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The Dawn of Artificial Intelligence

The Early Dreams and Theories

The human fascination with creating artificial life is not a product of modern science; it is as
old as our oldest stories. Ancient myths from Greece spoke of Talos, a bronze automaton
guardian, and Jewish folklore told of the Golem, a clay creature animated to protect its
creators. These stories reflect an age-old question: Can we create something that not only
mimics human action but also intelligence?

The formal journey towards Al began not in a laboratory but in the realm of thought. In the
17th century, philosopher René Descartes pondered the nature of thinking and existence,
leading to the famous conclusion, "I think, therefore I am." This laid a philosophical
groundwork suggesting that thought could be, in some sense, mechanical.

Fast forward to the 20th century, where the fusion of mathematics, logic, and emerging
computer technology sowed the seeds for Al. Alan Turing, a British mathematician, proposed
the Turing Test in 1950—a test for whether a machine can exhibit intelligent behavior
indistinguishable from a human. This test didn't just give us a criterion for intelligence; it
dared us to imagine machines not just as tools but as thinking entities.

The Birth of Computer-Based Al

The invention of the computer was the real catalyst for Al. In the 1950s, researchers began to
explore if these machines could do more than crunch numbers. The Logic Theorist,
developed by Allen Newell and Herbert A. Simon, was one of the first Al programs. It
proved mathematical theorems, demonstrating that computers could emulate human problem-
solving skills.

Symbolic Al, or "Good Old-Fashioned Al" (GOFALI), dominated early Al research. This
approach involved encoding knowledge and rules into a computer. An example is ELIZA, a
program developed by Joseph Weizenbaum in the 1960s, which mimicked a psychotherapist
by manipulating users' statements into questions. While limited, ELIZA showed how
machines could interact with humans in a seemingly intelligent way.

The Rise of Machine Learning

The evolution from Symbolic Al to Machine Learning marked a paradigm shift in the Al
world. Symbolic Al, reliant on explicit instructions and logic, hit a roadblock when dealing
with the subtleties and complexities of human cognition. Enter Machine Learning (ML), a
revolutionary approach where instead of being programmed with specific rules, machines
were 'taught' to learn from data.

This shift was akin to moving from teaching a child a set of rigid rules to letting them learn
through observation and experience. Machine learning algorithms, fed with data, learn
patterns and make decisions based on these patterns. This approach proved to be more
flexible and applicable to a wider range of problems, from image and speech recognition to
predicting consumer behavior.



The journey of Al hasn't been without its setbacks. The term "Al Winter" refers to periods in
the 1970s and 1980s when optimism about Al's potential crashed against the hard shores of
reality. The first Al Winter was primarily a result of overinflated expectations and
underwhelming results, particularly in the field of language understanding and general
intelligence.

A contributing factor to this disillusionment was the limitations of technology at the time.
Computers lacked the processing power and memory necessary for complex Al tasks. The
complexity of human intelligence and the subtlety of our language and perception were
grossly underestimated. This led to a significant reduction in funding and interest in Al
research, creating a challenging environment for progress.

The Neural Network Revival

The late 1990s and early 2000s marked a reawakening in Al, spurred by advances in neural
networks. These networks, inspired by the structure and function of the human brain, were
not new. However, they had been sidelined during the Al Winters due to their computational
demands and the difficulty of training them.

This revival was fueled by two key developments: the explosion of digital data and
significant advancements in computing power. These factors, combined with refined
algorithms like backpropagation, allowed neural networks to learn from vast datasets
efficiently. Backpropagation, in particular, was a game-changer. It allowed neural networks
to adjust their internal parameters effectively, addressing one of the major challenges in
training these networks.

Deep Learning, a subset of neural networks featuring layers upon layers of interconnected
nodes, emerged as a cornerstone of modern Al. These deep neural networks could capture
complex patterns in data, learning features at multiple levels of abstraction. This capability
enabled breakthroughs in fields that were once considered challenging for machines, such as
image and speech recognition.

One of the watershed moments in deep learning was the success of DeepMind's AlphaGo, an
Al program that defeated a world champion Go player in 2016. This victory was significant
because Go is a game of profound complexity and intuition, showcasing the advanced
decision-making capabilities of deep learning systems.

