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Preface

Linearity is a concept that appears everywhere in our daily lives.
Consider this simple example: when you order 3 falafels and 2 salads
at a restaurant, you expect to pay the total as a sum of individual
prices:

total = price( 3 falafels+2 salads) = 3 * price(falafel) + 2 * price(salad)

This equation shows that the total price is a linear function of the
quantities of falafels and salads. More formally, a linear function f is
a mapping from one set X (where you can add objects and multiply
them by scalars *) to another set Y preserving addition and scalar
multiplication:

f(x+vy) = f(x)+ f(y)"Addition is preserved"
flax) = af (x)"Multiplication by a scalar is preserved"

Of course not all functions are linear. High school students some-
times think that the function f(x) = x? is linear, only to realize that it
is not:

flx+y)=@x+y)P =x+2xy+y* # x> +y> = f(x) + f(y)

Linear algebra is in essence the study of linear functions?.
The importance of linear maps lies in a fundamental principle:

General principle

"At small scales everything is linear"

In other words, when you observe closely with a microscope
the graph of a function 3 y = f(x) near a point with coordinates
(a, f(a)), you will see that it looks like a line. A small change in x
results in a proportional change in y. This approximation explains
the widespread applicability of linear functions and highlights why

* A scalar is just a number, like —3.12.

2 We use also the expressions linear maps
or linear transformations

3 The function must be regular enough:
the technical word is differentiable.
But most physical phenomena are
represented by differentiable functions



Figure 1: At the microscopic level, everything looks linear!

studying linear algebra is crucial—it serves as a first-order approxima-

tion to calculus 4. 4 Calculus is the general study of
To define linear maps, we first need to understand vector spaces, functions

where addition and scalar multiplication are defined. The first part of

this book will introduce these vector spaces and their properties.

Who should read this book This book is designed for data scientists,
students, and professionals seeking to deepen their understanding of
linear algebra. Whether you are a beginner or looking to refresh your
knowledge, this book will provide the essentials you need to apply
linear algebra effectively in your work.
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Vector spaces






Vectors
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Systems of linear equations

Traditional vectors

WHEN WE FIRST ENCOUNTER VECTORS they are introduced as little
arrows anchored at the origin in the plane or in space. In physics
they are used to represent forces acting on points: the arrow points
towards a particular direction (as if the force was pulling into that
direction) and the size of the arrow indicates a magnitude (the
"strength” of the pull).

Notation Usually we write vectors with a little arrow above them,
like this : ¥ (read as "the vector v" ), or sometimes simply in boldface
V.

Addition of vectors Given a pair of vectors, one can create a third one:
the sum of them.

oy
I
Sy
+
SH
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From high school, you might remember that the sum ¢ of these
two vectors is obtained by drawing a parallelogram based on @ and b
and defining the sum as the diagonal leaving the origin. The reason
for that choice comes from physics: if 7 and b are two forces applied
to the origin, they act together as a single resultant force which is
exactly C.

Alternatively, you might pick b, drag it on the plane (while keep-
ing it pointing into the same direction at all times) until its anchor
coincides with the tip of 4. The sum is then the vector from the origin
to the tip of the dragged vector.

Multiplication by a scalar > A vector can be rescaled by multiplying
it by a number. Given a vector ¢ and a scalar «, we can create a new
vector written a¥ as follows:

* Case 1: if &« >= 0 then a7 is a vector pointing in the same direction
as ¥ but whose length is a times the length of v.

* Case 2: if & < 0 then a7 is a vector pointing in the opposite direc-
tion of ¢ but whose length is |«| times the length of v. The notation
|| means "the absolute value © of "

Quite often in this book, I will illustrate new notions with code
blocks. You will recognize them easily, as they will all look like this:

Absolute value  The absolute value function is given in python by:

# Function to calculate the absolute value
def absolute_value(num):
# Return the absolute value of the input
if num >=0:
return num
else:
return -num
# Example usage
result = absolute_value(-5)
print("The absolute value is:", result)

Properties of the addition It turns out that this simple parallelogram
rule of addition has some nice properties. We list them because they
will appear again and again in other situations.

