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Extended Supplement to
“Insurance and Inequality with Persistent Private Information”

Alexander W. Bloedel R. Vijay Krishna Oksana Leukhina

Abstract

This supplement contains auxiliary technical results and proofs omitted from Bloedel,
Krishna, and Leukhina (2025) (henceforth BKL) and its Supplemental Appendix (henceforth
SA). First, Section I proves parts (a)—(c) and (e)—(f) of Theorem 3 from Appendix B.1 of
BKL. (Part (d) of Theorem 3 is proved in SA-E.1 of BKL.) Second, Section J proves
Proposition 3.2 from Section 3.3 of BKL and Lemma B.2 from Appendix B.2 of BKL.
Finally, Section K proves supporting facts for Properties (a)—(e) from Section 5.2 of BKL.
Throughout, we follow the numbering and labeling conventions from BKL and its SA.

I. Proof of Theorem 3

This section provides the proof of Theorem 3. It consists of several parts:

* Section I.1 introduces the operator 9., of which D is the largest fixed point, and
establishes basic existence and characterization results concerning D, D*, and I'(-).

* Section 1.2 presents the core of the proof, which involves analyzing two auxiliary
operators, % and %'. First, Section 1.2.1 establishes several results relating the fixed
points of B, B, and B to each other and to the set V. Second, Sections 1.2.2 and 1.2.3
characterize the iterates of these operators for the special case of CARA utility by ana-
lyzing systems of linear and conic programs. Third, Section 1.2.4 returns to the general
case of DARA utility and shows that it reduces to the CARA case from Section 1.2.3.

* Section 1.3 constructs a useful suboptimal contract that is [TVC]-implementable and
stays bounded away from the boundaries of D.

* Section 1.4 concludes by collecting the above pieces into a proof of Theorem 3.

I.1. Preliminary Observations

We begin with an elementary lemma concerning the (-, 7, j) functions.

Lemma L.1. Let ¢, j € S with i > j. Under Assumption DARA:

(a) ¥(u,i,7) is convex, ¥'(u,1,7) € (0,1), and 1) (u,i,5) > u forall u € U.

(b) Theextensionof (-7, ) to R_ givenby ¢(0,4,j) := 0and ¢’ (0,4, j) := lim,_,o ¢'(u, 1, j)
preserves continuity, convexity, and continuous differentiability.

(c) av(u,i,j) = Y(au,i,j) forall u e U and a € [0, 1].
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(d) Under CARA utility, v (u,i,j) = (6;/0;) - w where 6, := e for all k£ € S. Thus,
a(u,i,7) = (au,i,j) forallu e U and a € R,.

Proof. For part (a), the Inverse Function Theorem yields

U'w; + C(u, j))

Ulw; + Cluwg)

[L1] V' (u,1,5) =

It follows directly from part (a) of Assumption DARA that ¢)(u, ¢, j)—u > 0 and ¢'(u, i, j) €
(0,1). Moreover, we have

log (¢'(u, 4, j)) = log (U'(w; + C(u, j))) — log (U'(w; + C(u, j)))

and because C'(+, j) is strictly increasing, by part (c) of Assumption DARA, log (¢ (u, i, j))
is increasing. It follows that ¢/'(u, , j) is increasing, i.e., 1 (-, 4, j) iS convex.

For part (b), note that, since the consumption domain is assumed unbounded above,
limy, 0 ¥ (u,i,5) = lim,_o U (w; + C(u, 7)) = lim.q U(w; + ¢) = 0. Thus this extension
preserves continuity and convexity of ¢(-, 4, j). Moreover, setting ¢’ (0, 4, j) := lim, o ¢'(u, 7, j)
preserves continuous differentiability by construction.

For part (c), let u € U and a € [0,1]. We have ¢(au,i,j) < ap(u,i,7) + (1 —
a)¥(0,1,7) = a(u, 1, j), where the inequality is from convexity and the equality is from
(0,1, 5) = 0, shown above.

Part (d) is immediate from the definitions. []

Recall that the set of recursive constraints consists of the of the promise keeping
conditions

[PK;] uj + a EY [w;] = v;
for all j € S, and the incentive compatibility conditions
[IC’Lj] 1/’(%’: Z?j) + a Efi [W]] < Ui

forall¢,j € S withi > 7.

For any v € U, we say that the menu (u, w) := (u;, W;)ies € (R_ x [R{C_’)d (where
u = (uy,...,uq) and w := (wyq, ..., wy)) implements v if it satisfies all of the recursive
constraints at v. (Note that implementation does not require even that u; < 0 or w; < 0.
Such feasibility requirements will be included as separate constraints.) Consider—in the
manner of Abreu, Pearce, and Stacchetti (1990)—the operator %, : 2%* — 2%*, defined
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as follows for any K < U
[12] Bo(K):={veU’: 3 (u,w) that implements v with (u;, w;) € U x K Vie S}

It is easy to see that any fixed point of 9B, is a recursive domain, and that the largest
recursive domain D is precisely the largest fixed point of the operator 9A,.

Define the correspondence I' : U* x Ky =2 (U x GZlfi)gl by
L3] I(v,K) := {(u,w) e (U x K)*: (u,w) implements v}

Thus I'(v), defined in [3.1] in the main text, is equal to I'(v, D). Clearly, an alternative way
of defining the operator in [1.2] is B.(K) = {ve U : (v, K) # @}.

Say that set K = R< has decreasing returns if v € K implies that av € K for all
a € (0,1]. Say that a set K = R? is unbounded below if, for all r < 0, there exists v € K
such that v < r1.

Lemma L.2. Let K < U?. Then:

(a) If K is convex, then I'(+, K') has convex graph.
(b) If K has decreasing returns, then the graph of I'(-, K') has decreasing returns.
(c) If K is a cone and utility is CARA, then the graph of I'(-, K) is a cone.

Proof. For part (a), suppose that K is convex and let vy € I'(v, K) and 4’ € I'(v/, K). Let
a € (0,1) and define v/ := av + (1 — a)v' € U and v" := ay + (1 — a)y € (U x K).
Each of the [PK;] constraints is linear, so clearly v” satisfies all of them at v”. Consider
constraint [IC,;], with ¢ > j. By definition of v and +’, we have

v = ap(uy,i, §) + (1 — a)ip(u), i, §) + S [aw; + (1 — a)w)]

7

/

and, since (-, 4, j) is convex by part (a) of Lemma L1, ay)(uj;, i, j) + (1 — a)i(u}, i, j) =
¢(u;’,z’,j). Thus, v” satisfies [IC,;] at v”. Hence, v" € ['(v", K), i.e., ['(-, K) has convex
graph when K is convex.

For part (b), suppose that K has decreasing returns and letv € I'(v, K). Leta € (0, 1)
and define v/ := av € U and v := ay € (U x K)*. Each of the [PK,] constraints is linear,
so clearly +/ satisfies all of them at v’. Consider constraint [IC;;], with ¢ > j. By definition
of ~, we have

vi = a(uj, i, 7) + a E% [aw;]

and, by part (c) of Lemma I.1, ay(u;,,j) > ¢ (au;,1,7). Thus, + satisfies [IC;;] at v'.
Hence,~' € I'(v/, K),i.e.,['(-, K) has graph with decreasing returns when K has decreasing
returns.

For part (c), mimic the proof of part (b) above, invoking part (d) of Lemma 1.1
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instead of part (c) of that lemma. []

Proposition I.3. The following hold:
(a) There exists a largest recursive domain D. It is nonempty, convex, has decreasing
returns, and is unbounded below.
(b) D* < D has all of the above properties.
(c) The constraint correspondence I : D — (U x D)? is nonempty-valued, has convex
graph, and is continuous.

Proof. Begin with part (a). It is easy to see that the operator 9B, is monotone increasing
with respect to set inclusion. Because (2%*, 2) defines a complete lattice, 9, has a largest
fixed point D by Tarski’s Fixed Point Theorem.

To establish that D is nonempty and unbounded below, define
B:={ceR: c+w e (cn) YieS}

Clearly inf B = ¢ — w; and sup B = +0. For any c € B, let v¢ € U denote the vector of
0

t=0"
(Thus, v° is the promised utility vector under autarky.) Define D,. := {v¢} foreach c € B. It

is easy to see that B, (D.) = D,, and thus u.gD. < D, for each c € B. Since U < R__,
it follows that

contingent promised utilities induced by the stochastic consumption process (w*) + ¢)

v <U(wy +¢)-Th
for all 7 € S, where

e ¢]
T, :=E Zatl(s(tﬂ) = 1)‘3(0) =1
=0

and 77 > 0 by Assumption Markov. Moreover, lim,_i,s 5 U(w; + ¢) = —co under Assump-
tion DARA. Thus, for any r € R__, there exists ¢ € B such that max;csv{ < r. Thus,
Ueen D, is unbounded below. Now, it follows from the definition of D that D © U.gD,. It
follows that D is nonempty and unbounded below.

We now proceed to establish convexity and decreasing returns. Define " < 2% to
be the collection of all subsets of U? that are convex and have decreasing returns. It is easy
to see that K% is a complete lattice, with the meet operation defined by set intersection
and the join operation defined by the natural notion of “convex, decreasing-returns hull,”

\/KAzzﬂ{Ke%gd’“: KQUKA}

namely

AEA AEA

By Lemma .2, B, : 5" — H5¥ is well-defined and monotone increasing. Thus, by
Tarski’s Fixed Point Theorem, 9, has a largest fixed point D" € K 5. But since U? € K5,
it is easy to see that D € 5% and hence D = D’ (see, e.g., the transfinite recursion in

ES—4



Lemma 1 of Echenique, 2005). This concludes the proof of part (a).

Now consider part (b). Define scalar multiplication and convex combination of
recursive contracts pointwise. It follows from the definition that if ¢ satisfies [TVC] at
v € D, then for any a > 0, a¢ satisfies [TVC] at av € D. Similarly, if £ and £ satisfy [TVC]
at, respectively, v € D and v’ € D, then for any a € (0, 1), a + (1 — a){’ satisfies [TVC]
at av + (1 — a)v’. It follows from these observations and the fact that D is convex and
has decreasing returns, which was established in part (a), that D* inherits both of these
properties. Moreover, the vectors v¢ defined in the proof of part (a) are clearly elements of
D*, which establishes that D* is nonempty and unbounded below.

Finally, consider part (c). This follows immediately from part (a) of the present
proposition and part (a) of Lemma 1.2, namely the facts that D is convex and I'(-) = I'(+, D)
as defined in [I.3]. Continuity is easy to see from the definitions. O]

I.2. Fixed Points of Operators

While we are ultimately interested in (largest) fixed points of 9., it is convenient to work
with some auxiliary operators. Consider first the operator 9B, defined as follows for any
K cRY:

4] B(K):={veR?:3 (u,w) thatimplements v with (u;, w;) e R_ x K Vie S}

It is easy to see that 9B, (K) < B(K) for all K, so that the largest fixed point of %, is a
subset of the largest fixed point of 9.

Towards computing the largest fixed point of 28, it will be useful to consider the
family of operators defined as follows for any K < U

L5  By(K):={veR?:3(y;,w;) e R_ x K s.t [PK;]and [IC;] hold at v}

We may use these 9B;; operators to define the auxiliary operator % : oR% _, oR? g

d—1

BIK) = () Bj14(K)

Jj=1

Since %' only accounts for local IC constraints, it is easy to see that B(K) < BT (K) for
all K, so that the largest fixed point of % is a subset of the largest fixed point of %'.

We note the following property for future reference. Let % <= 2®* denote the collec-
tion of subsets K < R? that are closed convex cones.

Lemma L.4. Suppose utility is CARA. The maps B : X — K and B : X — K are
well-defined.
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Proof. Immediate from part (c¢) of Lemma 1.2 and the definition of the constraint corre-
spondence I'(-) (see [3.1]). O]

1.2.1. Some Fixed Points

Let Vy = {veR?:v <wv <. <y} and let clV,; denote its closure; thus, ¢l V; =
{veR?:v <w < - < vy}. We claim that, if the type process satisfies FOSD,
B(clVy) = clVy, B, (cl V) = Vg, and that B, (V;) = V,;. We establish these facts below.

Lemma L.5. Consider [PK;] and [IC,;] where ¢ > j and let v € cl V.

(a) Suppose the type process satisfies FOSD. Suppose, in addition, that v; = v;. Any
solution to [PK;] and [IC;;] with w; € cl V; must satisfy u; = 0 and E%[w,] = E%[w;].

(b) In general, if v, > v, there exist u; < 0 and w; € clV; with w; « 0 such that [PK;]
holds and [IC;;] holds as a strict inequality for all > j. In particular, there exists such
a solution in which w; = w’1 for some w’ < 0.

Proof. To see (a), let (u;, w;) satisfy both [PK;] and [IC;;]. Subtract [PK;] from each side
of [IC;;] to obtain

0< w(uj,’l,j) — Uy + Oé(Efi[Wj] — Efj[Wj]) <V — V; = 0

Recall from Lemma I.1 that ¢(u,i,j) > w for all w € U and ¥(0,4,5) = 0. Moreover,
E'[w;] > EY[w,] because w; € cl V, and f; first-order stochastically dominates f;. Thus,
the above display implies that u; = 0 and E%[w;] = Ef[w;].