Towards Generative Al

The story of Generative Al begins with a quest to not just interpret the world, but to
reimagine it. Generative models represent a significant shift from traditional Al's focus on
decision-making and classification to the creation of new, synthetic data that mirrors real-
world data. This shift wasn't abrupt but a gradual evolution fueled by advancements in
machine learning and neural networks.

The early forays into generative models were modest. Simple algorithms attempted to
generate data that resembled basic patterns in their training sets. These initial models,
however, lacked the sophistication and complexity to create high-fidelity outputs. They were
the foundational steps, demonstrating the potential of machines not just as analyzers of data
but as creators.



The leap towards sophisticated Generative Al models required several key advancements.
First, the explosion of data and computational power made it feasible to train more complex
models. Second, the development of deep learning architectures opened new possibilities in
modeling intricate data structures.

One of the earliest and most influential developments in this space was the Variational
Autoencoder (VAE), introduced in 2013. VAEs represented a breakthrough in the ability to
generate new images, sounds, and even text. They work by compressing data into a lower-
dimensional space (encoding) and then reconstructing it back into its original form
(decoding), allowing the model to learn a dense representation of the data.

Another critical development was the introduction of Generative Adversarial Networks
(GANS) in 2014. GANSs consist of two neural networks—a generator and a discriminator—
that are trained simultaneously in a competitive game. The generator creates synthetic data,
and the discriminator evaluates it against real data. This adversarial process leads to
increasingly refined and realistic outputs, a characteristic that has made GANs immensely
popular in image generation and beyond.

These models, along with others, have not only expanded the capabilities of Al in data
generation but have also begun to blur the lines between machine-generated and human-
generated content. They've opened up new avenues in art, design, entertainment, and even
scientific research, where they can be used for everything from creating realistic virtual
environments to drug discovery.

Challenges and Limitations of Generative Al

While Generative Al has shown remarkable progress, it's not without its complexities and
challenges. One of the primary issues is the quality and diversity of the data used to train
these models. Since generative models learn to produce new data based on their training
datasets, any biases or limitations in these datasets can lead to skewed or unrealistic outputs.
This problem of data bias is particularly critical in fields like facial recognition, where biased
data can lead to unfair or discriminatory outcomes.

Another challenge is the computational resources required for training sophisticated
generative models. Models like GANs and large-scale autoencoders demand significant
processing power and memory, making them resource-intensive. This not only limits their
accessibility but also raises concerns about the environmental impact of the large-scale
computing power required.

Generative Al also poses unigue ethical and societal challenges. The ability of GANs and
similar models to create realistic images and videos has led to concerns about deepfakes—
synthetic media where a person's likeness is replaced with someone else's, often without
consent. This has implications for privacy, consent, and the spread of misinformation.

Moreover, as Al begins to tread into creative domains traditionally associated with human
ingenuity—such as art, music, and literature—it raises questions about the nature of creativity
and the value of human versus machine-generated art. These discussions extend beyond
technology into philosophy, ethics, and sociology.



From a technical standpoint, generative models often struggle with ensuring the diversity and
novelty of their outputs. There's a risk of models producing "echoes" of their training data,
leading to a lack of originality in generated content. Additionally, understanding and
controlling how these models work—often referred to as the "black box" problem—remains a
significant research area. Greater transparency and control over these models are crucial for
their safe and responsible application.

The Future of Generative Al

The landscape of Generative Al is rapidly evolving, with current trends indicating several
exciting directions. One notable trend is the increasing integration of Generative Al in
everyday applications, from personalized content creation to advanced data augmentation
techniques in machine learning. The development of more efficient and scalable generative
models is also a focus, aimed at reducing the computational cost and making these
technologies more accessible.

Another emerging trend is the use of Generative Al in solving complex scientific problems.
For instance, in drug discovery and material science, generative models are being employed
to simulate and predict molecular structures, potentially speeding up the development of new
drugs and materials.

Looking into the future, we can anticipate several developments. The integration of
Generative Al with other Al technologies, like reinforcement learning and natural language
processing, could lead to more sophisticated and versatile Al systems. These systems could
potentially understand and interact with the world in more nuanced and human-like ways.

Furthermore, as algorithms become more advanced, we might see Generative Al playing a
significant role in creative industries, assisting in everything from filmmaking to architecture.
This doesn't mean replacing human creativity but augmenting it, providing new tools for
expression and innovation.

