £v/2.
The critical points are (0,0), (v2, —v2), (=v2,v?2), with r = 1222 — 4, s =4, t = 123> — 4.

At (0,0): 7 = —4, t = —4, rt — s> = 0 (test fails). Checking f along y =  and y = —x through
the origin shows f takes both signs near (0,0), so (0,0) is a saddle point. At (£v/2, Fv?2):
r =20, t =20, rt — s> =384 > 0 with 7 > 0, so both are minima, with

F(V2,~V2) =4 +4—-4-8—4=—8

Minimum = —8 at (£v2, Tv/2); (0,0) is a saddle point

Example 5.3: Find the extreme values of f(z,y) = 23y*(1 —z — y).

Solution:
0 0
a—i = 22y%(3 — 4z — 3y), &J; = 23y(2 — 22 — 3y)
The non-trivial stationary point (excluding x = 0 or y = 0, where f = 0 trivially) solves 4x+3y = 3
and 2z + 3y = 2, giving z = %, Y= % Computing
1 1 1 -
r=-—, S = E, t_—g at (5,3)
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Chapter 2: Optimization Techniques

Sample Worked Examples



Optimization Techniques Module 2

At the constrained optimum, Vf=AV¢

dients parallel

> 01
-1
—2 —_—
—— constraint ¢(x,y) =x2+y?—4=0
-3 T T T T T
-3 -2 -1 0 1 2 3

X

Figure 1: At the constrained optimum, the objective’s level curve is tangent to the constraint curve,
so Vf and V¢ are parallel.

2.1.2 Worked Examples

Example 2.1: A rectangular box, open at the top, is to have volume 32 cubic ft. Find the
dimensions of the box requiring the least material for its construction, using Lagrange’s method.

Solution. Let z,y, z ft be the edges (base = x y, height z). Since the box is open at the top (no
lid), the four sides and the base contribute to the surface, giving S = zy + 2yz + 2zz, subject to
the volume constraint ¢ = zyz — 32 = 0.

Form the Lagrangian:
F =2y +2yz + 2zx + AMzyz — 32)
Differentiate F' partially with respect to each variable and set each result to zero:

Fx:;(g;y+2yz+2zx+)\xyz)=y+22+)\y220 (1)
x

0
Fy:@(xy+2yz+2zx+Axyz):x—|—2z+/\xz:0 (2)

0
F, = a—(azy+2yz+2zx+/\xyz) =2y +2r+ Ay =0 (3)
2

To eliminate A, multiply equation (1) by z, equation (2) by y, and equation (3) by z (multiplying
each equation by the variable that is missing from its own A-term makes every A-term become
Axyz):

2y +2xz + Aryz =0 (1)

xy + 2yz + Azyz =0 (2)

2zy 4 2xz + Aaeyz = 0 (3"
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Optimization Techniques Module 2

feasible region is convex (an intersection of half-planes), the KKT point found above is the global
maximum. Substituting x; = 4.25, xo = 5.75 into Z:

Z* = 12(4.25) + 21(5.75) + 2(4.25)(5.75) — 2(4.25)? — 2(5.75)?

= 51 + 120.75 + 48.875 — 36.125 — 66.125 = 118.375
ot =4.25, 25 =575 \ =65, \y=0;  Z*=118.375

Example 2.17: Minimize f(z,22) = ZE% + ;r% subject to x1 + 29 > 4.

Solution. Here g(x) = x1 + x2 > 4. First check whether the constraint is even needed: the
unconstrained minimum of f = x? + 23 is at 21 = 22 = 0 (where Vf = 0), but this point gives
r1 + 9 = 0 < 4, which violates the constraint. So the constraint must be active at the true

constrained minimum, i.e. z1 + x2 = 4.

