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Abstract

This is a solution manual for Linear Algebra and Its Applications, 2nd edition, by Peter Lax [8].
This version omits the following problems: exercise 2, 9 of Chapter 8; exercise 3, 4 of Chapter 17;
exercises of Chapter 18; exercise 3 of Appendix 3; exercises of Appendix 4, 5, 8 and 11.

If you find any typos/errors, please email me at quantsummaries@gmail.com.
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Chapter 1

Fundamentals

The book’s own solution gives answers to Ex 1, 3, 7, 10, 13, 14, 16, 19, 20, 21.

▶ 1. (page 2)

Proof. Suppose 0 and 0′ are two zeros of vector addition, then by the definition of zero and com-
mutativity, we have 0′ = 0′ + 0 = 0 + 0′ = 0.

▶ 2. (page 3)

Proof. For any x = (x1, · · · , xn) ∈ Kn, we have

x+ 0 = (x1, · · · , xn) + (0, · · · , 0) = (x1 + 0, · · · , xn + 0) = (x1, · · · , xn) = x.

So 0 = (0, · · · , 0) is the zero element of classical vector addition.

▶ 3. (page 3)

Proof. The isomorphism T can be defined as T ((a1, · · · , an)) = a1 + a2x+ · · ·+ anx
n−1.

▶ 4. (page 3)

Proof. Suppose S = {s1, · · · , sn}. The isomorphism T can be defined as T (f) = (f(s1), · · · , f(sn))
,∀f ∈ KS .

▶ 5. (page 4)

Proof. For any p(x) = a1 + a2x+ · · ·+ anx
n−1, we define

T (p) = p(x),

where p on the left side of the equation is regarded as a polynomial over R while p(x) on the
right side of the equation is regarded as a function defined on S = {s1, · · · , sn}. To prove T is an
isomorphism, it suffices to prove T is one-to-one. This is seen through the observation that

1 s1 s21 · · · sn−1
1

1 s2 s22 · · · sn−1
2

· · · · · · · · · · · · · · ·
1 sn s2n · · · sn−1

n



a1
a2
...
an

 =


p(s1)
p(s2)
· · ·

p(sn)


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and the Vandermonde matrix 
1 s1 s21 · · · sn−1

1

1 s2 s22 · · · sn−1
2

· · · · · · · · · · · · · · ·
1 sn s2n · · · sn−1

n


is invertible for distinct s1, s2, · · · , sn.

▶ 6. (page 4)

Proof. For any y, y′ ∈ Y , z, z′ ∈ Z and k ∈ K, we have (by commutativity and associative law)

(y + z) + (y′ + z′) = (z + y) + (y′ + z′) = z + (y + (y′ + z′)) = z + ((y + y′) + z′) = z + (z′ + (y + y′))

= (z + z′) + (y + y′) = (y + y′) + (z + z′) ∈ Y + Z,

and
k(y + z) = ky + kz ∈ Y + Z.

So Y + Z is a linear subspace of X if Y and Z are.

▶ 7. (page 4)

Proof. For any x1, x2 ∈ Y ∩Z, since Y and Z are linear subspaces of X, x1+x2 ∈ Y and x1+x2 ∈ Z.
Therefore, x1 + x2 ∈ Y ∩ Z. For any k ∈ K and x ∈ Y ∩ Z, since Y and Z are linear subspaces of
X, kx ∈ Y and kx ∈ Z. Therefore, kx ∈ Y ∩Z. Combined, we conclude Y ∩Z is a linear subspace
of X.

▶ 8. (page 4)

Proof. By definition of zero vector, 0 + 0 = 0 ∈ {0}. For any k ∈ K, k0 = k(0 + 0) = k0 + k0. So
k0 = 0 ∈ {0}. Combined, we can conclude {0} is a linear subspace of X.

