


Negative Rates:
The Challenges from a Quant Perspective

1 Introduction 

2 Practical issues in interest-rate modeling

There are many instances in the past and recent history where Treasury bills and even sovereign bonds happened 
to trade at a negative yield. For instance: i) in November 1998, the yield of Japan’s six-month Treasury bills fell to 
minus 0.004 percent; ii) in November 2009, 3-month US T-Bills were trading at minus 0.03 percent after market 
supply shrunk.

Traders were so eager to carry healthy assets in their books that they were willing to pay an extra premium for 
that; iii) in February 2016, the Japanese government sold 2.2 trillion yen of bonds at an average yield of minus 
0.024 percent, followed in July by the German government that issued ten-year bonds whose yield recorded an 
historic low of minus 0.05 percent. Also in July, the yields of all Swiss government bonds up to fty years turned 
negative, with the one-year bond yield falling as low as about minus 1 percent.

The interest rates in the interbank money and LIBOR markets for major currencies also ventured into negative 
territory. Central banks pushed rates below zero and started charging a fee on the deposits banks held with 
them, in an eort to incentivize banks to lend money and stimulate economic growth. Not only the overnight rates 
but even the LIBORs went negative. In Europe, the rst currency to experience negative rates was CHF in August 
2011, followed by DKK in July 2012, EUR in August/September 2014 and SEK in February 2015. In Asia, the 
SGD six-month LIBOR plummeted to near minus 1 percent on August 2011.

The appearance of negative rates in the market did not urge the creation of new dynamical models. Paradoxically, 
the main interest-rate models used in the industry were already based on either the Gaussian or the Shifted-
Lognormal (SL) distribution, both having negative real intervals in their support. Think for instance of the Hull-
White (1990) one-factor risk-neutral dynamics of the short rate, or the SL LIBOR market model. What used
to be a drawback of these models, suddenly turned into an advantage, and in fact became
a necessary requirement to accommodate market data1.

That being said, the transition to a negative-rate regime has not been harmless, and several methodologies have 
been impacted by negative rates. I analyze them in the following along with the challenges quants had to face to 
adapt their models to the new environment.
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2.1 Yield-curve construction

2.2 Volatility quotes

A typical no-arbitrage condition that was imposed in yield-curve constructions was that forward rates had to be 
positive, or equivalently that discount factors had to be smaller than 1 and decreasing for increasing maturities. 
Under negative rates, these constraints are no longer needed and have to be removed from pricing routines. 
Stripped forwards are allowed to be negative and discount factors can be larger than 1 or increasing in maturity
for a period of time.

Removing the positivity constraint can also have implications in the choice of an optimal curve-interpolation 
method. For instance, a monotonic cubic spline that enforces, by construction, positivity of forward rates can no 
longer be the preferred solution. At the same time, other types of splines that allow for negative values, still need 
careful implementation and ne tuning to make sure negative forwards do not appear where they should not.

* �The�views�and�opinions�expressed�in�this�article�are�my�own�and�do�not�represent�the�opinions�of�any�firm�or�institution.

The wide-spread convention for volatility quotes was to use Black volatilities. The Black volatility for a given 
swaption is dened as the unique value of the volatility parameter to plug into Black’s swaption formula to match 
the corresponding market price. The problem with Black’s formula is that it is undened (if we want prices to be 
real numbers, and we do!) when either the swap rate or the strike are negative or zero. So, when the swap rate
is positive (resp. negative), Black’s volatility can not be calculated for a negative (resp. positive) strike.

The market circumvented this limitation by using either normal or SL volatilities. A normal (resp. SL) volatility is 
the unique volatility parameter to plug into Bachelier’s (resp. shifted Black’s) formula to match the corresponding 
market price. Brokers are currently quoting both normal and SL volatilities for currencies such as EUR, CHF, 
SEK, JPY and DKK, along with their (forward) premiums. While normal volatilities are unambiguously dened, SL 
volatilities must be associated with a shift parameter. A typical shift parameter is 2 percent, but dierent shifts may 
be used for dierent currencies or pairs of maturities and tenors.

Traders have been using normal volatilities for a long time, even before the nancial crisis. In fact, besides being 
dened for negative rates as well, normal volatilities and Bachelier prices present the following advantages: 1) 
normal volatilities tend to be much more stable than Black volatilities, which are prone to large intraday  uctuations 
because of their sensitivity to variations of the underlying swap rates; 2) Bachelier prices are symmetric with 
respect to the ATM strike in the following sense. Consider a receiver and a payer swaption with the same maturity 
and tenor, the rst with strike equal to ATM minus x bp, the second with strike equal to ATM plus x bp. If these two 
swaptions have the same normal volatility then they also have the same (Bachelier) price. This is not true for 
Black volatilities, which is a problem because swaption smiles are quoted in terms of absolute moneyness, that 
is the dierence between strike and ATM level.