1. Zero vector: the zero vector 0 is an arrow of zero length (leaving
the origin and pointing to the origin itself). Adding it to another
vector ¥ leaves ¢ unchanged 7:

S
oy
Il
S
+
S

[y

5a scalar is simply a number, like 3.1
if you want. Mathematicians like to
use greek letters for them, like « (read
"alpha") for example

¢ The absolute value of a number
is just the number without its sign:
| - 3.14| = 3.14 and [3.14] = 3.14

7Do you see why? try to add to @

a very tiny vector b and see what
happens to the parallelogram
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0+0=04+0=7

b
— - =7
7 c=d+b

2. Commutativity We say that the addition is commutative when the

sum does not depend on the order of the vectors 8: 8 Why is that? observe that the parallel-
ogram rule does not mention anything

about the order of the vectors...

T+0=w+7

3. Associativity When we add more than two vectors, we can group
them as we wish to make intermediate sums:

il + (3 +®) = (il +7) + @

b a+5 b

a a
Figure 2: (@ +b) +¢ Figure 3: @ + (b +7)

Why do we care about associativity? Without associativity, we could
simply not make sense of the sum @ + b + ¢. Indeed, how can you tell

if it means (@ 4 b) + ¢ or (@ + b) + &2 9 If we want to add say, twenty 9 For a sum with 1 terms, the number

Cy, of possible ways to compute the sum

qn

vectors, you can easily imagine the nightmare it would be...
grows very fast: C,, ~ Pl

Vectors in space  One an also define vectors in 3D space (again think-
ing in terms of arrows anchored at the origin). They can be rescaled
(that is, "multiplied by a scalar") and there is also an addition for
them:

Coordinate description of vectors Vectors in the plane can be described
by their coordinates: from the tip of 7 draw a vertical line until it hits
the x axis, record the position of the intersection as a, then do the

same along the horizontal. The pair of coordinates *° (a,b) describes 1 Usually called cartesian coordinates,
from the name of their inventor René

completely the vector 7.
Descartes.
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SRl
QY
+
<

X
Figure 4: Vector addition in 3D space

Using coordinates, the multiplication by a scalar takes a simple
form: simply multiply each coordinate by the same scalar

a(a,b) = (aa,ab)

Yy
A
And the addition is also simple: add the first coordinates together
then add the second coordinates together
a
= b=
(a,b) + (c,d) = (a+b,c+d) ‘
|
N |
Most of the time we prefer to write such vectors in column form: y b
. |a .
i=1, s
Transpose of a vector For typographical reasons, we sometimes prefer Figure 5: Illustration of a vector 7 with
to write a vector horizontally: coordinates (a, b).

@=[a b]

To go from one to the other, we use the transpose operator T, that
reverses the orientation:




The collection of all such column vectors with two entries is writ-
ten R2. The symbol R denotes the set of all real numbers (think
"float" numbers, like 3.14 or —12.75). We could write R! as well, but
that exponent 1 is not used. **

If you want column vectors with three entries, you get R3. You can
go higher and define R® if you wish.

How would you define addition in R®> and multiplication by a
scalar? You would simply copy paste the definitions used for R?:

a f a+f
b g b+g
c| + |h| = |c+h| Addition of two vectors
d i d+i
e j e+j
a xa
b ab
«|c| = |ac| Multiplication by a scalar
d wd
e we

The purpose of that chapter was simply to build upon earlier
knowledge that you have, showing that these little arrows do behave
nicely, following some patterns that will be generalized in the next
chapter. This is perhaps what mathematicians do best: find patterns
in the real world, extract those and generalize.

Exercise 1: Vector Addition

Problem: Given vectors a = [Z] and b = E] , find the vector

c=a+b.

VECTORS

* We use the notation IN for the
non-negative integers 0,1,2,.. .,
the notation Z for the integers
...,—2,-1,0,1,2,3,.... The set of
fractions is denoted by Q.

13
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Exercise 2: Scalar Multiplication

Problem: Multiply the vector a = ﬁ] by the scalar « = 3.

o

Exercise 3: Linear Combination

1 2
Problem: For vectors a = 5 and b = 3|’ and scalars o« = 2

and § = 3, compute the linear combination ¢ = xa + Sb.




