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Introduction

Modern machine learning relies on a solid grasp of probability, uncertainty,
sampling behavior, and the ways data changes over time. This book develops
that understanding through visual intuition and simulation‑based reasoning,
and it is supported by clear Python examples available on GitHub for each
chapter.
Statistical thinking is presented as a practical tool that supports every stage
of modeling, from selecting appropriate probability models to diagnosing
prediction issues and monitoring systems in production. The aim is to make
the core ideas of statistics feel intuitive and useful rather than abstract or
overwhelming.

How this book is structured
This book is organized into three major parts as follows:

• Part I: Foundations
– Chapter 1: Random Events, Variables & Probability Modeling
– Chapter 2: Distribution Families & Shapes
– Chapter 3: Sampling & Estimators

• Part II: Core Statistical Tools
– Chapter 4: Hypothesis Testing & Statistical Comparison Methods
– Chapter 5: Regression & Prediction Diagnostics
– Chapter 6: Sampling Designs & Experiments
– Chapter 7: Resampling & Permutation Based Inference

• Part III: Drift, Reliability & Temporal Behavior
– Chapter 8: Nonparametric Drift Detection & Monitoring
– Chapter 9: Parametric Drift Detection & Monitoring
– Chapter 10: Survival Curves & Reliability Modeling

You can read the book from start to finish, but each chapter is designed to
stand on its own. Code examples and visualizations make it easy to exper-
iment as you go. Readers working in production environments may find
themselves jumping directly to Parts II and III.



Who should read this book
This book is written for anyone whoworks with data and wants to understand
why statistical methods behave the way they do.

• Data scientists and machine learning practitioners who want
stronger intuition behind the tools they use every day.

• Engineers and analysts who evaluate models, design experiments, or
monitor systems in production.

• Researchers, students and curious enthusiasts who want a practical
bridge between mathematical statistics and applied machine learning.

• Professionals in reliability, operations, or riskmodelingwho need to
understand drift, survival curves, and temporal behavior through simple
explanations and practical examples.

You do not need an advanced math background. Curiosity and a willingness
to explore ideas through examples and simulation are enough.

How this book is different from other books on ma-
chine learning
Most machine learning texts focus on models, architectures, and perfor-
mance benchmarks. This book emphasizes the statistical foundations that
make those models reliable. Key differences:

• Simulation first explanations Concepts are demonstrated through re-
peated sampling, Python code, and visualizations rather than abstract
proofs.

• Model agnostic reasoning The goal is not to teach a specific algorithm
but to strengthen the statistical intuition that applies to all algorithms.

• Practical diagnostics You will learn how to evaluate models, detect
failures, and design experiments that work in real systems.

• Focus on uncertainty and temporal behavior Drift detection, relia-
bility modeling, and survival analysis are treated as key topics once the
foundational ideas are in place.
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Supporting website and code repository
All figures, simulations, and extended examples are available on the
supporting website at qikly.com, along with a complete code repository.
These resources allow you to reproduce every plot, explore variations, and
experiment with the ideas introduced in each chapter. The Python code
was developed using Google Colab, which provides a freely available,
“zero‑setup” environment for running Jupyter notebooks with popular
statistics and data‑science packages preinstalled. For this reason, Colab is
the recommended platform for working through the examples in this book.
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Chapter 1: Random Events,
Variables & Probability
Modeling

Introduction
This first chapter introduces the core ideas needed to understand how data
behaves. We begin with random events and random variables and the basic
quantities that describe them, such as expectation, variance and long run
behavior. These ideas provide the foundation for thinking about uncertainty
and variation.
We then move to an introduction to probability distributions. Using exam-
ples like the Uniform and Normal distributions, along with visual tools such
as histograms, density estimates and cumulative distribution functions, we
build intuition for concepts like location, spread, shape and tail behavior.
Mixture models show how complex patterns can arise from simple compo-
nents.
Next we connect these ideas to real data through the distinction between
populations and samples. We look at how parameters describe underlying
processes, how statistics summarize observed data and how sampling vari-
ability leads to results such as the Law of Large Numbers and the Central
Limit Theorem. Simulation helps make these ideas concrete.
Finally we explore core probability distributions that model common random
mechanisms, including Bernoulli trials, Binomial counts, Poisson arrivals
andwaiting timemodels such as theGeometric and Exponential distributions.
These models show how simple rules can generate the wide range of patterns
seen in practice.
A review of the Probability Laws and Counting Rules is provided in the Ap-
pendix for readers who wish to revisit these basic topics.



