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Preface

Machine learning is a highly interdisciplinary topic and refers to a set of tools for
modeling and understanding complex datasets. It is a field of computer science that
uses statistical techniques to give computer systems the ability to “learn” with data
(e.g., progressively improve their performance on a specific task), without being
explicitly programmed. In other words, machine learning gives us the technology
that allows us to automatically learn complex rules efficiently from a set of examples
in a way that is much more accurate and flexible than attempting to program all the
rules by hand. It is the most exciting field of all computer science, having a large
impact on many applications. With the explosion of “Big Data” problems, machine
learning has become a very hot field in many scientific areas, as well as marketing,
finance, and other business disciplines. People with machine learning skills are in
high demand, and data scientist positions are advertised everywhere.

This series of books with three volumes cover a wide variety of topics in machine
learning, focusing only on supervised and unsupervised learning without discussing
the neural networks with deep learning or reinforcement learning. The primary goal
of this series is to help readers gain a deep understanding of the concepts, tech-
niques, and mathematical frameworks used by experts in machine learning. This
book series is intended for both undergraduate and graduate students, as well as
software developers, experimental scientists, engineers, and financial professionals
with strong math backgrounds who wish to improve their machine learning skills.
This book series is also intended for those who want to become a data scientist, as
well as data science practitioners interested in deepening their theoretical knowl-
edge.

There are myriads of articles, blogs, and ebooks available online, so the natural
question would be: why another book in machine learning? Although these online
resources are great, and many of them were used intensively during writing these
books, none of them filled the author’s needs: some of them were too superfluous,
others were too theoretical, or some were great but focused to only a particular set
of machine learning algorithms. Thus, this three-volume book shall be seen as a
compilation of the thousands of information chips gathered from different materials
and put together to form a concise description of this emerging field.
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viii Preface

There are several ways to start learning a new field of interest, the main two ap-
proaches are: from top to down and from bottom to up. This three-volume book
series takes the latter approach by building up first the basic concepts and then pro-
viding the mathematical framework to build up each machine learner step-by-step.
The greatest challenge for a newbie in a new field of study is to learn all the new
buzzwords. And to make things even harder, some buzzwords could have multiple
meanings, while others can be used interchangeably for the same thing. This book
series attempts to solve this pitfall by using intensive indexing and by highlighting
new buzzwords when introduced the first time in the book.

To make this book an easy read, some mathematical background, equivalent to
a one-semester undergraduate course, in each of the following fields is preferred:
linear algebra, multivariate differential calculus, probability theory, and statistics.
Thus, it is assumed that the reader has familiarity with basic probability and statis-
tics: knows what random variables are, how expectation and variance of a random
variable are defined, heard about the common probability distributions and their
properties, etc. It is also assumed that the reader is familiar with the notion of vectors
and matrices, knows how to multiply vectors and matrices, and understand what the
matrix inverse, determinant, and eigenvalues are. The reader should be also familiar
with the notion of first and second-order (partial) derivatives, how to calculate them,
respective should know the Lagrangian function. Although probability theory and
statistics were also listed here, a great deal of emphasis is put in the book on repeat-
ing some concepts related to these fields. It is also assumed that the reader does have
some sort of basic knowledge of computer science and possess knowledge of the ba-
sic computer skills and principles, including, but not limited to, data structures and
algorithms. Basic programming skills, some knowledge of Python programming,
the SciPy stack, and Jupyter Notebook is also required from the reader to carry out
the lab exercises accompanying the book.

This book series can be also seen as a very concise description of the algorithms
included in scikit-learn library, but the primary goal is to provide a good under-
standing of not just the API of scikit-learn (and statsmodels), but also to give a good
comprehension about what is under the hood, how they are working and what are the
pros and cons of each machine learning algorithm. No single approach will perform
well in all possible applications - as no universal machine learning algorithm exists
that works well on all problems - thus, without understanding all the cogs and their
interaction inside the machine (learner), it is impossible to select the best algorithm
for a particular problem.

Although reading the three-volume series requires a solid math background,
those who lack the necessary math skill should not run away in panic. The author
is an engineer and not a mathematician who sees the math only as a tool that serves
as a way to deepen the understanding of a problem at hand and to find the optimal
solution for a practical problem. Thus, all mathematical formulas used by machine
learning algorithms are introduced by formulating the background and providing ad-
ditional intuition beforehand. With that in mind, minimal mathematical knowledge
might be also acceptable for an eager learner to understand the book. Moreover, the
mathematical expression for each machine learning algorithm is derived step by step
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Preface ix

with clear explanations, intuitive examples, and supporting figures. For those not
possessing a deep mathematical background - but have some programming knowl-
edge - should see the vectors and matrices used in the mathematical framework as
the counterpart of multidimensional arrays used in computer programs, while the
mathematical formulas as a sequence of array manipulations. Thus, the mathemat-
ical formulas presented in the book will be converted directly into a single line of
Python code using array manipulations. This approach is supported by both the Ap-
pendix and lab exercises. As such, the theoretical knowledge can be deepened with
the lab exercises stored in GitHub as Jupyter notebooks.

Lastly, for those who have instinct reluctance toward mathematical expressions,
I would recommend the scene from the famous Matrix movie where the actors were
able to decipher instantly what in the Matrix simulation was going on just by watch-
ing the falling strange green characters on the screen. And this is not fiction, but
rather science: our brain is very plastic even at old age according to Neuroplastic-
ity and is capable of rewiring itself for carrying out whatever task is needed to be
performed. So, even if you are thinking that you are not capable of understanding
mathematics, this is more your unconscious belief than your real capability. Just
be patient with yourself and remember: your brain needs time to rewire itself to
comprehend the mathematical symbols, just like it needs time to learn all the traffic
signs to be able to drive. And when you achieve this with practice, you will read and
comprehend the mathematical expressions just like any ordinary text.

Budapest, January 2020 Farkas, Ferenc
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Chapter 1
Introduction

1.1 How to Use the Book

The intent of this book, as the subtitle of the book series suggests, is to start from
the theory but get comprehension with practice - learning by example is the most
efficient way of learning. In the book, mathematical equations for deriving differ-
ent machine learning algorithms are extensively used. This helps in deepening our
understanding of how each algorithm works, what are their limitations, respective
what are the benefits or drawbacks of using each of them. Tables and figures are also
inserted in the text to show the results of each algorithm for real-world problems and
also highlighting their advantages and disadvantages.

Names of data sets and their variables - used as examples in the book - are
emphasized with a typewriter font, while new concepts - also listed in the Index at
the end of the book - are highlighted with a bold italic font. Emphasizing domains
of applications is done by bold font.

Important explanations, statements or remarks are placed in a grayed box to
call attention to.

All references to sections, figures, tables, equations, and external resources are
provided as hyperlinks, thus, while reading the Ebook one can quickly jump to the
appropriate reference whether it is internal or external to the book.

Deriving machine learning algorithms are done step by step starting with the
problem formulation. Vectorization is also introduced which helps to omit, or at least
minimize, for loops. The final equations(s) of an algorithm can be easily transformed
into a single line of Python/NumPy code.

-Note

Explaining mathematical concepts using intuition or adding important
notes to new concepts are highlighted with italic font and a shaded box contain-
ing “Note” is placed in the front.



2 1 Introduction

Algorithms with pseudo-code are placed in a framed box with the caption as
shown below:

Algorithm 1.1 Example of a factorial algorithm
1: function FACTORIAL(X)
2 y=1

3 while x>0 do

4: y=y*x

5: x=x-1
6

7
8:

end while
return y
end function

Because of the rapid development of the open-source tools, the book does not in-
clude any code (except for a few in the Appendix B) but focuses mainly on the
theory bundled with practical examples. Thus, at the end of each chapter, sev-
eral lab exercises are listed for practicing. However, the book per se does not
contain solutions to the exercises. Instead, complete solutions with explanations
can be obtained from the accompanying Jupyter Notebooks', that can be found at
https://github.com/FerencFarkasPhD/Advanced-Machine-Learning.

The accompanying Jupyter Notebooks provides supplementary material to the
book and should be read (and code executed) in parallel with reading this book. The
implemented algorithms have the sole purpose of deepening the learner’s compre-
hension and they are not targeted for any optimization. For big dataset® the well-
optimized scikit-learn library shall be used instead as shown at the end of the ac-
companying Jupyter notebooks.

1.2 Definition of Machine Learning

There are dozens of terms circulating nowadays around machine learning disci-
pline, so let’s, make some clarification around them. First, we should start with
artificial intelligence (Al), sometimes called machine intelligence, which is intel-
ligence demonstrated by machines, in contrast to the natural intelligence displayed
by humans and other animals.

Al represents a broader field including knowledge-base databases or other explic-
itly programmed algorithms for a given task which provides some “intelligence” for
the machine. In brief, Al tries to make computers intelligent to mimic the cognitive
functions of humans. Machine learning is part of Al but meant for algorithms that
provide the ability for the machines to learn by themselves from their environment.

! Jupyter Notebook has the main advantage that, besides the code that can be executed inside the
notebook, can contain the result of code execution including graphs and plots, thorough explana-
tions for each part of the code, hyperlinks, images, videos, and mathematical formulas.

2 Written as ‘dataset’ instead of ‘data set’ throughout the book as defined by https://dictionary.
cambridge.org/dictionary/english/dataset.
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1.2 Definition of Machine Learning 3

It teaches the computer to solve problems by looking at hundreds or thousands or
even millions of examples, learning from them, and then using that experience to
solve the same problem in new situations. This idea is captured by Arthur Samual,
an American pioneer in the field of computer gaming and artificial intelligence, who
also coined the term “machine learning” in 1959 while at IBM:

“Machine learning is the subfield of computer science that gives computers
the ability to learn without being explicitly programmed.” [1]

To grasp this idea better, let’s take an example of classifying cats vs. dog images.
In a traditional approach you would try to create a program with rules, like: does the
image shows the eyes, and if yes, what are their size and colors?; does the animal
has ears, and what is their size, form and color?; and so on. You already can figure
out how difficult would be to create such a rule set which is not dependent on a
particular dataset. On the contrary, a machine learning algorithm would learn the
patterns of each animal on its own while exposing to it thousands or even millions
of images of cats and dogs. So, machine learning algorithms, inspired by the human
learning process, iteratively learn from data and allow computers to find hidden
insights.

Dating the beginning of any movement is difficult, but the Dartmouth Summer
Research Project of 1956 is often taken as the event that initiated Al as a research
discipline [12], and in the years since has experienced several waves of optimism,
followed by disappointment and the loss of funding (known as an “Al winter”), then
followed by new approaches with success. Since 2012 another hype emerged in the
field of Al especially for a subfield of machine learning, namely deep learning.
Deep learning is more a marketing term as the main concept is the neural networks
which already appeared in the 1950s and it was inspired by the human brain. To em-
phasize that these neural networks have many hidden layers, the term deep neural
network was coined. Neural networks, like any other machine learning algorithms,
require training. The training process for deep neural networks is called deep learn-
ing. According to Yoshua Bengio from Montreal University the

“Machine learning research is part of research on artificial intelligence, seek-
ing to provide knowledge to computers through data, observations and inter-
acting with the world. That acquired knowledge allows computers to correctly
generalize to new settings.” [8]

Several definitions were already provided for machine learning, but a more formal
definition was given by Tom Mitchell in 1998:

“A computer program is said to learn from experience E with respect to some
task T and some performance measure P, if its performance on T, as measured
by P, improves with experience E.” [14]

To comprehend better the above definition, let’s take the spam detection example.
Suppose your email program watches which emails you do or do not mark as spam,
and based on that the computer learns how to better filter spam. The detection of
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spam represents the task T, the computer watching how you classify a given email is
the experience E, and the fraction of emails classified correctly as the performance
measure P.

In Fig. 1.1 it is shown how the AI, machine learning and neural network with

deep learning is interrelated with each other. In this book series, only the machine
learning algorithms are discussed without taking a tour in the subfield of neural
networks. The latter is so vast that it needs to be covered in a separate book.

In order to have a better idea of the capabilities of machine learning, let’s look at

some real-world examples. The following list is far from being complete and in the
book, several examples are provided for each application mentioned below:

Fig. 1.1 Relation of machine
learning with artificial intel-
ligence and neural network
with deep learning

Email Spam Detection: Given Emails in an inbox, identify those Email mes-
sages that are spam and those that are not. A machine learning algorithm would
allow for the Email application to leave non-spam Emails in the inbox and move
spam Emails to a spam folder.

Handwritten Digit Recognition: Given handwritten zip codes on thousands of
envelopes in a post office identify the digit for each handwritten character. A
computer program with machine learning algorithm would be able to read and
understand handwritten zip codes and sort envelops by geographical regions.
Credit Card Fraud Detection: Given credit card transactions for a customer
from the past identify those which are genuine (card transaction initiated by the
customer) and those that are fraudulent (someone misusing the customer’s card).
A machine learning algorithm could check in real-time each transaction, and
those identified as fraudulent would not be served.

Product Recommendation: Given a purchase history for a customer and a large
inventory of products, identify those products of which that customer would be
interested in and likely to purchase. Then a machine learning algorithm would
make recommendations to the customer for other similar products and likely to
motivate for further product purchases.

Medical Diagnosis: Given the symptoms exhibited in a patient and a database
of anonymous patient records, predict whether the patient is likely to have an

" Artificial Intelligence
// . \\

Machine Learning\\

Neural Network
(Deep Learning)
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illness or not. A machine learning model of this decision problem could be used
to provide decision support to medical professionals.

* Housing Price Prediction: Given a database with houses sold in the past make
predictions on the price of new houses based on their size, number of rooms,
geographical location, closeness to public transportation, etc.

* Social Media Analytics: Seeking relevance between the brand/product being
monitored and millions of blogs talking about this product or competitor’s similar
product in order to find out how well the monitored product is received in the
market compared to the competitors. Identifying a subset of relevant blogs with
authoritative bloggers or influential bloggers who are very well connected, and
are most responsible for the spread of information in the blogosphere. Then,
given the constant chatter on the blogosphere, much insight can be gleaned by
examining patterns of what people are blogging about to find emerging areas of
discussion.

e Web search: Find relevant searches, predict which results are most relevant to the
customer and return a ranked output. The ranking is based on what the customer
is most likely to click on.

¢ Document Classification: Machine learning based computational approaches
largely solves the tedious task of classification of huge amounts of documents
based on their types. For example, in a library the books can be classified by a
machine learning algorithms as fiction, literature, scientific etc. without requiring
a person to go through the content of all the books.

¢ Sentiment Analysis: This is part of natural language processing (NLP) con-
cerned with the interactions between computers and human (natural) languages,
in particular how to program computers to process and analyze large amounts
of natural language data. One example of sentiment analysis is to analyze the
text reviews of customers for a product or a service and find out whether a given
review is more positive or more negative (or even classify the reviews in five
categories like giving marks from 1 to 5). Then a machine learning algorithm
could automatically provide information about how many positive and negative
reviews have been provided for a given product or service.

* Information Extraction: It is the process of extracting information from web
pages, articles, blogs, business reports, and e-mails. The output is in a summa-
rized form such as an Excel sheet or a table in a relational database. In this re-
spect the above three items (web search, document classification, and sentiment
analysis) can be seen as examples of information retrieval. But other form of
information extraction are also possible.

1.3 Data Science and Machine Learning

Data science is the art of uncovering the insights and trends that are hiding behind
data. It involves data and science, and machine learning is part of that science. In
fact, data science is more about science and less about data. A data scientist is a
person who attempts to work with data to find answers to questions that (s)he is
exploring. If you have curiosity and if you have data that you are manipulating

Draft: Advanced Machine Learning Vol.l Author: Ferenc Farkas Date: 13-Jan-2022



6 1 Introduction

and exploring it, then you are a data scientist. The very exercise of going through
analyzing data, trying to get some answers from it, is data science.

The popularity of interest in the area of data science and machine learning comes
from the network and data driven society we find ourselves living in. Data science
is relevant today because we have tons of data available and dozens of machine
learning algorithms. We used to worry about lack of data in the past; now we have
a data flood. The software was expensive in the past; now it’s open source and
free. The computer was slow with limited storage capabilities in the past: now for a
fraction of the cost (or even for free), we can have access to cloud resources.

The techniques and methodologies of data science stem from the fields of com-
puter science and statistics>. The term data science has appeared in various con-
texts over the past forty years but did not become an established term until recently.
In 1974, Peter Naur published the “Concise Survey of Computer Methods”, which
freely used the term “data science” in its survey of the contemporary data processing
methods that are used in a wide range of applications.

In November 1997, C.F. Jeff Wu gave the inaugural lecture entitled “Statistics
= Data Science?” [23] for his appointment to the H. C. Carver Professorship at the
University of Michigan. In this lecture, he characterized statistical work as a trilogy
of data collection, data modeling/analysis, and decision making. In his conclusion,
he initiated the modern, non-computer science, usage of the term “data science” and
advocated that statistics be renamed data science and statisticians data scientists.

However, data science is more than statistics. Descriptive statistics is solely con-
cerned with properties of the observed data, and it does not rest on the assumption
that the data come from a larger population. Statistical inference is the process of
using data analysis (the process of inspecting, cleansing, transforming, and model-
ing data) to deduce properties of an underlying probability distribution. But Data
Science involves some enlargement of academic statistics and machine learning.
According to David Donoho [6] data science involves the following activities:

1. Data Exploration and Preparation: Data scientist devotes serious time and ef-
fort exploring data to sanity-check its most basic properties, to expose unex-
pected features, and to identify and address anomalies and artifacts in the data.
Data cleaning involves reformatting and recoding the data values, and even pre-
processing, such as grouping, smoothing, and subsetting.

2. Data Representation and Transformation: Data Scientists develop skills in
both modern databases (know-how of structures, transformations, and algorithms
involved using different representations of data, like text files, spreadsheets,
SQL/noSQL databases, distributed databases, and live data streams) and in the
mathematical representations of the data (as we will see in the following chap-
ters all real-life data need to be transformed into numbers grouped into arrays or
matrices).

3 The term “statistics” was coined at the beginning of modern era as an effort to compile census
data and represents a branch of mathematics dealing with data collection, organization, analysis,
interpretation and presentation.
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3. Computing with Data: Every data scientist should know and use several pro-
gramming languages for data analysis and data processing, like the popular R
and Python, but also specific languages for transforming and manipulating text,
and for managing complex computational pipelines. Knowing when to use the
right tool for the job is an important attribute. Beyond that, knowledge of clus-
ter and cloud computing and the ability to run massive numbers of jobs on such
clusters has become a very important skill to be owned by a data scientist.

4. Data Visualization and Presentation: Data scientists often spend a great deal
of time making meaningful graphics (they might even develop new form of plots
which codifies their understanding of the data), and making good presentations
and reports for their customers or stakeholders.

5. Data Modeling: Each data scientist in practice uses tools to make inferences and
predictions about the data at hand. There are two modeling cultures: predictive
modeling, in which one constructs methods which predict well over some spe-
cific concrete dataset; generative modeling, in which one proposes a stochastic
model that could have generated the data, and derives methods to infer properties
of the underlying generative mechanism.

6. Science about Data Science: Data scientists are doing science about data sci-
ence when they identify commonly-occurring analysis/processing workflows and
invent new tools and paradigms of computing to change the way data science
works.

Before moving on, it might be useful to clarify some new terms, as well. Statis-
tical learning refers to a set of tools for modeling and understanding complex data
sets. It is a recently developed area in statistics and blends with parallel develop-
ments in computer science and, in particular, machine learning.

Big data is a term used to refer to the study and applications of data sets that are
so big and complex that are beyond the ability of commonly used software tools to
capture, curate, manage, and process data within a tolerable elapsed time. Big data
makes it possible for you to gain more complete answers because you have more
information so you can have more confidence in the predictions. Machine learning
can be used as a tool set in analyzing big data.

Data mining is another phrase circulating machine learning and data science and
describes the process of discovering patterns in large datasets involving methods at
the intersection of machine learning, statistics, and database systems. Data mining
is an interdisciplinary sub-field of computer science with an overall goal to extract
information (with intelligent method) from a dataset and transform the information
into a comprehensible structure for further use (like applying a machine learning
algorithm). The term “data mining” is in fact a misnomer, because the goal is the
extraction of patterns and knowledge from large amounts of data, not the extraction
(mining) of data itself.

A data scientist need to have the following three fundamental skills [15]:

* Domain Expertise: Expertise in the domain (where the data is generated) is a
must in order to be able to put the right questions and be able to interpret the
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results. That is, the more specific your questions are, the more likely you are to
get actionable results.

* Mathematics: Math is needed in data science like statistical modeling, signal
processing, probability models, pattern recognition, and predictive analytics, just
to name a few. Data science becomes magical when brilliant mathematical con-
structs, like machine learning algorithms, are applied to big datasets.

¢ Computer Science: Data science happens inside computer systems and one must
know the intricacies of architecture of the physical work environment. Big data
requires special storage, special handling and special network capabilities. One
should have a good understanding of the required tools and hardware resources
when aims to solve a machine learning problem.

In Fig. 1.2 the data science Venn diagram is shown as presented by Palmer
S. [15]. As it can be seen machine learning is the frontier between mathematics
and computer science and is a great tool for the data scientist. There are other vari-
ants of this Venn diagram, like the one of Drew Conway [5]. The only difference is
that the Computer Science is replaced with “Hacking skills” and the intersection of
it with Domain Expertise (or Substantive Expertise, as he calls it) is called “Danger
Zone”. Taking into account that data processing is vital in the outcome of a data
modeling, danger zone might be an appropriate name for this.

As a conclusion, a good data scientist brings skepticism, experimentation, sim-
ulation, and replication to bear on understanding a given phenomena. Moreover, a
good data scientist is one who can communicate their findings clearly to others (are
good story tellers) and having some fundamental communication skills using tool
kits in the form of charting, graphing, and related visualization techniques.

Computer
Science
(Big Data &
Data Mining)

Data
Processing

Domain
Expertise

Fig. 1.2 The Data Science
Venn Diagram
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1.4 Types of Machine Learning Algorithm 9

With this short introduction one should have a better understanding about how

these different terms around machine learning are interrelated.

1.

4 Types of Machine Learning Algorithm

Machine learning, as its name suggests, learns from available data. However, data
can be presented in many forms. Based on how the information is organized we can
distinguish between:

or

Structured data: Such data is both highly-organized and clearly defined, as well
as, easy to digest making analytics possible through the use of legacy data mining
solutions. This could be data in a relational database, a spreadsheet, a text file
with a tabular structure, and so on. As an example. a structured data is made
up largely of basic customer data, which includes names, addresses, and contact
information, etc.