▶ 9. (page 4)

Proof. Define Y = {k1x1+· · ·+kjxj : k1, · · · , kj ∈ K}. Then clearly x1 = 1x1+0x2+· · ·+0xj ∈ Y .
Similarly, we can show x2, · · · , xj ∈ Y . Since for any k1, · · · , kj , k′1, · · · , k′j ∈ K,

(k1x1 + · · ·+ kjxj) + (k′1x1 + · · ·+ k′jxj) = (k1 + k′1)x1 + · · ·+ (kj + k′j)xj ∈ Y

and for any k1, · · · , kj , k ∈ K,

k(k1x1 + · · ·+ kjxj) = (kk1)x1 + · · ·+ (kkj)xj ∈ Y,

we can conclude Y is a linear subspace of X containing x1, · · · , xj . Finally, if Z is any linear
subspace of X containing x1, · · · , xj , it is clear that Y ⊂ Z as Z must be closed under scalar
multiplication and vector addition. Combined, we have proven Y is the smallest linear subspace of
X containing x1, · · · , xj .

▶ 10. (page 5)

Proof. We prove by contradiction. Without loss of generality, assume x1 = 0. Then 1x1 + 0x2 +
· · · + 0xj = 0. This shows x1, · · · , xj are linearly dependent, a contradiction. So x1 6= 0. We can
similarly prove x2, · · · , xj 6= 0.
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▶ 11. (page 7)

Proof. Suppose Yi has a basis yi1, · · · , yini
. Then it suffices to prove y11, · · · , y1n1

, · · · , ym1 , · · · , ymnm

form a basis of X. By definition of direct sum, these vectors span X, so we only need to show they
are linearly independent. In fact, if not, then 0 has two distinct representations: 0 = 0 + · · · + 0
and 0 =

∑m
i=1(a

i
1y

i
1+ · · ·+aini

yini
) for some a11, · · · , a1n1

, · · · , am1 , · · · , amnm
, where not all aij are zero.

This is contradictory with the definition of direct sum. So we must have linear independence, which
imply y11, · · · , y1n1

, · · · , ym1 , · · · , ymnm
form a basis of X. Consequently, dimX =

∑
dimYi.

▶ 12. (page 7)

Proof. Fix a basis x1, · · · , xn of X, any element x ∈ X can be uniquely represented as
∑n

i=1 αi(x)xi
for some αi(x) ∈ K, i = 1, · · · , n. We define the isomorphism as x 7→ (α1(x), · · · , αn(x)). Clearly
this isomorphism depends on the basis and by varying the choice of basis, we can have different
isomorphisms.

▶ 13. (page 7)

Proof. For any x1, x2 ∈ X, if x1 ≡ x2, i.e. x1−x2 ∈ Y , then x2−x1 = −(x1−x2) ∈ Y , i.e. x2 ≡ x1.
This is symmetry. For any x ∈ X, x− x = 0 ∈ Y . So x ≡ x. This is reflexivity. Finally, if x1 ≡ x2,
x2 ≡ x3, then x1 − x3 = (x1 − x2) + (x2 − x3) ∈ Y , i.e. x1 ≡ x3. This is transitivity.

▶ 14. (page 7)

Proof. For any x1, x2 ∈ X, we can find y ∈ {x1} ∩ {x2} if and only if x1 − y ∈ Y and x2 − y ∈ Y .
Then

x1 − x2 = (x1 − y)− (x2 − y) ∈ Y.

So {x1} ∩ {x2} 6= ∅ if and only if {x1} = {x2}.

▶ 15. (page 8)

Proof. If {x} = {x′} and {y} = {y′}, then x−x′, y−y′ ∈ Y . So (x+y)−(x′+y′) = (x−x′)+(y−y′) ∈
Y . This shows {x + y} = {x′ + y′}. Also, for any k ∈ K, kx − kx′ = k(x − x′) ∈ Y . So
k{x} = {kx} = {kx′} = k{x′}.

▶ 16. (page 9)

Proof. By theory of polynomials, we have

Y =

{
q(t)

j∏
i=1

(t− ti) : q(t) is a polynomial of degree < n− j

}
.

Then it’s easy to see dimY = n− j and dimX/Y = dimX − dimY = j.

▶ 17. (page 10)

Proof. By Theorem 6, dimX/Y = dimX−dimY = 0, which implies X/Y = {{0}}. So X = Y .