Vector spaces

Abstract vectors

MATHEMATICIANS LIKE TO ABSTRACT THINGS whenever they get

the chance. So they defined a vector space as a collection of objects that

can be added together, and multiplied by a scalar. We have already

seen some examples of vector spaces™: R (we can add two numbers, 2Some of them can be visualized, but

and certainly multiply a scalar), R?, R?, R, ... R cannot for example
When you think about it, the addition + is a function f (that you

could call "sum") that takes a pair of vectors (i, 7) and returns a new

vector called their sum. In other words

(il, %) — f(il,) = il + 7

The notation i + ¥ is more common than f(if, ¥) in that context
3. The set of all pairs (if, 7) of elements in V is denoted by V x V. 13 Some programming languages, like
Haskell, allow a prefix notation for the
addition: a + b can also be written as

(+)ab

Mathematicians use the notation:

f:VxV-=V

to say that f is a function from the set of pairs of elements of V to V.
Using this notation, the scalar multiplication is a function

g:RxV =V

since it takes a pair (number, vector) and returns a vector.
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Definition of a vector space

A set V is called a vector space over R if it has a binary opera-
tion V x V. — V, usually denoted as addition (if,7) — i + T,
and another binary operation R x V' — V, usually denoted as
multiplication («, ) — wif, satisfying the following properties:
Addition properties

1. Commutativity: For all 7, € V,

T+w=w+7

2. Associativity: For all i, 7, € V,
(+0)+w =i+ (T+ D)

3. Zero vector: There exists an element 0 € V such that

L

74+0=7

forallv e V.

4. Additive Inverse: For every 7 € V, there exists @ € V such
that
+m=0

Scalar Multiplication properties

1. Distributivity of scalar multiplication with respect to
vector addition : Foralle € Rand ¢, w € V,

a(T+ D) = a¥ + a

2. Distributivity of scalar multiplication with respect to field
addition: Foralla,f e Rand 7 € V,

(a4 B)T = a¥ + BT

3. Associativity of scalar multiplication: Forall«,§ € R and
vevV,

a(p7) = («p)v
4. Identity element of scalar multiplication : one has
15 =7

forall e V.




It’s quite a long list, but I assure you that all these properties are
very natural, once you remember that they originate from the prop-
erties of the good old vectors that you already know. Here are some
examples:

¢ Distributivity of scalar multiplication with respect to vector
addition : think about the geometry, if you rescale the two vectors,
the parallelogram built on them is automatically rescaled as well!

* Associativity of scalar multiplication: If I amplify a vector by a
factor of 2 and then by a factor of 3, the net result is an amplifica-
tion by a factor of 6.

About the scalars

In this book, most of the vector spaces we will encounter will
be over R, meaning that the scalars are real numbers (think
floats). But we will also encounter vector spaces over C, the com-
plex numbers. Of course, mathematicians love to generalize, so
they defined vector spaces over a general field. What is a field
then? Well, it’s just a set that has an addition, a multiplication,
where every non-zero element has a multiplicative inverse.

Examples of vector spaces

The zero space

I will use this one as a warm up: we consider the set that contains
only one element {0} with the properties that 0 4 0 = 0 and that for
every scalar & one has a0 = 0.

An exotic space

I want to give an example **showing how abstract the notion of vec-
tor space can be, and how far the addition can be from standard addi-
tion. Call V the set of all positive real numbers. Define the addition on
V to be the standard product (!) of two positive numbers. Define the
scalar multiplication to be the exponentiation: in other words *5,

ax = x%
It is a good exercise to convince yourself that this space V is indeed a
vector space! On the way to do it, you will see many familiar formu-
las appearing, such as x™** = x?.x? for example ... The solution of
that exercise is given at the end of the chapter.

VECTOR SPACES 17

* There is a keyword explaining what
is happening in this example: the
logarithm function transforms this exotic
addition into the usual addition.

5] will use the notation A := B to mean
"A is equal to B by definition.
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Spaces of functions

Let S be an arbitrary set. Then the set of all functions f from S to R

forms a vector space °.

A short intermede: set notation

Instead of saying with words
xisin A

we can use the notation
x € A.

Instead of saying: the set of all x in A that are non negative, we

can write:
{xe A| x>0}

This idiom is the inspiration for the list comprehension notion in
Python:
[x for x in A if x >= 0]

e Vector Addition

For any two functions f, g from S to R, their sum f + g is defined
by
(f+8)(s)=f(s)+g(s) forallseS.