As Generative Al continues to advance, ethical and regulatory considerations will become
increasingly important. Establishing guidelines and standards for the responsible use of these
technologies will be crucial. This includes addressing concerns related to data privacy,
intellectual property rights, and the societal impact of automated content generation. The
conversation around these issues is just beginning, and it will be a crucial part of the future of
Generative Al.

Conclusion and Transition to In-Depth Exploration

As we reflect on the journey Al has taken from its nascent ideas in mythology and philosophy
to the sophisticated field of Generative Al today, it's important to recognize the incredible
advancements, setbacks, and resurgence that have marked this evolution. The story of Al is
not just one of algorithms and data; it's a story of human curiosity, ambition, and creativity.
It’s a testament to our relentless pursuit to understand and recreate the mechanisms of
intelligence. Generative Al, in particular, represents a significant milestone in this journey, as
it moves beyond interpretation and analysis to creation and imagination.



As we move forward, the following chapters will dive deeper into the heart of Generative Al.
We'll explore the intricate workings of various generative models like GANs, VAEs,
Diffusion based models, Score based and Energy based models.

In addition to technical exploration, we'll also delve into case studies and real-world
applications of these models. From creating art to simulating environments for Al training,
these examples will illustrate the transformative impact of Generative Al across different
domains.

This journey into Generative Al is not just a technical exploration; it's a venture into a
domain that is reshaping our world. As we embark on this exploration, readers are
encouraged to think critically about the implications of these technologies, the ethical
considerations they raise, and the potential they hold for the future.

So lets get started.



Primer on Probability Distributions

Introduction to Probability Distributions

Probability distributions are fundamental concepts in statistics and machine learning,
describing how the probabilities of different possible outcomes of a random variable are
distributed. They form the backbone of many generative Al algorithms, which rely on
probabilistic methods to model and generate data.

Types of Probability Distributions

1. Discrete Probability Distributions

o Definition: Describe the probabilities of outcomes of a discrete random variable
(e.g., rolling a die).
o Example: The probability distribution of rolling a fair six-sided die is:

= P(1)=1/6
= P(2)=1/6
= P(3)=1/6
= P(4)=1/6
= P(5)=1/6
= P(6)=1/6

2. Continuous Probability Distributions

o Definition: Describe the probabilities of outcomes of a continuous random variable
(e.g., the height of people).

o Example: The normal distribution, often used to model natural phenomena, is
characterized by its bell curve shape. For instance, the distribution of heights in a
population might follow a normal distribution with a mean () and standard
deviation (o).

Key Concepts in Probability Distributions

e Probability Density Function (PDF)

Definition: For continuous variables, the PDF describes the relative likelihood for a
random variable to take on a given value.

Example: The PDF of a normal distribution is given by:
f(x)=(1/2nc2)*e—((x—)2/(252))f(x) = (1 / \sqrt{2 \pi \sigma”"2}) * e {-((x - \mu)*2 /
(2 \sigma"2)) H(x)=(1/2162) *e—((x—1)2/(252))

Intuitive Example: Imagine a histogram of people's heights. The PDF is like a
smooth curve fitted over this histogram.

e Cumulative Distribution Function (CDF)

Definition: The CDF describes the probability that a random variable takes on a value
less than or equal to a certain value.

Example: For a normal distribution, the CDF is represented as: F(x)=P(X<x)F(x) =
P(X \leg xX)F(x)=P(X<x)

Intuitive Example: If you're standing at a point on the height distribution curve, the
CDF tells you the proportion of people shorter than you.



Marginal, Joint, and Conditional Distributions

1. Marginal Distribution

o Definition: The probability distribution of a subset of a collection of random
variables, ignoring the others.

o Example: If we have two random variables, X (height) and Y (weight), the marginal
distribution of X is the distribution of heights irrespective of weights.

o Intuitive Example: If you have a table of heights and weights of people, the marginal
distribution of height is simply the distribution of the heights, ignoring the weights.

2. Joint Distribution

o Definition: The probability distribution of two or more random variables considered
simultaneously.

o Example: The joint distribution of height (X) and weight (Y) might show that taller
people tend to weigh more.

o Intuitive Example: Imagine a scatter plot where each point represents a person’s
height and weight. The joint distribution describes how these points are distributed
across the plot.

3. Conditional Distribution

o Definition: The probability distribution of a random variable given that another
variable is known.

o Example: The conditional distribution of weight (Y) given height (X) tells us the
distribution of weights for people of a specific height.

o Intuitive Example: If you know someone's height, the conditional distribution would
give you the likely range of weights for people of that height.