Random Events & Variables
When we cannot be sure how an outcome will turn out, probability gives
us a way to describe the uncertainty. This section introduces the main ideas
behind that description.

What Are Random Events?
Random events are outcomes that cannot be predicted with certainty. Each
individual outcome is uncertain, but when the same situation is repeated
many times, the overall pattern becomes stable and follows consistent prob-
ability laws.
Example (rolling a die):
Possible outcomes: {1, 2, 3, 4, 5, 6}
Random event: “The die shows an even number” → {2, 4, 6}
Random event: “The die shows a 6” → {6}

Random Variables: Discrete vs Continuous
To analyze random events mathematically, we represent them using random
variables. These are numerical quantities whose values are determined by
the outcome of a random process. A random variable provides a consis-
tent numerical label for each possible outcome, allowing randomness to be
summarized and modeled through probability distributions.
Probability models describe random processes by assigning probabilities or
densities to the possible values of a random variable. These probabilities are
numbers between 0 and 1 that reflect the chance of each outcome relative
to all possible outcomes. For a quick review of the basic probability laws,
readers may consult Appendix A.
Random variables may be discrete, such as counts or cycles, or continuous,
such as time or measurement. They are typically denoted by symbols like
X or T and are described by their distribution and the set of all possible
outcomes, known as their support.

Discrete Examples of Random Variables

(a) Fair coin toss: 𝑋 = 1 for Heads, 0 for Tails; Support: {0, 1}
→ Probabilities: 𝑃(𝑋 = 1) = 1/2, 𝑃(𝑋 = 0) = 1/2

(b) Fair die roll: 𝑋 is the face value shown; Support: {1, 2, 3, 4, 5, 6}
→ Probabilities: 𝑃(𝑋 = 𝑘) = 1/6 for 𝑘 = 1, … , 6
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In any discrete probability model, the probabilities assigned to all possible
outcomes must sum to 1:

∑
𝑖

𝑃 [𝑋 = 𝑥𝑖] = 1

𝑋 is a random variable
𝑥𝑖 are the possible values (outcomes) of 𝑋

𝑃[𝑋 = 𝑥𝑖] is the probability that 𝑋 takes the value 𝑥𝑖

For example, for a fair die:

𝑋 ∈ {1, 2, 3, 4, 5, 6}
𝑃 [𝑋 = 𝑥𝑖] = 1

6 for each 𝑥𝑖
6

∑
𝑖=1

𝑃 [𝑋 = 𝑥𝑖] = 6 × 1
6 = 1

Continuous Examples of Random Variables

(c) Waiting time (unbounded): 𝑡 is the time until the next event; Support:
[0, ∞) →Density: 𝑓(𝑡) = 𝜆𝑒−𝜆𝑡 for 𝑡 ≥ 0 with 𝜆 as the event‑rate
parameter (Exponential model)

(d) Measurement within bounds: 𝑡 is a temperature between 0 and 100;
Support: [0, 100] →Density: 𝑓(𝑡) = 1/100 for 0 ≤ 𝑡 ≤ 100 (Uni-
form model)

As in the discrete case, a continuous probability model must account for all
possible outcomes, but now the total probability is obtained by integrating
the density, and this integral must equal 1:

∫
∞

−∞
𝑓𝑇 (𝑡) 𝑑𝑡 = 1

𝑇 is a continuous random variable
𝑡 is a possible value of 𝑇

𝑓𝑇 (𝑡) is the probability density function (PDF) of 𝑇
For example, for a uniform temperature between 0 and 100:
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𝑇 ∈ [0, 100]
𝑓(𝑡) = 1

100 for 0 ≤ 𝑡 ≤ 100

∫
100

0
𝑓(𝑡) 𝑑𝑡 = ∫

100

0

1
100 𝑑𝑡 = 1

Note: Unlike discrete probabilities, density values 𝑓𝑇 (𝑡) do not represent
probabilities by themselves; only integrals over intervals do.