To see (b), notice that setting u; = 0 and w; = w’1 with w’ = v;/«a means that [PK;]
holds as an equality, while [IC;;] holds as a strict inequality for all « > j (because v, > v;
and v € clV;). Now, increase w; by a small amount while reducing u; simultaneously to
ensure that [PK;] still holds. Because all the constraints [IC,;] held as strict inequalities,
this perturbation also satisfies these constraints as strict inequalities. ]

Lemma L.6. Fix v/ < 0. Then, for all ¢ > 0, there exists w; € V, such that (i) E% [w;] = w/,
and (ii) E%[w;] — E%[w;] < e for all i > j. If the type process satisfies FOSD, there exists
w; € V, that satisfies (i), (ii) , and (iii) E"[w;] > E%[w;] for all i > j.

Proof. Let e > 0 be given. Let € > 0 be a parameter to be optimised later. Let wj; :=
wl —&/2" for k = 1,...,d — 1, and wjy := w’ + &, where § := ﬁzz;i fix/2%. By
construction, wj; < -+ < wjq. Thus, w; € V. It is easy to see that EY[w;] = w’,
establishing (i). To see (ii), note that E%[w;] — E[w;] < wjq — wj; = § + &/2 < K for
some K > 0. Thus, by choosing & € (0,¢/K), we establish (ii). If the type process satisfies
FOSD, it follows that E"[w;] > E%[w;] for all i > j because wj; < -+ < wjq. O

Lemma 1.7. The set 1 satisfies:
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(a) B(clVy) 2clV.
(b) %T(Cl Vd) oclVy,.
(c) Bo(Va) 2 Va

Proof. First, consider part (a). Let v € clV,. By part (b) of Lemma 1.5, for each j =
1,...,n—1, there exist (u;, w;) € R_ x cl Vj such that [PK;] holds, and [IC;;] holds for all
i > j. Thus, clV; < %B(clV,), which proves part (a). Part (b) follows immediately from
part (a), as B (K) 2 B(K) forall K < R?.

Finally, consider part (c). Let v € V. Then, v; < vj forall j = 1,...,d — 1. By
part (b) of Lemma L5, there exist u; < 0 and w; € cl V; with w; « 0 such that [PK;] holds
and [IC;;] holds as a strict inequality for all 7 > j. By Lemma 1.6, we can replace w; by
some w; e V; so that [PK;] still holds, and [IC;;] holds as a strict inequality for all ¢ > j.
Because w’; € V, it follows that B (Vy) = Vg, as claimed. ]

Proposition 1.8. The following hold:

(a) There exists a largest fixed point K, of 8. It satisfies K, = cl V.
(b) There exists a largest fixed point K| of %' It satisfies KT 2 K, 2 cl V.
(c) The largest fixed point D of 9B, satisfies D 2 V.

Proof. All three operators B, %', and %, are monotone increasing. Thus, by Tarski’s
Fixed Point Theorem, % and %' each has a largest fixed point in R¢, K, and K l, respec-
tively. Existence of D, the largest fixed point of %, in U, was established in part (a) of
Proposition 1.3 by an identical argument.

Define @ := {K < R?: K 2clV; }and @, := {K < U?: K 2V, }. Both ® and
®, define complete lattices when equipped with the set inclusion partial order. It follows
from monotonicity and Lemma 1.7 that the mappings % : & — &, B' : & — &, and
R, : &, — &, are well-defined. Thus, by Tarski’s Fixed Point Theorem, & and %' each
has a largest fixed point in ¢ and 9B, has a largest fixed point in ®.. It follows immediately
that K,, Kl e ® and D € ®,. O

Proposition 1.9. Suppose that the type process satisfies FOSD. Then:
(a) B(clVy) =clV,.

(b) Bi(clVy) =clV,.

(c) Bo(clVy) cVy<clV,.

Proof. First, consider part (a). By part (a) of Lemma 1.7, it suffices to show that %B(cl V)
¢l V,; under the additional FOSD assumption. To that end, let v € R? and consider i > j.
Then, subtracting [PK;] from [IC;;], we find that

0 < Y(uj,i,j) + a( Efi[wj] . [W]’]) < v — v
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which implies v; > v;, as (i) ¥(u;,i,j) — u; > 0, and (ii) E%[w;] > E%[w;] because f;
first order stochastically dominates f; and w; e cl V. Thus, if v € %B(clV;), we must have
v; = v; whenever i > j, i.e., B(clV;) < cl V.

Next, consider part (b). By part (b) of Lemma 1.7, it suffices to show that B'(cl V)
cl V; under the additional FOSD assumption. The proof of this fact is identical to the proof
for part (a).

Finally, consider part (c). It is immediate that %B,(clV;) < B(clV,) = clV,; by
monotonicity. Take any v € cl V;\V;. It is easy to see that there exists some j € S such that
either (i) v; = 0 or (ii) v; = v;4, or both. In case (i), [PK;] implies that

0=uj +aEY [w;] <y

where the inequality follows from w; € cl V. It follows that, in case (i), it must be that u; = 0
and hence v ¢ B, (clV;). In case (ii), by part (a) of Lemma L5, if (u;, w;) € R_ x clV
satisfy [IC;;] and [PK;], it must necessarily be the case that v; = 0. Again, it follows that
v ¢ B, (cl V), which completes the proof of the claim. ]

Proposition 1.10. If the type process satisfies FOSD, then V} is a fixed point of 9..

Proof. Lemma 1.7 states that %8, (V) = V. Part (c) of Proposition 1.9 states that %, (cl V;) <
V, and, since the operator 98, is monotone, it follows that %, (V;) < V. This completes
the proof. Il

1.2.2. Iterates of A in the CARA Case

Recall (from, e.g., part (c) of Lemma I.1) that under CARA utility, ¢ (u, 1, j) = (6,/0;) - u
where 0, := e. Thus, the incentive constraints [IC;;] are linear in the u;.

For any t = (to,...,t4) € RT, let
[L.6] K = {V S Ril : Uj—ltj < Vj, forj = 2, R ,d}

It is easy to see that K is a closed, convex cone and is a subset of RY.

Proposition I.11. Suppose utility is CARA. There exists t = (3,...,t4) = 1 with
ty - t3---tq < oo such that BT(RY) = K.

Proof. Let us first consider %, (R ). We want to characterize the set of v € R? that can
be implemented while satisfying

[PK,] U + « 3 [Wl] =1
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and

0
[1Cs1] o+ aERwi] <,
1
subject to
[Feaso: ] uw; <0 and w;eR?

It is easy to see that any v with v, > v; can be implemented. (Indeed, this follows
from part (b) of Lemma 1.7.) For general v, consider the following problem: What is the
maximum value of u; + « El! [w1] that can be achieved while satisfying [IC,;] and the
feasibility constraints [Feas;]?

Our question can be formulated as the following linear programming problem

d
max uj + « Z fijwi;

u 7W .
1,W1 =

S.t. [ICQl] and [F83521]

It is easy to see that the solution to this problem consists of setting u; = 0, letting £* such
that fig«/forx < f1;/f2; forall j = 1,...,d, and setting wy; = 0 for j # k* while choosing
wygx SO that [IC;] holds with equality. Intuitively, [IC,;] is a budget constraint and our
solution consists of choosing the smallest amount of the ‘quantity’ (u; and w;) where the
marginal utility-to-price ratio is smallest, while choosing the largest quantity of everything
else.

This implies that the largest value u; + 042?:1 fi;wi;, and hence vy, can take is
Vg + fire/ forr. Thatis, Bop (RE) := {v € R : vy > tyvy, to := max|fo;/f1,]}. Similarly, we
can show that B, ;(R?) := {v e R? : vj,1 > t;,10;, tj1 := max|fjz1/fix]}. Clearly,
1 <t; <ooforevery j =2,...d, which proves the claim. [

We will use the following version of Linear Programming Duality and Complemen-
tary Slackness in the sequel.’

Theorem 4 (LP duality and Complementary Slackness). Let y* = (v, ..., y.) be a feasible
solution of the linear program

[P] max c¢-y Subjectto Ay <bandy <0
Y

Section 4.3 of Vohra (2005) shows that [P] and [D] as written here are dual to each other. Alternatively,
see Section 6.2 of Matousek and Gértner (2007). The version of complementary slackness described in
Theorem 4 is on p. 204 of the Glossary of Matousek and Gértner (2007).
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*

and let ¢* = (¢, ..., q}) be a feasible solution of the dual linear program

[D] min  b-q subjectto qA <candq >0
q

Then, the following are equivalent:

(a) y* is optimal for [P) and q¢* is optimal for [D].

(b) Foralli = 1,...,m, y* satisfies the ith constraint of [P] with equality or qF = 0;
similarly, for all j = 1,...,n, ¢* satisfies the jth constraint of [D] with equality or
y; =0.

Consider the operator 9B, ;(K;) where t > 1 is finite in every component. We seek
to characterize the set of all v that can be implemented by (u;, w;)es € R% x K; while
satisfying [PK;] and [IC;;] where ¢ = j + 1. As in the proof of Proposition I.11, for a given
vj;+1, we wish to find the largest value of v; that can be implemented. We can state this
problem as follows:

[Pj1,] max u; + af frwi + fpwje + -+ + fiawja]
VERAN)
01

0.

J

s.t. cuj + af firawi -+ firawga) < v

atgwﬂ — QWj9

atzwjs — qw;js

where we note that u; + a fj1w;1 + fjawjo + - - - + fjaw;a| = v;. Itis easy to see that [P, ;]
has a solution. Let g/*! be a feasible solution of the dual linear program

j+1

(D411 min. - q - Vi1
q]+1
J+1
S.t. 9j+1q1 < (9j
j+1 j+1
afiriaq +oateqy T < afp
<

j+1 j+1 J+1
afjri2qi —aqy  + atzgs

Jj+1 j+1 j+1
afivraaq —agy |+ atagy

j+1 j+1

afjrraq — agy

NN N
)
)
.
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Note that, for any v;;; < 0, solving [D, ., ;] is equivalent to maximizing ¢ " subject to the
above constraints. The dual constraints can be rewritten as follows:

A 0.
[DCo] g < -
e

(DC,] 1 fi ta 1

q - q
N A T

j+1
(DC,] 4 < fik n a TS
! fisik  fivin  fipr o4t
j+1
[DCy 1] R i BV S
— 1 ~
fisrao1  fivra—1r  fivra1 °
A , j+1
(DC,] q{+1< f]d n qy

~
Jivta  Jiv1a

where ¢’*! > 0 and [DC,] is the kth dual constraint.

Define inductively the sequence t(™ € R%™ as follows: K;u) := B(R%), and for all
n > 1, Kt(n) = %T<Kt(n71)).

Lemma L12. The sequence (t™) = R{"" is well-defined and satisfies:

(a) t™ > 1foralln > 1.

(b) t™ <tV foralln > 1.

(c) The largest fixed point of B, K = lim,, o, K.

(d) Foreachj = 1,...,d — 1, tﬁ)l = 1/¢]"1(tY) where ¢ (V) is the solution to

[D;..,] given t(~1),

Proof. Proposition 1.11 shows that t() is well-defined. The above linear programming
formulation shows that t™ is well-defined for all » > 1 and is characterized as stated in
part (d) of the present lemma. It remains to show parts (a)—(c). Part (b) follows from mono-
tonicity of %B'. Part (c) follows from the simple observation that ' is order-continuous on
the complete lattice (2"@, D) and arguments from Section 4 of Echenique (2005). Finally,
suppose part (a) fails, i.e., there exists some n > 1 such that t™ 3 1. Then, by parts (b)
and (c), it follows that K] ® V;, which contradicts part (b) of Proposition 1.8. []

Corollary I.13. Givenany j = 1,...,d—1and t™ for any n > 1, constraint [DC,] holds as
a strict inequality at any optimal solution of [D;, ;]. Thus, u; = 0 at any optimal solution
of (P11

Proof. Towards a contradiction, suppose [DCo] holds as an equality at some optimal
solution given t(. This implies ¢J™" = 6,/6,,1 > 1. Then, by part (d) of Lemma I.12,
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tﬁﬁl) < 1. But this contradicts part (a) of Lemma I.12. That «; = 0 at any optimum then

follows from Complementary Slackness (part (b) of Theorem 4). []

The following lemma describes which constraints bind in the dual program. In what
follows, we say that a constraint binds if it holds with equality and is slack if it holds as a
strict inequality.

Lemma I.14. Suppose the type process satisfies MLRP and f; +# f;,;. Then, given any
t > 1, there exists an optimal solution g’*! to [D;,, ;] where a “ > (0 and [DC,] binds for
allk=1,...,d.