Intuitive Examples

1. Weather Forecasting
o Scenario: Predicting the probability of rain.
o Discrete Example: The probability it will rain on a given day might be 0.3 (30%
chance of rain).
o Continuous Example: The amount of rain on a rainy day might follow a normal
distribution with a mean of 10mm and a standard deviation of 2mm.
2. Medical Diagnosis
o Scenario: Diagnosing a disease based on symptoms.
o Marginal Distribution: The probability of having a fever regardless of other
symptoms.
Joint Distribution: The probability of having both a fever and a cough.
Conditional Distribution: The probability of having the disease given that the patient
has a fever.

Visualizing Probability Distributions

1. Histograms and Bar Charts

o Usage: For visualizing discrete distributions.

o Example: A bar chart showing the probability of rolling each number on a die.
2. Probability Density Plots

o Usage: For visualizing continuous distributions.

o Example: A smooth curve representing the normal distribution of people's heights.
3. Scatter Plots

o Usage: For visualizing joint distributions.



o Example: A scatter plot showing the relationship between height and weight.

Practical Implications for Generative Al

1. Sampling
o Usage: Generative models often sample from learned distributions to generate new
data.
o Example: A GAN generating new images by sampling from a learned latent space
distribution.

2. Modeling Complex Data
o Usage: Understanding and modeling the joint and conditional distributions of data is
crucial for building effective generative models.
o Example: Modeling the joint distribution of pixels in an image to generate realistic
photos.

By grasping these foundational concepts of probability distributions, one can better
understand and implement generative Al models, which fundamentally rely on probabilistic
principles to learn and generate data.
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Embrace the hidden layers of complexity; in the latent space of Variational Autoencoders, we
discover the infinite potential to create, learn, and innovate.



Chapter 1. Introduction to Variational Autoencoders

1.1 Overview of Variational Autoencoders (VAES)

Variational Autoencoders (VAES) are a type of generative model that uses neural networks to
learn and represent complex data distributions. Unlike traditional autoencoders, which
primarily focus on dimensionality reduction and data reconstruction, VAEs adopt a
probabilistic approach to generate new data samples.

Key Points:

o Generative Models: VAEs are designed to generate new data samples that are similar
to the input data.

e Probabilistic Approach: They introduce randomness through latent variables,
allowing the model to capture complex data distributions.

o Applications: VAEs are used in image generation, anomaly detection, natural
language processing, and more.

Importance of VAEs:

o Flexibility: VAEs can model a wide variety of data distributions, making them highly
versatile.

o Representation Learning: VAEs learn meaningful latent representations, capturing
the underlying structure of the data.

1.2 Concept of Latent Variable Models

Latent variable models introduce unobserved (latent) variables to capture the underlying
structure in the data. These variables explain variations in the observed data that are not
directly measurable.

Definition and Purpose:

o Latent Variables: Hidden variables that influence the observed data.
e Purpose: To simplify complex data distributions by modeling hidden factors that
generate the observed data.

Intuition:

Imagine you have a large collection of cat images, and you want to generate new cat
images that look realistic. A traditional autoencoder would compress each cat image
into a fixed-size vector (latent code) and then try to reconstruct the same image from
this code. However, this method doesn't capture the variability in the images.

In contrast, a VAE introduces randomness by learning a distribution (usually a
Gaussian) over the latent space. Instead of mapping each image to a single point, it
maps it to a region in this space, characterized by a mean and a variance. When
generating new images, the VAE samples a point from this distribution and decodes it
to an image. This process allows the VAE to create a variety of new, realistic-looking
cat images by sampling different points from the learned distribution.



Example:

Consider a dataset of handwritten digits. The latent variables might represent different
aspects of the digit's appearance, such as stroke thickness, slant, and size. These
hidden factors help the model understand and generate new digits.

1.3 Hard Partition Functions
Introduction to Partition Functions

In probabilistic modeling, a partition function is essential for ensuring that the probability
distribution is properly normalized. This means that the sum of all possible probabilities
equals one, which is necessary for making meaningful probabilistic inferences.

Definition and Importance
Partition Function:

o Definition: A partition function is a normalization constant used to ensure that the total
probability of all possible outcomes in a probability distribution sums to one.

e Importance: It is crucial for accurate probabilistic modeling because it ensures the
distribution is valid and allows for meaningful inferences.