Unstructured data: Data that has some internal structure but is not structured
via pre-defined data models or schema. New data sources are made up largely of
streaming data coming from social media platforms, mobile applications, loca-
tion services, and Internet of Things technologies which represent unstructured
data. Text files, mobile text messages, Emails, websites, chat, media all repre-
sent unstructured data. Since the diversity among unstructured data sources is
so prevalent, businesses have much more trouble managing it than they do with
old-school structured data.

Data to be used for training a machine learning algorithm, whether is structured
unstructured, can be divided into another two subcategories:

Labeled data: Data consisting of a set of training examples, where each example
is a pair consisting of an input and the desired output value (the latter also called
a label). Such data represent data available from the past where humans already
defined desirable labels for every example in the dataset. For example, in the
case of Email spam detection, every Email in the training data set will have a
label associated with it (whether the Email is a spam or not spam).

Unlabeled data: Data consisting of a set of training examples, where each ex-
ample represents only the input without providing an associated output. As an
example, let’s take a bunch of text documents that need to be categorized based
on their content (e.g. business, sport, science or technology related) without pro-
viding labeled documents. In this case, the machine learning algorithm will cat-
egorize the text documents based on their content.

Machine learning algorithms can be divided into four main subcategories based

on their learning method:

Supervised learning: The machine learning model will use labeled training data
to learn a link between the inputs and the corresponding outputs. It is called su-
pervised learning because the process of an algorithm learning from the training
dataset can be thought of as a teacher supervising the learning process. We know
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the correct answers, the algorithm iteratively makes predictions on the training
data and is corrected by the teacher (the output of the training example). Learn-
ing stops when the algorithm achieves an acceptable level of performance. Thus,
a supervised learning goal is to determine the function so well between the in-
puts and the corresponding outputs that when a new input is given, it can predict
the output. These types of machine learning models are also called predictive
models.*

» Unsupervised learning: This type of learning is applied for unlabeled data. The
goal of unsupervised learning is to model the underlying structure or distribution
in the data to learn more about the data. These are called unsupervised learning
because, unlike supervised learning, there are no correct answers (no output in
the dataset), thus there is no teacher. Algorithms are left to discover and present
by themselves the interesting structure in the data. However, that does not mean
that there is no need for human interaction in fine-tuning the unsupervised ma-
chine learning model, as we will see in the last volume of the book series. These
type of machine learning algorithms are also called descriptive models as they
are aimed at summarizing or representing the data structure in a compact manner
without providing an underlying causal theory between the variables. [21]

» Semi-supervised learning: Problems where the dataset consists of a large amount
of unlabeled data and only a minor part is labeled the so-called semi-supervised
learning problems is used. These problems sit in between both supervised and
unsupervised learning. Many real-world machine learning problems fall into this
area. The main reason is that labeling data by a human is very time-consuming
and also expensive as it requires domain expertise. Whereas unlabeled data is
cheap and easy to collect and store.

* Reinforcement learning: In reinforcement learning, the goal is to develop a sys-
tem that improves its performance based on interactions with its environment.
Besides the information about the current state of the environment, the so-called
reward signal is also provided as feedback to the system. Thus, one can think
of reinforcement learning as a field related to supervised learning. However, in
reinforcement learning, this feedback is not the correct ground truth label, but a
measure of how well the action was measured by a reward function. Through its
interaction with the environment, the system can then use reinforcement learning
to learn a series of actions that maximize this reward via an exploratory trial-
and-error approach. A system using reinforcement learning is somehow similar
to a biological organism which learns from the interaction with its surrounding
environment.

In this book series, only the first two learning methods will be discussed with a
brief discussion about the third item, as well. However, reinforcement learning will
not be covered in this book series as it is not part of scikit-learn library.

* According to Shmueli [21] in explanatory modeling the function represents an underlying causal
function, and the input is assumed to cause the output, while in predictive modeling the function
captures the association between input and output. Throughout this book no such distinction will
be made.
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Supervised and unsupervised learning can be further divided into subcategories.
Supervised learning can be categorized based on the type of output in the dataset:

e Regression: When the output is continuous in the labeled dataset and it can take
any real value within an interval we talk about regression. In regression, the goal
is to find the relationship between the input and its corresponding output. More
specifically, regression analysis helps one understand how the typical value of
the output changes when any one of the input is varied, while the other inputs
are held fixed. Regression analysis is widely used for prediction and forecasting.
House price prediction is one example of regression.

* Classification: When the output is discrete in the labeled dataset and can take
only a finite number of values (list of categories) we talk about classification.
Classification is the problem of identifying to which category a new observa-
tion belongs to, on the basis of a so-called training set containing observations
whose category membership is known. Examples for classification are: assign-
ing a given Email to the “spam” or “non-spam’” class, or assigning a diagnosis
to a given patient based on observed characteristics of the patient (gender, blood
pressure, age, presence or absence of certain symptoms, etc.).

Unsupervised learning can be also further categorized into several subsets based
on the type of problem they are aiming to solve:

* Anomaly detection: This algorithm is used to discover abnormal and unusual
cases compared to the dataset already seen. For example, it is used for credit
card fraud detection or to observe unusual login attempts to a server.

e Dimensionality reduction: As the number of dimensions increases (which is
equal to the number of input variables) the data will become more sparse, i.e.
there is no enough data for the learning process. Thus, there is a need to decrease
the number of input dimensions so the available data should be enough to create
a model which generalizes well.

e Clustering: There is no label associated with each input, thus this type of ma-
chine learning algorithm uses a method to assign a set of observations into sub-
sets similar to classification but in an unsupervised fashion. These subsets are
known as clusters. The observations inside these clusters are similar to one an-
other, based on some parameters or features. Hence, all the data is divided into
clusters without any prior knowledge about the data.

* Association or recommendation systems: Association rule learning is a rule-
based machine learning method for discovering interesting relations between
variables in large databases. It is intended to identify strong rules discovered
in databases using some measures of interestingness. Its concepts are applied to
e-commerce websites, where machines are able to suggest (recommend) other
items for the customer to buy, based on the prior purchases they have been made.

1.5 Data Science Methodology

It is important to consider data science methodology, a system of methods used in a
data science activity, in your data science work because often there is a temptation
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to bypass methodology and jump directly to solutions. However, this strategy might
hinder our best intentions in trying to solve a problem. The data science methodol-
ogy discussed in this section has been outlined by John Rollins from IBM [19]. The
Team Data Science Process from Microsoft Azure was also considered in creating
this section [7].

In a nutshell, the data science methodology described by John Rollins aims to
answer ten basic questions in a prescribed sequence [3].

1. “What is the problem that you are trying to solve?”
2. “How can you use data to answer the question?”
3. “What data do you need to answer the question?”’
4. “Where is the current data coming from or how will you get it?”
5. “Is the data that you have a representative of the problem to be solved?”
6. “What additional work is required to work with your data?”
7. “In what way can you present your data to answer the initial question?”’
8. “Does your used model really answers the initial question?”
9. “Can you put your model into practice?”
10. “Can you get constructive feedback to adjust your model?”

Like traditional scientists, data scientists need a foundational methodology that will
serve as a guide for solving their problems. This methodology, which is indepen-
dent of particular technologies or tools, with its ten stages shown in Fig. 1.3 should
provide a framework for a data scientist in obtaining answers and results.

Analytic
approach

Data
requirements

Data
creation

Data
collection

Data
understanding

- -

Data
preparation

LT R R N N SO SO

Fig. 1.3 Data science methodology according to John Rollins from IBM (with some slight addi-
tions)
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Implementing machine learning models with scikit-learn is really easy with a few
lines of Python code. Most of the tasks that need to be done in a machine learning
pipeline (see data and model creation part in Fig. 1.3) are implemented already in
scikit-learn including pre-processing of data, feature selection, feature extraction,
train-test splitting, defining the algorithms, fitting models, tuning parameters, pre-
diction, evaluation and exporting the model.

The pre-processing package of scikit-learn provides several common utility func-
tions and transformer classes to change raw feature vectors into a suitable form of
vector for modeling. There are also transformers for text data. Scikit-learn can split
arrays or matrices into a random train and test subsets for you in one line of code
so that you can train your model and then test the model’s accuracy separately. Ev-
ery machine learning algorithm in scikit-learn has two main methods. You can train
your model bypassing your training set to the £1it method of the selected algorithm,
then you can use your test set to run predictions with the predict method, and use
different metrics of scikit-learn to evaluate your model accuracy.

As you will see in the accompanying Jupyter Notebooks, all machine learning
algorithms discussed in this book can be built using NumPy or SciPy packages.
However, the entire process of a machine learning task can be done simply in a few
lines of code using scikit-learn'>. You should also check Appendix A for a very
brief introduction to scikit-learn.

1.6.9 StatsModels

StatsModels library - started as part of SciPy but now is a standalone library - is
a Python package that provides a complement to scipy for statistical computations
including descriptive statistics and estimation and inference for statistical models!®.
The library is built on top of the numerical libraries NumPy and SciPy, integrates
with Pandas for data handling and uses an R-like formula interface. Its graphical
functions are based on the Matplotlib library.

Although scikit-learn library also contains regression, StatsModels library is an
essential tool for those who work extensively with regression and time-series data.
Although in the accompanying Jupyter Notebooks the NumPy and scikit-learn is the
primary focus examples of using StatsModels are also provided.

1.7 Structure of the Book

This is the first of a series of the three-volume book titled “Advanced Machine
Learning” dedicated for machine learning algorithms. The three volumes are as fol-
lows:

¢ Volume 1: Generalized Linear Models
e Volume 2: Supervised Learning

15 Please, check https://scikit-learn.org
16 For more information check https://www.statsmodels.org/stable/index.html

Draft: Advanced Machine Learning Vol.l Author: Ferenc Farkas Date: 13-Jan-2022


https://scikit-learn.org
https://www.statsmodels.org/stable/index.html

28 1 Introduction

* Volume 3: Unsupervised Learning

The first volume - this one - is focusing mainly on linear models which are the
most fundamental part of supervised learning. Although linear models have some
limitations in their usage, they are simpler, thus easier to understand and shall be
seen as a foundation in our understanding. This book also discusses data science
methodology, basics of statistics, model assessment, and model validation which
serves as a baseline for the other two volumes. The second volume discusses in
more detail other supervised learning algorithms that are not part of generalized
linear models. The third volume is solely dedicated to the unsupervised learning
algorithms.

The second chapter of this book starts on clarifying the difference between the
population and sample, and what statistical measures are used to characterize a pop-
ulation and how these statistical measures can be estimated from the sample. Then
the rest of the chapter focuses on the simple linear regression model: what are the
mathematical foundations of the linear model fit, what metrics we can use to check
the goodness of the model, and what uncertainties are related to the predictions of
the model due to sampling error. The assumptions of the linear model fit are also
discussed, as well as some methods to use for checking the correctness of these
assumptions. At the end of this chapter outliers and influential points are also dis-
cussed. The chapter closes with emphasizing the importance of graphing and the
usefulness of data pre-processing.

The third chapter discusses the mathematical framework of the multiple linear
regression, deriving all the mathematical formulas for solving multiple linear re-
gressions problems, respective how outliers and influential points can be suspected
in such cases. Then the chapter continues discussing some special cases of linear
regression, like polynomial regression, weighted least square regression, ridge and
Lasso regression, robust regression and Bayesian regression. This chapter also dis-
cusses in more detail the data pre-processing techniques, data visualization, respec-
tive how discrete input variables shall be handled. A great emphasis on learning
theory and generalization capabilities of multiple linear regressions are also dis-
cussed.

The fourth chapter is dedicated to the time series analysis as a special case of
linear regressions. It starts with introducing the time series, what is the fundamental
difference compared to other data. Then different time series modeling is presented.
The chapter ends with the discussion of multiple time series.

The fifth chapter is a brief introduction to some optimization methods, focusing
on the stochastic gradient descent, Newton method, and iteratively reweighted linear
least squares. Stochastic gradient descent is a very important optimization method
which is also used in neural networks and deep learning. Thus, understanding its
usage can be used

The sixth chapter discusses in detail the logistic regression, a form of a linear
classifier. It starts by formulating the problem of classification and the relation to
linear regression. Then binary and multi-class classification is discussed in detail.
This shall be seen as a foundation in classification problems that can be used later
on.
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Chapter seventh introduces into the realm of non-linear regression with kernel

methods which is still bases on the linear regression. The last chapter discusses
generalized linear models and generalized additive models.
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Chapter 2
Simple Linear Regression

2.1 Introduction

Linear regression represents a linear approach for modeling the relationship be-
tween input(s) and output. The inputs go by different names, such as predictors,
regressors, covariates, features, independent variables, or explanatory variable,
and are denoted using the symbol x for a single input (or x for multiple inputs). The
output variable is often called the response, regressand, target, label or dependent
variable, and is denoted using the symbol y (or y for multiple outputs). Throughout
this book, we will use all of these terms interchangeably'.

Linear regression was the first type of regression analysis to be studied rigorously
and to be used extensively in practical applications. This is because models that
depend linearly on their unknown parameters are easier to fit than models that are
non-linearly related to their parameters. In the next coming section, we will clarify
the meaning of a model parameter. The case of a single explanatory variable (one
single input) is called simple linear regression.

2.2 Case Study: Is Height Hereditary?

The term “regression” was coined by Francis Galton? in the nineteenth century to
describe a biological phenomenon. He observed that extreme characteristics (e.g.,
height) in parents are not passed on completely to their children. Rather, the char-
acteristics in the children regress towards a mediocre point (i.e. the mean). More
specifically, the heights of descendants of tall ancestors tend to regress down to-

! In statistics and econometrics the term endogenous variable is also used for the dependent vari-
able which values are determined by other (independent) variables in the system, the latter variables
called the exogenous variables. Statsmodels library also uses these terms for input and output vari-
ables.

2 Sir Francis Galton was an English polyhistor; he was Victorian-era statistician, polymath, soci-
ologist, psychologist, anthropologist, eugenicist, tropical explorer, geographer, inventor, meteorol-
ogist, proto-geneticist, and psychometrician.
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32 2 Simple Linear Regression

wards a normal average (a phenomenon is also known as regression toward the
mean).

By measuring the heights of hundreds of people Galton was able to quantify
regression to the mean, and estimate the size of this effect which he called the “law
of regression”. He wrote:

“... we can define the law of regression very briefly. It is that the height-deviate
of the offspring is, on the average, two-thirds of the height-deviate of its mid-
parentage.” [10]

In other words, the size of the deviation of a child’s height from the mean on
average is only 2/3 of the deviation of parents’ mid-height from the average height
of adults. Today we say that the regression coefficient (as “the law of regression”)
tells us that for one additional unit increase (or decrease) in parents’ mid-height
would result in (approximately) 2/3 additional increase (or decrease) in children’s
height in average. You can see the scatter plot on the left of Fig. 2.1 which was
created from the historical dataset GaltonFamilies® (you may also check [14]
for an in-depth analysis of this dataset). On this plot, each point represents a pair of
parents’ mid-height and their child’s height. The regression coefficient (‘“the law of
regression”) is the slope of the blue line in Fig. 2.1, the latter called the regression
line.

Now let’s see, what the regression line represents and how it can be defined? In
this section only the first part of the question will be answered, the mathematical
definition of the linear regression will be provided in the upcoming sections. To
construct an intuition for answering the first part of the question, let’s define 11
intervals on parents’ mid-height, each having a length of approximately 1 inch. You
can see this in Fig. 2.2 where for each interval a different color is used when plotting
the pairs of data.
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Fig. 2.1 Scatter plot of the GaltonFamilies dataset. Each point on the left represents one
observation from the dataset with the parents’ mid-height in the horizontal axis and their children’s
height on the vertical axis. The blue line shows the regression line. The red points on the right
represent the average height of children defined over an approximately 1-inch interval of parents’
mid-height.

3 GaltonFamilies dataset is available in the Hist package of the R language.

Draft:Advanced Machine Learning Vol.l Author: Ferenc Farkas Date: 13-Jan-2022



2.2 Case Study: Is Height Hereditary? 33

Children's height vs. their parents' mid height
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Next, we calculate the average height of the children in each interval and make a
scatter plot of these values together with the regression line defined over the entire
dataset. As we can observe on the right of Fig. 2.1 these average values of children’s
height are falling almost on the regression line. Thus, we may conclude that the re-
gression line represents the average value of the children’s height for any particular
value of their parents’ mid-height. With dashed lines, we also mark the average
value (mean) of the parents’ mid-height, respective children’s mid-height. Then any
additional increase (or decrease) - as a deviation from the mean - of the parents’
mid-height would result in approximately 2/3 increase (or decrease) - as a deviation
from the mean - of the children’s height.

As we will see later in this chapter (Sec. 2.6.2) a score value can be defined for
the regression model which could be between 0 and 1, and the higher the score value
the better the model fit on the dataset. In this case, the score value of the regression
model is only 0.103 which is very low suggesting that important information is
missing from our model. As we can observe in the scatter plot shown on the left
of Fig 2.1 there is much variability in the children’s height. The correlation coeffi-
cient (Sec. 2.5.2.4) tells us how much two random variables are varying together. In
this case, the correlation coefficient between the parents’ mid-height and children’s
height is only approximately 1/3, thus 2/3 of the children’s height variability cannot
be explained by the parents’ mid-height, this is related to some other factors.

We expect that male children on average are taller than female children. Thus, we
can improve our regression model by taking into account other factors, like the gen-
der of the children. In such a case we enter the realm of multiple linear regression
discussed entirely in Chapter 3. The gender of the child has a much higher correla-
tion coefficient with the child height than the ancestor’s mid-height, namely 0.72. If
we take both factors into account then there will be two regression lines (parallel to
each other) as shown on the left of Fig. 2.3, one regression line for each gender. The
score of this regression model is much higher, namely 0.633. We may try further
improvement of our model by taking not the mid-height of the parents, but rather
the height of the father and mother. However, the result, in this case, will not be two
regression lines, but rather two parallel regression planes (one for each gender) as
shown on the right of Fig. 2.3. When calculating the score of this model we find out
that only a very-very tiny improvement could be achieved, namely, the score value
becomes 0.635.
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Children's height vs. their parents' mid height Children's height vs. their parents' height
80 .
.
=75 80
S
£ 75
2
S 70 70
ko]
< ! 65
- ,
< 65 ;
o ‘ 60
5 .
6 60 e male female %
female 54666870»9‘(\‘
62.565.0 67.5 70.0 62°7 .o ne\
5700725 60 05
55 Father's height inchj /7> 587 wo®

64 66 68 70 72 74 76
Parents' mid height [inch]

Fig. 2.3 Scatter plot of the GaltonFamilies dataset where the gender of the child is also
counted. Depending on whether we use only the parents’ mid height or we are using both the
father’s and mother’s height we will get two parallel regression lines (on the left) or two parallel
regression planes (on the right).

Now, that we know what the regression line or plane represents we could also
have an idea about the usefulness of it. If we know the regression line or plane we
can make a prediction about the average height of children based on their parents’
height. In the upcoming sections, we will build up the mathematical framework to
understand deeply the linear regression model and what uncertainties are related to
our prediction based on the regression line (or plane).

2.3 Simple Dataset with One Explanatory Variable

To have a clear understanding of machine learning algorithms some notions used
in this book series shall be clarified first. For this reason, let’s take a very simple
dataset of systolic blood pressure of peoples of different ages. Our goal is to analyze
if there is a linear relationship between the age of the people and their systolic blood
pressure. In this case, the age of the people represents the input variable and all the
values that the input can take (i.e. all possible ages) the input space denoted with X
The systolic blood pressure represents the output variable and all the values that can
take the output space denoted with ).

In Table 2.1 a part of the BloodPressurel dataset is shown where the in-
put variable (Age) is denoted by x and the output variable (Systolic blood
pressure) by y. This is an example of a structured data, where data is organized
in a table: a column of the table represents the values of an input or output, while a
row - also called an entry - represents a single observation. This dataset consists of
N =30 pairs of (x,y) values which are called data points, observations, or samples.

To distinguish between the data points a superscript index in bracket is also ap-
plied to each input and output value. Brackets are added to the index to distinguish
from the power to N. Superscript is applied instead of a subscript to not confuse
the training example indexing with the feature indexing. That is when there is more
than one input variable (more than one feature) subscript indexing is also applied to
the features, as we will see later on (see Table 3.1 for feature indexing). Moreover,
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class indexing, as another subscript, will be also applied in classification algorithms.
These are the main reasons that superscript instead of subscript indexing is used for

identifying observations®*.

Table 2.1 Systolic blood pressure as function of age

X Age y Systolic blood pressure
x 39 ) 144
x@ 47 y@ 220
i) 45 y3 138
x® 47 y@ 145
x) 65 y©® 162
x© 46 3(© 142
X7 67 7 170
x® 42 y® 124
x®) 67 3y 158
X ™) 69 @) 175

Source: http://people.sc.fsu.edu/~jburkardt/datasets/regression/regression.html

This dataset - denoted by Dy = {{x(1) y(N} {x@ y@} . {(xM) yM1} s
rather a toy example compared to the huge datasets available nowadays, but let’s
make our first baby steps using this simple one. As we get more confident in the
mathematical notations and statistical concepts more complex problems will be an-
alyzed.

As we will see in later chapters, as long as the number of input variables is
much lower than the number of observations available, the same algorithms can be
used whether we have only a few hundred or a few millions of observations. The only
difference might be the underlying HW and SW technology used to run the machine
learning algorithm.

One of the first actions in analyzing a dataset is to create a graphical represen-
tation of the observations, as shown in Fig. 2.4. Some examples in Sec. 2.12 are
provided to understand the importance of graphing.

The scope of our investigation is to find out if there is a linear relationship be-
tween blood pressure and the age of a person. Before proceeding, we must clarify
what types of relationships we won’t study in this book, namely, deterministic re-
lationships; like in case of converting from degrees Celsius to degrees Fahrenheit
or calculating the circumference of the circle based on its diameter. For each of
these deterministic relationships, also called functional relationship and denoted by
y = h(x), there is an equation exactly describing the relation between the two vari-
ables.

Instead, we are interested in statistical relationships, in which the relation be-
tween the variables is not perfect. Looking at the scatter plot in Fig. 2.4 it is obvious

4 This follows Andrew Ng’s notation of Machine Learning class from Stanford University.
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Systolic blood pressure as function of age
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that there is no deterministic linear relation between the age and blood pressure
because the observations cannot be placed perfectly on a single line. But before
continuing our analyzes let’s recap some of the notions related to probability theory.