Proof. To begin, note that MLRP and f; +# f;,, imply that £ — 7 72— is non-increasing

and fjfﬂ >1> fﬁﬁ Fix any optimal solution ¢/*! = (¢/*', ... ,qé“) of [D,,,,] such
that ¢/*' > @™ for all optimal solutions ¢’*! of [D,,, ;1.2 We proceed by induction.
For the base step, we first claim that [DC,] binds. Suppose, towards a contradiction,

that this constraint is slack. Then there exists an ¢ > 0 such that, holding ¢J*" fixed, setting

g+l gl firiae . g+l G+l fj+1,k gt

@ =q + 755 and (if d > 3) inductively setting Gy, := ¢z + < T ) for

allk = 2,...,d—1yields a feasible solution (¢ ™", 3™, ..., ¢ ") at which all of the [DC}]

constraints are slack. Thus, there must exist a minimiser of [D;,, ;] that strictly exceeds
¢*", delivering the desired contradiction. Therefore, [DC;] binds at ¢/*'. This implies that

q%“ > 0, because Lemma I.12 implies that ¢/*' < 1 and, as noted above, ff

For the inductive step, let 1 < ¢ < d — 1 be given and suppose that [DC;] binds and
qiﬁ > (0forall k =1,...,¢. Suppose, towards a contradiction, that [DC;] for &k = ¢ + 1 is
slack. This implies that we can: (i) slightly reduce each qj 1> 0for2 <k </¢+1sothat
all [DCy] for 1 < k < ¢+ 1 become slack, and then (ii) slightly increase each g, +1 > 0 for
k > ¢ + 1 so that all [DC,] for k£ > ¢ + 1 become slack as well (as in the base step). Thus,
there must exist a minimiser of [D,, ] that strictly exceeds ¢ "', delivering the desired
contradiction. Therefore [DC,] for £ = ¢ + 1 must bind. Suppose, towards a contradiction,

> 1.

’Note that this selection of optimal solutions is only relevant if v;; = 0; in particular, if v;41 < 0, then
all optimal solutions must specify the same value of ¢/ .
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that ¢)/} = 0. Then we have

i1 Jien tove i1
I+

fivres1  [isremt 2
fj,€+1

fi1,041

i

h fj+1,€

J+1
Jj+1 %

=dq
! f]+1,£

Jj+1
<q

where the first line is by the fact (shown above) that [DC,] for £ = ¢ + 1 binds and the
supposition that qﬂll = 0, the second line is by g’*! > 0, the third line is by MLRP, and

the final two lines are by the inductive hypotheses that [DC;] for k£ = ¢ binds and qj 1S 0.

This is clearly impossible, so we must have ¢),} > 0.

Therefore, [DC,] binds and qi“ > (Oforall k =1,...,d — 1. Now consider k£ = d.
First, suppose towards a contradiction that @ *1 — 0. Then [DC,] and the MLRP hypothesis

imply that ¢/*' < % = min;<icqg 72 f ;- But then ( ¢*',0,...,0) is a solution of [D,, ]
i+l
such that ¢/*' > @"' for all optimal solutlons q’*! of [D,,,,], delivering the desired

contradiction. Thus, qﬁf“l > 0. Next, suppose towards a contradiction that [DC,] is slack.
We can then slightly reduce each qi“ > 0 with2 < k <dsothatall [DC,]for1 < k <d
are slack. Thus, there must exist a minimiser of [D;,, ;] that strictly exceeds ¢/ "', delivering
the desired contradiction. Therefore, [DC,] binds. O]

Lemma I.15. Suppose the type process satisfies PPR and f; # f;,; and ¢;; > 1. Then
there exists an optimal solution g’** of [D,,, ;] such that qi“ > (0forall kt < j+1and
]H = (0 for all £ > j + 1. Moreover, [DC,] binds for all £ = 1,...,5 + 1, while [DC,] is
slackforallk =7+2,....d.

Proof. Consider any optimal solution g/*! = (q{“, .., ¢, of D, ,]such that ¢] ™" >
“ for all optimal solutions g’*! of [D;.:,;]1.> Lemma .12 implies that ¢ 1< 1. We
proceed in steps.

Step 1. We claim that, if j+1 < d, then (¢, .. ., qjﬂ, 0,...,0) is also an optimal solution
of [D;,1,1. To see this, note that by PPR and j + 1 < d, we have f;;/f;+1.4 = 1. Since
q{“ 1 by Lemma 1.12, it follows that [DC,] is still satisfied if we replace ¢ 1>
with @™ = 0. Since ¢,*' < ¢)*', this replacement adds (weakly more) slack to [DCy]

for k = d — 1 (and leaves all other constraints unaffected). If j + 2 = d, we are done.

*Note that this selection of optimal solutions is only relevant if v; 1 = 0; in particular, if v;; < 0, then
all optimal solutions must specify the same value of ¢/ .
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If j + 2 < d, then PPR implies that f;.; 4/f;+24 = 1. Since q{“ < 1 by Lemma 1.12,
it follows that [DCy] for k € {d — 1,d} are still satisfied if we replace (¢/"},¢,"") with
(@71, ¢ = (0,0). Moreover, since ¢} < ¢/'1, this replacement adds (weakly more)
slack to [DCy] for £ = d — 2 (and leaves all other constraints unaffected). Proceeding

iteratively in this manner, we obtain the claim.
Therefore, if j + 1 < d, we henceforth assume that ¢’*! is of the form ¢! =

j+1 Jj+1
(ql ""7q]'+1a07

...,0), where ¢]*' > ¢ ™" for all optimal solutions G’*! of [D;,1 ;1.
Step 2. We claim that ¢/*' < 1. Suppose, towards a contradiction, that ¢} ™" = 1.

First, we assert that, if 7 # 1, then qi“ = 0 for all 2 < k < j. To see this, note that
j # 1 and PPR imply that f;;/f;111 = 1. Hence, ¢’*! > 0 and [DC,] imply that q%“ = 0.
If 7 = 2, we are done. If j > 2, then an analogous argument (using [DC,] for k = 2) implies
that ¢J*' = 0 as well. Proceeding inductively, the assertion follows.

Now, Step 1 and the assertion together imply that g7+ is of the following form: (i)

for any 2 < k£ < j, we have qi“ = 0; (ii) for £ = 7 + 1, we have qjﬁ > 0; and (iii) for any
j+1<k<d,wehave QiH — 0. Therefore, since ¢ ™' = 1 by hypothesis, the constraint
j+1

[DC,] for k = j is equivalent to f;1; < fj; — tj41 - ¢j1,, and the constraint [DC;] for
k = j+ lisequivalent to fji1 41 < fjj+1 + qjﬂ Adding these constraints, we obtain
fivrg + Finrger < fij + figa + @1 (1 —tj41). Since PPR implies that f;,1; + fj+1j+1 =
fij + fjj+1. it follows that quﬂ(l —t;+1) = 0. Since t;,; > 1 by hypothesis, this implies
qjﬁ = 0. But PPR and the hypothesis that f; # f; ., imply that f; ;11 < fj+1,+1, which
then violates [DC,] for k£ = 7 + 1 (given that qjﬁ = 0).

This yields the desired contradiction. We conclude that ¢/ ™' < 1.

Step 3. We claim that [DC,] is slack for all £ > j + 2. To see this, note that PPR implies
fir/fi+16 = 1 for all such k, and Step 1 implies that qi“ = 0 for all such k. Therefore,
since ¢) 7! < 1 by Step 2, the claim follows.
Step 4. We claim that qi“ > (0 and [DC,] binds forall £ =1,...,5 + 1.

For the base step, we first claim that [DC,] binds. Suppose, towards a contradiction,
that this constraint is slack. Then (as in the proof of Lemma 1.14), there exists an € > 0

such that, holding ¢/*' fixed, setting @"' := ¢™' + f]:—;lg and (if d > 3) inductively
) . _ NS S
setting ¢/t = qli) + fg:;"’ (qu f~+?kk ) for all £ = 2,...,d yields a feasible solution
J s
(@, @, ..., ¢5") at which all of the [DC,] constraints are slack. Thus, there must exist

a minimiser of [D,,, ] that strictly exceeds ¢/ ™', delivering the desired contradiction.
Therefore, [DC,] binds. Now, since q{H < 1 (by Step 2) and PPR implies f;;/fj111 > 1
(with equality if j > 1), the fact that [DC,] binds implies that ¢} > 0.

Now, since ¢J ™" < 1 (by Step 2) and PPR implies that f;;./f; 1, = 1forall 1 < k < 7,
an inductive argument analogous to the proof of Lemma I.14 then implies that ¢} 7] > 0
and [DC,] for all 1 < k& < j. Suppose, towards a contradiction, that [DC,] for k = 7 + 1

is slack. Then we can slightly reduce each ¢} t] for 1 < k& < j such that all [DC,] for
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1 < k < j + 1 are slack. Meanwhile, all [DC,] for k£ > j + 2 are slack by Step 3. Thus,
there must exist a minimiser of [D;, ;] that strictly exceeds q{“, delivering the desired
contradiction. Therefore, [DC,] for k£ = j + 1 also binds. O]

Lemma L.16. If f; = f;,,, there exists an optimal solution ¢/*! of [D;; ;] with ¢/*" = 1.
Moreover, [DC,] binds forall k =1,...,d.

Proof. Since f; = f;, implies that f;,/f;41, = 1forall 1 < k < d, ¢*' = (1,0,...,0)
is a feasible solution of [D,; ;] in which all [DC;] constraints bind. Since Lemma 1.12

implies that ¢} ™' < 1 in every feasible solution and we have ¢/*' = 1 by construction, ¢/*"
is an optimal solution of [D; ;]. [

Lemma I.17. Fix t € Ri‘l suchthatt > 1and ¢, ---t; > 1, and let K be defined as in
[1.6] above. If the type process satisfies MLRP, B'(K}) # Kj.

Proof. For each dual problem [D;,; ;], by Lemmas I.14 and I.16, the dual constraints [DC]
bind for all k = 1,...,d. A little algebra (eliminating ¢/*' for k = 2, ..., d by multiplying
each side of [DC,1by fj11]],_oti fork =2,..., d, multiply both sides of [DC:] by f;11,
and then adding) tells us that

gt = fin Htafjo+ -+ ta-tafia
! fiv11 +tafjrio+ - Fta - tafjrid

forall j = 1,...,d — 1. Recall that the maximal value for [P;,, ;] is v;. By the duality
theorem for Linear Programming, it must be that v; = q{ +lvj+1, where the latter is the value
of [D;, ;1. In other words, any v with v;,, > ), ,v; is implementable, where ¢/, = /g,
This implies BT (K;) = Ky, where t' = (t,,...,t,). It is easy to see that

_Jattafart -t te - tafa
Juut+tafia+ - +tatafia

t5(t) - t5(t) - - t5(t)

To show that BT(K) # K, it suffices to show that ) (t) - t5(t) - - - t)(t) # to - - - t4. But this
follows immediately from the observation that

1 1
———fat ——fot o+ fa <1< futtafioto it tafig
to- -ty tg- -ty

which is true because t > 1 and ¢, ---t4 > 1. O]

Lemma 1.18. Fix t ¢ R4 such thatt > 1 and ¢, ---t4 > 1, and let K be defined as in
[1.6] above. If the type process satisfies PPR, B'(K;) # K.

Proof. For each dual problem [D;,; ;], by Lemmas I.15 and I.16, the dual constraints [DCy]
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bind forall k = 1,...,5 + 1. A little algebra tells us that

gro Inttlet ot bl
! fj+1,1 + 752fj+1,2 +-t e 'tj+1fj+1,j+1

Recall that the maximal value for [P;,, ;] is v;. By the duality theorem for Linear Pro-
gramming, it must be that v; = q{“vjﬂ, where the latter is the value of [D,,, ;]. In other
words, any v with v;,, > t},,v; is implementable, where ¢, = 1 /¢ ", This implies
B (K;) = Ky, where t' = (t}, ..., t};). To show that BT(K}) # K, it suffices to show that
ift;11 > 1, then t;'+1 <tji1.

To see that this is the case, observe that t; 41 < tj41 if, and only if, ©(¢;41) > 0, where

Q(tjs1) ==t [ta- - tifigmr]| + e[ fin +tafjo + - o tifi —ta- i fin ]
— [fivra Htafja+ - bt fi]

The function ¢ is a quadratic in ¢;,;. It is clear that ©(0) < 0, and a simple calculation
establishes that ¢(1) = 1. Moreover, ¢ is convex, which implies ¢(¢;+1) > 0 whenever
tj+1 > 1, which establishes the claim. Ll

1.2.3. Iterates of B in the CARA Case

Define inductively the sequence of sets K™ as follows: K := R?, and for all n > 1,
KM .= B(K"1),

Lemma I.19. The sequence (K™)) satisfies:
(a) For each n e N, K™ is a closed, convex cone in R?.
(b) K™ < K= for all n > 1.
(c) The largest fixed point of &B, K, = lim,, ,, K (") and is a closed, convex cone.