Expectation E(X)
Expectation represents the long‑run average value of a random variable ob-
tained by repeating the random process many times. Note that 𝜇 is simply
another name for 𝐸(𝑋).
For a discrete random variable 𝑋 taking values 𝑥𝑖 with probabilities 𝑝𝑖:

𝐸(𝑋) = ∑
𝑖

𝑥𝑖 𝑝𝑖

A concise way to see where the discrete formula comes from is to imagine
repeating the experiment many times. In the long run, the proportion of
times 𝑋 takes value 𝑥𝑖 approaches 𝑝𝑖, which matches the structure of the
expectation formula above.
For a continuous random variable with probability density 𝑓(𝑥):

𝐸(𝑋) = ∫
∞

−∞
𝑥 𝑓(𝑥) 𝑑𝑥

For continuous variables, the integral computes the average by weighting
each value according to its density.
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Example Calculation: E(X) for a Fair Die

Probability for each face: 𝑝𝑖 = 1
6 for 𝑖 = 1, … , 6

𝐸(𝑋) = 1𝑝1 + 2𝑝2 + 3𝑝3 + 4𝑝4 + 5𝑝5 + 6𝑝6

𝐸(𝑋) = 1 (1
6) + 2 (1

6) + 3 (1
6) + 4 (1

6) + 5 (1
6) + 6 (1

6)

𝐸(𝑋) = 1 + 2 + 3 + 4 + 5 + 6
6

𝐸(𝑋) = 21
6 = 3.5

Variance Var(X)
Variance measures how far the values of a random variable tend to deviate
from their mean. Note that 𝜎2 is simply another name for Var(𝑋), and 𝜎 is
its square root.
It is defined as:

Var(𝑋) = 𝐸[(𝑋 − 𝐸(𝑋))2]
Expanding the square gives:

(𝑋 − 𝜇)2 = 𝑋2 − 2𝜇𝑋 + 𝜇2, 𝜇 = 𝐸(𝑋)
Taking expectations term by term:

Var(𝑋) = 𝐸(𝑋2) − 2𝜇𝐸(𝑋) + 𝜇2 = 𝐸(𝑋2) − 𝜇2

Thus the computational formula is:

Var(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2
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Example Calculation: Var(X) for a Fair Die

Probability for each face: 𝑝𝑖 = 1/6 for 𝑖 = 1, … , 6
• E[𝑋] = (1 + 2 + 3 + 4 + 5 + 6)/6 = 21/6 = 3.5
• E[𝑋2] = (12 + 22 + 32 + 42 + 52 + 62)/6 = 91/6 ≈ 15.1667
• (E[𝑋])2 = 3.52 = 12.25
• Var(𝑋) = E[𝑋2] − (E[𝑋])2 = 15.1667 − 12.25 = 2.9167

Long Run Behavior of E(X) and Var(X)
Understanding a random variable begins with two key ideas: its long‑run
average and the variability around that average.
For something simple like rolling a fair die, these ideas emerge from its in-
dependent and equal probability structure, where each value in the sup-
port {1, 2, 3, 4, 5, 6} is equally likely, and from the natural spread created
by those equally likely outcomes. By simulating many rolls, we can watch
these quantities settle into their true long run behavior, providing a con-
crete illustration of the Law of Large Numbers (formally defined later in the
chapter).

6



Example Long Run Behavior of a Fair Die

Here we see three key patterns emerge as the number of rolls increases:
1. Raw values of a discrete random variable: an independent, equally

likely outcome whose support is the set {1, 2, 3, 4, 5, 6}, with proba-
bility 1/6 assigned to each value.

2. Convergence of the sample mean toward E[𝑋] = ∑ 𝑥𝑖𝑝𝑖 = 3.5
3. Convergence of the sample variance toward Var(𝑋) = E[𝑋2] −

(E[𝑋])2 = 2.9167

i.i.d. Samples
Many probability models rely on the assumption that observations are inde-
pendent and identically distributed (i.i.d.).

• Independence means that one observation does not influence another.
• Identical distribution means that all observations arise from the same
underlying probability law.

Together, these conditions make it possible to describe data using simple
probability models and to reason clearly about uncertainty.
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In practice, it is important to check for potential dependence, such as
time‑ordered data or batch effects, before applying methods that rely on the
i.i.d. assumption.

Introduction to Probability Distributions
Probability distributions describe uncertain outcomes by distinguishing con-
tinuous processes from those that occur in discrete, countable increments.

Continuous & Discrete Distributions
Continuous distributions have a PDF (Probability Density Function),
which describes how probability is spread over a continuum and always
integrates to 1 over its entire support (the full range of continuous values).
A PDF represents density rather than literal probability at a point.
Discrete distributions have a PMF (Probability Mass Function), which as-
signs probability to individual countable values and always sums to 1 across
all possible outcomes. A PMF gives the individual probability of each dis-
crete value.