▶ 18. (page 11)

5



Proof. Define Y1 = {(x, 0) : x ∈ X1, 0 ∈ X2} and Y2 = {(0, x) : 0 ∈ X1, x ∈ X2}. Then Y1 and
Y2 are linear subspaces of X1 ⊕ X2. It is easy to see Y1 is isomorphic to X1, Y2 is isomorphic to
X2, and Y1 ∩ Y2 = {(0, 0)}. So by Theorem 7, dimX1 ⊕X2 = dimY1 + dimY2 − dim(Y1 ∩ Y2) =
dimX1 + dimX2 − 0 = dimX1 + dimX2.

▶ 19. (page 11)

Proof. By Exercise 18 and Theorem 6, dim(Y ⊕X/Y ) = dimY + dim(X/Y ) = dimY + dimX −
dimY = dimX. Since linear spaces of same finite dimension are isomorphic (by one-to-one mapping
between their bases), Y ⊕X/Y is isomorphic to X.

▶ 20. (page 12)

Proof. (a) is not since {x : x1 ≥ 0} is not closed under the scalar multiplication by −1. (b) is. (c)
is not since x1 + x2 + 1 = 0 and x′1 + x′2 + 1 = 0 imply (x1 + x′1) + (x2 + x′2) + 1 = −1. (d) is. (e)
is not since x1 being an integer does not guarantee rx1 is an integer for any r ∈ R.

▶ 21. (page 12)

Proof. (From the textbook’s solutions, page 279.) The statement is false; here is an example to the
contrary:

X = R2 = (x, y) space
U = {y = 0}, V = {x = 0},W = {x = y}.
U + V +W = R2, U ∩ V = {0}, U ∩W = {0}
V ∩W = {0}, U ∩ V ∩W = 0.
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Chapter 2

Duality

The book’s own solution gives answers to Ex 4, 5, 6, 7.

▶ 1. (page 15)

Proof. We let Y = {kx1 : k ∈ K}. Then Y is a 1-dimensional linear subspace of X. By Theorem
2 and Theorem 4,

dimY ⊥ = dimX − dimY < dimX = dimX ′

So there must exist some l ∈ X ′ \ Y ⊥ such that l(x1) 6= 0.

Remark 2.1. When K is R or C, the proof can be constructive. Indeed, assume e1, · · · , en is a
basis for X and x1 =

∑n
i=1 aiei. In the case of K = R, define l by setting l(ei) = ai, i = 1, · · · , n;

in the case of K = C, define l by setting l(ei) = a∗i (the conjugate of ai), i = 1, · · · , n. Then in
both cases, l(x1) =

∑n
i=1 ||ai||2 > 0.

▶ 2. (page 15)

Proof. For any l1 and l2 ∈ Y ⊥, we have (l1 + l2)(y) = l1(y) + l2(y) = 0 + 0 = 0 for any y ∈ Y . So
l1 + l2 ∈ Y ⊥. For any k ∈ K, (kl)(y) = k(l(y)) = k0 = 0 for any y ∈ Y . So kl ∈ Y ⊥. Combined,
we conclude Y ⊥ is a subspace of X ′.

▶ 3. (page 17)

Proof. Since S ⊂ Y , Y ⊥ ⊂ S⊥. For “⊃”, let x1, · · · , xm be a maximal linearly independent subset
of S. Then S = span(x1, · · · , xm) and Y = {

∑m
i=1 αixi : α1, · · · , αm ∈ K} by Exercise 9 of Chapter

1. By the definition of annihilator, for any l ∈ S⊥ and y =
∑m

i=1 αixi ∈ Y , we have

l(y) =

m∑
i=1

αil(xi) = 0.

So l ∈ Y ⊥. By the arbitrariness of l, S⊥ ⊂ Y ⊥. Combined, we have S⊥ = Y ⊥.

▶ 4. (page 18)
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Proof. Suppose three linearly independent polynomials p1, p2 and p3 are applied to formula (9).
Then m1, m2 and m3 must satisfy the linear equationsp1(t1) p1(t2) p1(t3)

p2(t1) p2(t2) p2(t3)
p3(t1) p3(t2) p3(t3)

m1

m2

m3

 =


∫ 1
−1 p1(t)dt∫ 1
−1 p2(t)dt∫ 1
−1 p3(t)dt


We take p1(t) = 1, p2(t) = t and p3(t) = t2. The above equation becomes 1 1 1

−a 0 a
a2 0 a2

m1

m2

m3

 =

20
2
3


So m1

m2

m3

 =

 1 1 1
−a 0 a
a2 0 a2

−1 20
2
3

 =

0 − 1
2a

1
2a2

1 0 − 1
a2

0 1
2a

1
2a2

−1 20
2
3

 =

 1
3a2

2− 2
3a2

1
3a2


Then it’s easy to see that for a >

√
1/3, all three weights are positive.