Proof. Part (a) follows from induction and Lemma [.4. Part (b) follows from monotonicity
of 9B. The limit statement in part (c) follows from the simple observation that 98 is order-
continuous on the complete lattice (QRCi, D) and arguments in Section 4 of Echenique
(2005). That K, is a closed, convex cone follows from the limit statement and monotonicity
of the sequence as described in part (b). ]

We would like to establish analogues of Lemma I.12 and Corollary 1.13 for this
more general setting. To do so, we show how to compute iterates of %8 through solutions
of conic programs. (As will become clear, due to the multiple incentive constraints, in
contrast to the LP analysis in the previous section, it is no longer clear that the iterates
of AR are polyhedral cones; even if they are, the generating polyhedra are more difficult
to explicitly describe. Since we will not need to compute the iterates in closed form, we
adopt the more general approach of conic, instead of linear, programming.)
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Given a convex cone C' < R", the dual coneis C* :={y e R":y - x>0V xe C}.
We will use the following version of Conic Programming Strong Duality in the sequel.*

Theorem S (Conic Programming Strong Duality). Let J < R" and L < R™ be closed
convex cones, and let J* and L* denote the respective dual cones. Letb € R™ and A € R™*™,
Consider the primal conic program

[peone] max c-y Ssubjecttob— Aye Landye J
Yy

and the dual conic program

[Deone] min b- q subject to AT(] —ce J" and q€ L*
q

Suppose that [Pc"] satisfies the Slater condition, i.e., there exists z € J such thatb — Az €
intL. Then, if [P®"] is feasible and has finite value:

(a) The dual problem [D*] is feasible.
(b) The values of [P°"] and [D*"¢] are equal (and finite).

We will also use the following piece of notation in the sequel: for any v € R¢ and
j=1,...,d—1,define vo; := (vji1,...,vq) € R,

Given some closed, convex cone K < IR?, some j=1,...,d—-1landv.; e [R{f_j,
consider the following conic programming problem:

[P] max u; + af fwj + fpwie + -+ fiawjd]
VRN
0;11
St =yt al fisiawia + -+ firrawja] < vje
J
0,4 <
9. u; + a[fd,le,l +ot fd7dwj,d] S Vd
J

Uj < 0
W e K

It is easy to see that this is a primal conic programming problem of the form described in
[Peone], with y = (ug, W), b=vsj, L = [Rfi, J = R_ x K, and the vector ¢ and matrix A
easy to read off from the problem. Thus, the dual cones are L* = L and J* = R_ x K*. It

*This statement of conic duality is from Theorem 4.7.1 of Gértner and Matousek (2012, p. 62).
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follows that the dual conic program may be written as

d
Ppiull ; J o
d .
[DCfull] st > a0k <0
k=j+1
(DCtul | o [fjH, £i0,... ,fd] ¢ — of; e K*
q =0

where [fjH, fiio,... ,fd} denotes the d x (d — j) matrix whose kth column is given by the
(column) vector of transition probabilities from state j + k, i.e., fj1x = (fjir1s---» fisrd) -

Let MP; : Rf‘j x K = R denote the argmax correspondence from [P"], as a
function of (v-;, K). (Recall that & denotes the space of closed convex cones in R%.)
Let VP; : IREH x X — R_ denote the value function for [P!"]. Similarly, let M D; :
RY7 x K 3 R/ and VD, : R"7 x X — R_ denote the argmin correspondence and
value function from [D™"].

Lemma L.20. Let j < d — 1 be given. For any {0} # K € X, the following hold:

(a) Forany v.; € Rf*j , the Slater condition and strong conic programming duality (con-
clusions (a) and (b) of Theorem 5) hold.

(b) VP;(-, K)and VD;(-, K) are well-defined (i.e., finite-valued) continuous, concave, and
HDI.

(¢) MP;(-, K)and M D;,(-, K) are nonempty-valued and upper hemi-continuous. M D;(-, K)
is HDO.

(d) VPj(vs;, K) = VDj(vs;,K) <0if and only if v.; # 0.

Proof. First, observe that [P™'] is clearly feasible and satisfies the Slater condition, as it is
always possible to set v; = 0 and scale up w; along some ray contained in K so that all of
the incentive constraints hold as strict inequalities. Note that the following choice is always
feasible in [P™']: w; = 0 and u; = 0; - ming—_; 11,4 [vr/0k]. This policy has finite value
77777 4 [vx/01]. (The value is always bounded above by 0.) Thus, it is without loss

of optimality to restrict attention to (u;, w;) € R(v~;) where

.....

Qj : mink=j+1

R(vs;) = {(uj,wj) € RT s u; + af fwp + frpws + - + fjawja] > 65+ min [Uk/ek]}

is nonempty and compact. Define the correspondence M : IRffj x K = R4 by

M(v=j, K) := {(u;,w;) € R(vs;) : (uj, w;) is feasible in [P™] at (v.;, K) }
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It is easy to see that, for fixed K, M (-, K') is nonempty- and compact-valued and continuous.

Part (a) thus follows from Theorem 5. The constraint set in [D™"] independent of
v~; and is clearly compact (due to [DC"] and g’ > 0). Part (c) thus follows from these
observations and Berge’s Theorem of the Maximum, as does continuity of the value
functions stated in part (b). Concavity follows from the fact that V' D;(-, K) is the lower
envelope of linear functions and strong duality from part (a). HD1 follows from the
simple observation that M D;(-, K) must be HDO, i.e., ¢/ € M D;(v~;, K) if and only if
q’ € MDj(av~;,K) forall a = 0.

Finally, part (d) is obvious upon inspection of the constraints in [Pf!]. [
Now we may state the analogue of Lemma 1.12.

Lemma L.21. The sequence (K™)) satisfies:

[L7] K™ ={veR?:v; <VP(vs;, K"V) forall j =1,....,d— 1}

Thus, the largest fixed point of %, K, satisfies

[L8] K,={veR?:v; <VP(vs;,K,) forallj=1,....d—1}

Proof. Immediate from the definitions. ]

We remark that parts (b) and (c) of Lemma 1.20 imply that K™ and K, indeed
satisfy all the properties laid out in Lemma 1.19.

Define the following sets:

d
[L9] A= {V e RY : v; = O} A:

A

QS
_

[1.10] Bj:={veR?:v; =VP(v-;,K,)} B: B;
1

Jj=

Lemma 1.22. The boundary of K, satisfies bd K, < A u B. The interior of K, satisfies
[L11] intK, = {veR?_:v; <VPj(vs;,K,) forall j=1,...,d—1}

Proof. Immediate from Lemma [.21 and the fact that, by part (b) of Lemma 1.20, each
V P;(-, K,) is continuous. ]

Finally, the desired analogue to Corollary 1.13.

Lemma L.23. Forany K € {K™}, .y U {K,} and (uj, w;) € M Pj(v~;, K), we have u; = 0.
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Proof. Let any such K be given. By Proposition 1.8 and Lemma 1.19, K is a closed
convex cone satisfying c1V; = K = R?. Suppose, towards a contradiction, that (u;, w;) €
M Pj(v;, K) and yet u; < 0. Consider (u}, w’;) defined as u); := u; +ae and w} := w; —¢l
for some ¢ > 0 sufficiently small that v, < 0.

First, we claim that (u;, w}) is feasible in [P™"]. To see this, note that —el e clV; € K
and w; € K by construction, and that K is closed under addition because it is a convex
cone. Thus, w € K. Now, for each k > j + 1, the k-th IC constraint in [P?""] reads

9k o it a Efk[ ] = e_k(uj + ag) + aEfk[Wj — el
0, 0;
< Vg

where the first line is by definition, the second line holds because (u;, w;) is feasible by
assumption, and the final line holds because 6, < ¢,. Thus, (u}, w}) is feasible in [P™].
Next, note that (v, w’) attains the same value as (u;, w;), because u’; + E' [w)] =
u; + ae + a EY[w; — 1] = u; + o EY[w;] by construction. Thus, (u}, w}) € M P;(v~;, K).
But, then, since v} < 0 and all of the IC constraints are slack under (u}, w}) by
construction (as show above) there is some ¢ > 0 such that (u + 0, w}) is feasible in [Pf"]
and attains strictly higher value. This is the desired contradiction. It follows that u; = 0,
completing the proof. O

1.2.4. Iterates of 9B in the General Case

We now turn to the case of general utility functions U(+) satisfying Assumption DARA.
Unlike the case of CARA utility, it is no longer immediate that %8 maps convex cones to
convex cones. Below, we show that this is nevertheless true.

Given some closed, convex cone K < R?, some j = 1,...,d — 1, and V. € [R{d:j,
consider the following optimization problem:
[PPARA] max - u; + al fpwi + fpwsa + -+ + fiawja]

st W(ug, g+ 1,7) + o firawin + - + fijpawia] < v

w(uj, d,j) + Oé[fdjl’w]',l + -+ fd,dwj d]

U

< Uq
<

.

0
K

('ﬂ

W

Note that problem [PPARA] is a strict generalization of [P*"]. Itis also a concave optimization
problem because, by Lemma I.1, the constraint set is closed and convex.
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Proposition 1.24. Let K € {K™} _ U {K,}. Then, the set B(K ™) is independent of
the discount factor « € (0, 1) and the utility function U(-) (which satisfies Assumption 1).

Proof. To begin, let n = 0 so that K = K(©) = R?. Clearly, K is independent of « and U.

Suppose, towards a contradiction, that (uj, w;) is an optimal solution to [PPARA] and
u; < 0. Consider (v}, w’}) defined as v := u; + ac and w} := w; — €1 for some ¢ > 0
sufficiently small that u; < 0. We proceed analogously to the proof of Lemma 1.23.
First, we claim that (u/;, w}) is feasible in [PPARA]. To see this, note that —¢1 € clV; <
K and w; € K by construction, and that K is closed under addition because it is a convex
cone. Thus, w’; € K. Now, for each k > j + 1, the k-th IC constraint in [PPAR*] reads
P(uj, k, ) + a Ef’“[w;-] (uj, k, j) +ae -’ (uf, k, §) + a E'[w; —e1]
oy — ae(l —¢/(uf, k. 7))

k

<
<

A
<

where the first line is by definition of (u}, w’;) and the convexity of 1 (-, k, j) (Lemma L.1),
the second line holds because (u;, w;) is feasible by assumption, and the final line holds
because ¥’ (u}, k, j) < 1 (Lemma L.1). Thus, (u}, w’) is feasible in [PPARA].

Next, note that (v}, w’) attains the same value as (u;, w;), because v, + « E' [w)] =
u;+ ae + o EY[w; —e1] = u; + o E%[w;] by construction. Thus, (v}, w}) is also an optimal
solution of [PPARA]. But, then, since u); < 0 and all of the IC constraints are slack under
(u}, w’;) by construction (as show above), there is some ¢ > 0 such that (v + §, w’) is
feasible in [PPARA] and attains strictly higher value. This is the desired contradiction.

Therefore, it holds that u; = 0 in any optimal solution of [PPARA] for K = K = R?.
By Lemma I.23, the same is true of every optimal solution of [P""], given any CARA utility
function. Moreover, since (0, k, j) := lim, o ¢ (u, k,j) = 0forall k > j + 1 (Lemma L.1),
the constraints and objectives in [PPARA] and [P™] are identical whenever w;; in particular,
they depend only on the transition probabilities {f;}{_;,, and the discount factor a, but not
on the utility function U. It follows that the optimal solutions of [PPARA] and [P"] coincide,
and are independent of U, at K = K(© = R<,

Proceeding inductively in n € N, the above argument, Proposition 1.8, and Lemma
1.19 together imply that each K™ is a closed convex cone satisfying cl1V; € K™ < R?,
and such that K™ does not depend on U. Since Proposition .8 and Lemma I. 19 then
imply that K, = lim,,_,,, K™ is also closed convex cone satisfying clV; € K™ < R<,
the same argument also yields that 9B(K,) = K, is the independent of U.

Finally, we show independence with respect to the discount factor o € (0, 1). By the
above, each K € {K(™}*_ U {K,} is a convex cone; hence, the objective and constraints
in [P?ARA] are HDI in (v, w;) when u; = 0. Moreover, by the above, the optimal solutions
of each [PPARA] involves u; = 0. Since K 0 = RY is clearly independent of «, the result
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then follows from induction in n and taking the n — co limit. Il

Proposition 1.25. The following hold:
(a) K., the largest fixed point of 9, is independent of a and U'.
(b) D = B, (K,) = intK,. Thus, D is an open, convex cone and is independent of « and
U.

Proof. Part (a) follows from Proposition .24, Lemma I.21, and part (c) of Lemma I.19.

For part (b), consider problem [PPARA] given K. By Proposition 1.24, K, is charac-
terized by Lemmas .21 and 1.22. Recall the sets A and B defined in [1.9] and [1.10] before
Lemma [.22. Clearly, v € A implies that v ¢ 9B, (K, ). Consider v € B. It follows from the
proof of Proposition .24 that any menu (u;, w;);cs € (R_ x K,)? that implements v must
satisfy u; = 0 for some j = 1,...,d — 1. Thus, v ¢ B, (K,).

It therefore follows from Lemma 1.22 that %8, (K,) < intK . We claim that B, (intK,) 2
intK,. Let v € K,, so that by Lemma 1.22 v; < 0 and v; < VP;(v;, K,) for all
J = 1,...,d — 1. Consider the concave program [PP*R4] (given this v and K,). The
constraint set is a convex set with nonempty interior (this follows from the same sim-
ple arguments used to establish the Slater condition in the proofs of part (a) of Lemma
1.20 and Proposition 1.24), and thus for any feasible (u;, w;) there exists a sequence
(uj,w}) — (uj, w;) such that each (u7, w?) lies in the interior of the feasible set. The
objective function is continuous, so there exists some N € N such that for any n > N we
have v; < u? + o E%[w"] forall j = 1,...,d — 1. Thus, v € %, (intK,). Thus, we have
proved the claim.