For a minimisation problem with a > constraint, the KKT stationarity condition is Vf = AVyg
with A > 0. Differentiate f and g:

of of 9y g
=L =9 2L = et | e
81‘1 Rl 6952 12 81‘1 ’ 8:6'2
So stationarity reads
21 = A(1) = A (1)
29 = A(1) = A (2)
A A . . . .
From (1), 1 = 5 from (2), o = 55 80 T = Ta. Substitute both into the active constraint
T+ x9 = 4:
A A
—+—-—=4 = A=4
2 + 2
Since A =4 > 0, dual feasibility is satisfied. Substituting back:
A4 4

Since f is convex (its Hessian is 21, positive definite, as both eigenvalues equal 2 > 0) and the
constraint g(xz) > 4 defines a convex feasible region (a half-plane), this KKT point is the global
minimum:

fr=aP a2 =224+22=444=38

ri=23=2  f*=8

Example 2.18: Maximize f(z1,22) = 2x) + 3x9 — 1;% — JL% subject to 1 + 29 < 4, 21,29 > 0.
Solution. Differentiate f = 21 + 3wy — 23 — 23:
0 0
O g on 9 g 0 g—ata <4
ox1 0z
0 0
The stationarity condition of — Alﬂ = 0 gives
81‘j 8.%']'

2—21‘1—)\1:0 (1)

3—2$2—)\1:0 (2)
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Optimization Techniques | Newton—Raphson Method Chapter continued

Newton-Raphson iterates converging to the minimum

12

— fix)=x*—4x*+5

w x=V2

10

X2

Figure 2: Newton-Raphson iterates for f(x) = 2% — 42% + 5 converge rapidly (quadratically) to the
minimum at z* = v/2.

2.3.2 Worked Examples

Example 2.20: Minimize f(x1,22) = 21 — 22 4 227 + 22129 + o3 starting from x; = <8>

Solution:

First write the gradient vector and Hessian matrix in general form, for f(z, z2):

Of [0z 0%f/0wy0z1 O f)0x3

Differentiate f(z1,72) = 21 — x2 + 222 + 27179 + 73 to get the gradient (treating the cross term
212 by the product rule: it contributes 2x9 to 9f/0x1 and 2z to 0f /0x2):

. 1+4x1 + 2x9
Vikx) = (_1+2x1+2x2> ... (2)
Differentiate again to get the Hessian (each entry H,; = 02 f/0x;0x;):
4 2 . . .
H(x) = <2 2> (constant, since f is quadratic) ..(3)

To invert this 2 x 2 matrix, first compute its determinant: |H| = (4)(2) — (2)(2) =8 —4 = 4. For

86
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Optimization Techniques Module 2

Fibonacci search: interval of uncertainty shrinks at each stage

Stage 1 - e [-2.000, 3.000]
Stage 2 - S [-0.077, 3.000]
Stage 3 I [-0.077, 1.846]
Stage 4 - s [-0.077, 1.077]
Stage 5 4 s [0.308, 1.077]
Stage 6 - [0.692, 1.077]
Z a1 o 1 3 3 4 3

Figure 3: The Fibonacci search interval of uncertainty shrinks at every stage, bracketing the mini-
mum ever more tightly.

2.4.2 Worked Examples

Example 2.24: Minimize f(z) = 22 — 1.6z + 2, x € [~2, 3] using Fibonacci search. Perform 6
iterations (n = 6).

Solution. Ly =b—a =3 — (—2) = 5. Fibonacci numbers used: Fy =1, F} =1, Fp =2, F3 =
3, Fy =5, F5 =8, Fg =13.

F,_
Stage 1 (m = 6, interval [—2, 3], L = 5): compute the two interior points using jower = a+ =y
Fr "
and ZTypper = a + L7
F, 5
Tiower = —2 + —(5) = =2+ —(5) = —2 + 1.9231 = —0.0769
Fs 13
F: 8
Tupper = —2 4 —(5) = =2 + —(5) = —2 + 3.0769 = 1.0769
Fs 13

Evaluate f at both points:
f(=0.0769) = (—0.0769)? — 1.6(—0.0769) + 2 = 0.0059 4 0.1230 + 2 = 2.1290
f(1.0769) = (1.0769)% — 1.6(1.0769) + 2 = 1.1597 — 1.7230 + 2 = 1.4367

Since f(Ziower) = 2.1290 > f(@upper) = 1.4367, the minimum lies in [Zjower, b]; discard [a, Ziower),
retaining [—0.0769, 3.0000].