Support

The support of a probability distribution is the set of all values where the dis-
tribution assigns non‑zero probability for discrete distributions or non‑zero
density for continuous distributions.
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Example PDF vs PMF

Many common families include both continuous and discrete forms, reflect-
ing similar structural ideas expressed in different domains. The chart below
shows an example for the Uniform distribution.

In this figure, the y‑axis shows how probability is allocated:
• For the continuous Uniform PDF, the probability density (“Density”)
is 𝑝(𝑥) = 0.2, a constant probability value of 1/5 over the interval [0, 5].
The total probability (the area under the curve) equals 1.

• For the discrete Uniform PMF, the probability mass (“Probability”)
for the 6 sample points is 𝑝(𝑘) = 1/6 ≈ 0.1666 for each of the discrete
sample outcomes in {0, 0.5, 1, 1.5, 2, 2.5}. The total probability is the
sum of all probability masses, which equals 1.

Uniform Distribution
Now that we have some intuition for the Uniform Distribution’s PDF and
PMF, we can formalize the definition.
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Continuous Uniform Distribution

𝑋 ∼ Unif(𝑎, 𝑏)

Support: 𝑥 ∈ [𝑎, 𝑏]

𝑓𝑋(𝑥) = 1
𝑏 − 𝑎, 𝑎 ≤ 𝑥 ≤ 𝑏

𝑎 < 𝑏, 𝑋 is equally likely anywhere in [𝑎, 𝑏]

Discrete Uniform Distribution

𝑋 ∼ Unif{1, … , 𝑛}

Support: 𝑘 ∈ {1, 2, … , 𝑛}

Pr(𝑋 = 𝑘) = 1
𝑛, 𝑘 = 1, 2, … , 𝑛

𝑘 is one of the 𝑛 equally likely discrete outcomes

The Uniform distribution describes situations where all possible outcomes
have the same likelihood, whether the values form a continuous interval or
a finite set of discrete points. In the continuous case every value in the inter-
val [𝑎, 𝑏] has the same density 1

𝑏−𝑎 , while in the discrete case each of the 𝑛
outcomes has probability 1

𝑛 .

The Four Moments of Distribution Shape
When we refer to the shape of a distribution, we are really describing four
fundamental numerical descriptors known as the statistical moments.
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PDFs for the Four Moments

The Four Moments

They are called moments because each one is built from a power of the vari-
able, just like physical moments in mechanics that describe balance around
a pivot.
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Mean (μ) and Standard Deviation (σ)

Among the four moments, the mean (μ) and standard deviation (σ) are
especially important, since they define a distribution’s central location and
overall spread; σ is simply the square root of the variance, making it the
more intuitive measure of how widely values are dispersed.
Suppose we have a range of individual values 𝑥𝑖, then the mean and standard
deviation of these values are defined as:

𝜇 = 1
𝑁

𝑁
∑
𝑖=1

𝑥𝑖

𝜎 =
√√√
⎷

1
𝑁

𝑁
∑
𝑖=1

(𝑥𝑖 − 𝜇)2

𝑁 is the number of values,
𝑥𝑖 are the individual values,

𝜇 is their mean,
𝜎 is their standard deviation.

Note: Here we divide by 𝑁 . In some contexts 𝑁 − 1 appears instead; this
distinction depends on whether the values represent an entire population or
a sample drawn from it. We will return to this idea later when introducing
samples and populations.

Histograms, KDEs and CDFs
Before diving into statistical concepts for specific distributions, we introduce
three essential visualization tools:

• Histograms show empirical frequency bins.

• Kernel Density Estimate (KDE) smooths the histogram into a contin-
uous curve, giving an empirical approximation of the PDFs, hence they
are also referred to as Empirical PDFs.

• Cumulative Distribution Function (CDF) for both PDFs and PMFs
increases from 0 at the lower end of the support to 1 at the upper end, ac-
cumulating probability as the variable increases. It is obtained by in-
tegrating the PDF for continuous distributions or by cumulatively sum-
ming the PMF for discrete distributions. The CDF is especially useful
for comparing tail behavior and understanding how probability accu-
mulates across the range of all possible values.
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These tools form the backbone of distribution diagnostics.