This operation is commutative, associative, and has an identity
element, which is the zero function 0 defined by 0(s) = 0 for all
ses.

® Scalar Multiplication

For any scalar « € R and any function f from S to RR, the scalar
multiplication a f is defined by

(af)(s) =w-f(s) forallseS.
This operation is distributive over both vector addition and addi-
tion in R.
Polynomial functions
Polynomials of degree n or less form a vector space. Given:
p(x) = apx +a,_1 X" 1 .. +ag
G(x) = byx" +b,_1x" 1+ 4 by
Then:

p(x)+4g(x) = (ay + bp)x" + (a1 + bn,l)x”’1 + ...+ (ag + bo)

6 Saying that a function is "from a set
A to a set B actually means that the
function takes an element x in A and
returns an element f(x) in B
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In other words, you add everything and then group together terms of
equal degrees '7. The scalar multiplication works as follows: 7 For example:

(Bx2+6x+1) + (x*+2x—3) =4x> +8x -2
c-p(x) = canx +cay_1x" 1+ ... +cag

Clearly the result is also a polynomial of degree less than # or equal
to n.

Audio signal

An audio signal is a representation of sound, typically as an electrical
voltage. In digital audio, this signal is encoded as a series of discrete
numerical samples taken at a constant rate.

Nature of Sound Waves Sound is a mechanical wave of pressure and
displacement through a medium such as air. The behavior of sound
can be described by changes in pressure over time. When we digitize
sound, we actually convert these changes in pressure into electrical
signals (analog), and then into digital data that can be processed by
computers.

string
/

T oy
\ . _::% ;
g !
,‘j rRESSURE !
3 > )
I sSound wave ll
' |
N 4

’l\ ANIVA AN
/\/\/\J

m Position

Figure 6: Sound as pressure changes

Sampling The process of converting an analog audio signal into a
digital form involves sampling *the continuous signal at discrete 8 Sampling means that you take a

intervals. The standard sample rate for CD-quality audio is 44.1 kHz, measurement at regular time intervals
’ .. . of the signal of interest and save the
which means the audio is sampled 44,100 times per second. Each array of results.

sample represents the audio wave’s amplitude at that moment.
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Quantization Each sampled value is quantized into a numerical
value. For CD-quality audio, this is typically done at 16-bit depth,
which gives 216 = 65536 possible values for the amplitude. These
values can range from -32,768 to 32,767, where zero represents no
sound pressure difference.

The discretized signal is entirely described by a sequence of sam-
ples (ag,a1,ay,...,ay): they are the values of the signal at the consec-
utive timestamps tg, 1, to, ..., tn. In other words, if the signal is given
by the function s(t) (¢ being the time):

ag = S(to),al = S(tl),. .., AN = S(tN)

If they are N such timestamps, the discretized signal is an element
of the vector space RN that we already encountered.

Superposition of Audio Signals Superposition in audio signals refers
to the additive property where two or more sound waves pass
through the same medium at the same time, causing the sound pres-
sures to be added. For instance, if two audio signals (or waves) f ()
and g(t) are played together, their superposition results in a new
audio signal h(t):

h(t) = f(£) +8(t)

Here h(t) is the combined sound that you hear. In the vector space of
(discretized) audio signals, the addition corresponds to the superpo-
sition of sounds. The scalar multiplication in this context is called a
gain factor (when larger than 1, otherwise it is an attenuation).

Not every space is a vector space

The set R of all positive numbers is closed under addition *9. How- 9 To be closed under addition means

ever it is not closed under scalar multiplication (multiply a vector by that by adding two elements of the
particular set in consideration you get

—1 for example will not produce a positive number). a result that also belongs to that set.
Indeed, here x > 0,y > 0 implies that
x+y>0.
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Dual of a vector space

Given a vector space V. The set V* of all functions f from V to R
such that f(x +vy) = f(x) + f(y) and f(ax) = af(x) forall x,y in V
and any « in R is a vector space, called the dual space of V.