Stage 2 (m = 5, interval [—0.0769,3.0000], L = 3.0769): the point = = 1.0769 was already
evaluated (f = 1.4367) and is retained as one of the two new points; compute the other:

Zlower = 1.0769 (retained)
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Optimization Techniques Module 2

minimizing a two- or higher-dimensional cost function.

e Process engineering: tuning two operating parameters (e.g. temperature and pressure
set-points) to minimize an operating-cost function evaluated by simulation, where deriva-
tives of the simulation are available but second derivatives are not.

Figure 4 shows the characteristic zig-zag path of steepest descent as it converges toward the mini-
mum of a quadratic function.

Steepest descent path with exact line search
for fix1, x2) = x3 + 2x3

-1.0 -0.5 0.0 0.5 1.0
X1

Figure 4: Steepest descent with exact line search on f(x1,29) = 22 + 222: successive gradient
directions are always perpendicular to each other (since each step exactly minimizes f along the
current search direction), producing a zig-zag path toward the minimum.

2.5.2 Worked Examples

Example 2.28: Minimize f(x1,22) = 2% + 223 by the steepest descent method with the optimal
(exact line-search) step length, starting from xo = (1,1). Perform 4 iterations.

(2) 2) (so that Vf(x) = Hx, matching Vf =
(2z1,4x2)"). For a quadratic with constant Hessian H, the exact-line-search step length is oy =
T
9k 9k
, where g, = V f(xx) = Hx.
gL Hgy,
Iteration 1: at xo = (1,1): go = Hxo = (2(1),4(1)) = (2,4).

Solution. Write f(x) = 3x’ Hx with H = <

g =22+4>=4+16=20

Hgo = (2(2),4(4)) = (4,16), gl Hgo = (2)(4) + (4)(16) = 8 + 64 = 72
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Chapter 3: Vector Calculus and its Applications

Sample Worked Examples



Vector Calculus Module 3

1 Gradient, Directional Derivative, and Normal Derivative

3.1.1 Introduction

If ¢(z,y, 2z) is a scalar point function, its gradient is the vector field

At any point, V¢ points in the direction in which ¢ increases most rapidly, and |V¢| is the
magnitude of that maximum rate of increase. The unit vector normal to the level surface
¢(x,y,2z) = c at a point is n = V¢/|V¢|, and the directional derivative of ¢ in the direction
of a unit vector n is V¢ - 1 — the rate of change of ¢ as we move in that particular direction.
Setting n = V¢ /|V¢| gives the normal derivative, the maximum possible directional derivative
at that point.

Where this is used in engineering

e Steepest-ascent problems: on a terrain, temperature field, or cost surface, Vo
gives the direction and rate of fastest increase — used in path planning, hill-climbing
optimisation, and contour-based navigation.

e Electrostatics: the electric field is the negative gradient of the potential, E=-VV
— used throughout circuit, antenna, and capacitor design.

e Heat flow: heat flows in the direction of —VT', from hot to cold — the basis of
Fourier’s law of conduction, ¢ = —kVT.

e Surface normals: V¢/|V¢| gives the outward unit normal to a surface ¢ = ¢ —
needed in computer graphics (shading), CFD (boundary conditions), and CAD/CAM
(surface machining).

Figure 1 shows the geometric picture: the gradient at a point is always perpendicular to the
level curve (or surface) through that point, and points toward higher values of ¢.

3.1.2 Worked Examples

Example 3.1: Find a unit vector normal to the surface x3°2> = 4 at the point
(—=1,-1,2).
Solution.

Write the surface as a level set of a scalar function: let ¢ = zy®2% — 4, so the surface is ¢ = 0,
and its normal direction at any point is V.

Differentiate ¢ with respect to each variable in turn, holding the others fixed:

0p _ 3 9 99, 99 d9 3
ax_yz, 6y—3a:yz, 62—2myz.

Substitute the point (—1,—1,2), where y3 = (=1)% = -1, 92 =1, 22 = 4:

Assemble the gradient vector at the point:

Vo = —4i — 127 + 4k.
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Vector Calculus Module 3

3.2.2 Worked Examples

Example 3.15: Find the divergence of F = (2z —y2)i+ (3z+22)j+ (4y — 22)k at (1,2,3).
Solution.

Identify the components: f; = 2z — 2, fo = 3z + 22, f3 = 4y — 22
ofi Of2 fs
x

Differentiate each component with respect to its own coordinate: =2, =0, =
Y z
—2z.