Normal Distribution
The Normal distribution describes continuous data that cluster symmetri-
cally around a central mean and form a smooth bell‑shaped curve. It is de-
fined by two parameters, the mean μ and the variance σ², which determine
its location and spread. It is often referred to as theGaussian distribution,
named after Carl Friedrich Gauss, the “Prince of Mathematicians,” who for-
malized its properties and helped establish its central role in probability and
statistics. Many natural and human‑driven phenomena — such as measure-
ment noise, biological traits, and aggregated random processes — tend to
follow a Normal distribution, which is why it serves as such a useful refer-
ence point and remains one of the most widely used models in statistics.
The Normal distribution is symmetric, unimodal (single peak), and
light‑tailed (few extreme values). Together, these properties make it ideal
for illustrating how shape changes when parameters vary.

𝑋 ∼ 𝒩(𝜇, 𝜎2)

𝑓𝑋(𝑥) = 1√
2𝜋𝜎2 exp(−(𝑥 − 𝜇)2

2𝜎2 )

𝜇 ∈ ℝ is the mean, 𝜎2 > 0 is the variance
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Normal Distribution for Two Simulated Sample Sizes

• The normal distribution’s bell shape is evident in the histogram and
KDE, while the CDF shows how probability accumulates symmetri-
cally around the mean.

• As sample size increases, the empirical curves become more faithful to
the true distribution. Larger samples make the empirical PDF smoother
and the empirical CDF closer to the theoretical curve because more data
reduces noise, jaggedness and sampling variability.
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Standard Deviation and z Scores

The standard deviation describes how spread out the values are around the
mean. On a Normal curve, it determines the width of the bell: a small stan-
dard deviation produces a tall, narrow curve with values tightly clustered
near the mean, while a large standard deviation produces a wider, flatter
curve with values more dispersed.

It also marks predictable probability regions in the Normal distribution:
about 68% of values lie within one standard deviation of the mean, about
95% within two, and about 99.7% within three. These percentages apply
only when the data are approximately Normal.
The standard deviation sets the scale for standardized scores, also called z
scores. A z score indicates how many standard deviations a value is from
the mean. Any dataset can be converted into standardized scores, regardless
of the original units or the shape of the distribution.
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The probability meaning of z scores, such as locating a value on a Normal
curve or using the above 68–95–99.7 rule, applies only when the data follow
a distribution that is close to Normal. When the data are not Normal, stan-
dardized scores still describe relative position within the dataset, but they no
longer match the probabilities implied by the Normal curve, because those
probabilities depend on the data having a shape that is close to Normal.

Gaussian Mixture Model (GMM)
Real data often contains multiple subpopulations. A Gaussian Mixture
Model (GMM) is the simplest way to illustrate this.
A GMM gives us two complementary perspectives on a distribution: a
smooth theoretical density obtained by blending its Gaussian components,
and an empirical density that arises from the actual samples it produces.
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Two Mode GMM Example

The mixture PDF/CDF describe the true underlying model, while the empiri-
cal histogram/CDF show how a finite, noisy dataset approximates that model
in practice. This contrast builds intuition for mode drift, cluster overlap and
the presence of hidden subpopulations.

GMM PDF/CDF comparison

The chart shows how a two‑component GMM compares to the data it gener-
ates: the left panel contrasts the empirical histogram/KDE with the model’s
mixture and component PDFs, while the right panel shows how their CDFs
accumulate probability differently.
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Appendix A: Probability Laws

This concise refresher provides the classical probability laws that serve as
background knowledge.

1. Set Notation
• Ω — sample space

• 𝐴, 𝐵 — events

• 𝐴𝑐 — complement of A

• 𝐴 ∪ 𝐵 — union (A or B or both)

• 𝐴 ∩ 𝐵 — intersection (A and B)

• ∅ — empty set
Key identity:

𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵)

2. Probability Axioms
1. Non‑negativity:

𝑃(𝐴) ≥ 0
2. Normalization:

𝑃(Ω) = 1
3. Additivity (disjoint events):

If 𝐴 ∩ 𝐵 = ∅, then



𝑃 (𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵)
Useful consequence:

𝑃(𝐴𝑐) = 1 − 𝑃(𝐴)

3. Conditional Probability
Definition:

𝑃(𝐴 ∣ 𝐵) = 𝑃(𝐴 ∩ 𝐵)
𝑃(𝐵)