Normal or SL volatilities, supplemented with standard interpolation/extrapolation techniques, can be then be 
used to complete a volatility cube, lling in, in particular, missing quotes at negative strikes.
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2.3 Smile construction

2.4 Positivity constraints in the codebase

2.5 Collateral agreements

A standard approach used by the market for building swaption volatility cubes was based on the SABR functional 
form, which relies on the assumption of a positive distribution for the underlying swap rate. To deal with negative 
rates, practitioners then decided to move to a shifted SABR model, which is dened by adding a negative shift 
to the initial SABR stochastic-volatility process. Accordingly, the shifted SABR functional form is obtained from 
SABR simply by shifting swap rate and strike. Another advantage of using a shifted SABR form is that a negative 
shift reduces the chances of arbitrage at low strikes, because it essentially moves the problematic region further 
down to negative strikes. The shift parameter in shifted-SABR can either be calibrated to market quotes or
given exogenously.

Alternatively, one can build a swaption cube using the recent free-boundary SABR extension of Antonov-
Konikov-Spector (2015), or a simpler normal-mixture model, where swaption prices are obtained as linear convex 
combination of Bachelier prices.

Because of negative rates, existing pricing code in a quant library may break and return errors. This can happen 
essentially for two reasons: 1) a Mathematical operation requires rates or strikes to be positive to return a real 
number, as is the case for the log in Black’s swaption formula; 2) rates were constrained to be positive to reduce 
operational risk, preventing the user from entering a negative value by mistake, as could be the case for an 
equity option pricer. Therefore, code changes must be introduced at dierent levels to either replace an existing 
pricing function with a dierent one, or to remove unnecessary constraints.

A Credit Support Annex (CSA) is a document annexed to the ISDA agreement signed by two counterparties, 
which species the rules for collateral posting (type, currency, frequency, asymmetries, thresholds, etc). One of 
these rules is that the collateral posted by the party with negative NPV to the party with positive NPV must be 
remunerated at a rate specied by the CSA. In the case of cash collateral, the collateral rate is typically the OIS 
rate in the collateral currency. 

If the OIS rate turns negative, then the party posting collateral will receive a negative interest rate for it, meaning 
that they will pay an interest rate equal to the absolute value of the OIS rate. This seems to be the prevailing 
agreement. However, there may be CSAs, for instance in Japan, where the collateral rate is oored at zero, so 
the collateral rate is equal to the positive part of the OIS rate. This introduces an extra optionality in the valuation 
of deals subject to that CSA. When OIS rates are high enough, the collateral option has very little value and can 
be neglected. However, when rates are low or even negative, the collateral option has suddenly a non-negligible 
value, which nonetheless may be hard to quantify.

1 Interest-rate� models� had� to� be� upgraded� but� for� a� dierent� reason.� They� had� to� be� adapted� to� the� new�multi-curve�
environment,�which�emerged�after�the�nancial�crisis.
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2.6 Stress tests

2.7 Initial margins

It is a common risk-management practice, also urged by regulators, to value a bank’s portfolios under stressed 
market conditions. This entails the denition of stress-test scenarios, which are based on large market moves of 
some of the underlying risk factors, including interest rates. Assuming scenarios with negative rates has become 
mandatory even for economies where interest rates are still positive. It has also been suggested by the FED, 
which asked banks to consider the possibility of negative rates happening in the US as well.

In all these cases, the question is always the same: how low can interest rates go? After breaching the zero 
boundary, there is no other economically-meaningful lower barrier. Historically, minus 1 percent is the lowest 
value ever reached. But, in theory, an x-month LIBOR can go as low as about minus 1200/x percent.

CCP’s initial-margin models are based on a historical VaR approach. For interest-rate products, a history of rate 
returns is used for the margin calculations. Typically, CCPs used either absolute returns or log-returns. However, 
with the advent of negative rates, log-return have been replaced by shifted log returns. This has the additional 
advantage of better capturing the historical distribution of rate returns. In fact, rate returns tend to be \more” 
normal when rates are low, and \more” lognormal when rates are high. The shift parameter is typically assigned 
exogenously, and a typical value is 4 percent.

3 Conclusions
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