Add them: V- F=240—2z=2—22.
Substitute 2 =3: V- F =2 — 6 = —4.

V.-F=-4

Example 3.16: Find the curl of ' = (22 — y2)i+ (32 + 22)j + (4y — 22)k at (1,2,3).
Solution.

Identify fi =2z — 42, fo = 32+ 2, f3 =4y — 22, and set up the curl as the determinant

ox dy 0z

2 —y? 3z+a? 4y 22
Expand this determinant along the first row: for each cofactor, strike out the row and column
of that entry and take the 2 x 2 determinant of what remains.

i-cofactor (strike row 1, column 1):

0 0

i| oy 02 —i<§(4y—z2)—aa(3z+x2>)—2(4—3)—2.
3z+a? 4y — 22 Y z

j-cofactor (strike row 1, column 2; this cofactor carries a minus sign):

9 9 P }
5 B, 5 =i (gt - o)) = -i0-0) =0
2r —y? Ay — 22 z

k-cofactor (strike row 1, column 3):
9 9 9 o

k| Oz oy | =k <6(3Z + %) — a—(2w - y2)> =k(2z — (—2y)) = (2z + 2y)k.
20 —y? 3z + 22 x Yy

Adding the three cofactors: V x + 2z + Qy)lAf, valid at every point.

F=i
Substitute (1,2,3): 2z +2y =2(1) +2(2) =2+ 4 = 6.

V x F=i+6k

Example 3.17: If 7= zi+ yj + zk, show that (i) V-7=3 (ii) V x 7= 0.
Solution.
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Vector Calculus Module 3

3 Solenoidal and Irrotational Vector Fields

3.3.1 Introduction

A vector field F' is solenoidal (or incompressible) if V - F = 0 everywhere, and irrotational
(or conservative) if V x F' = 0 everywhere. These two properties are independent of one another
— a field may be one, both, or neither.

Where this is used in engineering

e Incompressible flow (solenoidal): liquids, and low-speed gas flows, are modelled
as solenoidal velocity fields; V - V = 0 is the mass-conservation constraint used in
pump, turbine, and pipeline design.

e Conservative force fields (irrotational): gravity, electrostatic force, and ideal
spring forces are irrotational; this guarantees the work done is path-independent,
simplifying analysis in structural and mechanical design.

e Magnetic vector potential: because V - B=0 always, B can be written as B =
V x A for some solenoidal vector potential A — the starting point of magnetostatic
field computation.

e Groundwater and seepage flow: Darcy flow through a saturated, incompress-
ible porous medium is modelled as solenoidal, underlying dam-seepage and aquifer
analysis.

3.3.2 Worked Examples

. 1 .
Example 3.29: If the velocity vector V = @ x 7, prove that @ = 3 curl V, where w0 is

the (constant) angular velocity vector.
Solution.

Write 7 = 22 + yj + 2k and 10 = w12 + wo) + w3/2: with wq, wo, w3 constant.

Expand the cross product using the determinant form:

V=4 x7=|w ws w3 = (wez—wsy)l+ (wsz—wiz)j+ (wiy — waz)k.
r oy oz

Identify components fi = woz — w3y, fo = wsxr — w1z, f3 = wiy — wox, and set up the curl
as a determinant:

curl V = 2 é g
ox oy 0z
WoZ — WY W3T — W1z WY — Wk
. ) 0/0y 0/0z _ g 9 _ _
i-cofactor: ‘ng —wiz wiy - wez| = By (w1y — wox) — 9 (w3x —w1z) = wy — (—w1) = 2w;.
0/0x 0/0z 0

Jj-cofactor (with its minus sign): —

= - <8x(w1y — wyx) — %(wﬂ - wgy)> =

Wo2 — W3y wW1Y — Wax
*(*'LUQ — wz) = 2w2.
0/0x 0/0y

Wo2 —W3Y W3Tx — Wiz

k-cofactor: = —(w3r —w12) — — (wez —w3y) = ws — (—ws3) = 2ws.

ox oy
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Vector Calculus Module 3

VA(£()) = £(r) + 2F(7)

3.4.3 Engineering Applications

Application 3.7 (Gravitation — Inverse-Square Field): The gravitational field of a

GM |

7
point mass )M at the origin is § = ——-7 = —GM —. Using the standard results of
r e

this section, show that ¢ is irrotational everywhere (except the origin), and that it
is solenoidal away from the origin.
Solution.