• 𝑃(𝐴 ∣ 𝐵) — probability that A occurs given B

• 𝑃(𝐴 ∩ 𝐵) — probability that A and B occur together

• 𝑃(𝐵) — probability that B occurs
Rearranged:

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴 ∣ 𝐵) 𝑃(𝐵)

4. Independence
Events A and B are independent if:

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴)𝑃(𝐵)
• 𝑃(𝐴 ∩ 𝐵) — probability A and B occur together

• 𝑃(𝐴) — probability A occurs

• 𝑃(𝐵) — probability B occurs
Equivalent forms:

𝑃(𝐴 ∣ 𝐵) = 𝑃(𝐴)

𝑃(𝐵 ∣ 𝐴) = 𝑃(𝐵)
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5. Law of Total Probability
If {𝐴1, 𝐴2, … , 𝐴𝑘} is a partition of the sample space (mutually exclusive
and exhaustive), then for any event B:

𝑃(𝐵) =
𝑘

∑
𝑖=1

𝑃(𝐵 ∣ 𝐴𝑖) 𝑃 (𝐴𝑖)

Interpretation of each element:
• 𝐴𝑖 — a possible case or scenario

• 𝑃(𝐴𝑖) — probability that case 𝐴𝑖 occurs

• 𝑃(𝐵 ∣ 𝐴𝑖) — probability of B assuming case 𝐴𝑖

• 𝑃(𝐵 ∣ 𝐴𝑖)𝑃 (𝐴𝑖) — contribution of case 𝐴𝑖 to B

• 𝑃(𝐵) — evidence or marginal likelihood: overall probability of ob-
serving B

6. Bayes’ Rule
Definition:

𝑃(𝐴𝑖 ∣ 𝐵) = 𝑃(𝐵 ∣ 𝐴𝑖) 𝑃 (𝐴𝑖)
𝑃 (𝐵)

where:

𝑃(𝐵) = ∑
𝑗

𝑃(𝐵 ∣ 𝐴𝑗) 𝑃 (𝐴𝑗)

Interpretation of each element:
• 𝐴𝑖 — a specific hypothesis or class

• 𝑃(𝐴𝑖) — prior: belief in 𝐴𝑖 before observing B

• 𝑃(𝐵 ∣ 𝐴𝑖) — likelihood: probability of observing B if 𝐴𝑖 is true

• 𝑃(𝐵 ∣ 𝐴𝑖)𝑃 (𝐴𝑖) — joint contribution of hypothesis 𝐴𝑖 and evi-
dence B
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• 𝑃(𝐵) — evidence or marginal likelihood: overall probability of
observing B

• 𝑃(𝐴𝑖 ∣ 𝐵) — posterior: updated belief in 𝐴𝑖 after observing B

7. Counting Rules
Multiplication Rule

Total outcomes = 𝑛1𝑛2 ⋯ 𝑛𝑘
• 𝑛1, 𝑛2, … , 𝑛𝑘 — number of choices at each step

• Total outcomes— number of possible combined outcomes
Permutations (order matters)

𝑃(𝑛, 𝑘) = 𝑛!
(𝑛 − 𝑘)!

• 𝑛 — total number of items

• 𝑘 — number of items selected and arranged

• 𝑃(𝑛, 𝑘) — number of ordered arrangements of k items from n
Combinations (order does not matter)

(𝑛
𝑘) = 𝑛!

𝑘!(𝑛 − 𝑘)!
• 𝑛 — total number of items

• 𝑘 — number of items selected

• (𝑛
𝑘) — number of distinct groups of size k (ignoring order)
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Appendix B: Probability
Distributions

Group 1: Basic Distributions

Distribution PDF / PMF Mean Variance

Uniform
(Continuous)𝑋 ∼
Unif(𝑎, 𝑏)

𝑎 < 𝑏𝑥 ∈
[𝑎, 𝑏]𝑓(𝑥) = 1

𝑏−𝑎

𝑎+𝑏
2

(𝑏−𝑎)2

12

Uniform
(Discrete)𝑋 ∼
Unif{1, … , 𝑛}

𝑛 ∈ ℕ𝑘 ∈
{1, … , 𝑛}𝑃(𝑋 =
𝑘) = 1

𝑛

𝑛+1
2

𝑛2−1
12

Normal𝑋 ∼
𝒩(𝜇, 𝜎2)