Example: Partition Function in Image Generation with a Cat Image Dataset
To understand the need for and difficulty of computing the partition function, let's consider a
simplified example using a single pixel from a cat image.

Example Scenario:

e Single Pixel: Suppose we have a 64x64 color image of a cat, and we focus on just one pixel.
Each pixel can take one of 256 values for each of the three color channels (red, green, and
blue). So, each pixel can have 2563256”32563 possible color combinations.

e Unnormalized Probability: Let's say our model assigns a score to each possible color of the
pixel based on how likely that color is in the context of cat images.

Estimating the Probability Distribution:

1. Score Assignment: Suppose our model assigns the following scores to a few colors

of the pixel:
o Color (255, 0, 0) (Red): Score = 10

Color (0, 255, 0) (Green): Score = 15

Color (0, 0, 255) (Blue): Score =5

Color (128, 128, 128) (Gray): Score = 20

... (many more combinations)

2. Normalization Need: To convert these scores into probabilities, we need to sum all
the scores and divide each score by this sum. This sum is the partition function ZZZ.

O O O O



3. Partition Function Calculation:

7 = sum(scores)

For simplicity, let's consider only the scores we've listed:

Z =10 + 15 + 5 + 20 + ...
This sum includes all possible color values for the pixel.

4. Probability Calculation:

P(Color = (255, 0, 0)) = Score(255, 0, 0) / 2 =10 / Z
P(Color = (0, 255, 0)) = Score(0, 255, 0) / 2 =15/ %
P(Color = (0, 0, 255)) = Score(0, 0, 255) / Z2 =5/ %7
P(Color = (128, 128, 128)) = Score(1l28, 128, 128) / Z =20 / z

Challenges in High Dimensions:

e Scaling Up: Now, imagine this process for all 2563256”32563 possible colors for just one
pixel. The partition function involves summing scores for all these combinations.

e Entire Image: When scaling up to a 64x64 image, we have 25664x64x3256"{64 \times 64
\times 3}25664x64x3 possible images. Calculating the partition function for this many
combinations is impractical.

Practical Implications:

e Approximation Techniques: Direct computation of the partition function for an entire image
is infeasible. Approximation methods like Monte Carlo sampling or variational inference are
used to estimate the partition function.

e Efficient Modeling: Models like GANs avoid explicit computation of the partition function by
learning the distribution implicitly.

Visualization: Imagine each pixel's color in an image of a cat. Each pixel can have millions
of possible colors, and for the entire image, the number of combinations is astronomical.
Summing all possible combinations to normalize the scores is like trying to count every grain
of sand on a beach—an impossible task without approximation.

In summary, the partition function is essential for normalizing probabilities in probabilistic
models, but its computation is highly challenging due to the enormous number of possible
states in high-dimensional spaces like images. This intractability leads to the use of
sophisticated approximation methods to handle the computational demands.



1.4 Relevance and Applications

VAEs have significant relevance in modern machine learning due to their ability to learn
complex data distributions and generate new data samples. Here are some notable
applications:

Image Generation:

e VAES can generate realistic images by learning the underlying distribution of training
images. This is useful in fields like art, design, and entertainment.

Anomaly Detection:

e By learning the normal distribution of data, VAESs can detect anomalies or outliers
that do not fit this distribution. This is valuable in cybersecurity, fraud detection, and
quality control.

Natural Language Processing (NLP):

e VAESs can generate coherent and contextually relevant text, assisting in tasks like text
completion, translation, and creative writing.

Healthcare:

« In healthcare, VAESs can generate synthetic medical data for training purposes or
detect anomalies in patient records, enhancing diagnostic processes.

Summary

Variational Autoencoders (VAES) are a powerful type of generative model that leverage
neural networks and probabilistic methods to learn and represent complex data distributions.
By incorporating latent variables and addressing the challenges of partition functions, VAES
provide a flexible and robust framework for a variety of applications. In the following
chapters, we will delve deeper into the theoretical foundations, mathematical formulations,
and practical implementations of VAEs, providing a comprehensive understanding of this
fascinating model.



Chapter 2: Understanding Latent VVariables in VAEs
2.1 Definition and Intuition of Latent Variables

Latent variables are hidden factors that influence the observed data. In VAES, these variables
capture underlying patterns and structures that are not directly observable.

