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Abstract

In this paper we develop a block bootstrap approach to out-of-sample inference when real-time
data are used to produce forecasts. In particular, we establish its first-order asymptotic validity for
West-type (1996) tests of predictive ability in the presence of regular data revisions. This allows the
user to conduct asymptotically valid inference without having to estimate the asymptotic variances
derived in Clark and McCracken’s (2009) extension of West (1996) when data are subject to revision.
Monte Carlo experiments indicate that the bootstrap can provide satisfactory finite sample size and
power even in modest sample sizes. We conclude with an application to inflation forecasting that
revisits the results in Ang et al. (2007) in the presence of real-time data.
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1 Introduction

Real-time vintage data are often used to construct forecasts. At central banks, such as the Federal
Reserve and the European Central Bank, this is due to the real-time nature of their forecasting prob-
lem. For example, at each FOMC briefing and General Council meeting, it is expected that the staff
will have taken on board the latest data when constructing their forecasts. This is important not
only because new data are continuously being released but also because previously released macroe-
conomic data are revised and the revised data are generally considered more accurate. Documenting
the importance of real-time data to central bank forecasting was one of the main motivations for the
development of the Real-Time Dataset for Macroeconomists (RTDSM) at the Federal Reserve Bank
of Philadelphia (Croushore and Stark, 2001). In particular, while Stark and Croushore (2002) and
Croushore (2006) emphasize that data revisions obviously change the conditioning information avail-
able to the forecasting agent, the revisions can affect parameter estimates and even the functional
form of the predictive model.

With this in mind, there is an increasing emphasis on evaluating central bank-, survey-, and
model-based forecasts using real-time vintage data. For example, Faust and Wright (2009) evaluate
the efficiency of Greenbook forecasts using a sequence of historical datasets archived at the Federal
Reserve Board of Governors. Faust, Rogers, and Wright (2005) investigate prospects for real-time
exchange rate forecasting using vintages of data available at the OECD’s database of Main Economic
Indicators. Chauvet and Piger (2008) illustrate the real-time accuracy of recession forecasts using the
ALFRED database hosted by the Federal Reserve Bank of St. Louis. Croushore (2011) provides a
review of other issues related to real-time forecasting and monetary policy evaluation in the context
of the RTDSM. While much of this empirical literature focuses on the US or the Euro area, Garratt
et al. (2011) investigate real-time forecasting issues associated with data for Australia, New Zealand,
and Norway.

Unfortunately, while the empirical forecasting literature has adapted to the real-time nature of
macroeconomic data, the bulk of the theoretical literature on forecast evaluation largely ignores it.
Examples like West (1996), Clark and McCracken (2001), Corradi, Swanson, and Olivetti (2001),
Giacomini and Rossi (2010), and Odendahl, Rossi and Sekhposyan (2022) each ignore the possibility
that at any given forecast origin the most recent data may be subject to revision. This is an issue
because out-of-sample tests of predictive ability are operationally distinct from in-sample tests, in
ways that make out-of-sample tests particularly susceptible to changes in the correlation structure of
the data as the revision process unfolds. This susceptibility has three sources: (i) while parameter

estimates are typically functions of only a small number of observations that remain subject to revision,



out-of-sample statistics are functions of a sequence of parameter estimates (one for each forecast origin
t=R,...,T), (i) the predictors used to generate the forecast and (iii) the realization of the dependent
variable used to construct the forecast error may be subject to revision, and hence a sequence of
revisions contribute to the test statistic. If data subject to revision possess a different mean and
covariance structure than final revised data (e.g., Aruoba (2008)), tests of predictive ability using
real-time data may have a different asymptotic distribution than tests constructed using data that are
never revised.

In the context of OLS-estimated linear models, Clark and McCracken (2009) show that real-time
data can affect tests of equal predictive ability under quadratic loss. In particular, they rederive the
results in West (1996) but allow for forecasts that are constructed sequentially across vintages of real-
time data. They find that data revisions can lead to substantial changes in asymptotic variances for
asymptotically normal tests. In addition, they find that in the context of nested model comparisons,
tests can be asymptotically normal even when they were not in the absence of revisions. Subsequently,
the analytical results indicate that ignoring the real-time nature of the data can lead to large size
distortions and substantial reductions in power. These distortions can arise when revisions are best
categorized as news, in the sense of Mankiw, Runkle, and Shapiro (1984), but are most likely to occur
when the revisions contain at least some element of noise which, in turn, causes forecast errors to be
correlated with predictors.

The main contribution of this paper is to provide a bootstrap approach to conducting inference
in a similar framework to that in Clark and McCracken (2009). When appropriately implemented,
the bootstrap allows for valid out-of-sample inference without having to estimate the somewhat com-
plicated asymptotic variances derived by Clark and McCracken (2009). More specifically, we provide
analytical, Monte Carlo and empirical evidence on the effectiveness of a new block bootstrap approach
to out-of-sample inference when forecasts are constructed using real-time vintage data. In many ways
our bootstrap is unique. There exists no other bootstrap specifically designed for vintage data. Our
block bootstrap treats those observations near the end of a given vintage of data as fundamentally
distinct from older, fully revised observations. By doing so, we are able to mimic the triangular array
of real-time data in each bootstrap sample.

While our bootstrap is new, it clearly builds on previous work, including Calhoun (2015) who
develops a bootstrap that can be used for conducting inference on asymptotically normal out-of-
sample tests of predictive ability. The procedure allows for estimation error to contribute to the
asymptotic distribution as derived in West (1996) but only in the same environment as West - one

that does not allow for real-time vintages of data. It is also related to that of Corradi and Swanson



(2007) who propose a block bootstrap procedure for predictive inference based on recursive estimation
schemes. Like they do, we must account for the fact that as we move across forecast origins the sample
size increases and hence some observations are used more frequently than others, and this affects the
design of the bootstrap statistic (in particular, it requires a careful choice of the centering constant).