𝜎 > 0𝑥 ∈
ℝ𝑓(𝑥) =

1
𝜎

√
2𝜋 exp[− (𝑥−𝜇)2

2𝜎2 ]

𝜇 𝜎2

Bernoulli𝑋 ∼
Bern(𝑝)

0 ≤ 𝑝 ≤ 1𝑥 ∈
{0, 1}𝑃(𝑋 =
1) = 𝑝, 𝑃 (𝑋 =
0) = 1 − 𝑝

𝑝 𝑝(1 − 𝑝)

Binomial𝑋 ∼
Bin(𝑛, 𝑝)

𝑛 ∈ ℕ, 0 ≤ 𝑝 ≤
1𝑘 ∈
{0, … , 𝑛}𝑃(𝑋 =
𝑘) =
(𝑛

𝑘)𝑝𝑘(1 − 𝑝)𝑛−𝑘

𝑛𝑝 𝑛𝑝(1 − 𝑝)

Geometric𝑋 ∼
Geom(𝑝)

0 < 𝑝 ≤ 1𝑘 ∈
{1, 2, …}𝑃(𝑋 =
𝑘) = 𝑝(1 − 𝑝)𝑘−1

1
𝑝

1−𝑝
𝑝2

Poisson𝑋 ∼ Pois(𝜆) 𝜆 > 0𝑘 ∈
{0, 1, …}𝑃(𝑋 =
𝑘) = 𝜆𝑘𝑒−𝜆

𝑘!

𝜆 𝜆



Group 2: Exponential Family & Related Discrete Models

Distribution PDF / PMF Mean Variance
Exponential𝑋 ∼
Exp(𝜆)

𝜆 > 0𝑥 ≥
0𝑓(𝑥) = 𝜆𝑒−𝜆𝑥

1
𝜆

1
𝜆2

Gamma𝑋 ∼ Γ(𝑘, 𝜃) 𝑘, 𝜃 > 0𝑥 ≥
0𝑓(𝑥) =
𝑥𝑘−1𝑒−𝑥/𝜃

Γ(𝑘)𝜃𝑘

𝑘𝜃 𝑘𝜃2

Beta𝑋 ∼ Beta(𝛼, 𝛽) 𝛼, 𝛽 > 0𝑥 ∈
[0, 1]𝑓(𝑥) =
𝑥𝛼−1(1−𝑥)𝛽−1

𝐵(𝛼,𝛽)

𝛼
𝛼+𝛽

𝛼𝛽
(𝛼+𝛽)2(𝛼+𝛽+1)

Negative
Binomial𝑋 ∼
NegBin(𝑟, 𝑝)

𝑟 > 0, 0 < 𝑝 <
1𝑘 ∈
{0, 1, …}𝑃(𝑋 =
𝑘) =
(𝑘+𝑟−1

𝑘 )𝑝𝑟(1−𝑝)𝑘

𝑟(1−𝑝)
𝑝

𝑟(1−𝑝)
𝑝2

Hypergeometric𝑋 ∼
Hypergeom(𝑁, 𝐾, 𝑛)

𝑁, 𝐾, 𝑛 ∈ ℕ𝑘 ∈
{0, … , 𝑛}𝑃(𝑋 =
𝑘) = (𝐾

𝑘)(𝑁−𝐾
𝑛−𝑘 )

(𝑁
𝑛)

𝑛𝐾
𝑁 𝑛𝐾

𝑁 (1 − 𝐾
𝑁 ) 𝑁−𝑛

𝑁−1

Group 3: Shape‑Flexible Continuous Distributions

Distribution PDF / PMF Mean Variance
Rayleigh𝑋 ∼
Rayleigh(𝜎)

𝜎 > 0𝑥 ≥
0𝑓(𝑥) =
𝑥
𝜎2 𝑒−𝑥2/(2𝜎2)

𝜎√𝜋
2

4−𝜋
2 𝜎2

Weibull𝑋 ∼
Weibull(𝑘, 𝜆)

𝑘, 𝜆 > 0𝑥 ≥
0𝑓(𝑥) =
𝑘
𝜆 (𝑥

𝜆)𝑘−1 exp[− (𝑥
𝜆)𝑘]

𝜆Γ(1 +
1/𝑘)

𝜆2Γ(1 +
2/𝑘)−𝜆2Γ(1 +
1/𝑘)2

Lognormal𝑋 ∼
Lognormal(𝜇, 𝜎2)