Role of Latent Variables:

o Capturing Structure: Latent variables explain variations in data by modeling hidden
factors.

o Data Generation: They provide a way to generate new data samples by sampling
from the latent space.

Intuitive Explanation:

« Latent variables act as a compressed representation of the data, capturing essential
features and patterns. For instance, in images, latent variables might represent features
like shape, color, and texture.

Example:

o Consider a dataset of handwritten digits. The latent variables might capture different

aspects of the digits, such as the thickness of the strokes, the slant of the digits, and

the overall size. These hidden factors help the model generate new digits that look
similar to those in the dataset.

2.2 Importance of Latent Variables
Latent variables are crucial for several reasons:
Model Flexibility:

e By using latent variables, VAEs can model complex data distributions that are
difficult to capture with traditional methods.

Dimensionality Reduction:

o Latent variables provide a compressed representation of the data, reducing the
dimensionality while retaining important information.

Capturing Complex Distributions:

o Latent variables allow the model to capture the underlying structure of the data, which
can include multiple modes and intricate dependencies.

Applications:



« Image Generation: Latent variables help generate new images by sampling from the
learned distribution.

« Anomaly Detection: By understanding the normal distribution of data, latent
variables can help identify outliers.

« Natural Language Processing: Latent variables can capture the underlying
semantics and structure of text data.

2.3 Mathematical Formulation
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Introduction to Latent Variables in VAEs

Variational Autoencoders (VAES) use latent variables to model complex data distributions.
These latent variables help capture the underlying structure of the data, enabling the
generation of new, similar data samples.

Representing Data with Latent Variables

To understand how VAEs use latent variables, let's break down the joint distribution of the
observed data and latent variables.

Given:

e Observed data x



e Latent variables z
The joint distribution can be expressed as:
p(x, z) = p(xlz) * p(z)
Where:

e p(x|z) isthe likelihood of the observed data given the latent variables.
e p(z) isthe prior distribution of the latent variables.

Explaining the Formula

Let's break down what this formula means in simpler terms.

1. Likelihood p (x|z):

o What it represents: This term models how likely it is to observe the data x given a
particular value of the latent variable z.

o Intuitive Explanation: Imagine z as a hidden code that represents certain features
(like shape, size, or color) of an image. p (x| z) tells us how likely we are to see a
specific image (say, a cat) if we know the hidden code z.

o Example: If z represents a feature like "has ears" and x is an image of acat, p (x| z)
could tell us the probability that the image is a cat given it has ears.

2. Priorp(z):

o What it represents: This term represents our assumptions about the distribution of
the latent variables before we observe any data.

o Intuitive Explanation: Think of p (z) as a guess about the hidden features (codes)
we expect in our data. For instance, if we believe that most images are of animals,
our prior p (z) might favor codes that represent animal-like features.

o Example: If we assume that animal images are common, our prior p (z) might assign
higher probabilities to codes that represent animals (e.g., codes for fur, tails, etc.).

Putting It All Together

The joint distribution p (x, z) = p(xlz) * p(z) combines these two ideas:
e Generation Process: p (x| z) tells us how likely a specific image is given a set of features
(latent variables).

e Assumption About Features: p (z) tells us what features we expect to see in general.

Visual Analogy

Imagine you are an artist (the model) trying to paint images of cats (the observed data x). You
have a set of invisible stencils (latent variables z) that represent different cat features like
ears, tails, and whiskers. Here’s how the process works:



1. Before You Start (Prior p (z) ): You have some idea about which stencils to use more
frequently (e.g., you might think ears are very common, so you have a higher probability for
ear stencils).

2. Drawing the Cat (Likelihood p (x| z) ): You use these stencils to draw the cat. The likelihood
tells you how likely your drawing is to resemble a cat given the stencils you used.

3. Final Drawing (Joint Distribution p (x, z)): The final picture combines your initial guesses
about which stencils to use and how well they work together to create a realistic cat image.

By integrating latent variables into the probabilistic framework, VAEs can model the
complex relationships in data, making it possible to generate new data that looks similar to
the original dataset.

2.4 Graphical Representation

Understanding the relationship between observed and latent variables can be further
simplified using a graphical representation.

Graphical Model:

« Nodes represent variables (observed and latent).
o Edges represent dependencies between variables.