Write § = —GM r~3F, which is an instance of 7" with n = —3.

By Example 3.44, curl(r"#) = 0 for any n, so
curl g = —GM curl(r 37) =0 (r #0).

By Example 3.43, div(r"7) = (n + 3)7"; with n = —3 this becomes (=3 + 3)r=3 = 0.
Sodivg=—-GM -0=0 for r # 0.

Both properties confirm that gravitational (and, identically, electrostatic Coulomb) fields are
conservative and source-free everywhere except at the point mass itself, where the field is
singular.

Curlg':ﬁand divg=0forr#0

Application 3.8 (Steady Radial Heat Conduction): Steady-state temperature around
Q

wkr
for constants (),k. Using the identity of Example 3.48, confirm that T satisfies

Laplace’s equation V?7T = 0 away from the source, as required for a steady-state
(source-free) temperature field.

a small spherical heat source, far from any boundary, is modelled by T(r) =

Solution.
Write f(r) = %ril, so that T' = f(r).
Differentiate: f’'(r) = —QT’Q and differentiating again, f”(r) = &r’3.
Ak ’ 4drk

2
Substitute into the identity from Example 3.48, V2T = f"(r) + = f'(r):
T

viro 20,0, 2L ) 200 20
Atk r ’

Tark ) T ank 4k

The two terms are identical in magnitude and opposite in sign, so they cancel exactly, leaving
V2T = 0.

This confirms that, away from the source at » = 0, the temperature field is harmonic — exactly
the physical requirement for steady-state conduction with a single point source and no heat
generated or absorbed elsewhere.

V2T =0 for r # 0, confirming Laplace’s equation is satisfied away from the source
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Vector Calculus Module 3

7 Line Integrals and Work Done

3.7.1 Introduction

For a vector field F representing a force, the work done in moving a particle along a curve C
from A to B is the line integral fC F - di. When F' is conservative, with scalar potential ¢ (so

F= V), this integral collapses to a simple difference of potential values:

B -
/ Fdi = (B) — 6(A),

A

independent of the path taken from A to B — a direct consequence of the fundamental theorem
for line integrals.

Where this is used in engineering

e Mechanical work and energy methods: the work-energy theorem in structural
and machine design relies on exactly this shortcut to avoid evaluating a line integral
explicitly.

e Electrical engineering: the voltage (potential difference) between two points in a
conservative electric field is computed this way, without needing to know the exact
wire path.

e Robotics and trajectory planning: because the work done by a conservative
end-effector force is path-independent, energy budgets for a motion can be computed
from endpoints alone, simplifying planning.

3.7.2 Worked Examples

Example 3.56: Show that F = (22 —y? + )i — (2xy +y)j is irrotational; find its scalar

(2,1)
potential, hence evaluate / F - dr.
(172)
Solution.
7] 0
As in Example 3.54, with fi = 22 —y? 4+ 2, fo = —2zy — y a—fQ = —2y and % = —2y, so
x Y

V x F =0 and F is irrotational.

3 2
Integrate ¢, = z? — y* + = with respect to z: ¢ = % —zy® + % + /().

Differentiate with respect to y: ¢, = —2xy + f'(y), which must equal —(2zy +y) = —2xy — v,
2
. . y
so f'(y) = —y, giving f(y) = -3 +C.

3 2 2

x x y
Collect: ¢ = — a2+ _ ¥ 4 0.
ollect: ¢ 3 xy+2 2+
8 4 1 8 1 8 1 16 3 13
Evaluate at (2.1): @ —2(1)4 - — == 242~ =°__-_2_2_2°
valuate at (2,1): 5 =2(1)+ 5 -5 =3-24+2-g=g-g="—r=7
1 1 4 1 1 1 11 2 33 31
Evaluate at (1,2): = —1(4) 4 = — === —d4 = —2=>_———2_22_ 2
valuate at (1,2): 3 = 1(4)+ 5 -5 =3 —4+3 3276 6 6