To show formula (9) holds for all polynomials of degree < 6 when a =
√
3/5, we note for any

odd n ∈ N,∫ 1

−1
xndx = 0, m1p(−a) +m3p(a) = 0 since m1 = m2 and p(−x) = −p(x), and m2p(0) = 0.

So (9) holds for any xn of odd degree n. In particular, for p(x) = x3 and p(x) = x5. For p(x) = x4,
we have ∫ 1

−1
x4dx =

2

5
, m1p(t1) +m2p(t2) +m3p(t3) = 2m1a

4 =
2

3
a2.

So formula (9) holds for p(x) = x4 when a =
√

3/5. Combined, we conclude for a =
√
3/5, (9)

holds for all polynomials of degree < 6.

Remark 2.2. In this exercise problem and Exercise 5 below, “Theorem 6” is corrected to “Theorem
7”.

▶ 5. (page 18)

Proof. We take p1(t) = 1, p2(t) = t, p3(t) = t2, and p4(t) = t3. Then m1, m2, m3, and m4 solve
the following equation: 

1 1 1 1
−a −b b a
a2 b2 b2 a2

−a3 −b3 b3 a3



m1

m2

m3

m4

 =


2
0
2/3
0


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Then 
m1

m2

m3

m4

 =


1 1 1 1
−a −b b a
a2 b2 b2 a2

−a3 −b3 b3 a3


−1 

2
0

2/3
0



=


b2

−2a2+2b2
b2

2a3−2ab2
1

2a2−2b2
1

−2a3+2ab2
a2

2a2−2b2
a2

−2a2b+2b3
1

−2a2+2b2
1

2a2b−2b3
a2

2a2−2b2
a2

2a2b−2b3
1

−2a2+2b2
1

−2a2b+2b3
b2

−2a2+2b2
b2

−2a3+2ab2
1

2a2−2b2
1

2a3−2ab2




2
0

2/3
0



=


−3b2+1
3(a2−b2)
3a2−1

3(a2−b2)
3a2−1

3(a2−b2)
−3b2+1
3(a2−b2)


So the weights are positive if and only if one of the following two mutually exclusive cases hold
1) b2 > 1

3 , a2 < b2, a2 > 1
3 ;

2) b2 < 1
3 , a2 > b2, a2 < 1

3 .

▶ 6. (page 18)
(a)

Proof. (From the textbook’s solutions, page 280) Suppose there is a linear relation

al1(p) + bl2(p) + cl3(p) = 0.

Set p = p(x) = (x − ξ2)(x − ξ3). Then p(ξ2) = p(ξ3) = 0, p1(ξ1) 6= 0; so we get from the above
relation that a = 0. Similarly b = 0, c = 0.

(b)

Proof. Since dimP2 = 3, dimP ′
2 = 3. Since l1, l2, l3 are linearly independent, they span P ′

2.

(c1)

Proof. We define l1 by setting

l1(ej) =

{
1, if j = 1

0, if j 6= 1

and extending l1 to V by linear combination, i.e. l1(
∑n

j=1 αjej) :=
∑n

j=1 αjl1(ej) = α1. l2, · · · , ln
can be constructed similarly. If there exist a1, · · · , an such that a1l1 + · · ·+ anln = 0, we have

0 = a1l1(ej) + · · · anln(ej) = aj , j = 1, · · · , n.

So l1, · · · , ln are linearly independent. Since dimV ′ = dimV = n, {l1, · · · , ln} is a basis of V ′.

(c2)
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Proof. We define

p1(x) =
(x− x2)(x− x3)

(x1 − x2)(x1 − x3)
, p2(x) =

(x− x1)(x− x3)

(x2 − x1)(x2 − x3)
, p3(x) =

(x− x1)(x− x2)

(x3 − x1)(x3 − x2)
.