2.4 Random Variables

Probability theory is about random variables (denoted with italic capital letters, like
X), where a random variable can be thought of as an uncertain, numerical quan-
tity (i.e. a continuous random variable takes values in R) resulting from a random
process, also called stochastic process. While we do not know with certainty what
value a random variable X will take, we usually know (or at least we try to estimate)
how to compute the probability - i.e. a measure of taking values between 0 and 1
and denoted with P(X) -, that its value will be in some subset of R. The set of values
(or outcomes) of a random variable is called an event.

The collection of all probabilities of a random variable is called the distribution
of X. One has to be very careful not to confuse the random variable itself and its
distribution. The sum of all those probabilities must be equal to 1 because the prob-
ability of a certain event is 1. On the other hand, an impossible event has probability
0.

2.4.1 Discrete Random Variables

A random variable is said to be discrete if it takes only values from a countable
set>. When rolling a fair die, we have a stochastic process with possible outcomes
of {1,2,3,4,5,6}, so this is an example of a discrete random variable. The proba-
bility of each value from this set of {1,2,3,4,5,6} is é, and the distribution, called

5 A countable set is either a finite set or a countably infinite set. Whether finite or infinite,
the elements of a countable set can always be counted one at a time and, although the count-
ing may never finish, every element of the set is associated with a unique natural number.
(https://en.wikipedia.org/wiki/Countable_set).
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probability mass function (PMF) is

PO = {PX =1)= 2 P(X =2) =

_1
=<
IP(X:4):%,IP’(X:5):

A = QN =

,MX:Q:E} @.1)

and we call it a uniform distribution. The probability to obtain any value from the
set of {1,2,3,4,5,6} is 1 (it is a certain event), and the probability of any value
outside of this set is 0 (impossible event).

A more tangible way to grasp the notion of the probability of an event (like
rolling a die to get a 6) is to think as a proportion of times the event occurs when we
repeat the experiment over and over independently and under the same conditions.
We use the notation P(A) to denote the probability of an event A happening. We use
the very general term event to refer to things that can happen by chance.

Another example to a discrete random variable is when tossing a fair coin, where
the outcome is either “head” or “tail” with probability of 0.5 for each event, and
the probability mass function is P(X) = {P(Head) = 0.5,[P(Tail) = 0.5}. This is an
example of uniform Bernoulli distribution which takes the value 1 (set for “Head”,
for example) with probability p and the value O (set for “Tail”’) with probability
q = 1 — p with equal chance (i.e. p =g = 0.5).

Now, if we toss two fair coins at once then we can create a joint distribution of
these two discrete random variables X and Y, which defines probabilities for each
pair of outcomes. Since each outcome is equally likely the joint probability mass
function becomes the one shown in Table 2.2.

Table 2.2 The joint distribution of two discrete random variables (tossing two fair coins at once)

. PN X (Coin #1)
Joint distribution table Head (1) Tail (0)
. Head (1) 0.25 0.25
Y (Coin #2) "Tail (0) 025 025

The conditional probability of X given Y - denoted with P(X|Y) - is the prob-
ability of X when the value of Y is known (i.e. is already observed). For example,
P(X = 1|Y = 1) = 0.25 and the conditional distribution of X given Y = 1 is repre-
sented by the first row in Table 2.2.

The marginal distribution of a random variable is the probability distribution
of the variable (the probabilities of various values of the variable) without ref-
erence to the values of the other variable. From Table 2.2 we can obtain the
marginal distribution of X if we sum up the values in the columns (obtaining
{P(Head) = 0.5,P(Tail) = 0.5}), and we can obtain the marginal distribution of
Y if we sum up the rows (obtaining {IP(Head) = 0.5,P(Tail) = 0.5}). Of course, the
sum of all probabilities in the table should be equal to 1.
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Two events are statistically independent if the occurrence of one does not affect
the probability of occurrence of the other. In other words, two events are indepen-
dent if the outcome of one does not affect the other. Then two random variables
are said to be independent if the realization of one does not affect the probability
distribution of the other. Tossing two dies is an example of independent random
variables. In such cases, the joint probability mass function is the product of the
marginals (like we have in Table 2.2).

P(X,Y)=PX)P(Y) for X,Y € {Head,Tail} (2.2)
that is
P(Tail, Tail) = 0.5-0.5 = 0.25
P(Tail,Head) = 0.5-0.5=0.25
P(Head, Tail) = 0.5-0.5 = 0.25
P(Head, Head) = 0.5-0.5 = 0.25

P(X) = 2.3)

We can also define the cumulative distribution function (CDF) - denoted with
F(X) - which answers the question that what proportion of the values of a random
variable is less than or equal to a given value x, i.e. F(x) = P(X < x)°. For example,
throwing a fair die has a cumulative distribution function:

ngn:é
WXS%:%
1

F(X)= ngg_g 2.4)
5
P(x < )Zg
P(X <6)=1

If we have N number of independent coin flips then we have the case of a bino-
mial distribution. In general, if the random variable X follows the binomial distribu-
tion with parameter p € [0, 1] and & then the probability of getting exactly k “heads”
in N independent Bernoulli trials is given by the PMF:

SN =X =H= (Z) P —p)* 2.5)

The formula can be understood as follows: k “heads” occur with probability p* and
N — k “tails” occur with probability (1 — p)¥~=*. However, the k “heads” can occur

6 Remember, X denotes the random variable, while x denotes the observed value of the random
variable X.
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Binomial probability mass function
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p = 0.7 biased more to the 0 20 40 60 80 100
“head”). Number of trials

anywhere among the N trials, and there are (ZZ) different ways of distributing &
“heads” in a sequence of N trials. In Fig. 2.5 the PMF of N = 100 coin flips are
provided using three different coins: one is fair (p = 0.5), the other two are biased
(p = 0.4, respective p =0.7).

2.4.2 Continuous Random Variables

A continuous random variable is one that can take on infinitely many, uncountable
values. For example, a variable over a non-empty range of the real numbers is con-
tinuous, if it can take on any value in that range. The distribution of a continuous
random variable is called the probability density function (PDF) denoted with p(X)
which is a continuous function over the range in which X can take values. There are
several well-known distributions, but the most important is the normal distribution,
so our focus is placed on this in the next section.

2.4.2.1 Normal Distributions

Normal distributions - also called Gaussian distribution or simply a bell curve
due to its shape - are important in statistics and are often used in the natural and
social sciences to represent real-valued random variables whose distributions are
not known. Univariate normal distribution with means y and variance 62 is denoted
by N (u,0?) and it is defined completely by these two numbers. The PDF of the
univariate normal distribution with zero mean (i = 0) and unit standard deviation
(o = 1) is shown on the left of Fig. 2.6 where each band has a width of 1 standard
deviation. The 68-95-99.7 rule, also known as the empirical rule, is a shorthand used
to remember the percentage of values that lie within a band around the mean in a
normal distribution with a width of two (4+0), four (+20) and six (£30) standard
deviations, respectively (see the bends on the left of Fig. 2.6). More accurately,
68.27%, 95.45% and 99.73% of the values lie within one, two and three standard
deviations of the mean, respectively. The main message of the bell curve is that most
of the values of the population lie around its mean.
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Univariate normal distribution Bivariate normal distribution

1 1 1 1 1
1 1 1 1 1
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-3 -2 -1 0 1 2 3

X

Fig. 2.6 PDF plot of a normal distribution (or bell-shaped curve) on the left where each band has
a width of 1 standard deviation, and a plot of a bivariate normal joint density surface on the right
(where the bell shape curves along the surface represent the conditional probability distributions
of Y when X = 0 (yellow), respective of X when Y = 0 (red); while the dashed bell curves on the
“walls” represent the marginal probabilities of X (blue), respective Y (black)).

Physical quantities that are expected to be the sum of many independent pro-
cesses (such as measurement errors) often have distributions that are nearly normal
(see Sec 2.4.2.2). We seem to be surrounded by bell curves. All manner of things
appear to be distributed normally: people’s heights, sizes of snowflakes, errors in
measurements, lifetimes of lightbulbs, 1Q scores, weights of loaves of bread, and so

on [17].

The cumulative distribution function of a real-valued random variable X, evalu-
ated at x, is the probability that X will take a value less than or equal to x. In the
case of a continuous distribution, it gives the area under the PDF from minus infinity
to x. In the case of the normal distribution, the CDF starts from zero and increases
steadily until one as shown in Fig. 2.7.

Cumulative Distribution Function

1.0

0.8

Probability
=]
o

°
IS

Fig. 2.7 Cumulative distri-

bution function (CDF) of a 02
standard normal distribution

with zero mean (the proba- 0.0
bility of X being less than or 4 3 5 1 0 1 2 3
equal to zero is 0.5) X
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You can only use r to make a statement about the strength of the linear rela-
tionship between x and y, because correlation does not mean causality! In plain
words, when x is strongly correlated with y does not imply that the change in x
causes a change in y. It simply means, that when there is a change in x there is
some change in y, and vice versa.

For example, alcohol and lung cancer are correlated, but this is only because
drinkers also tend to be smokers (alcohol does not biologically cause lung can-
cer) [22]. You can see many more such absurd examples on the Spurious Correla-
tions website!*.

Sample correlation coefficient r is an estimate of p and used to measure the
strength of the linear relationship in the sample. Because is calculated using N ran-
dom observations, the sample correlation coefficient represents a random variable.
In general:

e If ry, = —1, then there is a perfect negative linear relation between x and y.
» If ry, = +1, then there is a perfect positive linear relation between x and y.
e If r, = 0, then there is no linear relation between x and y.

All other values of ry, tell us that the linear relation between x and y is not perfect.
The closer ry, is to 0, the weaker the linear relationship. The closer ry, is to —1, the
stronger the negative linear relationship, and, the closer ryy is to +1, the stronger the
positive linear relationship.

In Fig. 2.11 some correlation examples are shown. The plot on the right bottom
is an example when the error spread is not constant and depends on the value of x.
This is called heteroscedasticity. The other three plots are examples of errors with
constant variance, called homoscedasticity.

2.6 The Simple Linear Regression Model

If we examine our small dataset presented in Table 2.1 we can observe that entry
with index 2 and 4 both have the same input (age 47) while the outputs are different
(220 vs 145). Similarly, we can see that entries with index 7 and index 9 both have
the same age of 67, while the blood pressure is 170 units in one case, and 158 units
in the other. That should not be a surprise! There are a lot of people on the Earth
with age 47 or 67, but we should not expect that everybody would have the same
blood pressure corresponding to age 47 or 67. There are many factors besides the
age which could affect a person’s blood pressure: weight, stressful life, the side
effect of drugs, illness, etc. In our study of simple linear regression, we are only
focusing on age as the only explanatory variable.

If we were to measure the blood pressure of every people having age 47 then we
would have a lot of different blood pressure values that are spread around a mean

14 See http://tylervigen.com/spurious-correlations
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value. That is, the measured blood pressure of different persons with the same age
would have a (normal) distribution around the mean corresponding to that age and
for each age, we expect to have a different mean (after all, we are interested in
finding the linear relation between the age and blood pressure).

This mean value is called conditional mean of y given x and denoted by [, be-
cause we are interested for the mean of y only for a given x. In order to have a better
understanding, let’s visualize this by having for an input value x() the corresponding
output values ym), y(m7 ... with a normal distribution around its conditional mean
[UNOR Similarly, we can have another input value x\) with corresponding output

values yU1) y(/2) " with a normal distribution around its conditional mean My -
See Fig. 2.17 for the two bell shape distribution of y around the conditional mean
values corresponding to the two inputs mentioned before.

Of course, the same can be done for each age in interest - or for each x values, in
general -, and calculate the conditional mean for each age (conditional mean of y).
If there is a linear relationship between the age of a person and the corresponding
average blood pressure then the conditional mean values would lie on a single line.
This is called the population regression line which summarizes the trend in the

population between the predictor x and the mean of the responses (. We can also

define an error term £(?) between the actual observed output y\) and its conditional
mean ‘uy‘x(,‘) .

By the nature of the problem we can state that the input is not a random variable
(we assume it can be measured without error) while the output is a random variable
forming a distribution around the corresponding conditional mean. Based on how
we defined the error term we can also conclude that the error term is also a random
variable. Then we can write:

.uy|x = ﬁl 'x+ﬁ()
Y =B x4 B+ e for i=1,2,... (2.39)
deterministic random

where P represents the intercept of the population regression line (when x = 0),
while B; measures the average change in the dependent variable as the independent
variable changes one unit. The population attributes 1, By are called the regression
coefficients.

In Fig. 2.12 some artificial observations are shown for a population with empty
and filled bubbles where the red dashed line represents the population regression
line. The term £() = y() — Ky denotes the error between the population regression
line (conditional mean) and the actual observation and represents the unpredictable
random error. As we stated earlier £?) error is due to factors outside of the age (like
weight, stressful life, the side effect of drugs, or even measurement or typing error,
etc.).
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Taking into account our assumption about the input variable being deterministic
and the output variable'> together with the unpredictable error being random we can
also derive from Eq. 2.39:

] v [post o+ [ <ot
B[O =B [Br-x +Bo| +E 0] = By -2+ By (240)

where the deterministic part plays the role of a constant, so its variance is zero.
We also assume that the random error has zero mean (see Sec. 2.7.2) and constant
variance 682 (see Sec. 2.7.5).

So far so good. However, conducting an experiment during which the blood pres-
sure of all the people on the entire planet is measured would be very-very expensive.
Thus, we have to rely on a random sample of this population (a subgroup of the pop-
ulation like the filled bubbles shown in Fig. 2.12 or the small dataset presented in
Table 2.1). Then the aim is to find a linear relationship between the age and blood
pressure of people based on the observations in the sample dataset. That would re-
sult in drawing a line through the observations and based on that prediction could
be made. A line would have an intercept and a slope, which are called the unknown
parameters of the linear regression model. To stick to the naming convention and
notations used in neural networks, the intercept will be denoted with » and called
bias'®, while the slope will be denoted with w and called weight. With these nota-
tions we can write:

Fig. 2.12 Population regres-
sion line (dashed red) vs.
estimated regression line
(continuous blue)

15 If the output is a random variable with a distribution around its conditional mean then a random
sample y!) from this distribution also represents a random variable.

16 This bias - representing the intercept - should not be mixed up with the bias of the estimator, i.e.
the parameters of the linear model. While the model parameter b as an estimator of 3y could have
zero bias (i.e. E[b]=f) the bias itself could be nonzero (i.e. b # 0). To avoid confusion the term
intercept or constant will be used in linear models while still denoting with b.
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y=w-x+b
Y =w x4 4D for i=T1,N (2.41)

where § symbolizes that this is only the estimate and not the real conditional mean
My of the population and N represents the sample size. The line defined by Eq. 2.41
is called the estimated regression line and shown with straight blue line in Fig. 2.12.
This line is estimated based on the sample (randomly selected observations from the
population shown with the filled bubble), and not on the whole population.

The bias b (also called constant) is an estimator of the population attribute 3,
while the weight w (also called coefficient) is an estimator of the population attribute
B1. The term r(9) = y()) —§ represents the residual (or error'”) between the estimated
regression line and the actual observation and is an estimate of the true error e,

-N ote . .

The residuals V) are not the true errors 8<l), but estimates, based on the
observable data in the sample. The closer the estimated regression line to the popu-
lation regression line the better the estimation of error terms.

The residual occurs because - as we stated earlier - there is no deterministic linear
relationship between the age of a person and his/her blood pressure. There will be
always a residual between the estimation (also called prediction) and the actual
observation. Now, if we sum up the second equality of Eq. 2.41 for all N and divide
by N each side we obtain:

=

N N

. 1y 1 1 ;
(1) — Ww— (l) — 1 — (l) Y = wx 242
y wNi:ZIX —I—bNi:Zl —|—Ni:21r = yY=wx+b (2.42)

1
N

Il
-

where X and y represents the average of the input, respective output values from the
sample. Similarly we can obtain y = f;x+ 3y using Eq. 2.39 and the assumption that
the error € has zero mean. Thus, the population regression line will pass through the
point (L, y) while the estimated regression line will pass through the point (%,).
It should be observed, that the two points are not equivalent in general (in most cases

X # W and y # [y).

2.6.1 Fitting the Best Line

Now, that we clarified that we are aiming to draw a line through the observations
of the sample let’s, find a function through the learning process which could fit the
best line through the observations and make good prediction for the blood pressure
of a person not contained in the dataset (so-called new observation). Formally, the
learning problem is to find out a function f : X — Y such that f(x) = J is a good
predictor for the values of y. Here X" represents the input space (in our example
this is the age of the person, and could be between 0-100), while ) represents the
output space (e.g. the possible values for systolic blood pressure). The function f(x)

17 In the book the term residual will be used for the error between observation and estimated
regression line in order to distinguish it from the true error €.
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is called the hypothesis because one never can be sure that the obtained function
through learning will capture exactly the underlying association between the input
and the output.

Of course, one could draw dozens of lines going through the scatter plot of the
data points shown in Fig. 2.4. Thus, the goal of the learning process is to find the
unknown parameters (weight w and bias b) such, that the obtained linear function
would make the “best” prediction among all other competing options (all other
straight lines). But, how do we find the “best” regression line?

A good approach would be to minimize the residuals:

Summing up the residuals would not be an option because the residual would
be positive for some observations and negative for others (see Fig 2.13) so they
would mostly cancel each other out . Summing the absolute values of the residuals
would be a better approach, but the absolute function is not derivable at zero. This
makes hard to find the minimum. Instead, the square of individual residuals shall be
summed which is called the residual sum of squares (RSS):

N N N
RSS=Y (r)? =Y 61 902 =¥ (0 — (w- (xD —3) +5))*> (244
=1 i=1 =1

where we have taken into account from Eq. 2.41 that
0 =wx —w.x+w-x+b=wx) —x)+¥ (2.45)

with ' = b+ w-X. We introduce &’ in order to simplify the mathematical calcula-
tions.

Taking the square of the residuals also has the benefit, that residuals with higher
values will be counted more in the RSS, as the squared function increases faster for
higher values.

The method which estimates the parameters in a regression model by minimiz-
ing the sum of the squared residuals is called ordinary least squares (OLS).
This method draws a line through the data points that minimizes the sum of the
squared differences between the observed values and the corresponding fitted
values.

The minimum (or maximum) of a function is where its first derivative is zero.
RSS is a quadratic function, thus it has only one (global) minimum. Because RSS
is a function of two variables (w and b) all of its partial derivatives shall be equal to
Zero.
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JRSS N ; / 0 se

5 =2) O = (e =% +6) (-1 —%) =0

s z;l (2.46)
- =210 = =9 +)(=1) =0

Il
—

1
Dividing both sides of the second equality from Eq. 2.46 with 2N we can derive:
/ (i) I o I o o
b:ﬁ;y —w N;x —N;x =y—w(x—X)=Yy (2.47)

from where we obtain the constant term of the sample regression line:

b=b—-—w-X=y—w-X (2.48)

Note
From Eq. 2.48 we can also conclude that the estimated regression line will
pass through the {%,y} pair, the mean of input and output.

Substituting Eq. 2.47 into the first equality of Eq. 2.46 we obtain:

00wl -3 =) -1 =0 =

(D —x)xD —x) =0 (2.49)

=

Il
-

60 -5 (<P =) - w

=

Il
R

1

from where we get the slope of the simple regression line!®:

YO0 —R) -5 s,
() —x)? RY:

(2.50)

Because Sy, is an unbiased estimate of the population covariance, and S% is an
unbiased estimate of population input variance we can also write:

E[w] = 2.51)

Let’s, write the slope in a different form by multiplying the terms in the numera-
tor of Eq. 2.50:

(2.52)

w— Z?/:l(x(i) — %)y —yyN, () —x) _ Z%} (x) —x)yl)
Y-

)
Ly () —x)2 1 () —x)?

where we have taken into account that

18 For a geometric interpretation of the formula check the short video from Jazon Jiao at https:
/lyoutu.be/3g-e2aiRfbU.
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=

I
—-

() N$ iy
; (x —x)zN;x —;x:Nx—xN:O (2.53)
Finally, we can also check that we really find out the global minimum (and not the

maximum) of the RSS. For this purpose, let’s take the second derivative (derivative
of the first derivative in Eq. 2.46) and check if they are positive.

J’RSS ¢
B Z ) -x)
- i=1 (2.54)
RSS

And indeed, with the assumption that there is at least one xU 7é X and N # 0, the
second derivatives are positive for all b and w so we found the global minimum.

Now, that we found out the model parameters, let’s, check if they are unbiased
estimate of the population attributes f;, fy. With the assumption that x\ is not ran-
dom and using equalities from Eq. 2.52 and Eq. 2.53 we obtain:

D i L N CLUE 1 YUY S
" fv1( h-x2 N (x) —x)2

_E) 0 PV () _ )
N (( — )) Bo + ((x(i)_))c)z B =B

i=1

(2.55)

taking into the consideration that the fraction next to 1 is 1. If that is not obvious
let’s check whether the denominator is equal to the nominator:

N N
Z(x(l),g)ZZZ((x(t)y xx —xx 4 3%) =

(D —x)x) (2.56)

Mz

s

That is, w is an unbiased estimate for ;. Similarly, we can prove that b is an unbi-
ased estimate for fy:

Il
=

i

E[b] = E[y - wi] [ Y

1

zllviiﬁ{y@} _E[w]x=

(Bix + Bo) — i = Bix-+ PN — Biv = o @.57)

[V]z

l

So far so good. But, there is a minor problem with calculating the values of w and
b: summation is present in their formula (calculating mean also involves summation)
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2.13 Summary

In this chapter, the following items have been discussed:

* The attributes of a population, like the mean and variance;

» The difference between the population and a sample from it, respective ways of
estimating the population attributes from a sample;

* How to fit a simple linear regression on the data (as a sample from the population)
and how to interpret the model parameters, like intercept and slope;

* How to assess to the goodness of fit of a regression model and what metrics can
be used for measuring it;

* The seven assumptions of the ordinary least square regression and why they are
important;

* Definition of outliers, leverage, and influential points and how they can be iden-
tified;

e Model evaluation, sampling error, confidence and prediction intervals, analysis
of variance, respective the pitfalls of decisions based on p-values;

» Tasting the relevance of data pre-processing and the importance of graphing.