Apply the fundamental theorem for line integrals:

(2,1)
[ Far=ey sy =3 - (-F) =T =T
(

172)
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Chapter 4: Multiple Integrals and its Applications

Sample Worked Examples



4.2 Evaluation of Double Integrals

Consider the double integral of the form
2 Y2
/ [, y)dxdy.
r=x1 JY=Y1

Case I. When y;,y, are functions of z and z,xy are constants, integrate first w.r.t. y
(holding x fixed) between yi, yo, then w.r.t. = between xq, xs:

T2 Y2
I = / / f(z,y)dydx.
1 Y1

Here the integration is carried out from the inner rectangle to the outer.

Case II. When 1, 25 are functions of y and y;, y, are constants, integrate first w.r.t. x, then

w.r.t. y: R
I :/ / fx,y) da dy.
v Ja

Case III. When all four limits are constants (x; = a,29 = b,y; = ¢,y2 = d), the order of
integration is immaterial:

/ab/cdf(w,y)dydx—/cd/abf(x,y)dxdy.

4.3 Worked Examples — Double Integrals

1 /6
Example 4.1: Evaluate / / xy dx dy.
o Jo

Solution:
Integrating first w.r.t. = (keeping y constant),

6

1 6 1,2
I :/ / xy dx dy :/ y {—1 dy (1)
y=0 Jx=0 0 2 0

1 36 1
:/ y-—dy:/ 18y dy (2)
0 2 0

271

Y 1

=18 (<X | =18-=. (3

8{210 82 ()
I1=9

3 2
Example 4.2: Evaluate / / zy(l+ x + y) dx dy.
0o J1
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Now integrating this w.r.t. x from 0 to 2:

I = /02(3:53 +9z) dr = 3 [%Tz +9 [‘%QK =3(4)+9(2) =12+18.  ..(3)

I =30

IRV
Example 4.4: Evaluate / / xy dy dx.
0 T

Solution:

For 0 < x <1 we have z < /z, so the region R lies between the line y = x and the curve

y =+

Integrating first w.r.t. y (keeping = constant):

Nz 27V 2 2 3
Y r T x
/ xydy:x[?} :x(i_?) T 9 o (1)

x

Now integrate (1) w.r.t. z from 0 to 1:

1 2 3 371 471
:/ (x__x_)dle[x_] _EH L P s
o \2 2 213], 214, 2 3 6 8
1
[=—
24

L opy/1-y%
Example 4.5: Evaluate / / x3y dx dy.
o Jo

Solution:

The region of integration is the quarter of the unit disc 22 +1? < 1 lying in the first quadrant.
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Integrating (1) w.r.t. = from 0 to 2a:

2a g5 1 [2%1*  (20)°  64a
1:/ S S il R G e
o 32a? 32a2 | 6|, 19242  192a2

=%
3

Example 4.7: Evaluate / / xy dzx dy over the region R in the first quadrant with
R

r+y < 1.

Solution:

R is the triangle with vertices (0,0), (1,0), (0,1).

Y

T

(1,0)

For fixed z € [0, 1], y runs from 0 to 1 — z. Integrating first w.r.t. y:

/le rydy =z {%2] ;_I _ ""C(lT_"”)z (1)

x— 2% + 23

Expanding (1 —)* =1— 2z + 2%, (1) becomes — Integrating w.r.t. z from 0 to
1:
I 1/1 2 1 1 6-8+3 1 1
== oy dr =~ (=S4 ) == 22222~ (9
2/0(:'j ) do 2(2 3+4) 2 T 12 212 2)
1
[=_—
24

Example 4.8: Evaluate / / xy dx dy over the positive quadrant of the circle 2% +y? =
2
a~.

Solution:
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4.4 Worked Problems — Change of Order of Integration

e

Example 4.11: By changing the order of integration, evaluate / / dy dx.
0 T

-y
Yy
Solution:

In the given integral, for fixed x, y ranges from x to oo, while x ranges from 0 to co. Hence
the region is {(z,y) : 0 < x < 00, = < y < oo}, the region above the line y = z in the first
quadrant.