▶ 7. (page 18)

Proof. (From the textbook’s solutions, page 280) l(x) has to be zero for x = (1, 0,−1, 2) and
x = (2, 3, 1, 1). These yield two equations for c1, · · · , c4:

c1 − c3 + 2c4 = 0, 2c1 + 3c2 + c3 + c4 = 0.

We express c1 and c2 in terms of c3 and c4. From the first equation, c1 = c3− 2c4. Setting this into
the second equation gives c2 = −c3 + c4.
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Chapter 3

Linear Mappings

The book’s own solution gives answers to Ex 1, 2, 4, 5, 6, 7, 8, 10, 11, 13.

⋆ Comments: To memorize Theorem 5 (R⊥
T = NT ′), recall for a given l ∈ U ′, (l, Tx) = 0 for

any x ∈ X if and only if T ′l = 0.

▶ 1. (page 20) Prove Theorem 1.
(a)

Proof. For any y, y′ ∈ T (X), there exist x, x′ ∈ X such that T (x) = y and T (x′) = y′. So
y + y′ = T (x) + T (x′) = T (x + x′) ∈ T (X). For any k ∈ K, ky = kT (x) = T (kx) ∈ T (X).
Combined, we conclude T (X) is a linear subspace of U .

(b)

Proof. Suppose V is a linear subspace of U . For any x, x′ ∈ T−1(V ), there exist y, y′ ∈ V such that
T (x) = y and T (x′) = y′. Since T (x+ x′) = T (x) + T (x′) = y + y′ ∈ V , x+ x′ ∈ T−1(V ). For any
k ∈ K, since T (kx) = kT (x) = ky ∈ V , kx ∈ T−1(V ). Combined, we conclude T−1(V ) is a linear
subspace of X.

▶ 2. (page 24)

Proof. (From the textbook’s solution, page 280) Suppose we drop the ith equation; if the remaining
equations do not determine x uniquely, there is an x 6= 0 that is mapped into a vector whose
components except the ith are zero. If this were true for all i = 1, · · · ,m, the range of the mapping
x → u would be m-dimensional; but according to Theorem 2, the dimension of the range is ≤ n < m.
Therefore one of the equations may be dropped without losing uniqueness; by induction m− n of
the equations may be omitted.

Alternative solution: Uniqueness of the solution x implies the column vectors of the matrix
T = (tij) are linearly independent. Since the column rank of a matrix equals its row rank (see
Chapter 3, Theorem 6 and Chapter 4, Theorem 2), it is possible to select a subset of n of these
equations which uniquely determine the solution.

Remark 3.1. The textbook’s solution is a proof that the column rank of a matrix equals its row
rank.

▶ 3. (page 25) Prove Theorem 3.
(i)
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Proof. S ◦ T (ax+ by) = S(T (ax+ by)) = S(aT (x) + bT (y)) = aS(T (x)) + bS(T (y)) = aS ◦ T (x) +
bS ◦ T (y). So S ◦ T is also a linear mapping.

(ii)

Proof. (R+S)◦T (x) = (R+S)(T (x)) = R(T (x))+S(T (x)) = (R◦T+S◦T )(x) and S◦(T+P )(x) =
S((T + P )(x)) = S(T (x) + P (x)) = S(T (x)) + S(P (x)) = (S ◦ T + S ◦ P )(x).

▶ 4. (page 25)

Proof. For Example 8, the linearity of S and T is easy to see. To see the non-commutativity,
consider the polynomial p(s) = s. We have TS(s) = T (s2) = 2s 6= s = S(1) = ST (s). So
ST 6= TS.

For Example 9, ∀x = (x1, x2, x3) ∈ X, S(x) = (x1, x3,−x2) and T (x) = (x3, x2,−x1). So it’s
easy to see S and T are linear. To see the non-commutativity, note ST (x) = S(x3, x2,−x1) =
(x3,−x1,−x2) and TS(x) = T (x1, x3,−x2) = (−x2, x3,−x1). So ST 6= TS in general.

Remark 3.2. Note the problem does not specify the direction of the rotation, so it is also possible
that S(x) = (x1,−x3, x2) and T (x) = (−x3, x2, x1). There are total of four choices of (S, T ), and
each of the corresponding proofs is similar to the one presented above.