Lab Exercises

Jupyter Notebooks for the lab exercises are available at
https://github.com/FerencFarkasPhD/Advanced-Machine-Learning.

2.1. Check whether the height is hereditary by using Galton’s dataset

(a) Read Galton’s historical dataset.

(b) Plot the scatter plot of the observations.

(c) Divide the parent’s mid-height into intervals and calculate the average of the
children’s height then make a plot.

(d) Find out the “law of regression”.

(e) Create a regression model using other factors than the parents’ mid-height and
create the appropriate plotting.

2.2. Create distribution plots

(a) Make the PMF plot of 100 coin flips.

(b) Make the PDF and CDF of a univariate normal distribution with mean zero and
unit variance. Create a fancy 3D plot of a bivariate normal distribution including the
conditional and marginal probabilities.

(c) Create distributions with different skewness and kurtosis.

(d) Check the central limit theorem by creating the distribution plot of the average of
two 10000 random samples each sample containing the outcome of 100, respective
500 consecutive random coin flips.

(e) Create correlation plots of random variables using different correlation coeffi-
cients.

(f) Create contour plots of the Mahalanobis distance of 1, 2, 3 standard deviations
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from the mean for a bivariate normal distribution using different correlation coeffi-
cients between the random variables.

(g) Plot the likelihood function of N consecutive coin flips with k£ “heads” as the
outcome. Use different sample size N and number of “heads” as the outcome and
make your conclusions.

2.3. Predicting systolic blood pressure of a person based on age

(a) Read the observations from the BloodPressurel dataset introduced in
Sect. 2.3 into input and output vectors.

(b) Plot the scatter plot of the observations.

(c) Find out the parameters for the simple linear regression model and plot the sim-
ple regression line.

(d) Take some input values (age) not contained in the dataset and predict the output
(blood pressure).

(e) Assess the goodness of your model with regression standard error and coefficient
of determination.

2.4. Predicting weight of adolescents based on their height

(a) Read the observations from the HeightWeight Sample database discussed
in Sect. 2.6.4 into input and output vectors.

(b) Plot the scatter plot of the observations.

(c) Find out the parameters for the simple linear regression model and plot the sam-
ple regression line to see its intercept.

(d) Do the same as in (c) but without using the intercept term (b = 0). Compare the
results of the two regression models and draw your conclusions.

2.5. Checking the OLS assumptions

(a) Read the datasets discussed so far.

(b) Find out the parameters for the simple linear regression model.

(c) Create the scatter plot for the observations, respective for the residuals. Check
the residual plot visually.

(d) Check the consequences of fitting a linear model when some of the OLS as-
sumptions are broken.

2.6. Check the effect of the outliers

(a) Read the observations from the BloodPressurel and Star cluster
datasets.

(b) Plot the scatter plot of the observations to check the outlier.

(c) Create a new sample by leaving out the outlier.

(d) Find out the parameters of the simple linear regression model for both samples
and plot the sample regression lines.

(e) Assess the model with regression standard error and coefficient of determination
and make a conclusion based on them.

2.7. Analyze the effect of sampling error
(a) Read the full HeightWeight dataset and assume that it represents the popu-
lation of all the adolescents from a town.
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(b) Plot the scatter plot of the population together with the population regression
line and compare with the sample regression line.

(c) Take 10000 samples each containing 200 randomly selected adolescents from
the population, and show on a single plot both the population regression line and all
the estimated regression lines. Make another similar plot with only 20 observations
in each sample and make your conclusion.

(d) Build up confidence intervals for the parameter estimations of the population.
(e) Make statistical tests for a single sample and make your conclusions.

(f) Make a Monte Carlo simulation using the one-sample t-test to have a deeper
understanding about the p-values.

2.8. Data preprocessing

(a) Read the observations from the TransistorCount dataset into input and
output vectors.

(b) Plot the scatter plot of the observations to check the trend.

(c) Using your insight into the data transform the data and make the scatter plot.
(d) Find out the parameters of the simple linear regression model for the transformed
dataset.

(e) Assess the model with regression standard error and coefficient of determination.
(f) Check whether Moore’s law supported by data.

2.9. Analyze the importance of graphing

(a) Read the observations from the Anscombe’ s quartet dataset into input and
output vectors.

(b) Create a summary of the statistics to check whether they are similar (i.e., comes
from the same distribution)

(c) Make the scatter plot of the observations to check the trend in each data.

(d) Make your conclusion.
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Chapter 3
Multiple Linear Regression

3.1 Introduction

Throughout Chapter 2, we have seen the concept of simple linear regression where
a single predictor variable x was used to model the response variable y. In many
applications, however, there is more than one factor that influences the response
y. Multiple regression models thus describe how a single response variable y de-
pends linearly on several predictor variables x. Regression models having only one
response variable y (whether there are only one or multiple independent variables)
are also called univariate regression models. There are also regression models with
two or more response variables y, and these models are usually called multivari-
ate regression models. In this chapter, we will focus mainly to discuss the multiple
linear regression (one output variable and several input variables), and only in the
last paragraph, we will briefly mention the multivariate regression model (multiple
inputs and multiple output variables).

3.2 Simple Dataset with Two Explanatory Variables

Again, let’s start our analysis with a simple dataset. In Table 2.1 we had the result
of a survey, containing only the age of a person together with the measured systolic
blood pressure. However, already at that time was stated that not only the age but
other factors like weight, illness, side effects of the drug, should also contribute to
the blood pressure of a person.

Let’s, imagine for the sake of the game that another survey is conducted with a
very limited budget that will contain not only the age but the measured weight and
blood pressure of the people. The result of this very small survey is shown in Ta-
ble 3.1 with N = 11 observations. There are two input variables, Age and Weight,
denoted by x; and x,, and one output variable Blood pressure denoted by y.
For indexing the observations, again, we can use a superscript index as shown in
Table 3.1. You might ask why such a small dataset used again? The advantage can
be seen in the lab exercise when you can “see and feel” the data manipulated.
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122 3 Multiple Linear Regression

Table 3.1 Systolic blood pressure as function of age and weight (BloodPressure?2 dataset)

X| Age [year] X2 Weight [pounds] y Systolic blood pressure
Py 52 Y 173 y( 132
22 59 P 184 y@ 143
) 67 ) 194 ) 153
AP 73 % 211 4 162
) 64 ) 196 3y 154
P 72 Y 217 y®) 166
Data source: http://college.cengage.com/mathematics/brase/understandable_statistics/7e/students

datasets/mlr/frames/mlr02.html

This dataset is still denoted with Dy = {{x(1),y()} {x(2) y2)} _ {xN) y(N)1y,
Please, note that now the input observations are denoted as vectors in contrast to
Sec. 2.3.

Because there are two input variables in this case, instead of having an estimated
regression line, an estimated regression plane will be obtained as shown in Fig. 3.1
where some data points are “above” the estimated regression plane and others are
“below” the estimated regression plane. Thus, some of the residuals will be positive
and others will be negative in a similar way as we had with the estimated regression
line with one input variable. There should be no surprise that the systolic blood
pressure increases not only with the age but also with the weight of a person.

Of course, there could be other factors influencing the blood pressure, so further
input variables might be included if another survey is conducted. For the general
case, the number of predictor variables is denoted by D (D = 2 for this simple ex-
ample) and referred to as the dimension of the input space. Then the result of the
regression analysis will be a D dimensional regression hyperplane. A multiple linear
regression model with D predictor variables x1,x,...,xp and a response y, can be
written as:

-
<
o

160

150

Blood pressure

140

-
w
=]

.
-
N
o

Fig. 3.1 Systolic blood pres-
sure as the function of age
and weight estimated with

a linear regression plane
(BloodPressure? dataset)
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y(i) = Bo+ B -xgi) + B -xg) —&-...—l—ﬁD-xg) +e for i= 1,2,... (3.1)

As in the case of simple linear regression, € is a random variable with zero mean and
constant variance, representing the error between the conditional mean [y, x,.....xp)
and the actual value of the member from the population. However, the conditional
mean of y is not a line, as in the case of the simple linear regression, but a (hy-
per)plane. Thus, correspondingly, we can write for the estimated hyperplane:

Yy=b+wi-x1+wr-x2+...4+wp-xp

YO =btw -2ty pwp ) 44D for i=TN (32
where N denotes the number of observations in the sample.

Note
- The BloodPressurel dataset shows high collinearity among the pre-
dictors. This will be discussed in more detail in Sec. 3.6.1.

3.3 OLS for Multiple Linear Regressions

Our goal with ordinary least squares regression is to fit a hyperplane into (D + 1)-
dimensional space that minimizes the sum of squared residuals (RSS).

3.3.1 Analytical Solution
Again, we can write the residual sum of squares:

N N

. ) D [ 2
RSS =Y ()2 =Y (yw —b-Y w; .xg.’)) (3.3)
J=1

i=1 i=1

using the second equality from Eq. 3.2. As in the case of simple linear regression,
we can use OLS to find the minimum of the residual sum of squares. That is, we
take the first derivatives with respect to the model parameters b, wy, wy, ..., wp and
set them equal to zero.

JRSS N
oRSS (i) set
b (-2) ; r 0
JRSS N
= (=2 (i),.(9) set 0
w — AL (3.4)
JRSS N
= (=2) ) Ayl
aWD ( ); D
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Please, note that the residuals are constrained by D + 1 equations. Thus, the
number of degrees of freedom for the residuals with N observations and D
number of independent variables is only N —D — 1.

While it is possible to estimate the parameters of multiple linear models with a
similar method that we used in Chapter 2, the computations become very compli-
cated quickly. Therefore, we will employ linear algebra methods using vectors and
matrices to make the computations more efficient and our life easier.

With the introduction of the notation b = wy we can create the following vectors
of weight, output, and residuals:

wo y(0) )
Wi y@ )

w= | _|; y=| . [s r=| . | (3.5)
Wp ™) )

Please, note that the indexes (and the dimensions) of the two vectors w and y
are different. Vector w has dimension D + 1 corresponding to the number of input
variables plus the constant term b = wy, and the indexes correspond to the input
variables. Vector y has dimension N corresponding to the number of observations in
the sample, and the indexes identify the observations (number of raw in Table 3.1).
From this table, we can also observe that the input values are organized in multiple
columns, each column representing one input variable with N observations. Thus,
the input values can be written - considering the general case with D number of
input variables - in the following matrix form:

(m (1 (D) (0 (1 1) ()

Xl )C2 XD XO )Cl xz XD
2 2 2 2 2 2 2

o [ |
MU 0w

The first column in the second matrix denoted with X represents the dummy input
x(()’) =1 (i = 1,N) corresponding to the intercept term b = wy. This extended input
matrix is called the design matrix, also known as model matrix or regressor matrix.
The introduction of this matrix will help us writing the OLS solution in compact
form.

The design matrix is organized into rows and columns as you are already familiar

with. Each column represents the N observations for a specific input variable, e.g.
the observations of the j-th variable is denoted by X]T = {xﬁ.l) xi.z) xﬁm} for j =
0,D. Likewise, each row represents one D + 1 dimensional observation for the input

. N e AT
X0,X1,X2,--.,Xp, €.2. the i-th observation is denoted by % = {xg) xi’) x;’) xg)}
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for i = 1,N. Thus, the design matrix can be written in the following two ways':

X: [XO X1 X2 ...XD]; XZ (37)
(x)"

With these matrix and vector notations, we can write the second line of Eq. 3.2
in the following form:

y() 1D VA0 rwel T
y<2> 1 x<12> xgz) x<Dz> wi r? .

= _ i + & y=X-w+r (3.8)
W) 1 ng) ng) x(DN) WD r

where matrix dot product used between matrix X and vector w. The residual sum of
squares can be also written in compact matrix notations using Eq. 3.8:

N
RSS:Z(r(i))zer-r:(y—X-w)T-(y—X~w) (3.9)
i=1

The constraints in Eq. 3.4 can be also written in compact matrix form:

! (n 0
x(ll) xiz) .. x(lN) :(2) 0
1 2 .
S AT 20 e XTor=o (3.10)
: L
A D) 0

from where, substituting the vectorized form of the residual from Eq. 3.8, we obtain:
X' (y-X-w)=0 = X .y=X"-X-w 3.11)
Thus, the analytical solution for the model parameters is obtained as’:

w=(X"X)"XTy (3.12)

! Dot is placed on a vector or a matrix symbol whenever the dummy variable xo = 1 corresponding
to the intercept term is included.

2 Matrix dot operators will be only explicitly used to separate variable names. On the other hand,
a matrix element-wise operator will be shown always. Thus, if no operator is present between
matrices or vectors, the matrix dot product shall be understood.
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where we assumed that the matrix inverse of the product X " X exists. If the inverse
does not exist, the normal equations can still be solved, but the solution may not be
unique. The inverse of X' X exists, if the columns of X are linearly independent (no
collinearity between the predictor variables - see assumption in Sec. 2.7.6). That is,
no column of the design matrix can be written as a linear combination of the other
columns. Based on Eq. 3.12 we can write the vector of estimated values as:

§=X-w=XX'X)"'X"'y=H-y (3.13)

The N x N matrix H= X(X"X)" !XT is known as the hat-matrix, sometimes also
called the influence matrix or projection matrix. It maps the vector of response
values y to the vector of fitted values ¥ that lie on the regression hyperplane (see
Fig. 3.2). Thus, the projection matrix naming is straight forward. The name of hat
matrix comes from the fact that H “makes” from output y a hat-output ¥.

Now, that we have an intuition about why H is called hat-matrix or projection
matrix, let’s see why it is called the influence matrix. We can write Eq. 3.13 in a
verbose form showing only elements that are required to calculate $(1):

SO = |ha hio o | hig| ... hin | - ||y (3.14)

Feature

Fig. 3.2 Projection of the Space

output variable on the (hy-
per)plane of the input vari-
ables (omitting the constant
term does not affect the gen-
eralization, as the intercept
only shifts the (hyper)plane to
a parallel one)
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3.5 Data Preprocessing 209

where again 3y and B; are the population attributes to be estimated. Taking loga-
rithms on both sides of the power curve equation gives:

log$ =logfo+wilogx = Y =wo+wx (3.213)
——

=wq

Thus an equivalent way to write a power curve equation is that the logarithm of y is
a straight-line function of the logarithm of x. This regression equation is sometimes
referred to as a log-log regression.

How shall we interpret the regression coefficients in the case of log-log regres-
sion? The answer is this: interpret the regression coefficient as the percent increase
(or decrease) in the dependent variable for every 1% increase in the independent
variable. However, this statement is approximately true only if the dependent vari-
able changes not more than +£10% with a 1% change of the independent variable.
The interpretation of the regression coefficients can be deduced as follows:

A

¥ -9, = logAl = wp —wo +w (logx —logx,) = wy log X (3.214)

o 0

3.5.6.2 Case Study: Mammal Species

Let’s see another case study where want to fit a multiple linear regression model on
the Mammal species dataset with response variable Y as the Brain weight (in
gram), respective predictors Xb as Body weight (in kilograms), Xg as Gestation pe-
riod length (in days), and X1 as Litter size. To have some idea about the relationship
between predictors and response variables, let’s create the scatter plot of a pair of
responses and each predictor (see the SRL results on Fig. 3.29). It should be ob-
served on the scatter plots that all three exhibit at least one outlier. The correlation
coefficient between brain and body, respective brain, and gestation is high.

Let’s create the matrix of histograms for all four variables, as shown in Fig. 3.30.
It can be observed that all four variables have a distribution skewed to the left. Re-
member that statistical inference related to standard errors and confidence intervals

Brain vs. Body Brain vs. Gestation Brain vs. Litter

4000 4000 4000

3000 3000 r=073 3000 r=-025

> > >
2000 2000 2000

1000 1000

1000

[ 500 1000 1500 2000 2500 0 200 400 600 2 4 6 8

Fig. 3.29 Simple linear regression of the Mammal species dataset using each predictor indi-
vidually (Pearson correlation coefficient between each predictor and response is also presented)
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Histograms of the original 'Mammal species' dataset
(response & predictors)
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assume that the errors have a normal distribution. But due to suspected outliers and
skewed distribution of the data, this assumption is not satisfied, as can be seen on the
left of Fig. 3.15 where the studentized residual Q-Q normal probability plot is shown
for the multiple linear regression. Moreover, according to the Goldfeld-Quandt test,
the null hypothesis of the error having constant variance can be rejected. Thus, the
OLS assumption of the constant variance of the error is also violated.

Table 3.17 MLR results for the original Mammal species dataset using all observations

Input Coefficient | Std. error | t-statistic | p-value LCL UCL
Intercept -225.2921 83.059 -2.712 0.008 -390.254 -60.330
Xb 0.9859 0.094 10.457 0.000 0.799 1.173
Xg 1.8087 0.354 5.103 0.000 1.105 2.513
X1 27.6486 17.414 1.588 0.116 -6.938 62.235

6=224.56  adj-R°=0.80 Nobs = 96

While the adjusted R-squared value is relatively high, that is, 80% of the mam-
mal’s brain variation is explained by the body weight, gestation period, and litter
size, the RMSE=224.56 grams is quite high either. Thus, besides the non-constant
variance of the error and the non-normal error distribution problem, the high RMSE
value makes our model useless if you take into account that the median of the re-
sponse variable is 75 grams. That is a clear example of why you should not rely only
on the R-squared value and use your common sense and domain knowledge.

Let’s search for outliers (influential observations) using the leave-one-out meth-
ods. There are several observations marked as problematic but looking at the squared
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Squared studentized residuals vs. leverages
Original 'Mammal species' dataset

Log-log transformed 'Mammal species' dataset
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Fig. 3.31 Squared studentized residual vs. leverages together with the contour of Cook’s distances

based on the MLR on the original Mammal species dataset on the left, respective on the log-log
transformed Mammal species dataset on the right

studentized residuals vs. leverage plot shown on the left of Fig. 3.31, it is clear that
there are at least two influential observations indexed as 71 and 77 that have Cook’s
distance well above the threshold of 1.

However, removing these two observations from the dataset, the R-squared value
drops to 0.53, and the RMSE, although dropped, is still 172.8 grams (see Ta-
ble 3.18). We still have a problem with heteroskedasticity and non-normality of
the residuals, too. Moreover, according to t-statistic, we cannot reject the null hy-
pothesis that the regression coefficient of X1 is significantly different from zero.

Removing this feature from the MLR does not solve the problem either. So using
the MLR, we end up at a dead end.

Table 3.18 MLR results for the original Mammal species dataset w. removed observations

Input Coefficient | Std. error | t-statistic | p-value LCL UCL
Intercept -138.8112 66.771 -2.079 0.040| -271.463 -6.159
Xb 0.4776 0.202 2.366 0.020 0.077 0.879
Xg 1.6885 0.309 5.472 0.000 1.075 2.302
X1 13.7929 13.752 1.003 0.319 -13.528 41.114

6=172.8 adj-R*=0.53 Nops = 94

Let’s take the logarithm of both the independent and dependent variables, and
try to fit the linear regression model (also called the log-log model). After the log-
arithm transformation of both sides, the distributions of the variables will become
less skewed, as can be seen in Fig. 3.32.

Let’s create the scatter plot of the pair of responses and each predictor again, but
at this time, using the log-transformed data. It is visible from Fig. 3.33 that a linear
relationship is present, and the Pearson correlation coefficients between the response
and predictors are much higher for all three predictors. That is another example of
why data visualization is so essential in data science. Just looking at pure numbers,
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Histograms of the log-log 'Mammal species' dataset
(response & predictors)
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the difference between the correlation coefficients of the original data and the log-
transformed data is not so remarkable for the first two predictors: for Xb increased
from 0.86 to 0.96, and for Xg from 0.73 to 0.89. However, the scatter plots tell a
completely different story: there are no outliers anymore.

And not only the scatter plots tell this, but the leave-one-out method also confirms
this: now none of the observations has a Cook’s distance above 0.1 (see the right of
Fig. 3.31). Moreover, there is no heteroskedasticity issue anymore, and the residuals
have an almost normal distribution (see on the right of Fig. 3.15). The R-squared
value is now 0.95, and more importantly, the RMSE drops to 0.48. However, this is
not in the unit of the original data, so we may exponentiate it to get exp(0.48) = 1.62
grams. There is one minor problem, though: according to the t-statistic, the intercept

Log Brain vs. Log Body Log Brain vs. Log Gestation Log Brain vs. Log Litter
8 r=0.89 ° sl r=-0.64

-4 -2 0 4 6 8 0.0 0.5 15 2.0

2 1.0
LogXb LogXI

Fig. 3.33 Simple linear regression of the Mammal species dataset using each predictor indi-
vidually (Pearson correlation coefficient between each predictor and response is also presented)
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coefficient is significantly not different from zero. Fitting an MLR by omitting the
intercept provides a model with an adjusted R-square value of 0.99 (see Table 3.19).

Table 3.19 MLR results for the log-log transformed Mammal species dataset

Input Coefficient | Std. error | t-statistic | p-value LCL UCL
LogXb 0.5449 0.023 23.878 0.000 0.500 0.590
LogXg 0.5979 0.021 29.113 0.000 0.557 0.639
LogX1 -0.1990 0.078 -2.549 0.012 -0.354 -0.044

6=0.48 adj-R*=0.99 Nobs = 96

Mean and standard error of the original dependent variable

Once you have got the regression model with the log-transformed dependent vari-
able, you may be interested in how the obtained estimated mean and standard devia-
tion is related to the original variable. Before answering that question, we shall take
a detour and see how moments of the normal respective log-normal distributions are
related.

The moment-generating function of a real-valued random variable X is an al-
ternative specification of its probability distribution and it is defined as Mx(¢) =
E[exp(tX)] for t € R. The moment-generating function is so named because it
can be used to find the moments of the distribution. Using the series expansion
of exp(tX) we can write:

tzE X2 MR X"
Mx () =Elexp(X)] = 1+:E[X]+ 2[! ]+...+ n[! ]+...:
12 "
:1+tm1+%+...+ LN (3.215)
: n!

where my, is the n-th moment. Differentiating My (¢) i times with respect to ¢ and
setting ¢+ = 0, we obtain the i-th moment about the origin, m;. If X is a continuous
random variable, the moment-generating function’s definition expands to?*:

Myx (1) = Elexp(tX)] = /+mexp(tx)fx(x)dx (3.216)

—o0

where fx (x) denotes the probability density function (PDF). For a normal distribu-
tion N (x; i, 62), the PDF is:

1 _ 2
) = ———exp (— (XZG‘;) ) (3.217)

Then for a standard normal distribution, denoted by A (z;0,1), the corresponding
moment generating function is defined by:

22 See Wikipedia at https:/en.wikipedia.org/wiki/Moment-generating_function
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3.5.8.4 Case Study: Salary Discrimination

The Equal Pay Act*® became law in 1963, and it mandates employers pay workers
substantially equal pay for performing the same job regardless of their gender. Let’s
see how this is carried out in practice. The SalaryDiscrimination dataset*’
is a result of a study of faculty salaries in a small college in the Midwest conducted
in the 1970s, consisting of observations on six variables for 52 tenure-track profes-
sors. It has the dependent variable salary (academic year salary, in US dollars),
the independent numerical variables years (the number of years employed at this
college), respective yearDegree (number of years since the highest degree was
earned). It also has three nominal input variables: sex (male or female), degree
(masters or doctorate), and rank (assistant, associate or full professor). The MLR
results are shown in the upper part of Table 3.31.