Product of vector spaces

Let V and W be vector spaces. The product of V and W, denoted
V x W, is defined as the set of all ordered pairs (v, w) where v € V
and w € W. The set V x W itself becomes a vector space with the
following operations:

The addition in V x W is defined componentwise:

(v,w) + (v, @) = (v+7,w+w)

for all (v,w), (v/,w') € V x W.
The scalar multiplication in V x W is also defined componentwise:

a(v,w) = (av, aw)

foralla € Rand (v,w) € V x W.

The operations of addition and scalar multiplication in V x W
satisfy all the axioms of a vector space, making V x W a vector space.
For example the space R? we already encountered is simply the

product R x R (hence the notation R?).

Vector spaces in pure Python

If we want to implement the notion of vector space in python, we
need to go back to the root of "what is a vector space”. As we saw, it’s
a set where an addition is defined (things like a + b make sense), and
a scalar multiplication exists (ie typing 3x makes sense).

You might think: lists in python look like vectors in R", so we
could try an addition like : [1,2,3] 4 [0, 5, 6]. Unfortunately it results
in [1,2,3,0,5, 6], not what we want... In python, when you write a
sum objl + obj2 of two objects 0bj1,0bj2, this actually means under
the hood obj1l.__add__(obj2), meaning that a special method with
double underscore __add__ needs to be defined for the class of which
objl is an instance. The same thing happens if you want to be able to
write expressions like 3 * 0bj1 (to represent scalar multiplication).

So in order to design a vector space, we can imagine a base class
VectorSpace of which particular spaces (like IR") would be subclasses.
However, we want every such subclass to necessarily implement

21
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three methods: one addition, one scalar multiplication and one zero
vector. In python, there is a mechanism to do that, using abstract base

classes and abstract methods *° By decorating a method with
@abstractmethod we ensure that any
subclass of VectorSpace must imple-
ment that method.

from abc import ABC, abstractmethod

class VectorSpace(ABC):
@abstractmethod
def add(self, other):

Add two vectors in the vector space.

pass

@abstractmethod
def scalar_multiply(self, scalar):

Multiply this vector by a scalar.

pass

@abstractmethod
def zero_vector(self):

Return the zero vector of this vector space.

pass

def __add__(self, other):
return self.add(other)

def __mul__(self, scalar):
return self.scalar_multiply(scalar)

def __rmul__(self, scalar):
return self.scalar_multiply(scalar)

The "dunder methods" 2! __add__ and __mul__ allow us to use the 21 "dunder” stands for double underscore.

familiar symbols + and * to represent the operations 2. 2 The technical name is "operator
overloading”, meaning that you give

. . . artificially one more meaning to the +
linear algebra in Python is best done through the use of the Numpy operator: now you can use it with your

library, that we will see later. custom made VectorSpace class

For concrete applications, the code I am giving here is not useful:
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# Example implementation for R™n using lists
class Rn(VectorSpace):
def __init__(self, elements):
if not isinstance(elements, list):
raise TypeError("Elements must be a list")
self.elements = elements

def add(self, other):
if len(self.elements) != len(other.elements):
raise ValueError("Both vectors must have
the same dimension")
return Rn([self.elements[i] + other.elements[i]
for i in range(len(self.elements))])

def scalar_multiply(self, scalar):
try:
multiplier = float(scalar)
except TypeError:
return NotImplemented
return Rn([scalar * x for x in self.elements])

def zero_vector(self):
return Rn([0] = len(self.elements))

def __repr__(self):
return f"Rn({self.elements})"

# Example usage

vl = Rn([1, 2, 3])

v2 = Rn([4, 5, 6])

v3 = vl + v2

print(v3) # Output: Rn([5, 7, 9])

v4 = 3 * vl
print(v4) # Output: Rn([3, 6, 9])

Exercise 1

Problem: Call V the set of all positive real numbers. Define
the addition on V to be the standard product of two positive
numbers. Define the scalar multiplication to be the exponenti-
ation: in other words

ax = x"

Show that this space V is indeed a vector space.

Solution: Let us write the addition with a special symbol to
avoid confusion: x @ y means x.y. This addition is commuta-
tive and associative (because the product of two real numbers
is). The 0 vector is the number 1:

x@l=10x=1x=x
The distributivity of the "scalar multiplication” comes from:
w(x+y)=(x+y)* =x"x" = (ax) & (ay)
Finally we have

0.(Bx) = (xB)* = *F = (wp)x
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Exercise 2: Dual space

Problem: Verify that the dual space V* of a vector space V is a
vector space.