▶ 5. (page 25)

Proof. TT−1(x) = T (T−1(x)) = x by definition. So TT−1 = id.

▶ 6. (page 25) Prove Theorem 4.
(i)

Proof. Suppose T : X → U is invertible. Then for any y, y′ ∈ U , there exist a unique x ∈ X
and a unique x′ ∈ X such that T (x) = y and T (x′) = y′. So T (x + x′) = T (x) + T (x′) = y + y′

and by the injectivity of T , T−1(y + y′) = x + x′ = T−1(y) + T−1(y′). For any k ∈ K, since
T (kx) = kT (x) = ky, injectivity of T implies T−1(ky) = kx = kT−1(y). Combined, we conclude
T−1 is linear.

(ii)

Proof. Suppose T : X → U and S : U → V . First, by the definition of multiplication, ST is a linear
map. Second, if x ∈ X is such that ST (x) = 0 ∈ V , the injectivity of S implies T (x) = 0 ∈ U and
the injectivity of T further implies x = 0 ∈ X. So, ST is one-to-one. For any z ∈ V , there exists
y ∈ U such that S(y) = z. Also, we can find x ∈ X such that T (x) = y. So ST (x) = S(y) = z.
This shows ST is onto. Combined, we conclude ST is invertible.

By associativity, we have (ST )(T−1S−1) = ((ST )T−1)S−1 = (S(TT−1))S−1 = SS−1 = idV .
Replace S with T−1 and T with S−1, we also have (T−1S−1)(ST ) = idX . Therefore, we can
conclude (ST )−1 = T−1S−1.

▶ 7. (page 26)
(i)

Proof. Suppose T : X → U and S : U → V are linear maps. Then for any given l ∈ V ′,
((ST )′l, x) = (l, STx) = (S′l, Tx) = (T ′S′l, x), ∀x ∈ X. Therefore, (ST )′l = T ′S′l. Let l run
through every element of V ′, we conclude (ST )′ = T ′S′.
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(ii)

Proof. Suppose T and R are both linear maps from X to U . For any given l ∈ U ′, we have
((T +R)′l, x) = (l, (T +R)x) = (l, Tx+Rx) = (l, Tx)+(l, Rx) = (T ′l, x)+(R′l, x) = ((T ′+R′)l, x),
∀x ∈ X. Therefore (T + R)′l = (T ′ + R′)l. Let l run through every element of V ′, we conclude
(T +R)′ = T ′ +R′.

(iii)

Proof. Suppose T is an isomorphism from X to U , then T−1 is a well-defined linear map. We first
show T ′ is an isomorphism from U ′ to X ′. Indeed, if l ∈ U ′ is such that T ′l = 0, then for any
x ∈ X, 0 = (T ′l, x) = (l, Tx). As x varies and goes through every element of X, Tx goes through
every element of U . By considering the identification of U with U ′′, we conclude l = 0. So T ′

is one-to-one. For any given m ∈ X ′, define l = mT−1, then l ∈ U ′. For any x ∈ X, we have
(m,x) = (m,T−1(Tx)) = (l, Tx) = (T ′l, x). Since x is arbitrary, m = T ′l and T ′ is therefore onto.
Combined, we conclude T ′ is an isomorphism from U ′ to X ′ and (T ′)−1 is hence well-defined.

By part (i), (T−1)′T ′ = (TT−1)′ = (idU )
′ = idU ′ and T ′(T−1)′ = (T−1T )′ = (idX)′ = idX′ . This

shows (T−1)′ = (T ′)−1.

▶ 8. (page 26)

Proof. Suppose ξ : X → X ′′ and η : U → U ′′ are the isomorphisms defined in Chapter 2, formula
(5), which identify X with X ′′ and U with U ′′, respectively. Then for any x ∈ X and l ∈ U ′, we
have

(T ′′ξx, l) = (ξx, T
′l) = (T ′l, x) = (l, Tx) = (ηTx, l).

Since l is arbitrary, we must have T ′′ξx = ηTx, ∀x ∈ X. Hence, T ′′ ◦ ξ = η ◦ T , which is the precise
interpretation of T ′′ = T .