Now, monotonicity of %8, implies that B, (K ) = B, (intK,) = intK, and thus also
that D = intK,, which completes the proof. Il

I.3. A Useful Suboptimal Contract

In this section, we consider the case in which the agent has CARA utility and the type
process satisfies either MLRP or PPR. The goal is to construct a (suboptimal) recursive
contract ¢ € Z that is [TVC]-implementable starting from any v € D.> This serves as an
intermediate step towards proving both part (f) of Theorem 3 (see Section 1.4 below). We
also show that ¢ generates well-defined and finite value for the principal starting from any
v € D, which is needed to prove part (b) of Lemma B.2 in Appendix B.2; this is nontrivial
because the principal’s flow cost function C(-) is unbounded both above and below.

*Note that, with a slight abuse of notation, here we use ( € = to denote a specific contract that is
feasible in the second-best problem (with IC constraints), rather than a generic element of =B, the set of
full-information feasible contracts (cf. Section 3.1 and SA-F of BKL).
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For simplicity, for the remainder of (only) the present section, we restrict attention to
the d = 2 case; extending to the general case for d > 3 is straightforward but notationally
very cumbersome. Let 8 := foo — f12 = fi1 — fo1. (The equality foo — f12 = fi1 — fa1
is an identity that follows from f1; + fio = fo1 + fo2 = 1.) Because we are considering
the MLRP/PPR case types and the process is fully connected by Assumption Markov,
we have (3 € [0, 1). Because we are considering CARA utility of the form U(c) := —e™**
for some p > 0, it is convenient to work directly with the variables x; := u;/6; where
0; := e~#~. Thus, with a slight abuse of notation, we will let recursive contracts specify
flow allocations in terms of the x; instead of the ;.

1.3.1. Some Derived Parameters and Relations Between Them

Lettq := 65/0,. Itis easy to see that ¢y € (0, 1). Define ny := fo1 —to f11 and ny 1= foo —to f12-
It is easy to see that 1, > 0. However, we do not have sufficient information to sign 7. Let
s = afo1/(1 — afan) and X\* := (an; + to)/(1 — ans).

We shall now record some facts about these newly defined parameters.

Lemma 1.26. We have 1, + ty7, > 0. In particular, the quadratic ¥ (t) = — fiot> + (foz —
fi1)t + fo1 > O0forall ¢t € (0,1), and ¥(tg) = m1 + tono-

Proof. Of course, if 1; > 0, then the inequality always holds. We shall show that it holds
even if n; < 0.

Notice that

m + tome = for — tofi1 + to(fo2 — tof12)
= —f1275(2) + (fo2 — fi)to + fa
=:(to)

where v (t) is the quadratic polynomial defined above. Notice that ¢/(1) = 0, while ¢(0) =
for > 0. Also observe that ¢'(t) = —2fiat + (fa2 — fi11), which implies that ¢'(1) =
—2fi2+ fro— fu=8-1<0.

Because ¢ is a quadratic, it can have at most two real zeros. But 1 is a zero of ¢,
which implies that the other zero is real and (strictly) negative. Therefore, for all ¢ € [0, 1),
¥(t) > 0, which completes the proof. [

Lemma 1.27. The following inequalities hold:
(@) 0 < Ay, \* < 1.

(b) to < A\*.

(©) A <A™

Proof. Part (a) follows immediately from basic assumptions in the model, so we shall only
establish parts (b) and (c).
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To see (b), notice that ¢, < A\* if, and only if, ¢y — toan, < any + ty, which holds if,
and only if, a(n; + ton2) > 0, which is true by Lemma 1.26.

To see (c), notice that v fo1 /(1 — afas) < (am + to)/(1 — anp) if, and only if, afo; —
A formy < amy + tg — @ foam — atg fop. This is equivalent to requiring that

E(a) := a®(forma — faomn) + a(mn — for + faato) + Lo
= ?to(faafi1 — frafar) + ato(faa — f11) +to >0

Itis easy to see that fos f11 = f12f21. We also have ato( foo— f11)+t0 = to [1 + a(fae — f11)] >
0 because 1 + «(fao — f11) > 0. This implies {(«) > 0 for all a € (0, 1), as claimed. [

Let p* := (for + N fa2)/(f11 + A* f12). It is easy to see that p* > 0. We claim
Lemma 1.28. With * and \* defined as above, p* > A\*.

PrOOf ,U* = (f?l + >\*f22)/(f11 + )\*flz) > \* lf, and Only lf, f21 + /\*f22 > fll/\* + )\*2f12.
This holds if, and only if, ¥)(A\*) > 0, where ¢ is the quadratic defined in Lemma 1.26. But
this is true because A* € (0,1) and ¢» > 0 on (0, 1). ]

Consider, again, the equations

[PK,] thxy + afiiwn + afiswis = vy
[PK;] Oay + aforwar + afoeag = vy
(IC] Oz + aforwin + afoewn < vy

Multiply [PK,] by ty = 65/6; < 1 and subtract it from [IC,;]. This results in

awr(for — tofi1) + awia(faz — tofiz) < va — tovy

which we rewrite as
[ICH, anwi + anawiz < v — vy
Notice that [PK;] and [ICY ] together imply [IC,,;]. To see this, multiply [PK,] by t, =
05/0; < 1 and add it to [IC},] to obtain [ICy].
1.3.2. Suboptimal Strategy — Part 1

Let V) := {veVy:v = (v, 1), A < A < \*} be a cone in the domain. We shall now
show that every point in V(1) is self-generating in the sense that there exists a feasible
strategy such that given a starting point v € V1), we can satisfy promise keeping and
incentive compatibility while staying at v in all subsequent periods.
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For v e VM) and s € S, define the menu ((v, s) = (¥ (v, s),(¢(v,s)) by (7 (v, 5,4) :=
x;(v), where z;(v) is independent of s and to be solved for later, and (¢(v, s,4) := v, which
is independent of both s and i. When v € V() is given, we will often simply denote the
flow policy by z;.

It suffices to show the following:

Lemma 1.29. Let v e V(). Then, there exist z;, 25 < 0 such that ((v, s), defined as above
with these z;, solves [PK,], [PK;], and [IC].

Proof. There exists xo < 0 such that (z,, v) satisfies [PK,] if, and only if,

O./(fgl + )\fgg)vl > /\Ul

which, in turn, holds if, and only if, A > a/f2; /(1 —afa2) = A., which is true by assumption.
Similarly, there exists x5 < 0 such that (z,, v) satisfies [PK,] if, and only if,

a(fir + Afi2)vr > vy

which, in turn, holds if, and only if, A\ < (1 — «f11)/a fs2, Which is always true because
A<1<(1—afir)/afs.

Finally, note that [IC} ] does not depend on the choice of (x4, z5). Thus, it suffices to
show that [ICY ] is satisfied with w; = v. This is true if and only if

a(m + vy < (A —to)vy

Because v; < 0, this holds if, and only if, a(n; + An) > (A — t) which is equivalent to
A < (amy +t9)/(1 — amy) = A*. This holds because v = (v1, \v1) € VI, This completes
the proof. ]

1.3.3. Suboptimal Strategy — Part 2
Recall ;* defined above in Section 1.3.1, and define
VO = {veVy:v=(v,puv), 0<p<p*}

We will now show that it is possible to implement v € V(® with a menu such that w; € V(1)
for i = 1,2. More precisely:

Lemma L.30. Let v € V). Then, there exists (z;, w;);—12 < 0 that implements v such
that w; e V(Y for i = 1, 2.

Proof. From Lemma 1.29, we can implement all v € V() in this manner. Therefore, it
suffices to consider v e V@\VM), (Recall that V; = V; because \* < p*, as proved in
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Lemma 1.28.) We can readily choose w, € V() and x, < 0 such that 6,25 + E® [wy] = vy,
i.e., such that [PK,] holds. Notice that this can be done independently of our choice of
(x1,w1), as (x2, wy) does not enter in to either [PK;] or [ICy].

Let v = (v1,v3 = pvp). In order to prove the lemma, we need to find wy; < 0 and
A € (A4, A*] such that

alfir + Afi2)win > v

04(771 + )\772)’LU11 < vy —tyv; = (,u — tO)Ul

where the first inequality is merely [PK,] (with x; < 0 treated as a slack variable) while
the second reflects [IC},]. This system has a solution if, and only if,

R Y el (I
a(fin + Afiz2) ! a(m + An) !

which has a solution if, and only if,

1 N lo
a(fin + Afiz2) a(n + Ang)

This has a solution if, and only if,

m + Mg + to(fi1 + Afi2)

(fir + Afi2)
_ Ja1 = tofi1 + A faz — tofiz) + tofo — toAfi2
(fir + Afi2)
o fat Afa
a (fir + Afi2)

< p* whenever A < \*

which is true by the assumption that v € V). Therefore, we can choose any A € ()., \*]
for which there exists wy; < 0 so that [PK;] and [ICX,] (or equivalently [IC,,]) hold.

Notice that given w; € V(! with the above properties, we can always find z; < 0
such that [PK;] holds with equality. This completes the proof. [

Let (x;(v), w;(v));=12 be the solution described in Lemma 1.30, for some given
v € V), In this manner, for each v € V? and s € S we may define the menu ¢(v, s) by
¢f(v,s,i) := z;(v) and ¢¢(v, 5,1) := w;(Vv), both of which are independent of s.

1.3.4. Suboptimal Strategy — Part 3
Let VO = {veVy:v = (v, ), p* <p<1},sothat Vo = V® U VE), We shall now

show that it is possible to construct a contract (really, a sequence of menus) so that for
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any v € V), the continuation utilities reach V(") in finitely many steps, regardless of the
sequence of shocks. In particular, this time can be taken to be independent of the sequence
of shocks under consideration.

Let W < V4 be a fixed subset and fix an initial v € V; and s(® € S. A contract is
W-amenable at (v, s?) if there is a finite natural number N (that depends on W and
(v, s)) such that for any sequence of shocks s, ..., s(") e SV, the continuation utility
reaches W in at most V steps.

Lemma L.31. Let v e V® and fix s(9. Then, there exists a contract that is V(!)-amenable
at (v, s).

Proof. Let v = (vy,vy = povy) € VB where uy € [p*,1). We will show that linear
inequalities derived from the constraints possess suitable solutions; any collection of such
solutions will serve as the desired V()-amenable contract.
First, consider the case where s() = 2. Let wy = (ws;, Aws1), so that we can re-write
[PK,] as
a(for + Afa2)war > py
(where x, is treated as a slack variable). It is immediate that we can choose A € (A, A*]

and wsy; < 0 that satisfies this inequality, and hence [PK,] with some appropriately chosen
x5 < 0. Thus, if the first shock is s} = 2, then the continuation utility w, € V().

Next, consider the case where s) = 1. Let w; = (w1, pywy1), so that [PK;] and
[IC},] can (respectively) be re-written as

a(fir + pafi2)win >0
a(m + pne)wir < (po — to)vr

(where x; < 0 is treated as a slack variable). We can find w;; < 0 that solves the above
inequalities if, and only if,

1 po — to
>
Jun+pafie o+ pane
which, in turn, holds if, and only if,

pa(n2 — fiz(po —to)) > fui(po —to) —m

It is easy to see that 1y — fio(po — to) = fao — fiap0 > 0. Moreover, fi1(po — to) —m =
Jiipo — for1.

Notice that fi119 — f21 can be either positive or negative. If it is negative (or zero),
then we can always find 1, € (A, A*] such that i (ne — fi2(po — to)) > 0, which implies
that continuation utility w; € V() in the following period.
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HOWCVCI', if fll,uo — f21 > (), we can set M1 = (fn,uo — fgl)/(fgg — flguo). Then,

Mo — M1 = Mo — (fn,uo - f21)/(f22 - f12uo)

_ m | = frzapg + p1o(fa2 — fi1) + far]

1

N fa2 — fiatto
>0

Y (f10)

because ¢ (t) > 0 for t € (0,1). Thus, py > u1. Proceeding iteratively, we can find a

decreasing sequence where p, = (fiipin-1 — f21)/(f22 — fiattn—1). Because 9(-) is a
quadratic, the sequence (¢(f1,,)) lies in [¢(0), 1 (1o)]. Therefore,

1
f22 - leMn—l

> émm [(0), ¢ (p)] > 0

so the decreasing sequence has a difference uniformly bounded away from zero. Therefore,

Hn—1 — Hp = ¢(Mn—1>

there exists a finite N such that yy < p*. Then, if continuation utility is in V?), we can
use the menu defined in Lemma 1.30 that then implements a transition to V") in one more
step.

Any contract constructed from the solutions to these linear inequalities is one we
desired, completing the proof. [

1.3.5. Suboptimal Strategy — Summary

We shall now show that there exists a contract that has finite cost for the principal and is
[TVC]-implementable starting from any v € V5.

Proposition 1.32. There exists a recursive contract ¢ that (i) is [TVC]-implementable
starting from any v € V5 and (ii) induces a well-defined and finite-valued cost function
QS : Vo xS —R.