𝜎 > 0𝑥 >
0𝑓(𝑥) =

1
𝑥𝜎

√
2𝜋𝑒−(ln𝑥−𝜇)2/(2𝜎2)

𝑒𝜇+𝜎2/2 (𝑒𝜎2 − 1)𝑒2𝜇+𝜎2
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Distribution PDF / PMF Mean Variance

Shifted
Lognormal𝑋 =
𝑠 + 𝑌 , 𝑌 ∼
Lognormal(𝜇, 𝜎2)

𝑥 > 𝑠𝑓(𝑥) =
1

(𝑥−𝑠)𝜎
√

2𝜋𝑒−(ln(𝑥−𝑠)−𝜇)2/(2𝜎2)
𝑠 +
𝑒𝜇+𝜎2/2

(𝑒𝜎2 − 1)𝑒2𝜇+𝜎2

Group 4: Heavy‑Tailed & Power‑Law Distributions

Distribution PDF / PMF Mean Variance
Student’s t𝑋 ∼ 𝑡𝜈 𝜈 > 0𝑥 ∈

ℝ𝑓(𝑥) =
Γ((𝜈+1)/2)√𝜈𝜋Γ(𝜈/2) (1 + 𝑥2

𝜈 )
−(𝜈+1)/2

0 (if
𝜈 > 1)

𝜈
𝜈−2 (if 𝜈 > 2)

Shifted Student’s
t𝑋 = 𝜇 + 𝜎𝑇 , 𝑇 ∼
𝑡𝜈

𝑥 ∈ ℝ𝑓(𝑥) =
1
𝜎𝑓𝑇 (𝑥−𝜇

𝜎 )
𝜇 𝜎2 𝜈

𝜈−2 (if 𝜈 > 2)

Cauchy𝑋 ∼
Cauchy(𝑥0, 𝛾)

𝛾 > 0𝑥 ∈
ℝ𝑓(𝑥) =

1
𝜋𝛾[1+( 𝑥−𝑥0

𝛾 )2]

undefined undefined

Pareto𝑋 ∼
Pareto(𝑥𝑚, 𝛼)

𝑥𝑚 > 0, 𝛼 >
0𝑥 ≥ 𝑥𝑚𝑓(𝑥) =
𝛼𝑥𝛼

𝑚
𝑥𝛼+1

𝛼𝑥𝑚
𝛼−1 (if
𝛼 > 1)

𝛼𝑥2
𝑚

(𝛼−1)2(𝛼−2) (if
𝛼 > 2)

Group 5: Inference & Regression Distributions

Distribution PDF / PMF Mean Variance
Chi‑Square𝑋 ∼ 𝜒2

𝑘 𝑘 > 0𝑥 ≥
0𝑓(𝑥) =

1
2𝑘/2Γ(𝑘/2)𝑥𝑘/2−1𝑒−𝑥/2

𝑘 2𝑘

F‑distribution𝑋 ∼
𝐹𝑑1,𝑑2

𝑑1, 𝑑2 > 0𝑥 >
0𝑓(𝑥) =
√ 𝑑1𝑥𝑑1−1𝑑𝑑2

2
(𝑑1𝑥+𝑑2)𝑑1+𝑑2

𝑥𝐵(𝑑1/2,𝑑2/2)

𝑑2
𝑑2−2 (if
𝑑2 > 2)

2𝑑2
2(𝑑1+𝑑2−2)

𝑑1(𝑑2−2)2(𝑑2−4)
(if 𝑑2 > 4)
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Distribution PDF / PMF Mean Variance
Laplace (Double
Exponential)𝑋 ∼
Laplace(𝜇, 𝑏)

𝑏 > 0𝑥 ∈
ℝ𝑓(𝑥) =
1
2𝑏𝑒−|𝑥−𝜇|/𝑏

𝜇 2𝑏2

Logistic𝑋 ∼
Logistic(𝜇, 𝑠)

𝑠 > 0𝑥 ∈
ℝ𝑓(𝑥) =

𝑒−(𝑥−𝜇)/𝑠

𝑠(1+𝑒−(𝑥−𝜇)/𝑠)2

𝜇 𝜋2𝑠2
3
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Further Resources at qikly.com
Further resources are available on the author’s website and GitHub pages
(https://github.com/gal-a), including examples, visualizations, and all the
code used to generate the figures in this chapter.
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