▶ 9. （page 28)

Proof. If Bx = 0, by applying A to both sides of the equation and AB = I, we conclude x = 0. So
B is injective. By Corollary B of Theorem 2, B is surjective. Therefore the inverse of B, denoted
by B−1, always exists, and A = A(BB−1) = (AB)B−1 = IB−1 = B−1, which implies BA = I.

Remark 3.3. For a general algebraic structure, e.g. a ring with unit, it’s not always the case that
an element’s right inverse equals to its left inverse. In the proof above, we used the fact that for
finite dimensional linear vector space, a linear mapping is injective if and only if it’s surjective.

▶ 10. (page 30)

Proof. Suppose K = MS . Then K(M−1)S = SMS−1SM−1S−1 = I. By Exercise 9, K is also
invertible and K−1 = (M−1)S .

▶ 11. (page 30) Prove Theorem 9.

Proof. Suppose A is invertible, we have AB = AB(AA−1) = A(BA)A−1. So AB and BA are
similar. The case of B being invertible can be proved similarly.

▶ 12. (page 31)
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Proof. For any α, β ∈ K and x = (x1, · · · , xn), y = (y1, · · · , yn), we have

P (αx+ βy) = P ((αx1 + βy1, · · · , αxn + βyn))

= (0, 0, αx3 + βy3, · · · , αxn + βyn)

= (0, 0, αx3, · · · , αxn) + (0, 0, βy3, · · · , βyn)
= α(0, 0, x3, · · · , xn) + β(0, 0, y3, · · · , yn)
= αP (x) + βP (y).

This shows P is a linear map. Furthermore, we have

P 2(x) = P ((0, 0, x3, · · · , xn)) = (0, 0, x3, · · · , xn) = P (x).

So P is a projection.

▶ 13. (page 31)

Proof. For any α, β ∈ K and f, g ∈ C[−1, 1], we have

P (αf + βg)(x) =
1

2
[(αf + βg)(x) + (αf + βg)(−x)]

=
α

2
[f(x) + f(−x)] +

β

2
[g(x) + g(−x)]

= αP (f)(x) + βP (g)(x).

This shows P is a linear map. Furthermore, we have

(P 2f)(x) = (P (Pf))(x) = P

(
f(·) + f(−·)

2

)
(x) =

1

2

[
f(x) + f(−x)

2
+

f(−x) + f(x)

2

]
=

1

2
(f(x) + f(−x)) = (Pf)(x).

So P is a projection.

▶ 14. (page 31)
(a)

Proof. Since dimRT = 1, it suffices to prove the following claim: if T is a linear map on a 1-
dimensional linear vector space X, there exists a unique number c such that T (x) = cx, ∀x ∈ X. We
assume the underlying filed K is either R or C. We further assume S : X → K is an isomorphism.
Then S ◦ T ◦ S−1 is a linear map on K. Define c = S ◦ T ◦ S−1(1), we have

S ◦ T ◦ S−1(k) = S ◦ T ◦ S−1(k · 1) = k · c, ∀k ∈ K.

So T ◦ S−1(k) = S−1(c · k) = cS−1(k), ∀k ∈ K. This shows T is a scalar multiplication.

(b)

Proof. If c 6= 1, it’s easy to verify I + 1
1−cT is the inverse of I − T .

▶ 15. (page 31)

14



Proof. Because RST ⊂ RS , rank(ST ) = dim(RST ) ≤ dimRS = rank(S). Moreover, since the
column rank of a matrix equals its row rank (see Chapter 3, Theorem 6 and Chapter 4, Theorem
2), we have rank(ST ) = rank(T ′S′) ≤ rank(T ′) = rank(T ). Combined, we conclude rank(ST ) ≤
min{rank(S), rank(T )}.

Also, we note NST /NT is isomorphic to NS∩RT , with the isomorphism defined by ϕ({x}) = Tx,
where {x} := x+NT . It’s easy to see ϕ is well-defined, is linear, and is both injective and surjective.
So by Theorem 6 of Chapter 1,

dimNST = dimNT + dimNST /NT = dimNT + dim(NS ∩RT ) ≤ dimNT + dimNS .

Remark 3.4. The result rank(ST ) ≤ min{rank(S), rank(T )} is used in econometrics. Cf. Greene
[4, page 985] Appendix A.
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