Table 3.31 MLR results for SalaryDiscrimination dataset

Input Coefficient | Std. error | t-statistic | p-value LCL UCL
Intercept 1.691e+04 816.442 20.715 0.000| 1.53e+04| 1.86e+04
rank[associate] 5292.3608 1145.398 4.621 0.000| 2985.411| 7599.311
rank[full] 1.112e+04 1351.772 8.225 0.000| 8396.155| 1.38e+04
degree[masters] 1388.6133 1018.747 1.363 0.180| -663.248| 3440.475
sex[male] -1166.3731 925.569 -1.260 0.214| -3030.565| 697.818
years 476.3090 94.914 5.018 0.000| 285.143| 667.475
yearDegree -124.5743 77.486 -1.608 0.115| -280.640 31.491

6=2398.42 R?>=0.836  (full model)
Intercept 1.62e+04 638.677 25.370 0.000| 1.49e+04| 1.75e+04
rank[associate] 4262.2847 882.891 4.828 0.000( 2487.113| 6037.457
rank[full] 9454.5232 905.830 10.437 0.000| 7633.230| 1.13e+04
years 375.6956 70.918 5.298 0.000( 233.106| 518.285
6=2402.22 R?=0.835 (reduced)

As can be seen in the upper part of Table 3.31, the p-values associated with
the coefficient estimates for the two dummy variables sex and degree are very
large, suggesting no statistical evidence of a real difference in salary between gen-
ders and degree. The same applies to the years since the degree was obtained
(yearDegree).

Because both the point-biserial correlation coefficient and phy coefficient are a
special case of Pearson correlation coefficient, we can create a correlation matrix
with all the variables, except the nominal variable rank. As a result, the dependent
variable salary has a high correlation with both independent numerical variables:
years (0.70) and yearDegree (0.67). On the other hand, there is a high correla-
tion between the two numerical input variables (0.64). The response variable has no
correlation with the binary variable degree (0.07) and a very low correlation with
the binary variable sex (0.25).

46 See at https://www.eeoc.gov/statutes/equal-pay-act- 1963
47 The dataset can be downloaded from https://data.princeton.edu/wws509/datasets/#salary.
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The contingency table between the two nominal variables sex and rank is pre-
sented in Table 3.32. Using Eq. 3.284 and Eq. 3.285 we obtain the asymmetric corre-
lations: lsex| rank = — 1.0, respective lmnk‘ sex = 0.56. The symmetric correlation can
be obtained from Eq. 3.286, i.e., A = 0.09. Similarly, we can construct the contin-
gency table between nominal variables degree and rank to obtain the asymmetric
lambda values Agegree|rank = —0.56, respective A,unk|degree = 0.56, and the symmet-
ric lambda value A = 0.16. The eta correlation ratio between the response variable
salary and the nominal variable rank is 0.87.

Table 3.32 Crosstab between nominal variables from SalaryDiscrimination dataset

. sex
SR female male Total
assistant N =8 N =10 Ni. =18
associate Ny =2 Ny =12 Ny, = 14
il full Ny =4 Ny = 16 N3, =20
Total N,y =14 N, =38 N=52

In the lower part of Table 3.31, the MLR result of the reduced model is shown
with only two input variables: years and rank. These are the predictors with
high correlation with the response (remember, the two numerical input variables
are also highly correlated, so we should drop the one with a high p-value). This
reduced model offers the same goodness of fit as the full model. Thus, from the
linear regression model, we cannot infer any salary discrimination between genders.

Now, using the advantage of stratification, let’s see what the visual inspection
might reveal about latent discrimination. Analyzing the left of Fig. 3.45, which rep-
resents a category scatter plot, it is obvious that there are fewer females than males
among professors (representing only 27% from the total), and the salaries of fe-

Salary as a factor of degree and rank between genders
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Fig. 3.45 Scatter plot of the salary as a function of sex (on the left), box plot of the salary as a
factor of degree and sex (in the middle), respective the salary as a factor of rank and sex (on the
right) from the SalaryDiscrimination dataset
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males are lower compared to the males (although there is one outlier among females,
which provides the absolute maximum among all the wages). The same observation
we can get from the middle of Fig. 3.45, where the salaries as a factor of degree and
gender are shown in a box plot format. A similar observation can be obtained from
the right to Fig. 3.45, where the salaries as a factor of rank and gender are presented
(though, for assistant professors, there is no such visible difference).

Now, the question is, how is possible, that statistically, no proof of salary dis-
crimination between genders, but the stratification suggests otherwise? Since in our
reduced model the salary is dependent only on years and rank, let’s analyze
these two input variables. For example, the years is weakly correlated with sex
(0.38) but we can observe that years~ 4.07 +4.66-sex |male with a very low
p-value for the gender coefficient, suggesting that there is statistical evidence of a
real difference between genders in the number of years since they were hired at the
college. As the salary increases by 375.7 US dollars every year since an individual is
hired at this college (see the lower part of Table 3.31), we already have an explana-
tion of why in average male professors have a salary higher with 4.66-375.7 = 1751
US dollars than females. That indicates that females were less accepted being pro-
fessors at college in the past. On the other hand, with the baseline of assistant profes-
sors, an associate professor receives annually 4262 US dollars in plus, while a full
professor 9455 US dollars in plus. However, from Fig. 3.46 it is clear that, while the
distribution of ranks with a master degree within a gender is around the same for
females and males, with a doctorate this is not the case: 70% of females with a doc-
torate has an assistant rank, none of them is associate professor, and only 30% has
full professor rank, while in case of males with doctorate only 29% are assistants,
but 21% are associate professors, and 50% are full professors. Thus, there is a piece
of clear evidence that in the promotion to associate or full professor, females are
discriminated against negatively. And that affects the annual salaries, as well, since

sex = female sex = male
100
B assistant B assistant
mmm  associate B associate
80 . full m full
. 60
c
o] 50.0% 50.0 50.0%
2
40
30.0% 29.17% 579
25.0% 25.0% i PRI
. I B N I
) .
0 0.0%
doctorate masters doctorate masters
degree degree

Fig. 3.46 Percentage bar plot as a distribution of ranks for each subgroup (master, respective doc-
torate) separately for male and female professors from the SalaryDiscrimination dataset

Draft: Advanced Machine Learning Vol.l Author: Ferenc Farkas Date: 13-Jan-2022
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from our model, with the assistant professor as the baseline, an associate professor
has on average 4262 US dollars higher annual salary, while a full professor on the
average earns 9455 US dollars in plus every year. The fact that females, on average,
have a lower number of years since employment, plus females do not get promoted
even with doctorate degrees like males, provides an adequate explanation of why
female salaries on average are lower at this college.

We conclude that, although there is no statistical evidence of salary discrimina-
tion between genders, there are latent discriminations, some inherited from the past,
some were still present when the dataset was recorded. These are:

» females were still underrepresented among professors during the 1970s at this
college;

» females, on average, had a lower number of years since they were hired at this
college than males, which was a direct consequence of lower salary for females
than men (that could be the result of a legacy of females were less accepted
being professors at college in the past, as well as a legacy of discrimination in
the education system);

» even during the 1970s, in the promotion to associate or full professor, females
were discriminated against negatively.

3.5.8.5 Summary of Association Measures

There are several correlations and association measures introduced in the statistical
literature. In this book, however, only the most widely used measures have been dis-
cussed. In Table 3.33, a summary of correlation and association measures between
different types of variables are presented concisely.

Table 3.33 Correlation and association measures between different type of variables

Associations 2 5 J 5 5
binary ordinal nominal continuous
. Spearman . S
binar hi PR hi oint-biserial
y p Cramér’s V p P
hi, Spearman, ..
. Spearman, p p) s rank-biserial,
ordinal Ly Cramér’s V, ., eta, tau, Spearman
Cramér’s V Cramér’s V
gamma, tau
X — - )
nominal hi rank-biserial, phi, Cramér’s V, rank-biserial, eta
p Cramér’s V lambda ’
. . . .. Pearson,
continuous point-biserial  |eta, tau, Spearman | rank-biserial, eta
Spearman

3.5.9 Discretization

Some machine learning algorithm only accepts categorical features. Thus, prior
transformation of numerical (continuous) variables to categorical ones is essential.
Even if it can handle continuous data, a prior transformation of numerical variables

Draft:Advanced Machine Learning Vol.l Author: Ferenc Farkas Date: 13-Jan-2022



3.5 Data Preprocessing 257

often accelerates the learning process and may produce simpler and more accurate
results. Reducing the number of values for a feature is especially beneficial if a
decision tree method*® of regression or classification is to be applied to the pre-
processed data because these methods are typically recursive, and a large amount of
time is spent on sorting the data at each step.

As arecap, discrete and continuous data are ordinal data types with orders among
the values, while nominal values do not possess any order amongst them. While the
number of continuous values for an attribute can be infinitely many, the number of
discrete values is often few or finite. Discretization (otherwise known as quantiza-
tion or binning) provides a way to partition continuous features into discrete val-
ues. Depending on how the discrete values are encoded, a numerical variable may
be transformed to an ordinal one (i.e., we keep the intrinsic order of the discrete
values) or to a nominal one (by using one-hot encoding, the intrinsic order between
categories will be lost).

Before moving on, let’s introduce some terms. Instance refers to a single col-
lection of feature values for all features, i.e., an observation. Hereafter, N is the
number of instances in the data. The term cut-point refers to a real value within
the range of continuous values that divides the (sub)range into two intervals; one
interval is less than or equal to the cutpoint, and the other interval is greater than the
cut-point. We may also call this the bin edge. The term arity in the discretization
context means the number of intervals, bins, or partitions, and it is denoted here by
k. Then the maximum number of cut-points is k — 1. In general, a higher arity can
make the understanding of an attribute more difficult, while a very low arity may
affect predictive accuracy negatively. There are many other advantages of using dis-
crete values over continuous ones. Discrete features are closer to a knowledge-level
representation (Simon, 1981) than continuous ones. Data can also be reduced and
simplified through discretization. For both users and experts, discrete features are
easier to understand, use, and explain. As reported in a study (Dougherty et al.,
1995), discretization makes learning more accurate and faster. [49]

Discretization helps handle outliers by placing these values into the lower or
higher interval together with the remaining inlier values of the distribution. Besides,
by creating appropriate bins or intervals, discretization can help spread the values
of a skewed variable across a set of bins with an equal number of observations.
Moreover, this transformation brings non-linearity and thus might improve the fit-
ting power of the model. It also reduces the impact of small fluctuation in the data,
which can be considered as noise. Thus, this process of “smoothing”, wherein each
bin smoothens fluctuations, reduces noise in the data.

Discretization shall be applied with care because some information loss occurs
during this data transformation.

48 A separate chapter is devoted to decision trees in the second volume of this book series.
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3.5.9.1 Binarization

Feature binarization is the process of thresholding numerical features to get boolean
values which are coded generally as 0 for False and 1 for True. Values greater
than the threshold map to 1, while values less than or equal to the threshold map
to 0. With a threshold of 0, only positive values map to 1. With binarization, a
continuous variable will be transformed into a dichotomous one. The value of the
threshold depends on the distribution of the numerical variable.

As an example, let’s consider the yr_renovated numerical variable from
the KC-HouseSale dataset described in Sec. 3.7.4 but already mentioned in
Sec. 3.5.8.1. If the house was renovated, this variable records the year of renova-
tion, otherwise set to zero. Because only 4.23% of the houses have been recorded
as renovated, it seems natural to convert this numerical variable to a binary one by
setting the threshold to 0, especially when looking at the histogram on the left of
Fig. 3.47. Thus, we will have a new binary variable called renovated, which is
set to 1 if the numerical variable contains a valid calendar year and O otherwise.

Table 3.34 MLR results for KC-HouseSale dataset with or without binarization

Input Coefficient | Std. error | t-statistic | p-value LCL UCL
Intercept -4.631e+04 4371.844| -10.594 0.000| -5.49e+04| -3.77e+04
sqft_living 278.6797 1.925| 144.795 0.000| 274.907| 282.452
yr_renovated 80.2807 4.401 18.243 0.000 71.655 88.906

6=259469 R%=0.500 (numerical)
Intercept -4.633e+04 4372.000| -10.597 0.000| -5.49e+04| -3.78e+04
sqft_living 278.6926 1.925| 144.800 0.000| 274.920| 282.465
renovated 1.599¢+05 8783.478 18.210 0.000| 1.43e+05| 1.77e+05
6=259476 R?=0.500 (binary)

In the upper part of Table 3.34, the MLR results are shown with sgft_living
and yr_renovated as input numerical variables (price is the target). In the

Histogram of 'yr_renovated' numerical variable
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Fig. 3.47 Histogram of input numerical variables from KC-HouseSale dataset
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3.14 Summary

In this chapter, the following items have been discussed:

OLS usage for multiple linear regression with Advertising case study;

Expected values and variances of OLS, respective confidence intervals and re-
gions in case of MLR;

Defining outliers, leverages, and influential Observations in MLR with Salary
case study;

How to assess to the goodness of fit of a regression model and what metrics can
be used for measuring it;

Graphical diagnostics as an important tool to find out outliers and influential
observations;

Linear transformations as data pre-processing (scaling and whitening transfor-
mations);

Non-linear transformations as data pre-processing;

Encoding non-numerical (categorical) features, respective discretizing numerical
features;

Cases when OLS assumptions are not hold, like multicoliniearity issue, multi-
plicative relation between predictors, polynomial regression, and weighted least
squares (WLS);

Learning theory, like the importance of bias-variance trade-off, generalization
error vs. training error, respective how to estimate the generalization error in
practice (training vs. testing error) with House price prediction case study.
Feature selection using best subset selection;

Regularization, like ridge regression, lasso regression, and elastic regression as a
way for feature selection;

Definition of hyperparameter, and ways to choose the best hyperparameter val-
ues;

Bayesian regression;

Multivariate linear regression.

Let’s close this chapter with a good advice from John W. Tukey:

“Hubris is the greatest danger that accompanies formal data analysis, includ-
ing formalized statistical analysis. [...] Let me lay down a few basics, none of
which is easy for all to accept, yet which all would be better for accepting: 1.
The data may not contain the answer. The combination of some data and an
aching desire for an answer does not ensure that a reasonable answer can be
extracted from a given body of data.” [78]

Lab Exercises

Jupyter Notebooks for the lab exercises are available at
https://github.com/FerencFarkasPhD/Advanced-Machine-Learning.
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3.1. Predicting the systolic blood pressure based on the age and weight

(a) Read the observations from the BloodPressure?2 dataset introduced in
Sect. 3.2 into design matrix and output vector.

(b) Plot the scatter plot of the observations together with the estimated regression
plane.

(c) Calculate the hat matrix and the covariance matrices.

(d) Make hypothesis testing.

(e) Calculate the adjusted R-squared and root mean squared error.

(f) Check for collinearity.

3.2. Create a linear model to predict sales based on advertising budget

(a) Read the observations from the Advert i sing dataset introduced in Sec. 3.3.5
into design matrix and output vector.

(b) Analize the data with statistics, respective with boxplot.

(c) Check for colliniarity.

(d) Plot the scatter plot for each predictor with the estimated regression line, respec-
tive create the scatter plot matrix.

(e) Create your multiple linear regression model and draw your conclusions.

(f) Calculate the adjusted R-squared and residual squared error.

(g) Try to answer the 7 questions raised in Sec. 3.3.5 based on your results.

3.3. Identifying outliers using the leave-one-out methods

(a) Read the observations from the in the Salary dataset introduced in Sec. 3.4
into design matrix and output vector.

(b) After fitting the linear regression model, analyze the leverages and residuals.
(c) Check for outliers using the leave-one-out methods: DFFITS, DFBETAS, Cook’s
distance, and covariance ratio.

(d) Make your conclusion based on the outlier analyzes.

(e) Proceed with graphical diagnostics in outlier detection.

(f) Check the masking and swamping effect with Star cluster dataset.

3.4. Check how the linear transformations affect the linear regression model
(a) Read the BloodPressure?2 and HeightWeight datasets into design matrix
and output vector.

(b) Check the distribution of the input, respective the result of the linear regression
model after input is centered.

(c) Check the distribution of the input, respective the result of the linear regression
model after input is standardized.

(d) Check the distribution of the input, respective the result of the linear regression
model after input is min-max, respective max-abs scaled.

(e) Check how the distribution of the input and the linear regression model is
changed with robust scaling.

(f) Check the effectiveness of robust scaling of the input on the Star cluster
dataset.

3.5. Analyze the whitening transformations using different datasets
(a) Read the Digits dataset into an input matrix and apply a ZCA transformation.
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(b) Make a visual comparison by showing the first ten digits of both the original and
ZCA-whitened data.

(c) Read the Bodyfat dataset into design matrix and output vector.

(d) Create the scatter plot of both the original and PCA-whitened data in 3D.

(e) Create a sample from a tri-variate normal distribution with a given covariance
matrix.

(f) Create the scatter plot of both the original and Cholesky-whitened data in 3D
using only data within one standard deviation.

(g) Compare all 5 whitening transformations using the Iris dataset.

3.6. Analyze the nonlinear transformations using different datasets

(a) Using TransistorCount dataset, analyze the log transformation of the re-
sponse variable.

(b) Using the WordRecall dataset, analize the log transformation of the predictor
variable.

(c) Using the Mammal dataset, analize the log transformation of both the response
and predictors.

(d) Analyze the variance stabilization transformations using the LungCap dataset.
(e) Analyze the power transformations with the LungCap, respective red wine
quality dataset.

(f) Quantile normalizing some predictors of Boston House-price dataset.

(g) Normalizing data.

3.7. Encoding categorical features using different datasets

(a) Using the BirthWeight dataset, answer the research question: Is a baby’s
birth weight related to the mother’s smoking during pregnancy?

(b) Measure the associations between the binary variables, respective between or-
dinal variables; as well as, their association with the numerical response variable,
using the KC-HouseSale dataset.

(c) Use the nominal variable from the Credit dataset, and after one-hot encoding,
answer the question of whether there is statistical evidence in credit balance differ-
ence between ethnicity.

(d) Use the interaction term between numerical variables, respective between nu-
merical and categorical variables to fit a better model on the Credit data.

(e) Using the SalaryDiscrimination dataset, answer the question of whether
there is statistical evidence in salary difference between genders.

3.8. Discretization of numerical variables using different datasets

(a) Binarize the yr_renovated numerical variable from the KC-HouseSale
dataset.

(b) Unsupervised discretization using equal-width, equal-frequency, respective k-
means binning with ordinal encoding (i.e., numerical variable dicretized into an
ordinal one) using the KC-HouseSale dataset.

(c) Unsupervised discretization using equal-width, equal-frequency, respective k-
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means binning with one-hot encoding (i.e., numerical variable dicretized into a nom-
inal one) using the KC-HouseSale dataset.

(d) Supervised discretization with entropy-based binning using the Iris dataset.
(e) Supervised discretization with ChiMerge binning using the Iris dataset.

3.9. Handling missing values

(a) With deleting randomly 50% of the CaliforniaHousing dataset check the
consequences of removing observations with missing values.

(b) With the same modified dataset described above, use simple imputation with
constant, mean, median and mode and compare the RMSE score values.

(c) With the modified dataset compare the RMSE score values of the kNN imputa-
tions with different number of neighbors and with or without weighted average.

(d) With the modified dataset compare RMSE score values of the Linear regression
imputation.

(e) Make a summary by comparing the goodness of fit (R-squared and MSE) of the
OLS using different imputation methods.

3.10. Analyzing multicollinearity and methods to handle it
(a) Visual presentation of a multicollinearity problem.

(b) Detecting multicollinearity.

(c) Effect of (nearly) uncorrelated predictors.

(d) Effect of highly correlated predictors.

(e) Reducing data-based multicollinearity.

(f) Reducing structural-based multicollinearity.

(g) Principal Components Regression.

(h) Case study: Body fat percentage.

3.11. Fitting polynomial regression on the Boston-House price dataset
(a) Analyze the data graphically with box plot and scatter plot matrix.

(b) Fitting a linear model on the data and checking for correlations and outliers.
Analyze the residual plot.

(c) Fit a polynomial regression using only two of the original input variables which
have the highest correlation with the target. Check the results including the residual
plot.

(d) Fit a polynomial regression using three of the original input variables which have
the highest correlation with the target. Check the results including the residual plot.
(e) Fit a polynomial regression using four of the original input variables which have
the highest correlation with the target. Check the results including the residual plot.
(f) Analyze the risk of overfitting in case of polynomial regressions.

3.12. Fitting a calibration curve on the Line-spacing measurement data
(a) Analyze the data graphically scatter plot matrix.
(b) Fit a linear model and check the goodness of fit scores.
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(c) Check for heteroskedacticity.

(d) Try to solve the heteroskedactity problem with variance stabilizing transforma-
tions.

(e) Fit a model using weighted least squares. Weights shall be estimated with differ-
ent methods described in the book.

(f) Compare the results of the OLS with WLS using different methods for weight
estimation.

3.13. Analysis of autocorrelation

(a) Fitting OLS on the Emp1oyee dataset and check for autocorrelation in the resid-
uals.

(b) Fit a linear model on the Employee using Cochrane-Orcutt and Prais-Winsten
iterative estimation procedure.

(c) Autocorrelation parameter estimation with Hildreth—Lu grid search procedure.
(d) Fit a linear model that can be used to predict ice cream demand using Tcecream
dataset.

3.14. Estimation of generalization error in practice for the KC-HouseSale
dataset

(a) Exploratory Data Analysis on the dataset.

(b) Fit a multiple linear model on the above dataset and check for multicollinearity
and autocorrelation.