Proof. The proof relies on Lemmas 1.29, 1.30, and 1.31. Starting at (v, s), the contract
defined in Lemmas 1.30 and 1.31 guides continuation promised utility to V(") in finitely
many steps, where the finite bound is independent of the sequence of shocks. Then, upon
reaching V"), continuation utility stays at the same point regardless of the shock — this is
Lemma I.29. Since there are only finitely many different utility levels for any starting point
(v, s), [TVC] clearly holds and the cost to the principal of this contract is well-defined and
finite, which proves the claim. [
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I.4. Final Steps: Proof of Theorem 3

We prove each part of the theorem in turn.

Proof of Part (a). Existence, non-emptiness, and convexity of D follow from part (a) of
Proposition 1.3. Part (c) of Proposition 1.7 establishes that D = V, (and, hence, also
non-emptiness of D). Openness and the independence properties follow from part (b) of

Proposition 1.25. ]
Proof of Part (b). This is exactly part (c) of Proposition 1.3. [
Proof of Part (c). This is exactly part (b) of Proposition I.3. ]
Proof of Part (d). This was proved in SA-E.1 of BKL. ]

Proof of Part (e). By part (b) of Proposition 1.25, it suffices to establish the claim for the
case of CARA utility. Thus, consider iterates of the operator %' under CARA utility. By
Lemma 1.12, the iterates of the operator %' starting with the set R? are characterized by
the sequence (K, ) and K], the largest fixed point of %7, is the limit of this sequence.
That is, K] = K+ where t* := lim,,_,., t™.

But we have shown in Lemmas 1.17 and 1.18 that under either MLRP or PPR, it
cannot be that t* > 1. Thus, by part (a) of Lemma .12, t* = 1. Thus, K l = clVj. It follows
from part (b) of Proposition 1.8 and part (a) of Proposition 1.9 that K, = clVj. Thus, part
(c) of Proposition 1.9 and Proposition .10 imply that D = V (alternatively, this last step
can be deduced from part (b) of Proposition 1.25). []

Proof of Part (f). Given part (e) of Theorem 3, proved above, it suffices to show that
D* = V; under the additional assumption of CARA utility. This was established in
Proposition 1.32 of Section 1.3. ]

J. Proofs for Sections 3.2 and 3.3

This section collects proofs related to the regularity conditions from Section 3.2 and the
Bellman equation from Section 3.3 of BKL. We first prove Lemma B.2 in Section J.1.
In Section J.2, we present and discuss Theorem 6, which extends the treatment of the
Bellman equation from Section 3.3 of BKL. We prove most of Theorem 6 in Section J.3
(part (c) of that theorem is proved separately in SA-C.3.3 of BKL).
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J.1. Proof of Lemma B.2

We begin with the proof of part (a) of Lemma B.2. (Note that, if v € 1, then part (b) of
Lemma [.5 and Lemma 1.6 together imply that I',(v) # . The following proof extends
the same reasoning to the potential case in which D 2 V.)

Proof of Part (a), Case (i). Let the type process satisfy FOSD. Let v € D and consider
any menu (u;, w;);cs € I'(v). We will construct a perturbation of this menu that lies in
I, (v), thus establishing nonemptiness.

Let ¢/ € S be given. By hypothesis, (uy, w,) € U x D satisfies [PK;] (i = ¢) and each
of the [IC;;]1 (i > j = (). Lete > 0, and let w),, := wg, — /247 % for k = 1,...,d. Now,
let uj := up + d such that 6 := ae Eff[(zd, . 2)] By construction, (u, wj) satlsﬁes [PK;]
(z = ¢). Note that we may take ¢ > 0 sufficiently small so that wj, € D and u, € U, as both
D and U are open sets (by part (a) of Theorem 3).

Recall from Lemma I.1 that for all i > ¢ we have ¢/(-,,¢) < 1, which implies that
(ug + 0,1, 0) — U (ug,1,0) SO (ug +y,1,¢)dy < 0. Therefore, for all i > ¢, we have

[J.1] [ (ug + 6,1, 0) — (up, 1, 6)] — e Efi[(Qid, o %)] <0

by definition of § > 0 and because E[(;, ..., )] > E¥[(&,...,1)] due to the assumption
that f; first order stochastically dominates f;, for all ¢ > ¢. Then, we have

(up, i, 0) + a B [wy] = ¢(ue, i, 0) + [t (up, i, 0) — ¢(u, i, 0)] + « E¥ [wp — (5, . . .,
<+ [[@/J(U%,Z,é) - %D(W, 276)] —ae Ef [(2d7 s %)]]
< V;

N
S~—
—

where the weak inequality is because (u,, wy) satisfies [IC;;] (i > j = /), and the strict
inequality is because of [J.1]. Thus, it is clear that (uj, w}) € I'o(v). [

Proof of Part (a), Case (ii). Let the transition probabilities {f; } be affinely independent.
This implies that each of the f; is an extreme point of the convex hull co < {f;} 1;:1> . Thus, by
the Separating Hyperplane Theorem, for each ¢ € S there exists a vector a, € R? such that
E' [a,] > E* [a;] > 0 for all i > /. We may then adapt the proof used in Case (i) above by

simply replacing the vector (55 3) with the vectors a, when perturbing (us, w,). O

ody

Towards the proof of part (b) of Lemma B.2, we next present a series of lemmas.
Lemma J.1, stated below, does not rely on the CARA or PPR/MLRP assumptions.

Lemma J.1. Under Condition R.2, there exists a real-valued function Q¥ : D x S — R
such that QY < Pon D x S.
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Proof. By Lemma F.1, the first-best value function Q* is real-valued on U? x S. Let Q*
denote the restriction of Q* to D x S. Then Q* < Pon D x S. H

Lemma J.2. Suppose that the agent has CARA utility and that the type process satisfies
either MLRP or PPR. Then there exists a real-valued function QY : D x S — R such that
P<Q@YonD x 8.

Proof. By part (f) of Theorem 3, we know that under these conditions D* = D = V. The
finite upper bound is a consequence of the (suboptimal) [TVC]-implementable contract ¢
constructed in Section 1.3. By Proposition 1.32, the value function induced by the contract
¢ is real-valued, Q¢ : D x S — R. Moreover, by the definition of Q¢ and P, we have that
P < Q%on D x S. Thus, let QV := Q°. ]

Lemma J.3, stated below, does not rely on the CARA or PPR/MLRP assumptions. It
will also be used later in the proof of Theorem 6. Recall the full-information constraint
correspondence I'™ : U4 x S — (U x U?) defined in SA-F of BKL.

Lemma J.3. There exists an n € R, such that, for each v e U¢ and (u;, w;)ies € TTB(v),
it holds that U; € (UZ', O) and W;; € (7]1)1', O) for all Z,] es.

Proof. The upper bounds follow directly from Assumption DARA. The lower bounds
are simple consequences of the promise keeping constraints [PK;]. First, we have v; < u;
because w; € U by Assumption DARA. Second, we have v; < af;jw;; because u; € U
by Assumption DARA. The lemma follows by defining 7 := 1/ (amin; jes fi;), which is
well-defined and finite by Assumption Markov. ]

Lemma J.4. Suppose that the agent has CARA utility. Then regularity Condition R.2
holds.

Proof. We first bound the growth rate of the principal’s flow cost function. Under CARA
utility, U(c) = —e~“and U~ (u) = —log (—u). (We set the risk aversion coefficient to 1
for notational simplicity.) Let §; = e *i. Then it is easy to see that C(u,i) = U~ '(u/6;).
Fix an initial promise v € U, a seed type s € S, and a full-information contract ¢ € =B,
Let (v(¥) and, for each i € S, (ugt)) and (wz@) denote the stochastic processes for promises,
flow utility policies, and continuation utility policies induced by ( initialized at v. Fix a
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path i € # . Recall the constant > 0 defined in Lemma J.3. Along the path h, we have

o () — aES |w(n) |

1 d
t t
AE] >4%Gahmw+ZmeD
7 j=1
ing.) — t. ©) . :
[J.3] > log(IgSn 6;) — log (77 max ;- [1+d 77])

where the first inequality follows from the triangle inequality and monotonicity of the
log(+) function, and the second inequality is a ¢-fold iteration of the bounds from Lemma
J.3. This simplifies to

C(uy”(h), ) > log(min®;) — tlog(n) — log(max |v;|) — log(1 +d - 1)
1€ 1€

Note that the RHS is independent of the path h € # and the current type ¢ € S. Thus,
taking the a-discounted sum, it is easy to see that there exist x; € R and x5 < 0 such that

[ee}
[J.4] égyf{ 2 a'C (ugm(h)(h), s(t+1)(h)> > K1 + Ko log(nile%x lvi])

The discounted sum on the LHS is the realized cost to the principal of ¢ along path h. The
inequality in [J.4] gives a lower bound on pathwise costs that is uniform across paths and
feasible full-information contracts. Note also that the constants x1, ko are independent of
both the path £ and the initial condition (v, s). An immediate consequence of [J.4] is that

Q*(v,s) = k1 + kKo log(m%x lvi])
S

on U? x S. Let a (potentially different) path h € # be given. The above inequality holds
for all (v (n),s®(h)), i.e.,

Q* (v (h), sV (h)) > Ky + #z log(max [ (b))

Iterating on the same growth-rate bounds from Lemma J.3 used to derive [J.3], we may
bound the RHS of the above inequality from below as follows:

051 ko sz log(max v (A)]) > ki + Kz - £ - log(n) + Ry - log(max [vf”)])
¢ 1€

The RHS of [J.5] is independent of the path h € # . Then, using the fact that o' - ¢t — 0, we
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have

lim inf of [mf Q* (v (h), s(t)(h))] > lim of [/—cl + kg - t - log(n) + Ky - log(masx |vi(0)|)] =0
1€

t—00 t—00
which is the desired condition. O
We now collect these pieces into a proof of part (b) of Lemma B.2.

Proof of Part (b). Display [J.4] in the proof of Lemma J.4 and the fact that = < =B
together imply that the expected discounted sum defining P is well-defined. Lemmas J.1
and J.2 then imply that P is real-valued. This establishes that Condition R.1 is satisfied.
Condition R.2 is satisfied by Lemma J.4. Condition R.3 is satisfied by case (i) of part (a)
of Lemma B.2, proved above. [

J.2. Bellman Equation

The following result generalizes and extends Proposition 3.2 from Subsection 3.3 of the
main text, which then follows as an immediate consequence. Parts of the following theorem
are used repeatedly in intermediate steps of the proof of Theorem 1 contained in SA-C of
BKL.

Theorem 6. Suppose the environment is Regular. Then the principal’s value function
P : D x S — R satisfies the functional equation

[FE] P(v,s) = min me (ui, i) + aP(w;,1)]

uz Wz)zESEF

and, for each s € S, P(-, s) is convex. Moreover:

(a) P is the pointwise smallest solution to [FE] that lies pointwise above QQ*, the first-best
value function.

(b) P is strictly increasing in vy and non-monotone in v; for all i > 1. For any convergent
sequence (V") D such that v"* — bd D, the boundary of D, we have P(v",s) — +.

(¢c) There exists an optimal contract £* such that, for each i € S, the functions £*/ (-, 1)
and £*¢(-,-,1) depend on (v, s) only through (v;, . .., vg).°

(d) The policy correspondence derived from [FE] is nonempty-, compact-, and convex-
valued and is upper hemicontinuous.

(e) If, in addition, the environment is [TVC]-Regular, then (i) each P(-, s) is strictly convex
and continuously differentiable, (ii) there exists a unique optimal contract £*, which

“That is £*/ (v, s,i) = ¢*/(v/,¢/,i) for all (v,s), (v/,s') € D x S such that v; = v/, for all j > i, and
similarly for £*c.
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satisfies the independence properties stated in part (c), (iii) for each s € S, £*(-,s) is a
continuous function, and (iv) the induced allocation tg« solves the sequence problem
[SP].

The proof of Theorem 6 is in Section J.3 below. The proof makes clear precisely
which of the Conditions R.1-R.4 are used to establish each part of the theorem.

While many properties described in Theorem 6 are standard, two points warrant
mention. First, part (b) establishes that the value function is non-monotone in each v; with
¢ > 1. To understand this, consider the case in which d = 2 and the type process satisfies
FOSD, so the domain D = V; (see Theorem 3 and Figure 1 of BKL). An increase in v,
tightens both the promise keeping constraint [PK;] (: = 1) and the incentive constraint
[IC%, ], leading to unambiguously higher costs for the principal. An increase in v9, on the
other hand, tightens [PK;] (¢ = 2) and adds slack to [IC%,]. The first effect increases costs,
while the second effect lowers costs; depending on the current state (v, s), either of these
effects can dominate. When v; ~ 0 (i.e., v is close to the upper boundary of V%), the first
effect dominates and P is increasing in vo. When v is close enough to the diagonal (i.e.,
the lower boundary of V5 ), the second effect dominates and P is decreasing in vs.

Second, part (c) states that the optimal contract does not depend on all components
of the state variable (v, s). The independence of the policy functions on the previous report
s € S follows directly from the interim nature of the promised utility state variable. Because
the constraint set I'(v) does not depend on s, it is easy to see that the optimization problem
in [FE] may be decomposed into d separate problems, each of which conditions only on the
agent’s current report. (This property is used in SA-C.3.3 of BKL as part of the proof of
Theorem 1.) Thus, v € D is a “sufficient statistic” for (v, s) for the purpose of computing
optimal flow and continuation utilities. Of course, the agent’s previous report s € S is
essential for determining the principal’s value at each history, and is thus a necessary
component of the principal’s state variable. The fact that the policy functions for type i € S
depend on the current promised utility v only through its components (v;, v;41, ..., vq) iS
a consequence of Assumption NHB, which implies that u; and w; only appear in those
incentive constraints that deter deviations by higher types.