Solution: Axiom 1: Closure under Addition If f,g € V*, then
f + g defined by (f +¢)(v) = f(v) + g(v) must also be a linear
functional (i.e., in V*). Since f and g are linear,

(f +g)(av +bw) = f(av + bw) + g(av + bw)

= af(v) +bf (w) + ag(v) + bg(w)
= a(f(v) +8(v)) + b(f(w) + g(w))
= a(f +8)(v) +b(f +g)(w)

forany v,w € Vand a,b € F. Hence, f + g is linear and V* is
closed under addition.

Axiom 2: Closure under Scalar Multiplication If f € V* and
a« € R, then af defined by (af)(v) = « - f(v) must also be a
linear functional. Since f is linear,

(af)(av+bw) = a - f(av + bw)
=a-(af (v) +bf(w))
— a(wf(v)) + blaf(w))
= a(af)(v) + blaf)(w)

foranyv,w € Vandab € R. Thus, af islinear and V* is

(
)

closed under scalar multiplication.
Axiom 3: Additive Identity The zero functional 0 defined by
0(v) =0forall v € V is in V* since it is linear:

0(av+bw) =0=0+0=0(v) +0(w)

Thus, there exists an additive identity in V*.

Axiom 4: Additive Inverse For each f € V*, the functional — f
defined by (—f)(v) = —f(v)isin V* and serves as the addi-
tive inverse of f because:

(f + (=) @) = f(v) + (=f)(v) = f(v) = f(v) =0

Associativity, Commutativity of Addition, Distributivity
Since addition and scalar multiplication in V* are defined
pointwise based on the corresponding operations in R, they
inherit the properties of associativity, commutativity of ad-
dition, and distributivity of scalar multiplication over vector
addition and field addition from R.




Vectors with Numpy

About this chapter

efficient manner. This chapter relates everything we h
so far to the NumPy mindset.

Creating NumPy arrays

Make one-dimensional arrays The numpy library must be
Numpy has ready-made functions to create arrays filled
with ones, or populated from a standard python list.

NumPy, which stands for Numerical Python stands at the root of
an entire ecosystem of scientific libraries. Every single machine
learning, data science or scientific computing library uses it

in a crucial way. Its main object, the NumPy array provides a
highly efficient replacement for Python lists and arrays that can
be used whenever large datasets must be dealt with in a highly
ave seen

imported.
with zeros,

import numpy as np

# array of zeroes b

a = np.zeros(5)

b = np.ones(3)

print(b)

# [Out]: [1. 1. 1.]

c = np.array([1,2,3,4,5])
print(c)

# [Out]: [1 2 3 4 5]

int(a)
zr;gut?: [6. 0. 6. 0. 0.] € _
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Range array creation

# Create an array of 5 elements, evenly spaced between 10 and 50
linspace_array = np.linspace(10, 50, 5)

print("Linspace Array:", linspace_array)

# [Out]: Linspace Array: [10. 20. 30. 40. 50.]

# Create an array of integers from 1 to 10
range_array = np.arange(1l, 11)

print("Range Array:", range_array)

# [Out]: Range Array: [ 1 2 3 4 5 6 7 8 9 10]

Basic array operations Addition and scalar multiplication are per-
formed element-wise, and so is the application of a function to an
array. If you want to apply a function to each element of a list in
Python, you would typically use map or a list comprehension.

# Pure Python: doubling a list
my_list = [1,2,3,4,5]

def double(x):
return x*2

# using map

map_list = list(map(double, my_list))
print(map_list)

#[Out]: [2 4 6 8 10]

# using list comprehension

list_comp = [double(x) for x in my_list]
print(list_comp)

#[Out]: [2 4 6 8 10]




Basic array operations

# Addition of two arrays
arrl = np.array([1, 2, 3, 4, 5])

result_add = arrl + np.arange(5, 10)
print("Addition:", result_add)
# [Out]: Addition: [ 6 8 10 12 14]

# Multiplication of elements by a scalar
result_mul = arrl * 2

print("Multiplication by 2:", result_mul)

# [Out]: Multiplication by 2: [ 2 4 6 8 10]

# Sine function of each element

sine_values = np.sin(arrl)

print("Sine values:", sine_values)

#[0ut]: Sine values: [ 0.84147 0.90929 0.14112 -0.7568

-0.95892]

Array slicing and indexing The slicing and indexing syntax is very

close to the familiar syntax encountered for python lists.