For a VAE, the graphical model typically looks like this:

e Observed Variable (x): The data we observe.
o Latent Variable (z): The hidden variable that influences x.
« Dependencies: Arrows indicate that z influences x (p(x|z)).

2.5 Practical Example: Handwritten Digit Generation

To illustrate the concept of latent variables, let's walk through an example of generating
handwritten digits.

Step-by-Step Process:

1. Dataset:
o Use a dataset of handwritten digits, such as the MNIST dataset.
2. Latent Space:
o Define a latent space with a certain number of dimensions (e.g., 2D or 10D).
Each point in this space represents a set of latent variables.
3. Training:
o Train the VAE to learn the mapping between the latent space and the observed
data (digits).
4. Sampling:
o Sample points from the latent space and use the decoder part of the VAE to
generate new handwritten digits.



Intuition:

« Each point in the latent space corresponds to a unique combination of features (e.g.,
stroke thickness, digit shape). By sampling different points, we generate different
variations of digits.

Visualization:

o After training, visualize the latent space to see how different regions correspond to
different types of digits. For example, one region might correspond to the digit "1"
with varying slant, while another region might correspond to the digit 7" with
varying stroke thickness.

Summary

Latent variables play a fundamental role in VAESs by capturing the hidden structure in the
data. They allow the model to generate new samples, reduce dimensionality, and capture
complex data distributions. By understanding the role and importance of latent variables, we
gain insights into how VAEs can effectively model and generate data.



Chapter 3: Variational Inference and ELBO
3.1 Introduction to Variational Inference

Variational inference is a method used to approximate complex posterior distributions with
simpler, tractable distributions. In the context of Variational Autoencoders (VAES),
variational inference is used to approximate the intractable true posterior distribution of the
latent variables given the observed data.

Purpose:
e To find a simpler distribution that is close to the true posterior distribution.

e To make inference computationally feasible by avoiding direct calculation of the partition
function.

Intuition:

e Instead of computing the exact posterior distribution, which is often intractable, variational
inference approximates it with a simpler distribution that is easier to work with.

3.2 Understanding Likelihood and Maximum Likelihood Estimation (MLE)
Likelihood measures how probable the observed data is under a specific model.

o Example: Imagine we have a model of a cat image and we want to know how likely it is that
this model could generate the actual cat images we observe.

Maximum Likelihood Estimation (MLE) aims to find the parameter values that maximize
this likelihood.

e Example: If our model has parameters that control features like fur texture and ear shape,
MLE would adjust these parameters to make our model's generated images as close as
possible to real cat images.

3.3 The Need for Variational Inference

In VAEs, we want to find the posterior distribution of the latent variables given the observed
data, denoted as p(zIx)p(z|x)p(zIx). However, calculating this exact posterior is challenging
due to the complex, high-dimensional integrals involved.

Why Summing/Integrating Over Latent Variables is Difficult:

e Example: Imagine each latent variable zzz represents a feature of a cat (e.g., ear shape, fur
color, tail length). For a single image xxx, the posterior p(z|x)p(z|x)p(zlx) tells us how likely
each possible combination of these features is. Calculating this involves integrating over all
possible combinations of zzz, which is computationally infeasible due to the vast number of
possible combinations.

3.4 Variational Inference and the ELBO



To make the problem tractable, we use variational inference to approximate
p(zIX)p(z|x)p(zIx) with a simpler distribution q(zIx)q(z|x)q(z|x).

Expectation:

Intuitive Explanation: Expectation is like calculating the average outcome we expect to see
when accounting for all possible scenarios.

Example: If you roll a die, the expectation of the roll is the average value you would get over
many rolls, which is 3.5 for a fair die.

In variational inference, we use the expectation to deal with the complexity of integrating
over all possible latent variables.

Step-by-Step Derivation:

1.

Starting Point: Log-Likelihood of the Data:

log p(x) = log [ p(x, z) dz

Here, we want to maximize the log-likelihood of the observed data xxx.

Introduce the Variational Distribution q(zIx)q(z|x)q(zIx):

log p(x) = log f g(zlx) ( p(x, 2z) / q(zlx) ) dz

This is where we introduce our simpler approximation q(zIx)q(z|x)q(z|x).