J.3. Proof of Theorem 6

We will establish the relevant properties through a series of lemmas, and collect them into
a proof of the theorem at the end.

Let R denote the extended reals, and let R”*® denote the space of functions f :
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D x S — R. Define the Bellman operator T : R™* — R”** by

[T] TQ(v,s) := 1nf Z fsi [Cuiy 1) + aQ(w;, 1)]

uz Wi zESEF

Lemma J.5. Suppose that Condition R.1 holds. Then the principal’s value function, P,
satisfies the Bellman equation

[BE] P=TP

Proof. This follows from standard Principle of Optimality arguments, e.g., a straightfor-
ward adaptation of Theorem 4.2 of Stokey, Lucas, and Prescott (1989, p. 71). [

Lemma J.6. Suppose that Conditions R.1 and R.2 hold. Then P is the smallest fixed point
of the Bellman operator [T] in the order interval [Q*, o] (endowed with the pointwise
order).

Proof. By Lemma J.5, it suffices to show that any fixed point Q = TQ) with Q > Q*
satisfies () > P. Because P > Q* by definition of these functions, Condition R.2 implies
that the appropriate analogue of condition 2.17 in Kamihigashi (2014) holds (with his
upper bound v replaced by the lower bound @Q* and the sign of the limit term reversed, as
is appropriate given our focus on minimization and his focus on maximization). Then, an
elementary adaptation of Proposition 2.1 in Kamihigashi (2014) establishes the claim. [

Lemma J.7. Suppose that Condition R.1 holds. Then P(-, s) is convex and continuous on
D foreach s e S.

Proof. By Theorem 3(b), the constraint correspondence I'(-) has a convex graph. In
addition, the return functions C(-, s) are convex. It then follows from the definition of [RP]
and standard arguments that P(-, s) is convex. Continuity of P(-, s) follows because D is
open by Theorem 3(a). ]

We will use the following notation in the coming proofs. For each menu (u, w) :=
(i, Wi)ies € (U x D)d and s € S, define

H(P, Zfsz (ui9) + aP (wy, 1)]

Thus, in particular, the Bellman equation [BE] may be written as P(v, s) = inf(ywyerv) H (P, (1, W), s).
Define the policy correspondence by T* : D x S =3 (U x D)* by

[J.6] ['*(v,s) :=arg min H(P,(u,w),s)
(u,w)el’(v)
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Lemma J.8. Suppose that Conditions R.1 and R.2 hold. For any convergent sequence
(v")r_, = D with limit point v* € bd D, the boundary of D, we have P(v",s) — +co for
each s e S.

Proof. Let s € S be fixed throughout. Let (u”, w") := (u}', w}"),cs denote a sequence of
menus with the following properties. First, (u™, w") € I'(v") for all n € N. Now, because
the sequence (v") converges and is thus bounded, it follows from Lemma J.3 that there
exists a bounded set R (U x D) such that (u”, w") € R for all n € N. Second, suppose
that there exists some ¢ > 0 such that each (u”, w") is e-optimal, i.e.,

[J.7] H" := H(P,(u",w"),s) < P(v,s) +¢

for all n € N. Such an € > 0 and a corresponding sequence of menus exists by virtue of
Lemma J.5.

We claim that H" — +0, which implies that P(v", s) — +oo. This claim follows
from two facts. First, we assert that there exists some X € R such that

inf  P(w;,i) > K
€S, (u,w)eR
To see this, observe that inf,cg (uw)ecr @ (Wi, ) > —oo by Lemma F.1, where Q* is the
first-best value function. The first fact then follows from the fact that P > Q* on D x S.
Second, we assert that u” — 0. This follows from the structure of the domain D — see, in

particular, the statements and proofs of Lemma .23 and Proposition 1.24. It is then easy
to see that the claim that H" — +oo follows, as we have

d
H" > ZfsiC(u?,i) + aK
i—1

by the first fact, and C'(u},7) — +oo for all i € S by the second fact. This completes the
proof. Il

Following Kreps (1977), we say that a recursive contract ¢ is conserving if it attains
the infimum in [FE] for each (v, s) € D x S. (Note that, by definition, if £ is conserving
then it must be feasible.) It is easy to see that if £ is optimal, then it must be conserving
(though, the converse requires additional argument).

A Kakutani correspondence is a correspondence that is nonempty-, compact-, and
convex-valued and is continuous.

Lemma J.9. Suppose that Conditions R.1 and R.2 hold. For each (v, s) € D x S, the infi-
mum in [BE] is attained. That is, there exists a conserving recursive contract £*. Moreover,
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the policy correspondence I'* is nonempty-, convex-, and compact-valued and is upper
hemi-continuous.

Proof. We will construct a Kakutani correspondence and show it is without loss of opti-
mality to restrict attention to menus that lie in this correspondence. Let (v, s) € D x S be
given. Define

L(v,s) :={(u,w)e(v): H(P,(u,w)) < P(v,s) + 1}

Define K (v, s) := cl L(v, s), the closure of L(v, s). It follows from Lemma J.3 that I'(v)
is a bounded set. Thus, it follows that L(v, s) is bounded and thus that K (v, s) is compact.
It is also true that K (v,s) # (J because P satisfies the Bellman equation (Lemma J.5),
and thus there exist e-optimal menus for each € > 0. Moreover, it is easy to see that the
function H(P,-) : I'(v) — R is convex, and thus that K (v, s) is a convex set (since I'(v) is
convex by part (b) of Theorem 3).

We assert that the implied correspondence

K:DxS=2(Ux D)
(v, s) = K(v,s)

is a well-defined Kakutani correspondence. To show that it is a well-defined correspon-
dence, we must show that K(v,s) € (U x D)? for all (v,s) € D x S. Clearly we must
have K(v,s) < cl I'(v). If K(v,s) n (cl I'(v)\I'(v)) # J, then there exists some se-

quence ((u™,w™"))”_, < L(v,s) such that (u",w") — bd (U x D). (It is easy to see
that (cl T'(v)\I'(v)) = bd (U x D)%) By the same arguments as in the proof of Lemma
J.8, H(P, (u",w")) — +oo, which contradicts the definition of L(v, s) and finiteness of
P(v,s) (Condition R.1). Thus, K is a well-defined correspondence. To show that it is
Kakutani, it suffices to show that it is continuous. But this is easy to see, as I'(+) is a
continuous correspondence, P is a continuous function (Lemma J.7), and each H (P, -, s)
is a continuous function on (U x D)* by virtue of the continuity of the C(-,4) and P.

It follows that the argmin correspondence M* defined by

M*(v,s):= argmin H(P, (u,w),s)
(u,w)eK (v,s)
is continuous and nonempty- and compact-valued by Berge’s Theorem, and convex-valued
because K is Kakutani and H (P, -, s) is convex. We showed above that K (v,s) < I'(v). It
is also easy to see that the policy correspondence I'* (defined in [J.6]) satisfies ['*(v, s) <
K (v, s). Thus, it follows that M*(v,s) = I'*(v, s) for all (v,s) € D x S. This completes
the proof. O

ES-37



Lemma J.10. Suppose that Conditions R.1 and R.2 hold. Any conserving contract £* is
optimal, i.e., is optimal in the principal’s recursive problem [RP]. Hence, there exists a
optimal contract.

Proof. Lemma J.9 shows that a conserving contract exists, so it suffices to show that
any such contract is optimal for the principal. But optimality is a direct consequence of
Condition R.2 and an adaptation of Theorem 4.5 in Stokey, Lucas, and Prescott (1989). In
particular, because P satisfies the Bellman equation [BE] (Lemma J.5) and the infimum is
attained at each step (Lemma J.9), induction gives

T
P(v,s) =E [Z atc«(u(t)’ S(t+1))‘ 50 — S] +E [aT+1P(V(T+1)’ 8(T+1))’ 50 — S]

where (uV)*  is the flow utility process induced by conserving recursive contract (i.e.,
some measurable selection from the policy correspondence). Now, Condition R.2 implies
that

t—00 he#H

lim inf o lmfP( (h),s“)(h))] >0

because P > Q* on D x S. Thus, for some sufficiently large 7, there exists a constant
K € Rsuchthat forallt > T

o (1) () -
a [é?yfgp(v (h),s (h))] +K =0

Thus, we may apply Fatou’s Lemma to get

0 < E[liminf ™ P(v(T), 5<T“>)’ s©
T—o0

d

< liminf E [T+ Py, sT0) | 50 — ]

T—0o0
Combining the above displays, we get
T

Z t t+1))‘ S(O) _ 3]

[J.8] P(v,s) = liminf E

T—o0

By Condition R.1 (which requires that the double integral be well-defined and finite), we
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have

E [Z o max {0, C(u®, s(t+1))} ‘ sO = 5| <+

t=0

t=0

E [Z o' max {0, —C/(u®, s"*1)} ‘ sO = 5| <+

and thus,
a0
E [Z at‘C(u(t),S(tH))H 5O = s] < 4
t=0

Then, by Fubini’s Theorem,

lim E

T—o0

T
Zoth’(u(t),s(tH))‘ s© = s] =E
=0

o0
Z atC(u(t), s(tﬂ))‘ s = s]
t=0

Then it follows from [J.8] that P(v,s) > E [foio ot C'(u®, s(t“))’ s0) = s]. The opposite

inequality holds by the definition of P in [RP]. Thus, P(v,s) = E [Zfo: o O (ult), s(t“))‘ s = s]
and hence the conserving contract is optimal. Il

Lemma J.11. Suppose that Conditions R.1 and R.5 hold. Then P(, s) is continuously
differentiable on D for each s € S.

Proof. Under Condition R.1, Lemma J.7 states that P(-, s) is convex. Under Condition
R.5, P(-, s) is differentiable (on the open set D, by Theorem 3(a)). As differentiable convex
functions are continuously differentiable, the lemma follows. O]

Lemma J.12. Suppose that Conditions R.1 and R.4 hold. Then P(-, s) is strictly convex
foreach s e S.

Proof. Let £* be a [TVC]-implementable optimal contract, the existence of which is guar-
anteed by Condition R.4. Let v, v’ € D be given such that v # v’. For fixed n € (0,1),
define v" := nv + (1 — )v'. Let (u®, w®)2 and (u'®, w'®)*  denote the stochastic
processes of menus generated by £* starting from v and v’, respectively. For each t € N, let

Thus, the process (u”®), w”®)” ~denotes the history-wise convex combination of the

processes (u®, w®)2  and (0'®, w'®)2 . Because ¢* is feasible and delivers promises
(i.e., satisfies [DP], by virtue of Lemma A.1) and because the constraint correspondence I
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has convex graph (by part (b) of Theorem 3), it follows that the process (u”®, w”®)*  is
feasible and delivers promises starting from v” € D.

We will establish strict convexity by expanding the right-hand side of [FE]. It follows
from the facts (i) that v # v/, (ii) that £* delivers promises, and (iii) that the type process
is fully connected (by Assumption Markov) that there exists some 7' € N such that
P(u™ # u'™) > 0. Now, expanding the right-hand side of [FE] for T periods, we have

nP(v,s)+ (1 —n)P(v',s)

T
= Z o'E [770(“?(2“)7 S(HD) +(1- 77)0(“;((?+1)7 S Hl }3 3]
=0

L dTE [HP<W,((17:;H), sTH) 4 (1 — ) P(w (g)ﬂ)’ (T+1))‘S(0) _ S]
> Zat E [ u/'((fH), (t“))‘s(o) = 5] +alE [P(W;/((Ql),s (T+1)) ’3 = 3]
> P(V ,S)

The strict inequality follows from convexity of P(-, s) (established in Lemma J.7), strict
convexity of the C(-, 1), and the fact that P(u™ # ') > 0. The weak inequality follows
from the definition of P(v”,s). This establishes strict convexity. ]

Lemma J.13. Suppose that Conditions R.1 and R.2 hold. For each s € S, the value
function P(-, s) is (a) strictly increasing in the component v; and (b) non-monotone in the
component v; forall j =2,...,d.

Proof. Consider part (a). Let v e D and s € S be given, and define v/ := (v; —¢&, 09, ..., 7,)
for some sufficiently small ¢ > 0 sothatv’ € D. Let (u}, w});cs be an optimal menu at (v, s)
(such a menu exists by Lemma J.9). It is easy to see that the menu (u}, w}),cs defined by
uy i=uy — &, u; = u} forall j > 2, and w;} := w for all i € S satisfies (u;, w})ics € T'(V').
It satisfies the promise keeping constraints [PK;] by construction, and adds (potentially
zero) slack to all of the incentive constraints [IC;;] ( > 7). (Note that v; does not appear in
any of the incentive constraints.) This menu is strictly less costly than the optimal menu at
v, so by revealed preference we have P(v’, s) < P(v, s). This proves part (a).