T

Changing the order of integration (y from 0 to oo; for fixed y, x ranges from 0 to y):

0o Y e 0 oY y 0 oY
I = —dxdy = —[x}ody: — -y dy. (1)
y=0 Jx=0 Yy 0 Y 0 Y

szomeydy: [—e*yr:o—(—m. (2)

0
I=1
1 2—x
Example 4.12: Change the order of integration in / / xydydr and hence
0 Ja2
evaluate it.
Solution:
The curves y = 22 and y = 2 — x meet where 22+ —2 = 0, i.e. at z = 1,y = 1 (and
r = —2, outside [0,1]). Atz =0: y=2*=0andy=2—1z=2.

Y

B(0,2)

157



Integrating first w.r.t. y (which simply contributes a factor b, since 2* does not depend on
y):

b
/ v?dy = 2? [y]g = ba?. (1)
0

Integrating (1) w.r.t. z from 0 to a:

a (L’S a
Iy:b/ xde:b{—l : -(2)
0 3 1o

4.6 Evaluation of Triple Integrals
Consider a triple integral of the form

///: /:2 /ijf('rvwa)dxdde'

If xq, x5 are constants, y;,ys are constants or functions of z, and z;, 29 are constants or
functions of x, y, the integral is evaluated from the innermost bracket outward: first integrate
w.r.t. z (holding x,y fixed), then w.r.t. y (holding z fixed), and finally w.r.t. x:

z2  pry2(2) z2(z,y)
1= x,y,2z)dz| dydz.
/xl /yl(ﬂﬁ) [/Zl(ﬂ%y) f( y ) ] ’
4.7 Worked Examples — Triple Integrals

1 T r+z
Example 4.15: Evaluate / / / (x +y+ 2)dydzdx.
J0 0 Jz—=z

Solution:

Integrating first w.r.t. y, holding x, z fixed:

z+z 272tz 2 2
TrTz + - -
/ (w+y+2)dy = (2+2)[y] "+ [%} = (24 2)(20) + B > =27
Since (z + 2)? — (z — 2)? = 4xz, (1) simplifies to
27z + 227 + 2x2 = dwz + 227 (2
Now integrate (2) w.r.t. z from 0 to z:
v 27 377 2 8
/0 (422 + 22°) dz = 4a [%] ) +2 [%] ) =2z 2%+ §x3 = §x3. .(3)
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Chapter 5: Vector Integral Calculus

Sample Worked Examples



A

If F represents a force, fc F - dr is the work done moving a particle along C; if F = V¢ is
conservative, this work depends only on the endpoints, and fCF -dr = 0 for every closed
curve C'. If F is a fluid velocity field, fo F - dr is the circulation of F around C.

5.3 Problems on Line Integrals

Example 5.1: Evaluate / F -dr for F = yi+ xj, where C' is the straight segment
from (0,0) to (1,2). w
Solution:
Parametrise C' by r(t) = (¢,2t), 0 <t <1, so
dr = (1,2) dt, F=(yz)=(2t,t). ..()

Then
F-dr = (2t)(1)dt + (t)(2) dt = 4t dt. -(2)

Integrating (2) from t =0 to ¢t = 1:

1 211
[ / st dt — 4 H —o ()
0 210
(Check: F = V(zy) is conservative, so I = [zy] Eég; =1-2—0 =2, confirming the result.)

=2

Example 5.2: Evaluate / F - dr for F = 2%i + 2y j, where C is the arc y = 22 from
(0,0) to (1,1). ¢

Solution:

Parametrise by x = ¢, y =t2,t: 0 — 1, so

dr=(1,2t)dt, F=(2®ay)= @ t-1*)= @43,  ..(1)
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Solution:

Here z =1 —x —y, so 0z/0x = —1, 0z/0y = —1, giving

dS =1+ (=12 + (—1)2dA=3d4A,  ..(1)

with R the triangle z +y < 1, z,y > 0 in the zy-plane. Using (1) and substituting z =
1l—z—y,

//Szdsz\/5//R<1—x—y)d14:\/5/;0/;;(1—95—@@(1@ (2)

Integrating w.r.t. y first, with u =1 — a:

U 27U 2 2
Yy 2 _ U u
N dy =y~ L —2 3
/O(U y)dy [uy 2]0 U= (3)
Integrating (3) w.r.t.  from 0 to 1 (so u = 1 — z runs from 1 to 0):
L1 - ) I -2 11 1
/( SO € e o R
o 2 2 3 |, 23 6

Combining (2) and (4),

Example 5.4: Find the flux of F = zi+ yj + zk through the part of the plane
x+y+ z=1 in the first octant.