Monte Carlo simulations indicate that our bootstrap can provide accurately sized tests of predic-
tive ability in the presence of revisions. Even so, the bootstrap algorithm has limitations and the
assumptions underlying its validity are obvious approximations to reality. Specifically, we assume that
revisions are finite lived and regular across all vintages. A few series, like non-seasonally adjusted
initial and continuing claims, as well as housing starts, experience revisions that align with our as-
sumptions. However, for many other macroeconomic variables like employment, consumption, and
industrial production, our assumptions only partially hold in the sense that for most vintages, only a
small handful of the most recent observations are revised. That said, these series also have a once-
a-year annual benchmark revision in which many more historical observations are revised.! As such,
the revision process is not regular across all vintages. Regardless, by abstracting from benchmark
revisions we are able to take one step toward developing a bootstrap approach to inference when data
revisions are present. Later we use simulations to assess the impact of this simplifying assumption on
our bootstrap algorithm and its ability to provide accurately sized and powerful tests.

We then apply our bootstrap in the context of comparing the forecast accuracy of models used to
forecast CPI- and PCE-based inflation. Specifically, we revisit a small subset of the results in Ang et
al. (2007) in which they conclude that survey-based forecasts of CPI inflation are more accurate than
a variety of model-based forecasts so long as the surveys are associated with the actual target variable
(CPI rather than PCE inflation). Our goal is to see if their conclusions are robust to the presence of
real-time data, which they do not consider. Over a common forecast sample, our results align closely
with theirs despite the presence of real-time data. Over a longer, and more recent sample our results
continue to align with theirs for CPI inflation but not for PCE inflation though a simple explanation
is evident: CPI and PCE inflation are very highly correlated over the recent sample but are not in
the earlier sample. We conclude with an analysis comparing the forecast accuracy of models to survey
forecasts of PCE inflation over a recent but shorter sample. These too support the value of using survey
forecasts rather than (admittedly simple) models when forecasting inflation and moreover, using those
surveys associated with the actual target variable.

Before proceeding we first clarify that our bootstrap is designed for inference when forecasts are

!Consider US payroll employment. In every month other than June, there is a new initial release for the current
month and the values from the previous two months are revised. In June, that same pattern is augmented by revisions
to the previous five years worth of data. Hence, for 11 months of the year our assumptions are satisfied but in general
are not due to the annual benchmark revision.



constructed using a common, but very specific usage of vintage data. We assume that at a given
forecast origin, the current vintage of the observables is solely used to form the forecast. This implies
that the parameter estimates are estimated using some data that have just been released, some that
have been revised once (or more), and some that have been fully revised. Alternative approaches exist.
Koenig, Dolmas, and Piger (2003) and Clements and Galvao (2013) estimate models using historical
observations with a common level of revision. For example, one might estimate model parameters
using only initial releases of a series. This entails using one observation each from the current and
previous vintages — in contrast to our approach which uses many values from a single vintage. For a
discussion on the costs and benefits of these two approaches, see Clements and Galvao (2019).

The remainder of the paper proceeds as follows. Section 2 introduces the notation and describes
the forecasting environment. Section 3 presents the assumptions. Section 4 delineates the asymptotic
distribution of the proposed test statistic. Section 5 describes the bootstrap algorithms and charac-
terizes the asymptotic properties of our bootstrap approach to inference. Section 6 presents Monte
Carlo evidence on the finite sample size and power of the test using both asymptotic and bootstrap
critical values. Section 7 illustrates our bootstrap approach to inference in the context of real-time

inflation forecasting. Section 8 concludes. An Appendix contains proofs of the theoretical results.

2 Framework

We follow the revision structure described in Clark and McCracken (2009). At each forecast origin
t = R,...,T, forecasts of a scalar target variable y are made using a finite dimensioned vector of
predictors = based on the current vintage of data {ys (t),zs(t) : s =1,...,t}. We assume that after
a finite number of r releases the revisions are final. For example, we let y,; denote the Gt release of
Ys, and hence yyy, ..., Y51 are all preliminary values of ys while y,), corresponds to the final value
of ys, which we write as y,), = ys. For each {,

() = ys forl1<s<t—r+1
Ys ) = yy; fors=t—j+1, j=r—1,...,1

To illustrate the notation, consider the case of a single revision with » = 2. Table 1 provides a
description of this data structure. It shows that the data has a triangular structure, where the last
observation in each column (vintage) is updated in the following vintage.

The 7-step ahead forecast is formed using linear OLS estimated models }(t)3(t) where

t -1y
B(t) = ( Z Ts—r (t) T, (ﬂ) Z Ts—r () ys (1),

=147



Table 1: Structure of real-time data with r = 2

Vintage date (t)

Obs. s R R+1 ... T+1
1 Y1 (1 Y1

2 Y2 Y2 Y2
R—-2 ygro

R—1 yr1 yr YR-1
R YR YR YR
R+1 YR+1)1 .

T yr
T+1 Yr+1)1

and the bracket notation in 3 (t) is used to emphasize dependence on vintage ¢ data. The forecasts are
evaluated against y; |/, the r’'th release of the target variable y;,, where ' € {1,...,7}. The choice
of r’ is context specific. For instance, if 7 = 1 and 7’ = 1, the forecast is evaluated against the first
release of Yy 11, Y411 = Y1 (t + 1). But if 7' = 2, the forecast is evaluated against y; 112 = ye+1 (¢ + 2),
the second release of y;11 where yp11(t +2) = ypqq if r = 2.

Given a sequence of real-time forecasts, one is interested in testing the scalar null hypothesis

Hy:Ef (yt+7'|7"’7 Lt (t) 760) =0,

for a known function f(.), which we will often simplify as fi v = f (yt+7\r'7$t (t), Bo), and for a
given realization horizon ' for the target variable. Looking ahead toward our bootstrap, this implies
that f;, |~ depends on data from two different vintages: the vintage containing y; ,,» and the vintage
containing x (t).

As a simple example, for a test of zero-mean prediction error Eu; ,,» = 0, we have fi j» =
Uy rlpr = Yepr|rr — T3 () Bo- A more complex example is a test of equal predictive ability between two
models. For example, let ﬂc;,t(t) Bi(t), 1 = 1,2, denote forecasts that we evaluate under quadratic loss.