(c) Analyze the bias and variance of a model as model complexity changes.

(d) Analyze the training and testing error as model complexity changes.

(e) Compare the different testing methods using Monte Carlo simulations.

(f) Compare the tests results of the two model (with the original, respective with the
transformed target) using different testing methods.

3.15. Feature selection with filtering and wrapper methods

(a) Feature selection based on feature importance.

(b) Filtering with low variance.

(c) Filtering with x2 and F-test.

(d) Filtering with mutual information between the predictors and target.
(e) Best subset selection

(f) Forward and backward stepwise selection.

(g) Stepwise selection with cross-validation.

(h) Feature selection with information criteria.

3.16. Feature shrinkage and selection with embedded methods
(a) Feature shrinkage with L2 regularization (ridge regression).
(b) Feature selection with L1 regularization (Lasso regression).
(c) Elastic net.
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Chapter 4
Time Series Analysis

4.1 Introduction to Time Series

Time series data is defined as an ordered sequence of values of a variable (series of
observations) taken at successive equally spaced points in time. Needless to say, that
in time series data the ordering matters. Ordering is very important because there is
dependency, and changing the order could change the meaning of the data.

Time series data often arise when monitoring industrial processes, natural phe-
nomena, or tracking corporate business metrics. Some examples of time series are:
yields in a production line, heights of ocean tides, daily minimum or maximum tem-
perature of a geographical location, and the daily closing value of the Dow Jones
Industrial Average.

Time series analysis (TSA) comprises methods for analyzing time series data in
order to extract meaningful statistics and other characteristics of the data. The basic
objective of time series analysis is to determine a model that can describe the pattern
of the time series, this is also called time series modeling. Then such a model can
be used:

* To describe the important features of the time series pattern.

* To explain how the past affects the future and how two time series can “interact”.

» To forecast future values of the series based on past values - called time series
forecasting.

* To use for feedback control that can measure the quality of product in some
manufacturing situations.

The natural question would arise then, why we dedicate a separate chapter for
this kind of data instead of using OLS regression methods presented earlier.

“Time series analysis accounts for the fact that data points taken over time may
have an internal structure (such as autocorrelation, trend or seasonal variation)
that should be accounted for.” [1]

Now, let’s see what exactly this internal structure would mean. With the assump-
tion of independent error we can define both the error term and the dependent vari-
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able as a random variable with some mean and standard deviation. In time series
data we can also define statistical moments like mean and variance, but an impor-
tant feature of many time series process is that their mean and/or variance change
over time.

On Fig. 4.1 we can see the monthly mean CO, concentrations' measured at the
Mauna Loa Observatory from 1974 to 1987, which is a good example of a time
series data with constant variance, but varying mean. We say that there is an in-
creasing frend in the CO, mean concentration over time. This time series data has
another interesting feature, namely the CO, concentration varies periodically, max-
imum values are around May and minimum values around November. We say that
is has a seasonal component.

In Fig. 4.2 the daily return” of the Nasdaq composite index? is shown which has
constant mean of zero, but with changing variance (“volatility” of the daily return
changes over time).

Similarly to linear regression, time series modeling allow us to replicate each
observation by decomposing the underlying process into a linear combination of
explanatory variables plus the random noise.

Before we apply a model to a time series we need to pre-process the data in order
to decompose into its components part:

¢ de-trending (non-stationarity, seasonality)
* autocorrelation
 outliers

+ “low-pass filtering™*

(moving average, exponential smoothing)

! The dataset can be downloaded from https:/www.itl.nist.gov/div898/handbook/datasets/
MLCO2MON.DAT.

2 Daily return is the gain or loss of a portfolio and is calculated by subtracting the opening price
from the closing price, and the result is divided by the opening price. Finally, the result is multiplied
by 100 to convert to percentage.

3 You can download the data set from https://finance.yahoo.com/quote/%35EIXIC/history/.

4 In electrical engineering term a low-pass filter is a filter which allows low-frequency (long-
period) variations to “pass-through” the filter, while the high-frequency (short-period) variations
are reduced.

Draft:Advanced Machine Learning Vol.l Author: Ferenc Farkas Date: 13-Jan-2022


https://www.itl.nist.gov/div898/handbook/datasets/MLCO2MON.DAT
https://www.itl.nist.gov/div898/handbook/datasets/MLCO2MON.DAT
https://finance.yahoo.com/quote/%5EIXIC/history/

4.1 Introduction to Time Series 407

A univariate time series is a sequence of measurements of the same variable col-
lected over time. Most often, the measurements are made at regular time intervals.

If the records contains time series of more than one variable then we have a
multivariate time series.

A time series model is said to be linear or non-linear depending on whether the
current value of the series is a linear or non-linear function of past observations. In a
continuous time series observations are measured at every instance of time, whereas
a discrete time series contains observations measured at discrete points in time. In
practice we usually have discrete time series.

In general, a time series is affected by four components:

e trend, denoted with T(t) - The general tendency of a time series to increase,
decrease or stagnate over a long period of time.

* seasonal, denoted with S(t) - This component explains fluctuations within a year
during the season, usually caused by climate and weather conditions, customs,
traditional habits, etc.

* cyclical, denoted with C(t) - This component describes the medium-term changes
caused by circumstances, which repeat in cycles, and it is different from seasonal
variation. The duration of a cycle extends over longer period of time, usually ex-
panding over many years. In practice, the trend component is assumed to include
also the cyclical component.

* residuls, denoted with R(t) - component with irregular variation that is left af-
ter other components have been calculated and removed from time series data
Random variations are caused by unpredictable influences, for example due to
incidences like revolutions, strikes, or natural disasters, etc.

Considering the effects of these four components, two different types of models
are generally used for a time series.

 Additive model: X, = T (¢) +S(t) + C(t) + R(¢) - time series X; is formed by the
sum of time series components and it is assumed that these four components are
independent of each other. An additive model is appropriate if the magnitude of
the seasonal fluctuations does not vary with the level of time series;

Nasdaq daily returns between 1984 and 2019

154

104

Daily return [%]

Fig. 4.2 daily return of the 1984 1988 1992 1996 2000 2004 2008 2012 2016 2020
Nasdaq composite index Date
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* multiplicative model: X; = T(¢) - S(¢) - C(¢) - R(z) - time series X; is formed by
the product of time series components and it is assumed that these four compo-
nents are not necessarily independent and they can affect one another. The mul-
tiplicative model is appropriate if the seasonal fluctuations increase or decrease
proportionally with increases and decreases in the level of the series

In both additive and multiplicative cases the time series X; is called a trend sta-
tionary (TS) series, that is, after removing the deterministic part from a TS series,
what remains is a stationary series.

Multiplicative decomposition is more prevalent with economic series because
most seasonal economic series do have seasonal variations which increase with the
level of the series. Rather than choosing either an additive or multiplicative decom-
position, we could transform the data beforehand.

Very often the transformed series can be modeled additively when the original
data is not additive. In particular, logarithms turn a multiplicative relationship into
an additive relationship. If our model is X; = T'(¢) - S(¢) - C(¢) - R(¢) then taking the
logarithms of both sides gives us:

logX; =logT(t)+1ogS(t) +1logC(t) +1ogR(?) 4.1

350 -
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r
o

Seasonal
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N
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Fig. 4.3 Decomposition of CO2 time series
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So, we can fit a multiplicative relationship by fitting a more convenient additive
relationship to the logarithms of the data and then to move back to the original series
by exponentiating.

Estimate the trend. Two approaches:

1. Using a smoothing procedure
2. Specifying a regression equation for the trend

De-trending the series: 1. For an additive decomposition, this is done by subtracting
the trend estimates from the series; 2. For a multiplicative decomposition, this is
done by dividing the series by the estimated trend values.

Estimating the seasonal factors from the de-trended series: Calculate the mean
(or median) values of the de-trended series for each specific period (for example, for
monthly data - to estimate the seasonal effect of January - average the de-trended
values for all January values in the series etc). The number of seasonal factors is
equal to the frequency of the series (e.g. monthly data = 12 seasonal factors, quar-
terly data = 4, etc.).

The seasonal effects should be normalized: 1. For an additive model, seasonal
effects are adjusted so that the average of d seasonal components is 0 (this is equiv-
alent to their sum being equal to 0); 2. For a multiplicative model, the d seasonal
effects are adjusted so that they average to 1 (this is equivalent to their sum being
equal to d);

Analyze the residual component. Whichever method was used to decompose the
series, the aim is to produce stationary residuals. Choose a model to fit the stationary
residuals (e.g. see ARMA models). Forecasting can be achieved by forecasting the
residuals and combining with the forecasts of the trend and seasonal components.

One of the fundamental difference between time series and random sampling
from a single, knowing distribution is that the time series often have a “memory”
- that is, value of a given time period is influenced by previous time periods. This
memory is quantified with the notion of autocorrelation.

The aim of the “low-pass filtering” is to remove small (low amplitude) events
which occur more frequently, and thus only big (high amplitude) events, that do not
occur very often, will remain in the time series data.

The usage of time series modeling is twofold:

* Obtain an understanding of the forces and structure that produced the observed
time series data

e fit a model in order to be able to forecast, monitor or even provide feedback
control.

In linear regression we assumed that the independent variable is not random, only
the dependent variable. In time series data the independent variable is the time, while
the observations are the realization of a random variable. The problem is, that one
of the OLS assumption restricts the presence of auto-correlation between the errors.
In time series data, however, most often there is some correlation between adjacent

Draft: Advanced Machine Learning Vol.l Author: Ferenc Farkas Date: 13-Jan-2022
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observations. Successive observations are usually correlated, so future values may
be predicted from past values, which is called forecasting.

Time series shall be seen as a realization of a stochastic process, i.e. see
the time series dataset as the actual values of a random variable over time. This
random variable can be characterized with a distribution and moments, like mean
and variance.

Now, let’s assume that you have an ordered time series data taken at equal time
interval, a total of N observations. In order to emphasize that this is not an ordinary,
but a time series data we will denote the time series with X; (that is, a random
variable X dependent on time #). Then the N observations of a time series data are
the realizations of this random variable X;:

X xWx® W) 4.2)
The period between two sequential observations x() and x(*t1) is a unit of time:
hours, days, weeks, months, quarters, years, etc. - or one may be even collecting
observations in other domain as well, in another kind of “distance”.

Previous values of a time series are called lags. The first lag of X; is X;_, while
the k-th lag is X;_;. We can easily create the first lags of the N observations by
shifting backward the values with one time interval.

X1 (x(o),)x(l),...,xwfl) 4.3)

where the first element x(%) is placed in brackets because that is not available from
the sample with N observations.

Now, the shifted data can be seen as the observations of another random variable,
thus we can define the covariance between the random variable X; and its lag k,
denoted with X;_j, in the same way as we did for two random variables X and
Y in Eq. 2.8. The covariance between X; and its k-th lag, X;_y, is called the k-th
autocovariance of the series X;:

%= C[X:, X, ] (4.4)

By definition we have:
1 =C[X,,X;] = V[X] 4.5)

The k-th autocorrelation coefficient, also called the serial correlation coeffi-
cient, measures the correlation between x; and x;_:

C [Xth,k]
- (4.6)
= RV XA

and with the assumption that the variance is constant over time (i.e. V[X; ] =

V [X;]=7) we also have p; = %
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Chapter 5
Optimization Methods

5.1 Introduction to Optimization

Because there are several optimization algorithms, we should have a deeper un-
derstanding of how they are constructed. Moreover, one should know which algo-
rithms to use for a given application and dataset size. Thus, in this chapter, different
optimization methods are discussed, focusing on those used in linear and logistic
regressions.

5.1.1 Reason for Using Optimization in Machine Learning

As a reminder, the analytical solution of the multiple linear regression is provided
by Eq. 3.12, and the computational complexity of the OLS with an N x D design
matrix can be calculated by adding up the following numbers':

+ matrix multiplication X" X takes O(N - D?) times

+ matrix inversion (X X)~! takes O(D?) times

+ matrix multiplication X "y takes O(N - D) times

+ final matrix multiplication (X" X)~'X Ty takes O(D?) times

where the individual elements of complexity O(1) represents a floating-point arith-
metic. Thus, the total computational complexity of the OLS is O(N - D + D> +
N-D+ D?). Since, N-D < N -D?* and D> < D3 for N,D > 1, when N and D
becomes large, asymptotically the OLS computational complexity will become
O(N - D* + D?). Moreover, if N >> D we approximately have O(N - D?).

Thus, when the dataset is large, and the number of input variables is also sig-
nificant, the computational cost, both in time and memory storage, of calculating
the estimated regression coefficients is outstandingly enormous. In such a case, we
might be interested in finding an alternative way to obtain the estimated regression
coefficients with less computational complexity. Moreover, as we have seen with

I See wikipedia for matrix operation complexity at https://en.wikipedia.org/wiki/Computational_
complexity_of_mathematical_operations#Matrix _algebra.
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Lasso regression discussed in Sec. 3.9.2, we might not even have a closed-form so-
lution to our problem. In such a case, we are also forced to find alternative ways to
obtain the optimal solution to our initial problem of minimizing the residual sum
of squares with respect to a constraint. Finally, an optimization algorithm might be
used even with datasets where N < D.

5.1.2 Optimization Algorithms

As we had pointed out several times in the book, a machine learning algorithm is
nothing else than the translation of a real problem into a crunch of numbers, called
a dataset, that is used to fit a function serving both for a better understanding of the
real problem, as well as, to make predictions for future data. We have also seen,
that in the case of multiple regression, the data is fit well (i.e., y(i) =f (x(i)) + el
with sufficiently small ) for every i = 1,N) when the residual sum of squares are
minimized. Thus, with an optimization problem, we want to find out the minimum
of the cost function (or objective function) J(w) introduced in Sec. 3.3.7.

Optimization algorithms are iterative in nature and begin with an initial guess
of the variable w and generate a sequence of improved estimates (called “iterates”)
until they terminate, hopefully at a solution (we say that the optimization algorithm
converged to a solution). The strategy used to move from one iteration to the next
distinguishes one algorithm from another. Most strategies make use of the values of
the objective function J(w) and possibly the first and - in some cases - the second
derivatives of these functions. Some algorithms accumulate information gathered at
previous iterations, while others use only local information obtained at the current
iteration. [6]

We may distinguish between first-order (when the first derivative is used), re-
spective second-order (when both first and second-order derivatives are used) opti-
mization algorithms. Most of them use the line search approach, which first finds
a descent direction (the “line”) along which the objective function will be reduced
and then computes a step size that determines how far it should move along that di-
rection (i.e., “searching” along that “line”’). The descent direction can be computed
by various methods discussed in this chapter. The step size can be determined either
exactly or inexactly.

A good optimization algorithm should possess the following properties: [6]

* Robustness: it should perform well (i.e., converges to a solution) on a wide vari-
ety of problems in its class (for all reasonable values of the initial guess).

» Efficiency: it should not require excessive computer time or storage.

e Accuracy: it should be able to identify a solution with precision (without being
overly sensitive to errors in the data or the arithmetic rounding errors).

different optimization algorithms will perform better or worse in different situa-
tions. Thus, studying your initial problem through an optimization lens can actually
give you a deeper understanding of the task at hand.
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5.2 Gradient Descent

Gradient descent (GD) is an iterative first-order optimization algorithm used to find
the minimum of the objective function. Due to its importance and ease of imple-
mentation, this algorithm is commonly used in machine learning and deep learning.
Gradient descent algorithm requires that the objective function is differentiable and
convex?. So what is the gradient?

“A gradient measures how much the output of a function changes if you
change the inputs a little bit.” - Lex Fridman (MIT)

Intuitively, in the case of a univariate function J(w), the gradient is simply the
first derivative of J(w) at a selected point w,, which represents the slope of the
function J(w) at that point. Now, with a random initial value of the parameter w,
at each iteration, you change the value of the w such that if you make your step
sizes (changes in w) proportional to the slope then, when the slope is flattening out
towards the minimum of J(w), your steps get smaller and smaller until w converges
to its optimal value. It is also possible to use quasi-convex functions with a gradient
descent algorithm. However, often they have so-called saddle points where the al-
gorithm can get stuck (as the derivative is zero) or find a local minimum instead of
the global minimum, as shown in Fig. ??.

Now, in the case of multiple regression, the objective function is multivariate
(there is more than one parameter w), so the gradient is a vector of partial derivatives
in each main direction (along the coordinate axes). For example, with an objective
function with two parameters w = [wl wz] T, the graph of J(w) represents a surface.
Now, instead of asking about the slope of the function, you have to ask about which
direction you should step in this input space of the parameters w,w; to decrease the
value of the objective function most quickly. In other words, what is the downhill
direction in which a ball would roll down the fastest? The gradient of a function
gives you the direction of the steepest ascent (i.e., which direction should you step
to increase the function most quickly). Then taking the negative of that gradient
gives you the direction to step that decreases the function most quickly, and the
length of this gradient vector is an indication of just how steep that steepest slope
is3.

There are three variants of gradient descent, which differ in how much data we
use to compute the gradient of the objective function. Depending on the amount of
data, we make a trade-off between the accuracy of the parameter update and the
time it takes to perform an update.

2 See wikipedia at https://en.wikipedia.org/wiki/Convex_function.

3 If you are not familiar with multivariate calculus, you may want to check the first part of the
video from 3BluelBrown at https://youtu.be/IHZwWFHWa-w. Although that video starts with a
brief explanation of the neural network, linear and logistic regression can be seen as the input layer
of a neural network (of course, linear regression would have an identity function instead of the
sigmoid). The handwritten digit recognition dataset mentioned in the video is also discussed in this
book at Sec. 6.10.3.
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Vanilla gradient descent, aka batch gradient descent, computes the gradient of
the cost function w.r.t. to the parameters theta for the entire training dataset:

Stochastic gradient descent (SGD) in contrast performs a parameter update for
each training example.

Mini-batch gradient descent finally takes the best of both worlds and performs
an update for every mini-batch of n training examples.

5.2.1 Basics of Gradient Descent

For simplicity, let’s consider the quadratic cost function J(w) = w? where there
is only one parameter w to be determined. Thus, we need an efficient searching
algorithm for finding the optimal value of w for which the cost function J(w) will
be minimized. We know from calculus that the first derivative of a function J(w) at
a given point w, provides the rate of change of the function at that point.

M>O = Jwe—&) <J(wy) <J(wo+&)
dew .1
%<0 = J(wo—8) > J(w,) > J(wo+§)

for arbitrary small strictly positive &. We aim to decrease the value of J(w), so we
need to add & for negative and subtract £ for a positive derivative). Thus, the sign
of the derivative can be used for updating the value of w. Moreover, the absolute
value of the derivative also provides information about how fast we “descend” in
that direction, so the magnitude of the derivative can be also used in the algorithm
directly. Then in each iteration, we may update the weight w:

dJ(wk))

(k1) — (0 _
w w o o

(5.2)

with w(¥) representing the weight parameter value in the k-th iteration, and w(*+1)
the next parameter value. There is a new parameter o, called the learning rate,
which controls at each iteration the size of the step we move away from the actual
value of w.

Choosing the right value for the « learning rate is not straightforward and re-
quires a lot of experimenting. If the learning rate is too low, the convergence will
be very slow (more iterations are needed until an optimal solution is found). If the
learning rate is too high, divergence could happen (instead of decreasing, the cost
function will increase to infinity). To have a better understanding of the effect of
the learning rate on the gradient descend algorithm, let’s check our simple exam-
ple of quadratic cost function J(w) = w? for which the updating in each iteration
is w1 = w®) _ o2 and the algorithm stops when either the change in the cost
function between iterations is less than 0.01 or the number of iterations reaches 20.

As can be seen in Fig. 5.1, for a small learning rate (o« = 0.1) the gradient de-
scend algorithm converges much slower, the number of iteration is 18, compared to
the case when the learning rate is slightly higher (& = 0.33) in which case the num-
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Quadratic cost function value of gradient descend for different alpha
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-4 -2 0 2 4 -4 -2 0 2 4
w w
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0 Alpha=0.5 oA Alpha=0.66
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0 Alpha=0.9 o Alpha=1.01
-4 -2 0 2 4 -8 -6 -4 -2 0 2 4 6 8
w w

Fig. 5.1 The output as probabilities of the softmax, the hardmax and the normalized min-max
scaling function for 20 linearly spaced values in the range [—20, 4-20]

ber of iterations is only 4. If the learning rate increased further and becomes greater
than 0.5 the gradient descend algorithm starts oscillating and the higher the learning
rate the greater the oscillation becomes. If & > 1 the cost function will not converge
to its global minimum (J(0) = 0), but rather diverges and goes to infinity (overflow
or NaN error during program execution). Interesting to note, that as the cost func-
tion approaches its minimum, gradient descent will automatically take smaller steps
without changing the value of the learning rate. In practical examples, the value of
the learning rate would be much smaller than what we ahve seen in this very simple
example.
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In conclusion, the value of the learning rate & needs to be tuned, so this is a
new parameter which optimal value shall be found out during the learning process.
However, because this is not part of our model parameter w, it represents a hyper-
parameter. The name of the gradient descend is self-explanatory, as the algorithm
will move on the (hyper)surface of the cost function in the direction of the gradient
providing the deepest descend.

5.2.2 Batch Gradient Descend

In case of multiple linear regression the number of features is D and the number of
model parameters is D + 1. In this case the cost function has a hypersurface in the
D+ 1 dimensions and the gradient of the cost function J(w) is a D 4 1 dimensional
vector of partial derivatives:

aJ(w)

Vw) = (5.3)

and the direction of steepest descend is given by the summation of directions pro-
vided by the partial derivatives. The gradient descend algorithm repeatedly takes
a step in the direction of steepest decrease of the cost function with updating the
model parameters w:

(k+1) aJ(wh)
W(()k+]> WO - 5‘:/0 )
Wit Wi 9J(wh)
wiktD — [ 71 = ! ' I | =Wk g Vb (5.4)
k1 ' :
W(D ) Wgc+l) B awx;‘h

where w(k) represents the value of the model parameters (called weights) at k-th
iteration, while w**'1) the new parameter values.

In case of batch gradient descend the update is provided only after processing
all N observations from the sample (or in other words, all samples from the training
set). With a cost function of residual sum of squares (i.e. J(w) = RSS) used in
multiple linear regressions the update algorithm can be written in vectorized form
using the left side of Eq. 3.11 which represents the gradient of the cost function
without multiplied by (—2) (the number 2 can be built into the learning rate ):

w=w-o X (X-w-y) (5.5)

An iteration through which all samples from the training set is used to update the
model parameters is called an epoch.
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434 5 Optimization Methods

The IRLS is also used in logistic regression.