Part (b) follows immediately from part (a) of Theorem 3, Proposition 1.11, and
Lemma J.8 above. In particular, those first two results imply that D < K, (the cone K,
is constructed in Proposition I.11). It is easy to see from the structure of that set that, for
any j > 2 and fixed v_; := (v1,...,0j_1,041,...,0q), the set {y € U : (y,v_;) € D} is
bounded. Non-monotonicity in the jth component then follows from Lemma J.8. [

We may now collect the pieces above to prove the theorem.
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Proof of Theorem 6. Lemmas J.5 and J.9 together imply that P satisfies [FE]. Convexity
follows from Lemma J.7. Part (a) of the theorem follows from Lemma J.6. Part (b) of the
theorem follows from Lemmas J.8 and J.13. For part (c), existence of an optimal contract
follows from Lemma J.10. The independence properties follow from part (a) of Lemma
C.12 in SA-C.3.3 of BKL. Part (d) follows from Lemma J.9.

Finally, consider part (e). Point (i), strict convexity and continuous differentiability,
follows from Lemmas J.12 and J.11. Given strict convexity and Lemma J.9, the policy
correspondence I'* is singleton-valued, so there exists a unique conserving contract and
hence at most one optimal contract. By Lemma J.10, it is indeed the unique optimal
contract, establishing point (ii). Point (iii), continuity, follows from uniqueness and the
upper hemi-continuity in Lemma J.9. Point (iv) follows from Lemma A.1. ]

K. Details for Section 5.2

This section presents facts that support Properties (a)—(e) stated in Section 5.2 of BKL.
We consider a setting with binary types (d = 2), FOSD transitions (f11 = fo1, fo2 = fi2),
and CARA utility: U(c) = —e*° for some p > 0. It is convenient to define the marginal
utility parameter ¢, := e~ " for each i € S, so that U(w; + ¢;) = 6;U(¢;) and ¢(u,1,7) =
(6;/6;)u. Under these assumptions, the environment is Regular and, by Theorem 3(f), the
domain satisfies D = D* = V5, where D* is defined in [B.1] of Appendix B.1. We further
assume that Conditions R.4 and R.5 hold, so the environment is [TVC]-Regular. We let
¢* denote the optimal contract (which exists and is unique by Proposition 3.2), and let
u;(v,s) := & (v, s,i) and wy(v, s) := £*¢(v, s,1) denote the policy functions.

The first fact formalizes the claim in Section 5.2 that optimal contracts are HD1,
from which Property (a) follows immediately.

Fact 1. For any persistence level, the optimal contract is homogeneous of degree one
(HD1) in v, and the solutions to the efficiency problems [Eft;] are HD1 in v.

The next two facts establish basic facts about the dynamics of promised utility under
i.i.d. and persistent shocks, respectively.

Fact 2. When types are iid:

(a) The rays F, and Fs coincide. (Call the single ray E.)

(b) The policy functions satisfy wi(v,s) € E and wo(v,s) € E forall (v,s) € Vo x S.
(c) Givenv e E, wi(v,s) K v < wa(v,s).

Fact 3(b) yields Property (b), from which Properties (c) and (e) immediately follows.
Fact 2 yields the i.i.d. portion of Property (d). Parts (a) and (d) of Fact 3 yield the persistent
portion of Property (d).
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Fact 3. With positive persistence (i.e., when fi11 — fo1 = fas — f12 > 0):

(a) The ray E lies strictly above the ray Es.

(b) The policy function w satisfies wo(v,s) € E, forall (v,s) € Vo x S.

(c) Given v € Es, wa(v,s) » V.

(d) On the optimal path, the policy function w,(v\®), s®) lies strictly below the ray E\.

The final fact restates the result from Thomas and Worrall (1990) that, with i.i.d.
types and CARA utility, the optimal contract is order-independent. This fact is referenced
at the end of Section 5.2.

Fact 4. Suppose that types are iid. Fix v.®) € E, and let h be a history of realized types
and ht = (s',...,s') be its length-t restriction. Then v\*)(h) depends on h* only through
the number of high and low reports.

In Sections K.1 and K.2 below, we present and prove a series of intermediate lemmas.
In Section K.3, we consolidate these lemmas into proofs of the above Facts 1-4.

K.1. General Homogeneity Properties

We begin with homogeneity properties of the value function and optimal contract. These
not require any assumptions on the number of types d € N or the type process beyond
Assumption Markov.

Lemma K.1. Suppose the environment is [TVC]-regular. For all a € R and s € S:
(a) The principal’s value function satisfies the homogeneity property

a

[K.1] P(e ™ *v,s) = P(v,s) + -

(b) For fixed s € S, the optimal contract is homogeneous of degree one in v
[K.2] le™v, s) = e7¢(v, 5)

Proof. Part (a) is immediate from the facts that (i) the return function C(z) := U~!(z)
satisfies

[K.3] Cle™%r) = —log(—e “z) = —log(—x) — log(e™) = C(x) + a

and (ii) that the graph of the constraint correspondence I'(+) is a convex cone by part (c) of
Lemma [.2. Part (b) follows from part (a) and point (i¢) in the previous sentence (recall
that the optimal contract is unique under [TVC]-regularity). [

We also have the following useful homogeneity property for the derivatives of the
value function:
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Lemma K.2. Suppose the environment is [TVC]-regular. For all « € R and s € S:
(a) The partial derivatives P;(-, ) are homogeneous of degree —1, i.e., for each i € S,

[K.4] Pi(e7v,s) = e*Py(v, s)
(b) The directional derivative Dy P(-, s) is homogeneous of degree —1, i.e.,
[K.5] Di1P(e *v,s) = e"D1P(v,s)

(c) Foreachie S, the efficiency set E; (defined in SA-C.3.1) are rays in D.
(d) If types are iid, there exists aray £ in D suchthat £ = F; = --- = Ej.

Proof. For part (a), lete > 0 and i € S. Let &; € R? denote the ith standard basis vector.
We have:

P(e v + cé;,s) — P(e™ v, s)

Pi(e7%v,s) = lim

e—0 g
— lim P(e™[v + e%cé;],s) — P(e™ v, s)
e—0 12
P “ Ai: - P )
= liH(l) (v +eeéi ) (v, s) by part (a) of Lemma K.1
e— 9
P ‘ce;,s) — P
=e’- lir% [ (v + et s) v, S)] = ePi(v,s)
e— e‘e

which proves part (a). Part (b) is an immediate corollary of part (a). For part (c), note that
[E,] together with part (a) imply that E; must be a cone. That it must be a ray then follows
from, e.g., Lemma C.5. Part (d) follows immediately from part (c) and examination of the
optimality conditions in SA-C.1. Il

Lemma K.3. Suppose the environment is [TVC]-regular, and that the type process is iid.
Let (v(®) denote the induced promise process induced by the optimal contract. Suppose
that the initial v(%) € £, where E is defined in part (d) of Lemma K.2. Then there exist
numbers b; € R for each ¢ € S such that

d N
vo = (T ) e
i=1

where (N, .“));*;0 is the counting process defined by

Ni(t) = ‘{Te{l,...,t}:s(T) ZZ}’

Proof. By Remark C.7, the optimal contract maps F to F, i.e., w;(v,s) € Eforallie S
and (v,s) € E x S. Given this, the lemma is an immediate consequence of part (b) of
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Lemma K.1 and part (d) of Lemma K.2. []

K.2. Facts about Multipliers in the d = 2 Case

Lemma K.4. Suppose the environment is [TVC]-regular, and that d = 2. If v € E,, then
t21(v, s) > 0 for each s € S. Thus, if the type process is iid and v € F, then po1(v, s) > 0
foreach s € S.

Proof. The first statement is a corollary of Lemmas C.16 and C.17. The second statement
follows from the first and part (d) of Lemma K.2. []

Lemma K.5. Suppose the environment is [TVC]-regular, and that d = 2. If v € E|, then
us(v,s) > uy(v,s) for each s € S. Thus, if the type process is iid and v € FE, then
us(v,s) > uy(v,s) foreach s € S.

Proof. In the d = 2 case, the optimality condition [FOCu;] for i = 2 reduces to

Ao (v, s) N p21(v, s)

C'(uz(v,s),2) = » s

and [FOCu;] for ¢« = 1 reduces to

C'(u(v,),1) = Al;vi 3 _ “21](}1’5) . Z_j

Since \;(v,s) = Pi(v, s) by the envelope condition [Env,], and since v € FEj, it follows
from [E,] that \y(v, s)/fs = A1(V, s)/fs1. Thus, combining the above displays gives

fa, 02) (v,
fs2+61) fsl

Thus C'(us(v, s),2) — C'(u1(v, s),1) > 0 by Lemma K.4. The first statement of the lemma
follows because C’(-,i) > 0 on U. The second statement follows from the first and part (d)
of Lemma K.2. ]

C'(uz(v,s),2) — C'(ui(v, s),1) = (

For the next lemma, recall the multipliers 7;(v) and ;;(v) from the “interim” problem
defined in SA-C.3.3 (just below [L;]).

Lemma K.6. Suppose the environment is [TVC]-regular and d = 2. We have the following:
(a) v e Fj if and only if

0921 (V)

[K.6] N2(v2) = m(v) +
fi2
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(b) Fix v € V5. At the optimum, we have

[K.7] ne(wiz(v,s)) = m(wi(v,s)) + 021(“}11(;, s)) B (fnf;fm) 02}2’)

(c) v € Ey if and only if

021 (V)

[K.8] M2(v2) = m(v) + Far

Proof. In the d = 2 case, [C.10] at i = 2 reduces to

/\2(V7 5) fs1
[K.9] = V) — —091(V
st 772< ) fs2 21( )
and [C.10] at 7 = 1 reduces to
(v, s
[K.10] vis) _ Mm(v) + o2 (v)
fsl
Thus, by the envelope formulas [Env;] and the definition of [E;], v € E, if and only if
fsl o
ma(v) — f—Uzl(V) =m(v) + 021 (v)
s2

Part (a) follows from rearranging the above display when s = 1. Part (c) follows from the
same, when s = 2.

For part (b), first observe that a simple rearrangement of the optimality conditions
[FOCw,;] for i = 1 delivers

Pl(Wl(V,8>,1) _ Pg(Wl(V, S), 1) _ ,ugl(V,S) . f11 — f21
fll f12 fsl fll 'f12

Subtracting [K.9] from [K.10], invoking the envelope formulas [Env;], and combining with
the above display yields

[K.11]

&U _ M21(V75) ) fui— fa
M T T

Now, in the d = 2 case, [C.11] reduces to 09;(v) = u(v,s)/fs. (Thus, in particular, the
weighted multiplier x(v, s)/fs is independent of s.) Plugging this in to the above display
and rearranging yields part (b) of the lemma, completing the proof. ]

[K.12] m (V) + 091 (V) — 772(V) +
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K.3. Proofs of Facts 1-4

We now prove each of the facts in turn.
Proof of Fact 1. This is an immediate corollary of part (b) of Lemma K.1. ]

We note that the properties in Fact 2 could be proved easily for any d > 2 by appealing
to arguments in Thomas and Worrall (1990). We give a direct proof in the d = 2 case.

Proof of Fact 2. Part (a) follows from part (d) of Lemma K.2. Part (b) follows from
Remark C.7. Consider part (c). Because D is a convex cone in U? (part (a) of Theorem
3) and F is a ray in D (part (d) of Lemma K.2), it is easy to see that the ray £ must
be “upward sloping.” That is, for any v, v/ € E such that v # v/, it must be that either
v « v or v/ « v. By Lemmas C.9 and K.4 (noting that £; = E by part (d) of Lemma
K.2), we have D; P(ws(v,s),2) > D1 P(v,s). It then follows from part (b) of Lemma
K.2, the fact that F is “upward sloping,” and [C.3] together with Lemma C.6(c) that
wy(v, s) » v, as desired. Moreover, by the martingale property (Proposition 4.4), we have
D1 P(wiy(v,s),1) < D1P(v,s). Remark C.7, together with the argument just used, then
implies that wy (v, s) « v. This completes the proof of part (c). Il

Proof of Fact 3. Part (b) is a corollary of Lemma C.8. Consider part (c). By Lemmas C.9
and K.4, we have Dy P(ws(v, s),2) > D1 P(v,s). It then follows from part (b) of Lemma
K.2, the fact that F, is “upward sloping,” and [C.3] together with Lemma C.6(c) that
wy(v, s) » v, as desired. Finally, consider parts (a) and (d). For part (a), let v € E. Part
(c) of Lemma K.6, Lemma K.4, and fos > fi5 imply that

091 (V)

Ji2

But, by [K.9] and [K.10] (together with the envelope formulas [Env;]), this is equivalent
to Pi(v,1)/fi11 > Py(v,1)/f12. This implies that F; lies strictly above F, because strict
convexity and continuous differentiability of P (Proposition 3.2) imply that the lower
contour sets of P(-, 1) are strictly convex, and tangent to the vector fi- := (1/f11,—1/f12)
exactly at points v € E;. This completes the proof of part (a). The proof of part (d) is

M2(v2) < m(v) +

similar, invoking part (b) of Lemma K.6. ]
Proof of Fact 4. This is an immediate corollary of Lemma K.3. ]
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