In this case, the null is F (u% bl ug ; JFT‘T,) = 0 and the subsequent function is

2 2
ft+‘r\r’ = (yt+T|r’ - xll,t (t) 5170) - (ytJrT\?"/ o xé:t (t) ﬁQ’O) ’

where we have now defined By = (8, 83) and z(t) = (7 ,(t),r5,())" so that we account for the
parameters and predictors from both models, each of which contributes to f; ;.

To test the null hypothesis we form a test statistic based on the finite sample analogue of f; |/,



where f3 is replaced by 3 (t):

T
Sp = P23 f (yampe mi(0), 5(1) ).
t=R

The first P =T — R + 1 vintages are used to produce T-step-ahead forecasts and P — 7 — 7’ of these
vintages are also used to evaluate the forecasts. An additional 7 + ' — 1 vintages are used only for
forecast evaluation implying a total of P + 7 + 7' — 1 vintages.

In the context of tests of equal predictive ability between two OLS estimated linear models, Clark
and McCracken (2009) show that Sp can be asymptotically normal with an asymptotic variance remi-
niscent of that developed in West (1996). Their method of proof, which we will follow, takes advantage
of the assumption that the revision process is finite lived. This is a useful approximation because it
implies that under additional mixing and moment conditions, B (t) is asymptotically equivalent to the

estimator that uses fully revised data only,

t Lt
Btz( Z 1‘377—1‘;_7) 1 Z Ls—1Ys-

s=1+71 s=1+71

Absent this assumption, we would have to consider the possibility that the probability limit of B (1),
Bo = (E(zs_rz,_)) L E(xs_rys), would vary across forecast origins ¢ due to the revision process itself
rather than some underlying changes in the data-generating process for the fully revised data. With
this in mind, in the following two sections we first extend the results in Clark and McCracken (2009),
which only considered tests of equal predictive ability between two models under quadratic loss, to a
wider range of functions f; ;,». We then delineate our bootstrap algorithm and show how it allows

us to replicate the null asymptotic distribution of Sp and thus be able to conduct inference using a

percentile bootstrap and avoid the need to estimate the somewhat complicated asymptotic variances.

3 Assumptions

In this section, we introduce the assumptions that allow us to obtain the asymptotic distribution of
Sp. Throughout we let f; /g = 8%,]“ (yt+T|T/, xy () ,ﬁo) and define F' = Ef, -, 3. Our assumptions
are comparable to those in Clark and McCracken (2009), which adapt the results in West (1996) to

environments where revisions are present.

Assumption 1 In an open neighborhood N around By and with probability 1, (a) farpr (B) is mea-

surable and twice continuously differentiable. (b) There exists a constant D < oo such that for all t,

a2ft+7—|r/ (B)
opop’

SUPgepr < My, with a measurable function myy, such that E (myyr) < D.



Assumption 1 ensures that the function f; ;,» is well approximated by a quadratic function in
the neighborhood of 5y. Without data revisions, it corresponds to Assumption 1 in West (1996). As
West (1996) remarks, this assumption is automatically satisfied if the function is a squared forecast
error and the model is linear, provided second moments of the target variable y;,,» and predictors
x¢ (t) exist. Regardless, the assumptions are general enough to permit a wider range of functions —
and loss functions in the context of tests of equal predictive ability — so long as they are sufficiently
well behaved in a neighborhood of 5y. For example, given sufficient moment conditions, linear models

evaluated under linear-exponential (linex) loss are also permitted.

Assumption 2 For each modeli =1,...,k, where k is finite, the following holds. (a) The final-data
estimate ﬁAm satisfies Bi,t — Bio = Bi(t)H;(t), where

t -1 t
Bl(t) = <t_1 Z SUi,s—Tx;,s_T) &9;) Bi, and Hl(t) == t_l Z hi,s with E(hl,s) == 0,
s=1+71 s=1+T1

where B; = (E(:cma:as))*l and his = Tis—r(Ys — wé,s—rﬁi,())' (b) The real-time data estimate Bz(t)
satisfies Bi(t) — Bio = Bi(t)H; (t), where

t -1 t
Bi(t) = (tl > xi7S_T(t)xi75_T(t)’> and Hy(t) =t > his(t),

s=1+7 s=1+71

with h@s(t) = .%'Z',s_q—(t) (ys(t) — .’E@S_T(t)lﬁi,g).

The first part of Assumption 2 is a special case of Assumption 2 in West (1996), wherein multiple
estimated models are allowed, but with the restriction that those parameters are estimated by OLS
using fully revised data. The second part of Assumption 2 defines the real-time estimator /3 (t) as an
OLS estimator based on vintage ¢ data. Clark and McCracken (2009) rely on a similar assumption
(see in particular their Assumption Al). Note that we focus exclusively on the recursive scheme when
estimating model parameters. As we discuss later in the context of the bootstrap algorithm, the choice
of centering constant depends explicitly on this restriction.

While our results allow for multiple models, as would be the case in a test of equal forecast accuracy,

it is convenient to consolidate notation to a single parameter vector 5y = (5170, . 751/4,0)/ and let
xy = (¥4, 2},). Having done so we define B so that B, — By = B(t)H(t) where B(t) = diag(B;(t)),
B = diag(B;), H(t) = (H{(t),..., H. (1)), and hs = (k] 4 ..., h} )'. The corresponding notation for

~

B(t) is analogous so that 3(t) — Bo = B(t)H(t).

Our next assumption is a moment and dependence assumption on the vector

Gttr|r = ( (ft+‘r|r/ - Eft+7’|r’) (ft+7'|r’,ﬁ - F) h:‘,+7 x:‘/ - Exf‘, )/ .

7



4d+0

Assumption 3 (a) For some d > 1 and 6 > 0, sup; B HgHTW < o0, where ||.|| denotes the
Euclidean norm. (b) gy, is covariance stationary. (c) {Gir|} is strong mizving with mizing co-
efficients of size ;—E"f. (d) Q is positive, where Q = limp r_yoo Var(P~1/2 Z;‘F:R (ft+flr/ - Eft+r|r') +

FBP™V2Y [ L H(t)).