Array slicing and indexing

# Access elements from index 1 to 3
arrl = np.array([1, 2, 3, 4, 5])

sub_array = arrl[1:4]
print("Sub-array:", sub_array)
# [Out]: Sub-array: [2 3 4]

# Access elements at even index positions
even_index_elements = arrl[::2]

print("Elements at even indices:", even_index_elements)
# [Out]: Elements at even indices: [1 3 5]

# Modify elements using indices
arrl[0:3] = 9

print("Modified Array:", arrl)

# [Out]: Modified Array: [9 9 9 4 5]
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Linear maps and matrices






Linearity

Linear maps

In the previous chapter we defined vector spaces. Now it is time to
focus on the functions between such spaces, that "preserve the vector
space structure": the so-called linear maps. What does this mean? 23

Definition of a linear map

Let V and W be two vector spaces, and f a function from V to
W. The function f is said to be linear if for all 7, in V and for
all « in R we have

f(T+
fla

8L

) = f(@)+f(@),
) = af(9).

<y

Non-examples Let’s begin with examples of function that are not
linear, just to convince ourselves that not all functions are linear. A
function that is not linear is the quadratic function f : R — R given
by f(x) = x2. Remember the quadratic formula®4:

flx+y) = (x+y)? = x* +2xy + v°.

Examples

1. The functions f : R — IR that are linear are exactly the ones of
type f(x) = ax for some « in R.

2. The functions ¢ : R? — R of the form f(x,y) = ax + By are
linear?5.

» We can summarize "f is a function
from V to W with the following nota-
tion:

f:VaW

*#1f f were linear we would have the
(false) identity:

fx+y) = f) + fly) = + ¢

25 [t would have been more correct to

(i)

instead of f(x,y) but that kind of abuse
is common
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import numpy as np

# Define vectors
vl = np.array([2, 3])
v2 np.array([1, 0])

# Define a matrix representing a linear transformation
# Example: A scaling transformation matrix
A = np.array([[2, 31])

# Function to apply the linear transformation
def linear_transformation(A, v):
return A.dot(v)

# Apply the transformation
transformed_vl = linear_transformation(A, vl)
transformed_v2 = linear_transformation(A, v2)

# Check linearity
# Vector addition
vector_addition = vl + v2
transformed_addition = linear_transformation(A,
vector_addition)
assert np.allclose(transformed_addition,
transformed_vl + transformed_v2)

# Scalar multiplication
scalar = 5
new_scalar_multiplication = linear_transformation(A,
scalar = vl)
assert np.allclose(new_scalar_multiplication,
scalar * transformed_vl)




Matrices

Definition of a matrix

An (n x m) matrix is a rectangular array of numbers, with n
rows and m columns. The set of all n x m matrices is denoted
by Mat(n,m).

Column vectors vs matrices A column vector of size n can be seen as
a n x 1 matrix. But if needed, one can also "unroll" an entire matrix
into a column vector in R"*™, by using a "snake" curve going down
every single column of the matrix

a a

ap a

a1 A3

yielding the vector 26 [an a1 a4z dpp a4 1132}

Addition of matrices Consider two 3 x 2 matrices A and B:

1
A= |4
7

o Ul W

N

os]

|
W o N
W o=

The addition of A and B is given by:

1+2 3+4 3 7
A+B=|44+0 54+1| =4 6
7+3 9+3 10 12

Multiplication by a Scalar

Let A = 2. The product of A with matrix A is:

1 3 2x1 2x3 2 6
A =214 5| =(2x4 2x5[=1]8 10
79 2x7 2x9 14 18

26 Here I use the transpose, for typo-
graphical reasons, to avoid to write
inline a very tall vector.
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With these two operations, Mat(n, m) becomes a vector space. But
there is more to it: matrices of adequate shapes can be multiplied
together.