Solution:
The plane g = z + y + z = 1 has gradient Vg = (1,1, 1), so the unit normal is

(1,1,1)

)

n=
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5.11 Problems on Green’s Theorem

Example 5.5: Verify Green’s theorem for F = (2 + y?)i — 22y j over the rectangle
0<z<a, 0<y<h

Yy
D(0,b) B(a,b)
x
O A(a,0)
Solution:
Here ¢ = 22 + 12, 1 = —2xy, so
o ¢ o 09
o _ o0 _ A YR G |

Double integral (RHS). Using (1),

//R(—4y) dx dy = /0 /0b<—4y) dy dx = /0 [— 2y2} Zda: = /Oa(—2b2)dx = —2ab®.  ..(2)

Line integral (LHS). Traverse O(0,0) — A(a,0) — B(a,b) — D(0,b) —

Along OA (y=0,dy =0, z:0 — a): (z* +y° dx—/:cdx—%
0

\

OA

b
Along AB (x =a,dx =0,y :0— b): —2zy) dy = / (—2ay) dy = —ab®.
0

\

AB
3

0
Along BD (y =b,dy =0, x : a — 0): (z® + b*) dm—/ (x2+b2)dx:—<%+a62).

\

BD
Along DO (x =0,dx =0,y :b— 0): / —2-0-y)dy = 0.
DO
Adding all four,
ad ad
?{F dr = — —ab® — — —ab* +0 = —2ab>.  ..(3)
c 3 3

Since (2) and (3) agree, Green’s theorem is verified.

%F-dr = —2ab?
c
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Solution:

By Green’s theorem, for ¢, continuously differentiable in R,

fcwdachxw://}% (%’—%‘5) drdy. (1)

Choose Y .
Then o 1 96 o 06 1 1
@ o - Y _ .
ox 2’ oy 2’ oxr Oy 2 + 2 )
Substituting (2) and (3) into (1),

740 ydx+ dy // ldzdy = Area(R).  ..(4)

1
Area = —f(mdy—ydm)
2 Jc

That is,

Example 5.10: Find the area of an ellipse of semi-axes a, b using Green’s theorem.

Y

Solution:

Parametrise the ellipse by £ = acosf, y = bsinf, 0 < 0 < 27, so

dx = —asinfdb, dy = bcosf db. (1)
Using the area formula of Example 5.9 and (1),
xdy—ydz = acos0-bcosd df—bsin 0-(—asin ) df = ab (cos” 6 + sin® §) df = ab db. -(2)

Therefore, integrating (2) around the full ellipse,
1 [ 1

Area = —/ abdf = — - ab - 2. (3)
2, 2

(When a = b = r this reduces to the familiar area of a circle, 7r?.)
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(Direct line integration along OA, AB, BO gives 1, 0, and —1 + 7 + % respectively, which
sum to the same total, confirming the result.)

%F-dr:2+z%1.422
C

4

=

Example 5.12: Use Stokes’ theorem to evaluate §.F -dr for F = (z 4 y)i + (22 —
2)j + (y + 2)k, C the triangle A(2,0,0), B(0,3,0), D(0,0,6).

z
D(0,0,6)
Y
B(0,3,0)
x
A(2,0,0)
Solution:
First compute the curl:
i j k
VxF=\|0/0x 0/oy 9/0z|=i(14+1)—j0—-0)+k(2—-1)=2i+k. (1)
r4+y 20—z y+=z
The plane through A, B, D has intercept form g + % + g =1,ie g=3x+2y+z =06, with
. (3,2,1)
Vg =(3,2,1), Vgl =V14, #a= (2
g=(:21), |V )
. dx d : o : i,
Using dS = W where R is the projection of the triangle on the xy-plane, and combining
n .
with (1) and (2), the surface integral becomes

7{1? dr—//VXF AdS = / (VX F)-VgdA = //201 (3,2,1)dA.  ..(3)
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