Assumption 3 modifies Assumption 3 in West (1996) to the context of real-time data. In addition,
we strengthen the moment bound by an additional § > 0, which we use when proving our bootstrap
results. This type of strengthening is common in the bootstrap literature, see e.g., Fitzenberger (The-
orem 3.1, 1998). Similarly to Clark and McCracken (2009) (see their Assumption A2), we impose a
mixing-type condition on the vector g, ,» which depends on the vintage horizon r’ through the func-
tion fi,,,» and its derivatives. We also require that (2 is positive as in Assumption A2 (f) of Clark and
McCracken (2009). For many applications, like pairwise tests of equal accuracy between non-nested
models, this restriction seems unnecessary. However, in the context of nested model comparisons, it is
straightforward to show that whether 2 is positive depends on the properties of the revision process

— a point we return to later.
Assumption 4 For somed>1,r <oo andj=1,...,r, (yt‘j,mg‘j)’ is uniformly L*-bounded.?

Assumption 4 is the same as Assumption A2(d) of Clark and McCracken (2009). It puts restrictions
on the revision process. More specifically, it restricts the total number of releases to be a finite
number 7. It also requires the released data to have finite moments of order slightly larger than 4.
This implicitly restricts the stochastic order of magnitude of the revisions. As noted in the previous

section, we rely on this assumption since it implies that Bt and B (t) are asymptotically equivalent.
Assumption 5 R, P — 0o and limp p_so0 % =, where 0 < 1 < 00.

Assumption 5 is the same as Assumptions A4 and A4’ of Clark and McCracken (2009).
4 Asymptotic results

In this section we establish the asymptotic distribution of Sp. To do so, we first show that Sp is

asymptotically equivalent to
T
SP = P_1/2 Z f (yt—l—’r\rU xt(t)a Bt) )
t=R

a test statistic based on Bt rather than B (t). Specifically, we prove the following result.

Here and in what follows, we say that X; is L”-bounded if (E|X:|?)"/? < co.



Lemma 4.1 Under Assumptions 1-5, Sp = Sp + 0, (1).

By eq. (4.1) of West (1996), adapted to the presence of vintage data, we can expand Sp —
Pl/ZE(ftJrﬂr/) as

T T
Sp — Pl/2E(ft+T|T’) = P_1/2 Z(ft+7'|r’ - E(ft+T\T’)) + FBP_1/2 Z H(t) +0p (1)

t=R =R
Slp—i-FBSQp—f—Op(l). (1)

The first term S1p in (1) is equal to the scaled average of the demeaned real-time function f;, |,
evaluated at (. This piece is asymptotically normally distributed by a central limit theorem (CLT)
for strong mixing data, given our assumptions. The second term in (1) depends on S;p, the scaled
average of H (t), the average of the scores hs used in estimating [y based on the fully revised data.
This piece captures the contribution of the parameter estimation uncertainty and can also be shown
to be asymptotically normal, jointly with Sip.

More specifically, following West (1996), S;p and Sap are jointly asymptotically normal, implying

that

SP - Pl/2E(ft+T|7“/) i> N (07 Q) )
where

Q=0 —|—FBQQB,F/+2FBQH, (2)
with

Q= lim Var(Sip), Q2= lim Var(Syp), and Q2= lim Cov(Sip, Sop).
R,P—oc0 R,P—o0 R,P—00

The form of € is notationally the same as the one obtained in West (1996) without data revisions.
One main difference is that {2; is now the long-run variance of the scaled average of the real-time
function f;,,,» rather than the long-run variance of fi1r = f (Yt+r, 21, fo), the function associated
with fully revised data. Under Assumption 4, the parameter estimation uncertainty as measured by
()5 is the same as when all data used in estimation are final. However, its contribution to the overall
covariance matrix € is different with data revisions. This is because F' = F ( Jtrir, 5) is not necessarily
equal to E (fi4r,8) = E (Of (Yt4r, x4, Bo) /OB).

The form of € shows that the covariance between Sip and Sop need not be asymptotically zero.
While perhaps not immediately obvious, this has ramifications for how we design the bootstrap. In
particular we take advantage of the fact that Sop can be decomposed into the sum of two asymptotically

uncorrelated terms, one of which is not correlated with S1p. Borrowing from page 1081 of West (1996),



we write Sop as

T P-1
PEP—UQZH( = p7i/2 Z arohs + P~ 1/QZathR+z—52P1+SQP2a
s=1471 i=1

where the weights ar; are defined as ar; = Rlﬂ. +...+ R+P for0<i<P-1

Lemma 4.2 Under Assumptions 1-5,

(a) Qo =lmp pyoo Var (Sap) = Qo1 + Qo.2, where

Qo = R};IE)IQQVCLT(SQPJ):RIHH Var(P 1/22aRoh
Qoo = lim Var(Seps)= lim Var( *1/22(1371'}13”).

R,P—00 R,P—00 1
1=

(b) Q2 =limp py00 Cov (S1p, Sap) is equal to

P-1
Q2 = R,EIEOOCOU (S1p, Sapo) = hm Cov (P 1/2 tZthJFTT P~ 1/2 Zl aRShR+S> .

Lemma 4.2 (a) shows that Syp1 is asymptotically uncorrelated with Sops. Thus, the asymptotic
variance of Sop is the sum of the asymptotic variances of Syp1 and Sopo. Lemma 4.2 (b) shows that
the asymptotic covariance between S1p and Ssp; is zero. This implies that the covariance between
Sip and Sop depends only on the covariance between Sip and Sapo. As noted above, this proves

useful when developing our bootstrap method in the next section.