Apply Jensen’'s Inequality:

log p(x) 2 [ a(zlx) log ( p(x, z) / q(zlx) ) dz

Jensen's Inequality helps us move the log inside the integral, giving us a lower bound.
Separate Terms:

log p(x) 2 [ q(zlx) log p(xlz) dz + f q(zlx) log ( p(z) / q(zlx) ) dz

We now have two terms: the expected log-likelihood and the KL divergence.

Define ELBO:
ELBO = E_g(zlx) [ log p(xlz) 1 - D_KL ( g(zlx) []| p(z) )
Where:
o E g(zlx) [ log p(xlz) 1 isthe expected log-likelihood of the data given the
latent variables.
o DKL ( g(zlx) || p(z) ) istheKullback-Leibler divergence between the

approximate posterior g (z | x) and the priorp(z).



Explanation of ELBO:

o Expected Log-Likelihood: This measures how well the model can reconstruct the
observed data from the latent variables. It's like checking how well our simplified
map (variational distribution) matches the real terrain (true posterior).

o KL Divergence: This measures the difference between the approximate posterior and
the prior distribution. Minimizing this term ensures that our approximate posterior is
close to our prior beliefs.

3.5 Importance of ELBO

The ELBO is crucial for training VAEs. By maximizing the ELBO, we can optimize the
likelihood of the observed data and ensure that the approximate posterior is close to the prior.

Role in Training:

e Optimization Objective: The ELBO serves as the objective function for training VAEs.

e Balancing Reconstruction and Regularization: The ELBO balances the reconstruction of the
data (through the expected log-likelihood) and the regularization of the latent space
(through the KL divergence).

Benefits of Using ELBO:

e Computational Feasibility: The ELBO provides a tractable way to optimize the model
parameters without computing the exact partition function.

e Theoretical Soundness: Maximizing the ELBO ensures that the model learns a good
approximation of the true data distribution.

Putting it All Together with a Cat Example

Imagine we have a dataset of cat images and we want our VAE to learn to generate new,
realistic cat images.

1. Likelihood: We want our model to generate images that look like our observed cat
images.

o Example: If we have an image of a cat with stripes, the likelihood measures how well
our model's generated image matches this striped cat.

2. Variational Inference: Directly computing the exact posterior distribution of latent
variables (features like ear shape, fur color) given the cat images is hard.

o Example: Instead of calculating the exact probability of every possible combination
of cat features, we use a simpler distribution that approximates this.

3. ELBO: We use the ELBO to balance how well our model reconstructs cat images
(expected log-likelihood) and how close our approximated features are to our prior
beliefs (KL divergence).

o Example: We want our model to generate realistic cat images while also ensuring
that the features it uses (like ears and tails) are reasonable and consistent with what
we expect cats to look like.

By maximizing the ELBO, our VAE can learn to generate new cat images that are both
realistic and consistent with the features seen in the training data. This makes the training



process efficient and theoretically sound, allowing for the creation of high-quality generative
models.

Practical Example: ELBO in Action

Let's walk through a practical example of how the ELBO is used in training a VAE on the
MNIST dataset.

1. Dataset:
o MNIST dataset of handwritten digits, each image is 28x28 pixels.
2. Latent Variables:
o Define a latent space with a certain number of dimensions (e.g., 2D or 10D).
3. Variational Distribution:
o Define the variational distribution g(z|x) as a Gaussian distribution with mean
and variance parameters learned by the encoder network.
4. ELBO Calculation:
o Compute the expected log-likelihood E_q(z|x) [ log p(x|z) ] by decoding the
latent variables z and comparing the reconstruction with the observed data x.
o Compute the KL divergence D_KL ( q(z|x) || p(z) ) to ensure the approximate
posterior is close to the prior.
5. Optimization:

o Use gradient descent to maximize the ELBO, updating the parameters of the
encoder and decoder networks.

Intuitive Explanation:

The encoder network learns to map the observed data to the latent space,
approximating the posterior distribution.

The decoder network learns to reconstruct the data from the latent variables,
maximizing the likelihood of the observed data.

The ELBO ensures that the model achieves a balance between accurate reconstruction
and a smooth latent space distribution.

Summary

Variational inference provides a powerful framework for approximating complex posterior

distributions, making it possible to train VAEs efficiently. The Evidence Lower Bound
(ELBO) is central to this process, offering a tractable objective for optimization. By
understanding and maximizing the ELBO, we can effectively train VAESs to model and
generate complex data distributions.