TO BE CONTINUED ...

5.7 Summary

In this chapter, the following items have been discussed:

Fundamentals of convex optimizations

Batch or Full Gradient Descend, respective the Stochastic Gradient Descent al-
gorithm

Variance reduction techniques like SAG and SAGA for the SGD

Coordinate Descend as simpler, yet efficient algorithm used for LASSO
Newton’s methods and the Newton conjugate gradient (Newton-CG) algorithm
Quasi-Newton methods like LBFGS, which estimate the second order derivative
from the changes of the gradient

Interactively Re-weighted Least Squares (IRLS) used in WLS, respective in lo-
gistic regression

Lab Exercises

Jupyter Notebooks for the lab exercises are available at
https://github.com/FerencFarkasPhD/Advanced-Machine-Learning.

5.1. Gradient descent optimization algorithm
(a) xxx.
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Chapter 6
Logistic Regression

6.1 Introduction

In linear regression the output is continuous and the aim is to fit a hyperplane on the
input data. As we have seen, however, there are cases where the predictors are rather
qualitative instead of quantitative. We discussed this extensively in Sec. 3.5.8. Now,
if the predictor can be qualitative why we should limit ourselves to only quantitative
response. There are many situations where we are interested in input-output rela-
tionships, as in case of linear regression, but the output variable is qualitative rather
than quantitative. This is called classification, and is an important topic in statistics
and machine learning.

In particular there are many situations where we have binary outcomes, like
Yes/No, Healthy/Sick, or Pass/Fail. So we are aiming to build a model
which guesses the binary output from the input variables. But, as in case of linear
regression model we assume that there is no perfect rule, and there is some noise
we need to take into account, in which case there is no perfect either “yes” or “no”
answer. In such case we are aiming to establish rather the probabilities of these bi-
nary outcomes. More formally, we are looking for the conditional probabilities for
every value of the response variable, or more precisely the probability distribution
of the response Y, given the input variables, i.e., P(Y|X). This would tell us about
how precise our predictions are. These kind of classification problems, where the
output has only binary values, are called binary classification.

The logistic regression, or logit regression, or logit model is a regression model
where the output is categorical. Thus, logistic regression is used for classification.

There are many possible classification techniques, or classifiers, that one classi-
fier might use to predict a qualitative response.

In this chapter, we study approaches for predicting qualitative responses, a pro-
cess that is known as classification. Predicting a qualitative response for an observa-
tion can be referred to as classifying that observation, since it involves assigning the
observation to a category, or class. On the other hand, often the methods used for
classification first predict the probability of each of the categories of a qualitative
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438 6 Logistic Regression

variable, as the basis for making the classification. In this sense they also behave
like regression methods.

Just as in the regression setting, in the classification setting we have a set of
training observations Dy p = (xM,yMy, (x@ y@) . (xNV) y(N))) that we can
use to build a classifier. We want our classifier to perform well not only on the
training data, but also on test observations that were not used to train the classifier.

6.2 Why not approach classification through
regression?

The natural question would arise, why not apply the linear regression when it comes
to classification, i. e. when the output is not numerical, but a categorical variable?
For this reason, let’s take the so-called Ir1is flower dataset introduced by the British
statistician and biologist Ronald Fisher in his 1936 paper “The use of multiple mea-
surements in taxonomic problems” [5]. The dataset consists of 50 samples from
each of three species of Iris flower (Iris setosa, Iris virginica, and Iris versicolor).
Thus, the output, called target, has three categories: setosa, virginica, and
versicolor. Four features were measured from each sample: the length and the
width of the sepals and petals, in centimeters - see Table 6.1.

In Fig. 6.1, the four features are shown on an iris Versicolor flower. Our task is to
classify a given iris flower intro three species based on these four features: sepal
lenght, sepal width, petal lenght, and petal width. In this simple
dataset with N = 150 observations, we want to build a model which could classify
the iris flower into three species based on these four features. In Sec. 3.5.8, we have
already seen how categorical variables can be encoded. We may try to encode the
class labels as a quantitative response variable y as already shown in the target
column of Table 6.1. Then using this coding, OLS could be used to fit a linear
regression model to predict y based on the four predictors listed in Table 6.1. In

Fig. 6.1 Identifying the fea-
tures of the Iris dataset on
an iris versicolor (image of the
iris flower from Wikipedia)

Draft:Advanced Machine Learning Vol.l Author: Ferenc Farkas Date: 13-Jan-2022



6.2 Why not approach classification through regression? 439

order to visualize this, let’s use the PCR already described in Sec. 3.6.1.4 using only
the first principal component. The result can be seen in Fig. 6.2.

There are two problems, though. Unfortunately, this coding implies an order-
ing on the outcomes, putting versicolor in between setosa and virginica
iris flower, and insisting that the difference between setosa and versicolor
is the same as the difference between versicolor and virginica. In prac-
tice, however, we may choose a different coding like, giving 2 for setosa, 0 for
versicolor, and 1 for virginica, which would imply a totally different rela-
tionship among the three species. Each of these codings would produce fundamen-
tally different linear models that would ultimately lead to different sets of predic-
tions on future observations.

Table 6.1 A sample of Iris dataset (first three observations from each species)

Nr. | sepal length x; | sepal width x, | petal length x3 | petal width x4 | target y|class label
1 5.1 3.5 1.4 0.2 0 setosa
4.9 3.0 1.4 0.2 0 setosa

3 4.7 32 1.3 0.2 0 setosa
51 7.0 32 4.7 1.4 1| versicolor
52 6.4 3.2 4.5 1.5 1| versicolor
53 6.9 3.1 4.9 1.5 1| versicolor
101 6.3 33 6.0 2.5 2| virginica
102 5.8 2.7 5.1 1.9 2| virginica
103 7.1 3.0 5.9 2.1 2| virginica

The other problem is that we are aiming for probabilities, which this linear model
does not provide. One might observe, that if we take only two classes, like setosa
codedasOand versicolor coded as 1, then we could fit a linear regression to this
binary response, and predict versicolor wheny > 0.5 and setosa otherwise.

Iris dataset vs. first Principal Component

2.5
e setosa
e versicolor
2.0 1 o ° °
e virginica
o
(9]
Q
n 1.01
o
=
0.5 1
Fig. 6.2 Applying Princi-
pal Components Regression 0.0 1
(PCR) on the Iris dataset
using the first principal com- -1.5 -1.0 =05 0.0 0.5 1.0 1.5 2.0
ponent only PC1
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440 6 Logistic Regression

In the binary case, it is not hard to show that, even if we flip the above coding, linear
regression will produce the same final predictions. For a binary response with a 0/1
coding as above, regression by least squares does make sense; it can be shown that
the X - w obtained using linear regression is an estimate of P(versicolor|X) in
this special case [6]. However, if we use linear regression, some of our estimates
might be outside the [0, 1] interval, as can be seen in Fig. 6.3, making them hard to
interpret as probabilities!

6.3 Binomial Logistic Regression

In linear regression the aim was to fit a hyperplane on the dataset, that is, a linear
model of the form § = hy(x) = w'x, and try to predict the value of a new y for
a given x. We already see examples when one of the features was a categorical
variable. Now, let’s see the case when not only the input but the output can be also
be a categorical variable. For the moment we discuss only the binary case, when
the output can have only two values (without loss of generality we say that y can be
either O or 1).

6.3.1 Problem Formulation

In logistic regression we try to predict the probability that a given observation be-
longs to the first class versus the probability that it belongs to the second class.
Specifically, we will try to learn a function of the form:

. . 1 .
P = 11x®) = _ T (i)
(y |X ) 1 JreXp(fwa(i)) O'( X ) 6.1)

P(y" = 0jx?) =1-P(" = 1]x?) =1 - o(w'x)

Iris (binary) dataset vs. first principal component
Linear regression Logistic regression
L NN

1.0

® setosa
® versicolor

® setosa
e versicolor

0.8

e
o

Iris species
o
=

Iris species

0.2

0.0

-15 -1.0 -0.5 0.0 0.5 =15 -1.0 -0.5 0.0 0.5
PC1 PC1

Fig. 6.3 Applying Principal Components Regression (PCR) on the left, respective logistic regres-
sion on the right for the Iris (binary) dataset (with two classes) using the first principal compo-
nent only
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6.3 Binomial Logistic Regression 441

where the G(WTX<i)) represents the sigmoid function or logistic function and its
form is shown in Fig. 6.4. A sigmoid function is a mathematical function having
a characteristic “S”-shaped curve or sigmoid curve, and a common example of the
sigmoid function family is the logistic function defined by the formula.

1

= TTexp(—2) 6.2)

o(2)

Notice that 6'(z) for z = w' x tends towards 1 as z — oo, and tends towards 0 as
7 — —oo. Because the sigmoid function “squashes” any real value into the range of
[0, 1] we may interpret the output of the logistic model &y (X) as a probability. Our
goal is to search for a value of w so that the probability P(y = 1|x) = hw(x) is large
when x belongs to the first class and small when x belongs to the second class (so
that P(y = O|x) = hw(x) is large). The derivative of the sigmoid function is:

do(z) —exp(—z)(—1) 1 I+exp(—z)—1
dz  (1+exp(—z))?> 1+exp(—z) l+exp(—z)

o(z)(1-0(z)) (6.3)

As we stated, the output of the logistic regression is a probability and, in case of
binary classification, we should chose a boundary based on the probability value:

50 — 1, if P(y@:1|x<{>):o(wa<{>)zo.5 6:4)
0, if PHY=1xD)=cw'x?) <05

If we define the cost function J(w) as the sum of squares error, as we did for
linear regression, then we end up in a non-convex and not continuous cost func-
tion because - in case of binary classification - the error values for each observation
would be either 1 or 0, depending whether we have a miss-classification or a good
classification for a given {x(), y()}, and the sum of squares residuals for N observa-
tions would take one of the discrete values 0, 1,2, ..., N2 (N? would be in the case if
all N observations are misclassified).

Logistic function

1.0 4
N 051
(S)
Fig. 6.4 Logistic function
stretching all the values into
the interval (0,1), thus the out- 0.0 g : . i ! ! i i
put of the logistic function can -8 -6 -4 -2 0 2 4 6 8

be interpreted as a provability
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Negative logaritm of logistic function

— O(Z)
—log(a(2))
81 = —log(1 - 0(2))

Fig. 6.5 The negative loga-
rithm of the Logistic function,
respective the negative log- i - - i i i i i i
arithm of the one minus the -10.0 -75 -50 -25 0.0 25 50 75 100
logistic functions z

So, given the logistic regression model, how do we fit w? If we look at the graph
of the functions plotted in Fig. 6.5 we have the following intuition: if a misclassifi-
cation occurs for y) = 1 with P(y(i) = 1|x()) < 0.5 then the negative logarithm of
the probability (orange curve for z < 0) starts increasing rapidly and the greater the
misclassification (the more the probability tends to 0) the greater the punishment
on the cost function; on the other hand, if misclassification occurs for y(i) = (0 with
P(yli) = 1|x()) > 0.5 then the negative logarithm of probability (green curve for
z > 0) starts increasing rapidly and the greater the misclassification (the more the
probability tends to 1) the greater the punishment on the cost function.

The choice between the two functions can be done using the actual value of Y@,
With this intuition in mind, the following cost function could be created!:

N
Z ( log(o Txl ))) +(1 fy(i))log(l - G(WTX(i)))) (6.5)

The residuals can be defined in the same way as we did in case of linear regression,
i.e. r) = D50 Then the residual vector is defined as:

frse) 1A (e

—O(wW 2)\T

r= Y ( ) = y. -0 () w =y-oX-w) (6.6)
) _ g (wTxM) ™) (xM) Tw

where o () represents a universal function in NumPy, and it is applied element-wise
on the vector (see Appendix). The residual vector resembles with the residual vector
obtained for multiple linear regression (see Eq. 3.8), except for the sigmoid function.

Now, let’s try to write the cost function in a compact matrix form. Let’s start with
the sum of the first element withing the summation in Eq. 6.5:

In Sec. 6.3.2 this cost function would be defined with the help of cross-entropy
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Appendix A
scikit-learn API reference

A.1 Introduction

Scikit-learn is a simple and efficient tool for data mining and data analysis built on
NumPy, SciPy, and matplotlib. It is an open-source, commercially usable (BSD li-
cense) machine learning library!. This appendix aims to provide a concise reference
to book sections and Jupyter Notebook lab exercises of the API of the scikit-learn
library.

The scikit-learn library has a well-structured API. Each machine learning algo-
rithm within scikit-learn has a constructor with initialization parameters. Some of
these parameters are the so-called hyperparameters of the model, which influence
the behavior of the machine learning algorithm and the obtained results. Those pa-
rameters can be requested later on or even changed. Every machine learning algo-
rithm also has a method for fitting the data and a method for predicting the output.
If you change the parameters of the algorithm, a new fitting is required.

A.2 Common methods

Common methods in scikit-learn machine learning algorithms are:

* get_params (): getting the (hyper-)parameters for the machine learning esti-
mator,

* set_params (): setting the (hyper-)parameters for the machine learning esti-
mator,

o fit(X,y): fitting the (training) data {X,y} using the machine learning algo-
rithm,

* predict (X): predicting y for the (test) data X using the fitted (trained) ma-
chine learning estimator.

Some of the algorithms also have a combined fit_predict (X) method. With
this method, one can train the machine learning algorithm on the data and also pre-

! For more information, see https://scikit-learn.org/stable/index.html.
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dict the outcome for this data. There are also objects in scikit-learn, which only pre-
process the data that other algorithms may use, so they have a transform (X)
method instead of predict. Again, some of these objects may possess a combined
fit_transform(X) method, so one can fit the transformation on the data and
also transform the data at the same time.

Each object (machine learning algorithm) within scikit-learn also has several at-
tributes that end in an underscore. These attributes are the result of fitting the data>.
In the remaining part, we will list only those methods of the scikit-learn library that
have been discussed in this book. References to the appropriate book sections and
exercises are also provided.

A.3 Grid Search

Hyper-parameters are parameters that are not directly learned using the data but
rather help in obtaining the optimal estimator for the data. A typical example would
be the A value for the ridge regression or the learning rate for & for SGD. A hyper-
parameter search consists of:

* an estimator (like ridge regressor or ridge classifier);

* a (hyper-)parameter space;

* amethod for searching or sampling candidates in this parameter space;
¢ across-validation scheme;

* ascore function.

The score function will drive which hyper-parameter value would represent the op-
timal choice for our estimator.

A.4 Pipelines and Composite Estimators

In most machine learning projects, the data that you have to work with is unlikely to
be in the ideal format for producing the best-performing model. There are quite often
several transformational steps, such as imputation, feature scaling numerical vari-
ables or encoding categorical variables, that need to be performed. Scikit-learn has
built-in functions for most of these commonly used transformations in its prepro-
cessing package. However, in a typical machine learning workflow, you will need to
apply all these transformations several times. First, you need to apply when training
the model, then again to validate your model with the test data, and finally several
times on new data you want to predict.

Moreover, transformers are usually combined sequentially with regressors or
classifiers to build a composite estimator. Instead of writing your function for this,
scikit-learn Pipeline is a great tool to simplify this process. For example, when
using PCR, first you apply standardization and PCA whitening, then the linear re-
gression with a reduced set of principal components. The intermediate steps of the

2 For a complete scikit-learn API reference, please visit https:/scikit-learn.org/stable/modules/
classes.html.
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pipeline must implement fit and transform methods, and the final estimator only
needs to implement the fit method. As the name suggests, pipeline allows stacking
multiple processes into a single scikit-learn estimator. The Pipeline class has
fit, predict, and score method just like any other estimator. All estimators in
a pipeline, except the last one, must be transformers (i.e., must have a transform
method). The last estimator may be any type (transformer, classifier, etc.). Pipeline
serves multiple purposes:

* Convenience and encapsulation: You only have to call £it and predict once
on your data, thus makes your workflow much easier to read and understand;

» Joint parameter selection: You can grid search over parameters of all estimators
in the pipeline at once;

o Safety: Pipelines help avoid leaking statistics from your test data into the trained
model in cross-validation by ensuring that the same samples are used to train the
transformers and predictors.

Many datasets contain features of different types, like numerical, ordinal, or
nominal variables, where each feature type requires separate preprocessing or fea-
ture extraction steps. Often it is easiest to preprocess data before applying scikit-
learn methods using other libraries like pandas. However, that might cause data
leakage and does not allow the inclusion of any parameter used during prepro-
cessing in the hyperparameter search. The ColumnTransformer helps to per-
form different transformations for different columns (features) of the data within a
Pipeline that is safe from a data leakage point of view, and that can be parametrized.
FeatureUnion on the other hand, concatenates results of multiple transformer
objects. This estimator applies a list of transformer objects parallel to the same
input data, then concatenates the results. So, FeatureUnion applies different
transformers to the whole input data and then combines the results by concate-
nating them, while ColumnTransformer, on the other hand, applies different
transformers to different subsets of the whole input data and again concatenates the
results.

TransformedTargetRegressor is useful for applying a non-linear trans-
formation to the target y in regression problems. Pipeline and feature union is imple-
mented in sklearn.pipeline, while the composite estimators are implemented
in sklearn.compose module (references to the book sections and lab exercises
are listed in Table A.1).

Table A.1 Pipeline and composite estimator

Scikit-learn name Book reference Exercise reference
Pipeline Sec. 3.5.12 Ex. 3.7, Ex. 3.14
FeatureUnion Sec. 3.5.12
ColumnTransformer Sec. 3.5.12 Ex. 3.7, Ex. 3.14
TransformedTargetRegressor Sec.3.5.12 Ex.3.14
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A.5 Generalized Linear Models

A scikit-learn API reference

The sklearn.linear model module implements generalized linear models.

A.5.1 Linear Regression Models

The linear models discussed in the book placed in Table A.2 but not listed in al-
phabetical order. Before using any of the linear models of scikit-learn, you should
import either the whole module or the appropriate model object only.

Table A.2 Generalized Linear Models

Scikit-learn name

Book reference

Exercise reference

LinearRegression

Sec. 2.6 for SLR, Sec. 3.3 for MLR |Ex. 2.7, Ex. 3.1 - Ex. 3.4

Ridge
RidgeCV
Lasso
LassoCV
ElasticNet
ElasticNetCV

Lars

LarsCV
LassoLars
LassoLarsCV

HuberRegressor
BayesianRidge
SGDRegressor

A.5.2 Regression Metrics

The sklearn.metrics module implements some loss, score, and utility func-
tions to measure regression performance. Those discussed in the book listed in Ta-

ble A.3.

Table A.3 Regression metrics

Scikit-learn name Book reference Exercise reference

max_error

explained_variance_score Sec. ?? Ex. ??
r2_score Sec.2.6.2 Ex. 2.7
mean_squared_error Sec. 2.6.2 Ex. 2.7
mean_squared_log_error Sec. ?? Ex. ??
mean_absolute_error Sec. 2.8.1 Ex. 2.6
median_absolute_error Sec. 2.8.2 Ex. 2.6
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Appendix B
Brief Introduction to NumPy

B.1 Introduction

NumPy, short for Numerical Python, is the fundamental package required for high-
performance scientific computing and data analysis. This appendix aims to provide
a quick introduction to the NumPy library and the corresponding mathematical no-
tations used throughout the book. However, this appendix is not a full description
of NumPy, nor it tells you how to install it!. Instead, this appendix is focusing only
on those parts, which are intensively used in the accompanying Jupyter Notebooks.
Moreover, the appendix helps you to understand how different mathematical formu-
las can be converted easily to NumPy code directly.

Before using the NumPy library, you shall import to your environment with the
following command?:

s

>>> import numpy as np # Import library with 'np’ alias

The reason for using the NumPy library in the accompanying Jupyter Notebooks
is the ease of use, less coding, and higher execution speed. Moreover, the mathe-
matical formulas derived in the book can be implemented directly in a single line of
code. Thus, the implementation of a machine learning algorithm can be done easily
in a few lines of Python code, which helps you better understand the implementation
of a machine learning algorithm.

Note

- This appendix may also help you refreshing your linear algebra knowledge.
In case you lack that know-how, checking the videos in the footnotes might provide
some very basic hints about this broad topic.

! You can find a full reference to Numpy at https://docs.scipy.org/doc/numpy/

2 Code lists within this appendix are obtained with the old iPython console. Depending on your
environment the prompt might be different.
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B.2 Basic Data Structure of NumPy

One of the key features of NumPy is the N-dimensional array object. NumPy’s array
class is called ndarray, which is a fast, flexible container for large homogeneous
data. It is an array of elements (usually numbers but can be any Python object), all
of the same type, indexed by a tuple of positive integers. These arrays enable you
to perform mathematical operations on whole blocks of data using similar syntax to
the equivalent operations between scalar elements. Thus, no for loops are required,
which leads to fewer lines of code and much faster execution.

In NumPy, the number of dimensions of an array is called rank, while the axis
refers to a single dimension of a multidimensional array. Thus, the dimension of the
multidimensional arrays also defines how many axes are present in the array. The
shape of an array tells you the size of each axis, that is, how many elements are in
each dimension. In Fig. B.1, a multidimensional array is visualized.

All ndarrays are homogenous: every item takes up the same size block of
memory, and all blocks are interpreted in the same way. How each item in the ar-

Vector (one colwmn)
v.shape => (4,)

Scalow || Indexes of second axis
Matriv (rowy & columns)

X.shape => (4,3)

Number of rows
Number of columns

Size of third axis
Size of second axis

Size of first axis 1

| }
LZZ.shape => (4,3,2)

Multidimensional array

Fig. B.1 The structure of a multidimensional array and the distinction between scalar, vector,
matrix, and the generalized multidimensional array
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ray is to be interpreted is specified by a separate data-type object, as an instance
of dtype class. An instance of class ndarray consists of a contiguous one-
dimensional segment of computer memory, combined with an indexing scheme.
The ranges in which the indices can vary is specified by the shape of the array.
Because each data type requires a different storage size, the dtype tells you how
much bytes the underlying code should skip accessing the next element in the mem-
ory (see Fig. B.2).

Computer memory is inherently 1-dimensional, and there are many different
schemes for arranging the items of an N-dimensional array in a 1-dimensional block.
NumPy is flexible, and ndarray objects can accommodate any stridden indexing
scheme but the default is the row-major order (used in C) when the rightmost index
“varies the fastest™. Strides represent the number of bytes to jump to find the next
element, and one stride per dimension is defined. For the rightmost index, the stride
is equal to the data size.