5 Bootstrap results

Here we present a novel bootstrap algorithm and prove its first-order asymptotic validity when used
for out-of-sample inference with real-time data. To develop intuition, we first describe our bootstrap
algorithm for out-of-sample evaluation of one-step-ahead forecasts based on a simple location model
where the data are subject to one revision. We then extend these results to forecast evaluation based
on general linear models with forecast horizons possible greater than one and multiple (but finite)

revisions.
5.1 A simple location model
Consider first the following location model:
Yyt =Po+u, t=1,2,...,

10



where y; is the fully revised observation. With r = 2 releases and one revision, we have

po-{ B 15E
where g, denotes the preliminary (or first release) of the value of y; according to vintage ¢. This data
structure is the one described in Table 1.

At each forecast origin t = R, R+1,...,T, we forecast y;11 (t + 1) = y,1.1)1, next period’s value of
the first release of y;41. Hence, 7 = 1/ = 1. The point forecast is 3 (t) = ¢t~ S ys (t) and the null
hypothesis is

Ho : E (fiz111) =0,

where fi 11 = f (yt 115 50). In this example, f; 11 depends only on the first-released observations

Yi+1j1- The test statistics Sp and Sp are
T X ) T A
Sp=pP"1/2 Z f (yt+1llaﬁ (ﬂ) ,and Sp = P71/ Z f (Z/t+1|1>5t> ;
t=R t=R

where 3, = ¢! Eizl ys is the estimate of 5y based on the fully revised data.

When specialized to this example, the asymptotic expansion of Sp is
Sp — PY2E(fi111) = Sip + FSop + 0, (1),

where F'=F (ft+1|1,5) = E(%f (yt+1|1750))a

T

Sip = P72 Z(ft+1|1 — Efi1a1), and
=R

T R P—1
Sep = P72 Z H(t)=p~/? Z apohs + P12 Z arihryi = S2p1 + Sopa,
t=R s=1 i=1
where hy = ys — Bo and the weights agr; are as defined previously. In this simple example, S1p depends
on {yt+1\1 t=R,... ,T} whereas Sop depends on {hs =ys—fp:s=1,...,T}.

Let 5}3 denote a bootstrap version of the original test statistic (we provide more details below).
The decision rule is to reject Hy at level a if [Sp| > ¢i_,, where ¢f_, is the 100(1 — a)*" percentile
of the bootstrap distribution of |.§’}§| To be valid, g}; needs to replicate the asymptotic expansion
of Sp. In particular, the bootstrap statistic needs to replicate the (zero) asymptotic mean and the
asymptotic variance Q of Sp.

Next, we propose a bootstrap algorithm that accomplishes this goal. Our algorithm relies on an
application of the moving blocks bootstrap (MBB) of Kiinsch (1989) and Liu and Singh (1992), adapted

to the out-of-sample forecasting context under data revisions. We write vs ~ MBB from {1,..., R}
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to denote a random index that is generated from the set {1,..., R} using the MBB. Similarly, we
write s ~ MBB from {R+1,...,7 + 1} to indicate that ns is obtained by the MBB on the set
{R+1,...,T + 1}. We describe below precisely how to generate these indices using the MBB.

Bootstrap algorithm for a location model

1. Fors=1,...,R,let vs ~ MBB from {1,...,R}. For s = R+1,...,T,T +1 generate n, ~ MBB
from {R+1,...,T + 1}, independently of {vs}.

2. Foreacht=R,R+1,...,T, compute
t
Br=t"1Y i,
s=1
where

« |y, if s=1,... R,
Ys =\ gy if s=R+1,....T+1.

3. Foreacht=R,R+1,...,T, let

y:+1|1 =y (t+1) = Ynega|1-

and set
S (81) = £ (s B) = £ (v B7) -
4. Compute
5= 25 (o (B2) = o (3).
where .
Bo= T 0,

with BR =R! Zf:l y; and Bp =p! Z?:R Yta1-

Step 1 is used to obtain the bootstrap analogs of the vintages. More specifically, we generate
two sets of random indices: {vs:s=1,..., R} is used to build the first R bootstrap observations
{vi=yy, :s=1,...,Rtand {ns: s = R+1,...,T + 1} is used to build the remaining P observations.
Since the data are assumed weakly dependent, we rely on the MBB to generate {75} and {ns}. (These
two sets are generated independently. We will explain below why this is not a problem for the validity
of the bootstrap statistic.) More specifically, for a block size equal to [, and assuming that R = kql,
we generate3

L,... Iy, ~iid. Uniform on {1,...,R—1+1}.

1

3When R is not divisible by I, we let ky = [R/l], the smallest integer that is greater or equal to R/l. We then obtain
R* = ki1l bootstrap observations. When R* > R , we discard the observations in the last block so as to make the number
of bootstrap observations equal to R.
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These k1 random variables indicate the beginning of each block. Then, for each ¢ = 1,...,k; and
j=1,...,1, we set

Vt(i-1)i+G-1) = Li + (G — 1),

from which we obtain

{’)/SZS:1,...,R}:{’}/1+(i,1)l+(j,1) Iizl,...,kl; ]:1771}

Similarly, we generate 7y from the set {R + 1,..., T + 1} using a MBB based on the same block size [.*
These random indices are used to obtain the remaining P observations. In particular, letting P = kol,

we generate ko uniform draws:
Ji,.ooyJgy ~1id Uniformon {R+1,...,T+1—1+1}.
Foreachi=1,...,ko and j=1,...,[, we set

NRA1+(i-)i+(—1) = Ji + (F — 1),

from which we get {ns:s=R+1,...., T+ 1} = {Npy1ri-1+G-1) 1 =1, ko j=1,...,1}
Table 2 provides a description of the bootstrap data structure. This table is the bootstrap analog
of Table 1. In this table, for each vintage column ¢ in R+ 1,...,7 + 1, we set

y'Ys 1§8§R
ys (t) = yp, RA1<s<t
y778|1 s=1t.

We see that except for the first column (vintage R), which sets all the observations in the bootstrap

vintage R as final, all the remaining (vintages) columns replicate the triangular structure of the data.’