Product of matrices

Let us see the rule on an example of a product of two matrices A

in Mat(2,3) and B in Mat(3,2). To compute the entry at position

(i,) in the resulting matrix AB, you need to pick the i-th row of A
byj

({aﬂ ap alg} ), the j-th column of B (namely |by;|), compute 7 the
bs;

dot product of these two vectors and place the result in position (i, ).

On some example it looks as follows:

1 2 3 >
A= 45 6]' B=19 10
11 12

The product of A and B is then:

Ap— |(177+2:943:11) (1-8+2:10+3-12)
~ |(4-74+5-94+6-11) (4-8+5-10+6-12)

In other words:

AB =

58 64
139 154

It is important to note several things:

e the shapes of the matrices are: (n x m).(m) x p) — (n x p). In
other words the number of columns of the first matrix must be
equal to the number of rows of the second one.

e the product is not commutative: if A is in Mat(2,3), B in Mat(3,4)
then the product AB exists, but BA does not 8.

The general pattern to compute matrix products looks like that:

7 The dot product will be seen later, but
the formula is

ay hl
az|.|ba| = aiby +axby +azbs

az] |bs

B

b1

b1o

by

by

a1 | a1z O
a1 az
A
asy | asp
5] (L]

O a11bip + apbxn

a31b1z + asba

# Even when the shapes do match, the
product is not commutative:

1 2] 4 3
Ai{?) 4|’ B*{z 1}

Then the product AB is
1 2][4 3 8 5
AB = {3 4} 2 1} - {20 13}

While
4 3]1 2 13 20
ea=la Al 3-[5 3]




’ B : p rows q columns

C12
anl an2 . Anp Cnl Cn2

A:nrowsp columa

by,

bag

Clq

Czq

Cng

’C:Asznrowsqcolumns
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Matrix decompositions






SVD

The effect of a linear map

What does a linear map actually do? Let’s see some examples of
what it can and cannot do, by focussing on the case of the plane R?.

Large scale effect

A linear map acts the same everywhere, and at all possible scales.
This consequence of the definition of the linearity can be observed by
drawing a regular grid and observing its image by a linear map.

A

Figure 7: Large scale effect

What a linear map L does on a little square S anchored at the
origin, it will do it on the same square translated by a large vector V.
Indeed, the image of the little square is L(S). And the image of the

translated 29square is L(S + V). But since L is linear, this is equal to * The notation S + V means actually :
L(S) 4 L(V), in other words the image of the little square translated the set of all ¥+ V" for ¥ in S.
by L(V).

In particular a linear map will never perform a local deformation,
where only a limited region of the space is affected by the map, while
the rest remains unchanged.
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Figure 8: Linear maps cannot deform only locally the space

Convexity

Linearity imposes some strong constraints actually. For example it
preserves convexity.

A map f preserves the convexity if the image3° f(C) of every convex
set is also a convex set.

Definition of a Convex Set

A subset C of a vector space V is called convex if for every
pair of vectors X,i/ € C and every scalar ¢ such that 0 < t < 1,

the following condition holds:
tx+ (1-t)j e C.

This means that for every two points in the set, the line seg-
ment connecting these points is also entirely contained within
the set.

Stretching

Linear maps in R? can stretch (or contract) horizontally :

MR

They can stretch (or contract) vertically:

bbbl

They can stretch in one direction, and contract in another one at

3° Remember that the image of a set C by
a function f is the set of all points f(x)
for all x in C. Using the set notation:

f(C) ={fx)|xeC}

8y

Z+ 37— 7)

Figure 9: Segment joining ¥ to i/



—>

Figure 10: This map does not preserve convexity: the segment is not fully contained in

bl B

The case of dimension 2

the same time:

rotating

The steps are as follows:

1. Find 4 such that 77 := A(if;) has maximal norm among all
vectors A(il) where i is on the unit circle.

1
2. Find a rotation R; sending ¢ := [O] to ify.

3. Find a rotation R; sending 7 to a multiple of €.

Now, instead of studying the matrix A we will focus on B :=
Rp o AoRj. Itis a2 by 2 matrix whose first column can be written as

m because B H - H

A priori the matrix B should look like

-5

SVD 41
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|
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