>>> x=np.array (l) # Assing to ‘x’ the array with 1

>>> X # Printing out the value of the array
;>> X.size # Number of elements in the array
>1>> X.itemsize # Number of bytes used by an element
i>> x.dtype # Type of the data in the array

dtype(’int32’)

array
Fig. B.2 Conceptual dia- scalar
gram of ndarray with three (===
fundamental objects: 1) the data-tvpe
ndarray itself, 2) the data- yp []
type object describing the —x

layout of a single fixed-size
element of the array, 3) the

array-scalar Python object H header H | | | | soooe EI:IjjJ
that is returned when a sin- <

gle element of the array is ndarray

accessed

3 Memory layout can affect performance because CPU pulls data from main memory to its cache
in blocks. If many array items (consecutively operated on) fit in a single block (small stride), then
fewer transfers are needed from memory, thus faster execution. numexpr is designed to mitigate
cache effects when evaluating array expressions (see at https://numexpr.readthedocs.io/projects/
NumExpr3/en/latest/), while numba is a compiler for Python code, that is aware of NumPy arrays
(see at https://numba.pydata.org/).
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Remember, when binding a variable to an object in Python means that we
are setting a name to hold a reference to an object. Thus, assignments create ref-
erences and not copies, and as such, variable names in Python do not have any
intrinsic type - only the objects have - as they are holding only memory addresses
of the referenced object. Based on the data object assigned to the variable name,
Python determines automatically the type of the reference. A reference is deleted via
garbage collection after any variable names bound to it have passed out of scope.

A scalar in NumPy terminology is a ndarray with rank O (or dimension 0),
also called array scalar. In NumPy, there are 24 new fundamental Python types to
describe different types of scalars, and these are mostly based on the types available
in the C language*. Depending on the dt ype of the NumPy array, the element of
the O0-dimensional array can be an integer, a float, a character, or even any Python
object or even structured data type®. Zero dimensional arrays can be converted to
scalars directly (i.e., they can be cast to normal Python objects).

A vector in NumPy terminology is a ndarray with rank 1 (or dimension 1). It
has a single axis containing a series of objects (numbers). Elements within the vector
can be accessed by indexing, and the first element has index 0. When accessing a
single element within a vector, the result is a scalar. Vectors can be used to store the
(Euclidean) coordinates of an object, or the observations connected to a feature, or a
single observation with multiple features, etc. A vector can be converted to a scalar
only if it contains a single element.

A matrix in NumPy terminology is a ndarray with rank 2 (or dimension 2). It
has two axes, the first axis corresponding to the number of rows, while the second
axis to the number of columns. Matrices can be used to store gray images or several
observations, each with multiple features, or multiple observations through time,
etc. When indexing an element of the matrix, the first index always identifies the row
number, while the second index the column number. Be aware that indexing always
starts from zero, so if you want to access the element highlighted with yellow in
Fig. B.1, the first index is 1, while the second index is 0. A matrix can be converted
to a scalar only if it contains a single element.

A multidimensional array of rank 3 (or dimension 3) can be seen as a collection of
tables, each with rows and columns. Such arrays can be used to store color images,
where each 2-dimensional table is assigned to a base color. Or to store panel data,
data that tracks attributes of a cohort (group) of individuals over time. For example,
in medical research, some subjects are given a placebo, while others are given an
active drug, and the two groups are compared, based on repeated measures of data,
like blood pressure, viral load, immune status, etc. Thus, each table is associated
with a patient, with rows containing measured data at each follow-up time. Looking
at Fig. B.1, the last index would represent the patient, the first index the follow-up
time, while the second index the attributes related to the physiological status of the

4 For a complete list of NumPy scalars check https://docs.scipy.org/doc/numpy/reference/arrays.
scalars.html

5 Structured data types are formed by creating a data type whose field contains other data types.

Draft:Advanced Machine Learning Vol.l Author: Ferenc Farkas Date: 13-Jan-2022


https://docs.scipy.org/doc/numpy/reference/arrays.scalars.html
https://docs.scipy.org/doc/numpy/reference/arrays.scalars.html
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patient. But of course, nothing prevents you to change the order of the axis, so the
first axis would be associated with the patients.

Higher-dimensional arrays can be tougher to picture, but they will still follow this
“arrays within an array” pattern. For example, a video stream without compression
would require a 4-dimensional array for storing it, and the four axes would be: image
number, height, width, and color channel.

In what follows, we focus on some peculiarities of scalars, vectors, and matrices,
and in general, what operation or array manipulations can be done using NumPy.
However, this appendix shall be seen only as a quick guide for those who are not
familiar with NumPy but have some basic knowledge in programming, not necessar-
ily in Python. This appendix also helps in understanding how the multidimensional
arrays and the operations performed on them are linked to mathematical symbols
used in the book.

B.3 Scalars

A scalar, denoted by small italic letters in the book, like a,b,c,...,x,y,z, ..., repre-
sents a single value. A scalar variable in Python points to a memory cell storing a
single value (like integer or real number, or any other object). In the Jupyter Note-
books accompanying the book, only small letters are used in Python for variables
names (exception is the number of observations N, the number of features D, and
the number of classes K).

3 )

>>> x=1 # Assign to °‘x’ the constant value of 1
>>> X
1

In NumPy terminology, a scalar represents a ndarray of rank O (or dimension
0). We can convert a Python object to a NumPy array. The rank of the array can
be found with the help of the ndim attribute, while the size of each axis with the
shape attribute, the latter being a tuple: An array with rank 0 does not have any
axis, so its shape will be an empty tuple.

>>> x=np.array (1) # Convert the scalar to array

>>> X # and show the result

array (1)

>>> x.ndim # Check its dimension

0

>>> x.shape # Check its shape

O # no shape for array scalar
>>> x=int(X) # Cast ’x’ to integer

>>> X # and find out its value

1
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B.4 Vectors

A vector, denoted by small bold letters in the book, like a,b,c,...,X,y,z, ..., rep-
resents an array containing multiple scalar values ordered in a single column. The
number of values stored in a vector is denoted by big italic letter (like D, ....N, M, ...)
and the elements of the vector are identified by subscript (or superscript) indexes:

X1
X2

e
I

(B.1)

XN

By mathematical definition, a vector always represents a column vector
having N rows and one column. A vector is characterized by a magnitude and a
direction, and it can be imagined as an arrow, starting from the origin of the Eu-
clidean space. As a computer scientist, you may think of a vector as on the ordered
list of numbers, where the numbers represent the coordinates of the tip of the vector
in a N dimensional hyperspace®. In NumPy terminology, a vector might be repre-
sented by a ndarray of rank 1. However, ndarray of rank 1 can represent both
a column vector and a row vector, which leads to unexpected results when perform-
ing operations between vectors, or between a vector and a matrix. For this reason,
in the lab exercises, a vector is always represented by rank 2 ndarray similar to
matrices. Thus, in lab exercises, the only difference between a vector and a matrix
is that a vector will always have only one column, i.e., the size of the second axis
will always be equal to 1.

In the Jupyter Notebooks accompanying the book, vector variables are denoted
by small letters ending in an underscore. Since there are no bold letters in the code,
this underscore at the end will distinguish vectors from scalars. The underscore also
might resemble the small arrow placed above the vector variables in physics.

B.4.1 Vector Initialization

There are several ways to create and initialize a vector in NumPy. The simplest way
is to initialize a vector to have all their values set to either zero or one using zeros,
respective ones methods. The third option is to provide a number to fill the vector
elements with full method.

>>> x_=np.zeros(3) # Create x_ of size 3 with zeros
>>> X

array ([0, 0, 0])

>>> x_=np.ones(5) # Create x_ of size 5 with ones

6 If you are not familiar with the notion of vector and what it represents geometrically, please check
the video from 3BluelBrown at https://youtu.be/fNk_zzaMoSs

Draft:Advanced Machine Learning Vol.l Author: Ferenc Farkas Date: 13-Jan-2022


https://youtu.be/fNk_zzaMoSs

Index

K-fold cross-validation, 334
2nd order stationary, 415

accuracy, 451

adjusted R-squared, 129

Akaike Information Criterion, 363
analysis of variance, 100
anomaly detection, 11, 458
ANOVA, 100

approximation error, 466, 469
area under the curve, 456
arithmetic mean, 214

arithmetic variance, 215

arity, 257

artificial intelligence, 2
asymptotically unbiased, 55
attribute, 44

autocorrelation, 75, 310
autocorrelation coefficient, 410
autocorrelation function, 411, 413
autocorrelation parameter, 75
autocovariance, 410
autoregressive model, 412

backshift operator, 414

backward stepwise selection, 362, 370
bagging, 460

balanced classes, 457

barplots, 244

baseline, 251

batch gradient descend, 424

Bayes error, 467

Bayes estimator, 467

Bayes predictor, 467

Bayes risk, 467

Bayes theorem, 350, 366

Bayesian Information Criterion, 366

bell curve, 39

Bernoulli distribution, 37, 354
Bessel’s correction, 55

best subset selection, 362
bias, 50, 60, 322
bias-variance tradeoff, 322
biased, 50

big data, 7

bilinearity of covariance, 326
bin edge, 257

binarization, 258

binary classification, 437
binary variable, 229

binning, 257, 259

binomial distribution, 38

box plot, 113

Box-Cox transformation, 219
boxplot, 170
Breusch—-Godfrey test, 312

categorical variables, 229
census, 48

central limit theorem, 41
chi-squared test, 242, 356
ChiMerge discretization, 267
ChiMerge discretizer, 259
Cholesky whitening, 200
classification, 11, 437

Cochrane—Orcutt estimation, 315

coefficient, 61

coefficient of determination, 68
Cohen’s d, 106

collinearity, 79

computational complexity, 419
concentration matrix, 46
concept shift, 348

concordant pair, 239
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condition index, 81

condition number, 81
conditional density function, 41
conditional distribution, 37, 41
conditional mean, 59
conditional probability, 37
confidence box, 140
confidence ellipse, 141
confidence interval, 92
confidence level, 93, 94
confidence rectangle, 140
confidence region, 140
confusion matrix, 452
consistency, 50

consistent, 50

constant, 61

contingency table, 234, 452
Convolutional Neural Network, 193
Convolutional Neural Networks, 476
Cook’s distance, 159
coordinate descent, 428

correct rejection, 452
correlation coefficient, 358
correlation matrix, 46, 183, 301
correlation ratio, 245
correlogram, 411

cosine similarity, 228

cost function, 144, 383, 420
covariance, 45

covariance matrix, 45
covariance stationary, 415
covariate shift, 348

covariates, 31

Cramér’s V, 243

critical value, 95, 103

cross entropy, 445

cross tabulation, 234
cross-correlation matrix, 192
cross-covariance matrix, 191
cross-sectional data, 74, 310
cross-validation, 332

crosstab, 234

cumulative distribution function, 38
cut-point, 257

cyclical, 407

data cleaning, 269

data cleansing, 19, 269

data leakage, 329

data mining, 7

data point, 34

data preprocessing, 111

data science, 5

data-based multicollinearity, 80
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dataset shift, 347

decay rate, 427

decision tree, 257, 267, 354

deep learning, 3

degrees of freedom adjustment, 129
dependent variable, 31

descriptive statistics, 6
dichotomous variable, 229
dimensionality reduction, 288, 351
discordant pair, 239

discrete time series, 407
discretization, 257

dispersion matrix, 45

domain shift, 348

dummy encoding, 249

dummy variable, 249
Durbin-Watson statistic, 75, 312

effect size, 105

embedded methods, 352, 372
empirical mean, 51

empirical risk, 467

empirical risk minimization, 468
empirical variance, 53
endogenous variable, 31

entropy, 264, 443

entropy based binning, 259
entropy-based binning, 263
entropy-based discretization, 263
epoch, 424

equal-frequency binning, 259
equal-frequency discretization, 260
equal-width binning, 259
equal-width discretization, 260
error, 59

error bound, 93

error matrix, 452

error rate, 451

error sum of squares, 67, 149
error types, 104, 452

estimation error, 469

estimator, 49

eta correlation ratio, 245, 247, 249
Euclidean distance, 46

excess kurtosis, 84

excess risk, 469

exhaustive feature selection, 362
exhaustive method, 332
exogenous variable, 31

expected risk, 467

expected value, 44, 49

explained sum of squares, 67
explanatory variable, 31
exploratory data analysis, 19, 169, 176
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exponential growth, 206
exponential regression, 206
externally studentized residual, 146

F1 score, 453

factor, 229

factor level, 229

fall out, 453

false alarm, 452

false alarm rate, 453

false negative, 452

false negative rate, 453

false positive, 452

false positive rate, 453

feasible generalized least squares, 313
feature, 14, 31

feature engineering, 18, 276, 477
feature extraction, 297, 477
feature scaling, 183

feature selection, 351

filter method, 352

Fisher information matrix, 367
forecasting, 410

forward response plot, 173
forward stepwise selection, 362, 369
frequency table, 244

Gamma, 240

Gaussian distribution, 39
generalization error, 324, 466
generalized least squares, 311
generalized linear model, 485
generalized variance, 160

generative modeling, 7

geometric mean, 215

geometric standard deviation, 215
Goldfeld-Quandt test, 78

Goodman and Kruskal’s gamma, 240
Goodman and Kruskal’s lambda, 247
Gower’s distance, 274

gradient descent, 421

hardmax function, 464
hat-matrix, 126
heteroscedasticity, 58, 78
heteroskedastic, 313
Hildreth-Lu estimation, 317
histogram, 16, 171

hit, 452

hit rate, 452

hold-out set, 328
homoscedasticity, 58, 78, 304
homoskedastic, 313
hyper-parameter, 374
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hyperparameter, 424
hypothesis, 62
hypothesis testing, 76

imbalanced classes, 457
implicit feature selection, 352
imputation, 271

in-sample error, 324

independent and identically distributed, 78

independent variable, 31

indicator variable, 229

inductive bias, 468, 474

inelastic, 319

inference, 89

influence matrix, 126

influential point, 86

information gain, 264

instance, 257

interaction effect, 134, 293
internally studentized residuals, 145
interquartile range, 113, 185
interval estimate, 92

interval variable, 235

intrinsic method, 352

inverse normal transformation, 225
irreducible error, 322
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iteratively reweighted least squares, 307, 432

Jacknife residual, 146
Jarque-Bera test, 83
joint distribution, 37, 41, 241

k-means clustering, 259, 261
k-means discretization, 261
k-nearest neighbors, 273, 361

Kendall rank correlation coefficient, 239

Kendall’s tau, 239

kernel density estimation, 361
KL-divergence, 361, 446

kNN imputing, 273

Kullback discrepancy, 364
Kullback-Leibler divergence, 446
Kullback-Leibler information, 364
Kullback-Leibler divergence, 364
kurtosis, 83

label, 31

labeled data, 9

ladder of powers, 216

lag, 410

lasso regression, 384
learning rate, 422

learning theory, 320
least-angle regression, 391
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leave-one-out cross-validation, 332
Leave-P-Out Cross Validation, 333
left-tailed test, 77

leptokurtic, 84

leverage, 86, 151

likelihood, 51

likelihood function, 51, 142, 450
linear regression, 31

link function, 485

log loss function, 447

log-level regression, 206

log-log regression, 209

log-normal distribution, 205
log-transformation, 204
logarithmic transformation, 204
logistic function, 441

logistic regression, 437

logit function, 449

logit regression, 437

loss function, 144, 383

machine learning, 2

Mahalanobis distance, 46, 153
Mabhalanobis whitening, 193

margin of error, 93

marginal distribution, 37, 41, 241
masking effect, 167

matching matrix, 452

Matthews correlation coefficient, 454
maximum a posteriori, 381
maximum likelihood estimation, 144
maximum likelihood estimator, 51, 143, 449
mean, 44

mean absolute error, 87

mean imputation, 272

mean square contingency coefficient, 234, 454
mean squared error, 66, 87, 138
mean squared residuals, 68
mean-centering, 153

median, 87

median absolute deviation, 169
median absolute error, 87

median imputation, 272

min-max scaling, 183

miss, 452

miss rate, 453

missing at random, 270

missing completely at random, 270
MNIST, 478

mode imputation, 272

model assessment, 335

model selection, 335

modified z-score, 168

moment about the mean, 84
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moment-generating function, 213

Monte Carlo simulation, 42

most frequent imputation, 272

moving average, 416

multichomous variable, 235
multicollinearity, 79, 278

multinomial distribution, 241
multinomial logistic regression, 461
multiple imputations, 271

multiple regression models, 121
multiplicative mean, 215

multiplicative standard deviation, 215
Multivariate linear regression, 392
multivariate multiple linear regression, 392
multivariate regression model, 121
multivariate simple linear regression, 392
multivariate time series, 407

mutual information, 360

natural language processing, 5
negative predictive value, 453
nested cross-validation, 335
neural network, 3

Newton’s method, 429
Newton—Raphson method, 429
nominal variable, 235, 246
non-exhaustive method, 333
non-parametric correlation, 237
non-parametric estimation, 361
non-stationary, 415

nonlinear regression model, 204
nonspherical error, 311

normal distribution, 39

normal score, 46
normalization, 227

normalized exponential, 463
not missing at random, 270
numerical variable, 177, 229

objective function, 144, 383, 420
observations, 34

one-hot encoding, 249
one-of-K encoding, 249
one-sided test, 77
optimization error, 470
ordinal encoding, 235
ordinal variable, 235
ordinary least squares, 62
out-of-sample error, 324
outer-inner resampling, 335
outlier, 85, 145

outlier masking, 167
outlier swamping, 167
overfit, 69, 303
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overfitting, 328, 344, 468
oversampling, 458

panel data, 26, 310, 498

parameter, 44, 60

parametric estimation, 361

Parzen window method, 361
PCA-cor whitening, 199

Pearson chi-squared test, 242
Pearson correlation coefficient, 45, 232
percent-point function, 95, 225

Phi coefficient, 234

phi coefficient, 454

platykurtic, 84

point estimate, 50

point-biserial correlation coefficient, 233
polynomial model, 297

polynomial regression, 297
population, 43

positive predictive value, 453

power of the standard deviation, 84
Prais-Winsten estimation, 317
precision, 453

precision matrix, 46

prediction, 61

prediction interval, 99

predictive modeling, 7

predictor, 31

Principal Components Analysis, 197
principal components regression, 287
prior probability shift, 348
probability density function, 39
probability mass function, 37
probability of detection, 452
probably approximately correct, 471, 472
projection matrix, 126

Proportional Reduction in Error, 247
proxy variable, 330

QQ probability plot, 82
qualitative variables, 229
quantile, 82, 260

quantile binning, 259

quantile function, 225

quantile normalization, 225
quantile transformation, 225
quantitative variables, 177, 229
quantization, 257

quartile, 113, 260

R-squared, 68

rank, 225, 237

rank-biserial correlation, 247
ratio variable, 236
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receiver operating characteristics, 455
recursive feature elimination, 362, 370
reference level, 232, 251
regressand, 31

regression, 11

regression coefficient, 59
regression line, 32

regression plane, 33
regression standard error, 67
regression sum of squares, 67
regressors, 31

regularization, 372
reinforcement learning, 10
relative entropy, 446
residual, 61, 407

residual plot, 173

residual standard error, 67
residual sum of squares, 62
response, 31

ridge penalty, 374
right-tailed test, 77

risk function, 466

robust scaling, 185

root mean square error, 67

sample, 49

sample mean, 51

sample selection bias, 348
sample variance, 53
samples, 34

sampling error, 89

scatter plot matrix, 172
seasonal, 407
semi-supervised learning, 10
sensitivity, 452

serial correlation, 75, 310
serial correlation coefficient, 410
Shannon entropy, 443
shrinkage, 353

sigmoid function, 441
significance level, 103
simple imputation, 272
simple linear regression, 31
simulated annealing, 427
single imputation, 271
skewness, 83

soft thresholding operator, 387
softmax function, 463
softmax regression, 461
Somers’ D, 240

spacial data, 310

spatial correlation, 74
Spearman correlation, 237
specificity, 452
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spherical error, 78, 311
sphering, 190

sphering transformation, 189
standard deviation, 45
standard error, 90

standard error of estimate, 67
standard score, 46
standardization, 47, 180
standardized data, 47
standardized residuals, 145
stationarity, 412

statistic, 48

statistical independence, 242
statistical inference, 6
statistical learning, 7
statistical power, 105
statistical risk, 466
statistically independent, 38
statistically significant, 103
statistics, 6

stepwise selection, 369
stochastic average gradient, 428
Stochastic Gradient Descent, 425
stochastic process, 36

strata, 252

stratification, 252, 254

strict stationarity, 415
structural error, 469

structural multicollinearity, 80
structural risk minimization, 471
structured data, 9, 34

Student distribution, 91
studentized residual, 146
subset selection, 352
supervised learning, 9
survival function, 97
swamping effect, 167

synergy effect, 293

t-distribution, 91

target, 31

testing error, 324

testing set, 324

tied observations, 238

tied ranks, 238

Tikhonov regularization, 374
time series, 412

time series analysis, 405
time series data, 75, 310, 405
time series forecasting, 405
time series modeling, 405
total sum of squared, 67
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training error, 324, 467
training set, 324, 465
trend, 406, 407

true negative, 452

true negative rate, 453
true positive, 451

true positive rate, 452
two-sided test, 77

type I error, 77, 104, 453
type Il error, 77, 104, 453

unbalanced classed, 457
unbiased, 50

unbiasedness, 50

underfitting, 328, 344
undersampling, 458
unexplained sum of squares, 67
uniform binning, 259

univariate feature selection, 352
univariate regression models, 121
univariate time series, 407
unlabeled data, 9

unstructured data, 9
unsupervised, 259
unsupervised learning, 10

validation set, 331
variance, 44, 322

variance inflation factor, 80, 284, 297

variance stabilization, 217

Index

variance stabilizing transformation, 217, 304

variance-covariance matrix, 45
variation due to sampling, 89
violin plot, 170

weakly stationary, 415

weight, 60

weighted error sum of squares, 306
weighted least squares, 304
weighted total sum of squares, 306
white noise, 413

whitening, 190

whitening transformation, 189
wrapper methods, 352

z-score, 46, 180

z-value, 46

ZCA whitening, 193

ZCA-cor whitening, 197
zero-one-indicator variable, 229

Zero-phase Components Analysis, 193
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