Note that the bootstrap observations indexed by ns for s = R+ 1,...,7T + 1 are used both in
estimating 3y (for vintages R+1 and beyond) as well as in evaluating the forecast. For this reason, these
observations can be preliminary or final. This is the main reason we introduce a new random index
7s (generated independently of ~vs), which is randomly drawn from {R+1,...,7 4+ 1}. Restricting
the support of s to {R+1,...,T + 1} ensures that both ys and y,; are available, implying that we
can obtain their bootstrap analogs. If instead we had generated a single index 7, from the entire set

{1,....,R,R+1,..., T+ 1} (as in the bootstrap schemes of Corradi and Swanson (2007) and Calhoun

4 Assuming the same block size is for simplicity only. We could allow for different block sizes.

5The fact that we do not exactly replicate vintage R’s structure is not a problem because this vintage is only used for
estimation of By at t = R. Hence, this is equivalent to estimating 8o in this vintage using only final values, i.e. we obtain
B}} =R! Zle y: rather than 3* (R) = R 25;1 ys (R). Since these two estimates are asymptotically equivalent
under the assumption of finite revisions, our approach remains valid. When r > 2, a similar issue arises for the first » — 1
vintages but since r is finite and we take limits with respect to both P and R, our approach remains valid.

13



Table 2: Structure of pseudo real-time data with r = 2

Vintage date ()

Obs. s R R+1 . T+1
1 Y1 =Y Y1 =Y Yi = Ym

2 y; = Yo y; = Yo y; = Yno

R-1 y?%fl = Yyr-a Z/E,1 = Yvr1 y?itfl = Yyr-
R YR = Yr YR = Yyr YR = Yr

R+1 y}k%+1|1 = Ynpia1 YiRt1 = Ynrir

T Y7 = Ynr

T+1 y;“+1|1 = yTIT+1|1

(2015)), we would not be able to guarantee that a preliminary value is available for all observations.

For instance, if nr4+1 = 1, we do not observe y;|; and therefore cannot obtain yg, 1)1 The

= Yngqall-
fact that we need to replicate the original vintage data structure is the crucial distinguishing feature
of our paper and the main motivation for proposing a new bootstrap algorithm.

Step 2 obtains a bootstrap analogue of Bt using only final observations. Focusing on S’}S (which
uses Bz‘ ) rather than on the real-time bootstrap statistic 5’}‘5 (which uses the real-time bootstrap
estimate (* (t)) simplifies the application and the theory of the bootstrap. This approach is justified
by Lemma 4.1, which shows the asymptotic equivalence of Sp and Sp.6

Step 3 creates the bootstrap observations used for forecast evaluation. Specifically, fort = R, ..., T,

we let y:+1\1 =yiq(t+1)= Yn.1|1 denote the bootstrap analog of y;11; and set
Fran (50) = £ (w000 80) = £ (s 57)
This function is the bootstrap analog of f; 11 (Bt) =f (yt+1‘1, Bt)
Step 4 computes S}S, the bootstrap analog of Sp. This bootstrap test statistic centers ft*+1\1 (BZ)
around f; 1)1 (Bt), where

_ . t—R -
ﬁtzg,@}g—i-TRﬁp, fortzR,R—i—l,...,T,

with Bp = R™1 Zil y and Bp = P! ZtT:R yt+1- Note that both Br and Bp converge in probability
to By since R, P — oo jointly. This implies that 3; —pBofort=R,....T.

A naive application of the MBB to the out-of-sample test statistic Sp would suggest we compute

S naive = pi2 i (f:+1|1 <B:) — ferap (Bt)> :
t=R

SFor vintages t = R+1,...,T+1, an alternative estimator is 3* (t)=t"" ZZ:I ya (t), the real-time bootstrap analog

of B (t). Since the proofs of bootstrap validity are more involved for this estimator, we do not consider it here.
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However, this naive bootstrap statistic is not asymptotically valid. This was first remarked by Cor-
radi and Swanson (2003, 2007) in a context without data revisions. The main reason is that re-
cursive estimation of [y implies that earlier observations in the sample are used more frequently
than subsequent observations. This implies that P~1/2 ZtT: R(Bf — f;) does not mimic the distri-
bution of P~1/2 Z?: R(Bt — Po) when j; is recursively estimated. Consequently, 3; no longer ap-

proximates E*(3F).7

Corradi and Swanson (2007) propose a bias correction method to recenter
p-1/2 ZtT: R(Bt* — Bt) appropriately. Our approach is different: we replace f; by ; when defining
G%,, and we show that P~1/2 ZtT:R(B;‘ — [B;) mimics the limiting behavior of P~1/2 ZtT:R(Bt — Bo)
successfully. In particular, it is easy to show that 5, = E* <Bz‘> when we generate v; and 7, using
the i.i.d. bootstrap. More generally, for the MBB, 3; = E* (B;‘) +0, (W), so f3¢ is only an ap-
proximation to E* <BZ ) Given the rate conditions in [, this approximation is sufficiently accurate to
guarantee that P~1/2 ZZ; R(Bt* — 3¢) is centered at zero. It’s worth re-iterating that this result requires
that the centering constant is designed for use under the recursive scheme. If instead, the parameters
were estimated using a rolling window of R observations (e.g., 5 (t) = R~ Zi:t—m—l ys (t)), a distinct
centering constant would be needed — an issue we do not pursue here.

Next, we explain heuristically why our bootstrap algorithm is asymptotically valid. Let ft*+1|1 =
I Hll(ﬁo) =f (ym a1 Bo) . By considering two second-order mean value expansions of ft+1|1(ﬁ_t) and

I B* . both around 8y, we obtain the following stochastic expansion® of S%:
t+1)1 Pt 5

St =p~1/?

W

(ft*+1\1(52k) - ft+1|1(ﬁ_t)>

t
T

=p 12y (f;rl\l - ft+1\1> +FP7Y2Y (5 = Bi) + 0p(1)

t=R =R

= Sip + FS3p + 0,(1),

I
=y

where STp is the bootstrap analog of S1p, and S5 is the bootstrap analog of Sop; this is the bootstrap
analog of the asymptotic expansion of Sp. We can further decompose Ssp as follows. Since ,632* =

t1 22:1 y* and By =71 Zizl E*(y%) + Op(l/min R, P), S5 is asymptotically equivalent to

R P—-1
P12y Capohi + P72y apihi = Sipy + Sipoa
s=1 i=1

where b’ = y* — E* (y¥).

"Here and in the following, an asterisk appearing in E (and Var) denotes expectation (and variance) with respect to
the bootstrap probability measure P*, conditional on the original sample.

8See Appendix A for the definition of 05(1), as well as the definition of d—*>, which is used below.
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We now show that 5’}'5 is approximately centered at zero. First, since E*(h}%) = 0 by construction,
E*(S3p) = 0. Thus, the bootstrap distribution of P~1/2 ZtT:R(Bf — B;) is asymptotically centered
at zero. This solves the bias problem discussed by Corradi and Swanson (2007) (who considered j;
rather than 3; when forming their bootstrap statistic in a context without data revisions). Second, we
can show that E* (S7p) = Op (I/R) = 0, (1) if [/R = 0(1). This follows from standard MBB results
(see e.g. Fitzenberger, 1998). Thus, E*(S’}E) is asymptotically equal to zero.

We can also show that the bootstrap variance of 5}3 mimics the asymptotic variance 2. To
see this, note that S7p 4 N (0,€1). This follows from Theorem 3.1 of Fitzenberger (1998) given
that ft*+1‘1 =f <y:+1|1,ﬁo) =f (ymﬂ‘l,ﬂg) is obtained by applying the MBB to the first released
observations {yt+1|1 t=R,..., T}. Thus, our bootstrap mimics ;.

Next, we explain why this bootstrap also mimics €25. First, note that since we resample the first R
observations independently of the last P observations, the covariance between S5, and S35, is zero
in the bootstrap world. Thus, the bootstrap mimics the zero asymptotic covariance between Ssp;
and Sypgo (which is established in Lemma 4.2(a)). Second, note that the fact that we use the MBB
to obtain s and 7, implies that the bootstrap variances of S5, and S35, converge to the long-run
variances (291 and €)oo, respectively.

Finally, note that our bootstrap also captures the covariance between S1p and Sopo. The indepen-
dence between 7, and 7, implies that the bootstrap analogs of S7p and S5, are independent, but this

is not a concern since the covariance between S1p and Ssp; is asymptotically zero by Lemma 4.2(b).

5.2 Extension to linear models

In the general framework, we forecast y;,,,» using a linear model with predictors z; (t), where the
coefficients By are estimated recursively by OLS. The location model is a special case of this setup
where x5 (t) = 1 for all s,¢, with the difference that the target variable is y; ,|,» (rather than y, ;).
The forecast function is now fyirr = f (Yesrpp, 2t (£) 3 B0), where x; (t) contains the predictors for
Yir| available in vintage t. When lagged dependent variables are present, x; (t) may contain a mix
of preliminary and final observations.

The main difference with respect to the simple location model is in the bootstrap estimation of
Bo. For each vintage t = R, ..., T we resample the “pairs” z; = (ys,2,_,)" used in estimating [y at
each forecast origin. As in the location model, we estimate Bf using only finally revised bootstrap
data. While we state the algorithm in the context of a single model, the extension to multiple models
is straightforward.

The bootstrap algorithm for forecasts based on general linear regression models is as follows.
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Bootstrap algorithm for linear models

1. Let R— (1 +7)+ 1= kil and generate Iy,..., Iy, ~ iid. Uniform on {1+ 7,...,R—1+ 1}.
Then, for each i =1,...,ky and j =1,...,1, set I; + (j — 1) = Viyri(i—1)14(j—1) and let

{’Ys:3:1+Ta'--7R}:{71+T+(i—1)l+(j—1) i=1,..., k; jZl,,l}

Let T+7—(R+1)+1 = kol and generate Jy, ..., Jg, ~iid Uniform on {R+7,...,T+7—1+1}.
For eachi=1,...,kyand j =1,... 1, set J; + (j — 1) = Nry14(i-1)14+(j—1), and let

s:s=R+1,....T+7} = {Npp14(i-1u+G-1) i =1,..., ko j=1,...,1}.

2. Fort=R,...,T, set

o = (gt ) = Wyl 7)) 1+7<s<R
s = Ussds—r (yns,(]};hf,r) R+1<s<H,

R 1< -1 &
i3 2 ) (33 ).

s=1+41 s=1+1

z

and compute

3. Fort=R,...,T, let

(y:+r|r'7 ‘T: (t)/) = (yﬂt+f‘rl7x77t+r_7—(nt+7' - 7—)/)7

and compute
Ferer (B2) = £ (i w0, 57)

4. Compute

T
Sp= PTV2Y " (FprprB7) = Frrir (Br))

t=R

where 3; = %BR + %Bp, with

) | & -1 | &
Br = (R Z xs—rx;q—) <R Z $5—Tys>

s=1+4+71 s=1+T1
and
| T -1 | T
o = (P 5 ) (P S y)
s=R+T s=R+T

Remark 1 The presence of the predictors x; (t) when forecasting y;,,|,» creates some differences with
respect to the simple location model’s algorithm. The first difference is that we restrict the support of

the MBB indices vs to {1+7,..., R} rather than {1, ..., R}. This is because the recursive estimates of
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Bo depend on (ys,xs—r) for s =1+ 7,...,t. Thus, restricting s this way ensures that we can evaluate
Ti_. = Toy,—r. Setting xs(t) = 1 for all s implies this restriction is not needed. Similarly, we also
restrict the support of ns to the set {R+7,...,T+1}. This ensures that ns — 7 is in the set {R,..., T},
for which we have both final and preliminary values of the variables. This is particularly important in

step 3, where we need to obtain the predictors xi(t) = xy,, —+(Ni4r — 7).

Lemma 5.1 Under Assumptions 1-5 and letting | — oo such that 1/ min{v/R,/P} — 0,

T
b= PN (forpr(B) = fiaw(B))) = Sip+ FBS3p + 03 (1),
t=R

where
T
STP = P71/2 Z (f:—I—TV’ - fH”T"’/) ’
t=R
and
P-1
S2P :CLRoP 1/2 Z h* hR)+P I/QZaRz hR—H hP) = S;P.1+S;P.2;

s=1+1 =1

where hf = xf__(yf —x}_Bo), hg = R} Ef:ur hs and hp = ZZ+£+T

Under our assumptions, Syp 4 N(0,€;) by Fitzenberger (1998) (cf. Theorem 3.1). As in
the simple location model, the term S5, has two components, S35, and S5p,, both centered at
zero asymptotically. To see this, note that hp = E* (Rfl ZSR:HT h;‘) + Op (I/R), whereas hp =

( —iy Pl hRH> + Op (I/P). In addition, we can show that this term’s bootstrap variance con-
verges to {1y = (2.1 +€22.2. Since the bootstrap covariance between S5, and S7p is zero by construction
and we show that the covariance between S7p and S5p, is asymptotically equal to 12, the following

result follows.
Theorem 5.1 Suppose Assumptions 1-5 hold and | — oo such that 1/ min{v/R,~/P} — 0. Then,

sup |P* (S’}B < u) — Pr (S’I‘i < u)‘ —p 0,
u€ER

where S = Sp — P1/2E (ft+T|'r")'

The proof of Theorem 5.1 relies in part on Lemma A.4 in Appendix A (which shows the consistency
of the bootstrap variance estimator of 5’;‘3) Theorem 5.1 implies that our bootstrap algorithm can
be used to approximate the asymptotic distribution of S%, a centered version of Sp. When the
null hypothesis Hy : F (ft+¢|r’) = ( is true, S’I’é coincides with the test statistic Sp, in which case
Theorem 5.1 proves the consistency of the bootstrap critical values obtained from 5’}'5 When the null
hypothesis does not hold, Theorem 5.1 shows that the bootstrap distribution of g}‘; is consistent for
the distribution of gl‘é, implying that the bootstrap test based on 5}3 has power.
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5.3 Bootstrap results for nested linear models

The bootstrap algorithm in the previous section can be applied when conducting a test of equal
predictability between nested models. Nevertheless, when the models are nested, the algorithm can
be simplified considerably. In the following we present that simplification in the context of tests of
equal accuracy under quadratic loss. By doing so we are also able to discuss how the properties of the
data revisions affect whether (2 is positive.

In this application the loss differential defines the function f; |, and takes the form

Jerr = f (yt+‘r|r’7xt (t) ,ﬁo) = (yt+f\r/ - mll,t (t) 51,0)2 - (yt+f\r’ - aflz,t (t) 52,0)27
where zo; () = (xljt (t)/,.CUQQ,t (t)’)/ and By = (/8170,6570)/. Under the null of equal predictive abil-
ity, model 2 includes dim(zg2 s(t)) = koo excess parameters, i.e., fag = (53,0,0’)’ and z14(t)' fr0 =
22,.4(t) B2,0-
As we have done before, we let 3; = (Bi,t, BQJ‘)I denote the estimators of By based on final data
and we let 3 (t) = (Bi (t), B, (t))/ denote their real-time data analogs. Sp is the test statistic based
on A (t), and Sp denotes its analog based on B;. Lemma 4.1 immediately implies that

T
$p =P 23" (Weprpr — 250 (8) i) = Wesrr — @y (8) Bo)?) + 0p(1) = Sp + 0, (1).
t=R+1

More importantly, since the models are nested we know that under the null, not only is E f;-|,» = 0,
but also f ;v = 0 since x1,4(t) B1,0 = x24(t)'B2,0. This makes bootstrapping the distributions of Sp
and Sp easier since Sp = FBP~1/2 Z,f: rH(t)+0,(1) and the uncertainty in this term is determined
solely by fully revised data, and hence we no longer need to replicate the triangular structure of the
different vintages.

Before delineating this bootstrap, it is useful to note that the expansion for Sp simplifies even
further under the null hypothesis. Let F' = E[a%,fHTW (B)] = [F1, Fo, with F; = E[a%,fHTW (8)] for
i = 1,2 and recall that B = diag(B;). Since the models are nested we know that for a selection matrix

J = (Iklxkl,oklka), Hl(t) = J/Hg(t) and F1 = —FQJ and hence
Sp = Fy(—JB1J' + By)P~Y/? ZHQ )+ 0, (1). (3)
In addition, noting that for t = R, ..., T,

Bot — Boo = Ba (t) Ha (t),

we can further rewrite (3) as

T
Sp = Fy(=JB1.J'By ' + I, ) P72 "(Bay — Ba) + 0p (1)

19



This expansion shows that we can replicate the distribution of Sp by replicating the distribution
of P~1/2 ZtT:R(B?,t — [2,0). Since this term only depends on OLS estimates from the larger model
evaluated with final data, we can rely on Corradi and Swanson’s (2007) method to bootstrap its
distribution. This combined with a consistent estimator of the factor Fy(—JB;J By Y4r ky) Drovides
a valid bootstrap method for computing the quantiles of Sp under the null hypothesis.

The bootstrap algorithm is as follows.
Bootstrap algorithm for nested linear models

1. Let T— (1+7)+1 =kl and generate I,..., I ~ ii.d. Uniform on {1+7,...,T —1+1}. Then,

foreachi=1,....,kand j=1,...,1,set I; + (j — 1) = Viyrq(i—1)14(j—1) and let
{’Ys:S:1+7-7'--7T}:{’71+T+(i—1)l+(j—1) ’L:l,,k’, ]:1,,l}

2. Fors=1+r,...,T, set
Z: = (yzax;fsfﬂ')l = (y’737x/27'Ys*T) ’

and for t = R,...,T, compute

t T
Bro = argmin |07 3yl — b rB2)" = (T = 7)™ D 2y — s P)wrr
2 s=1+T1 s=1+71

3. Compute
T
Sp = Fo(=J BByt + I, ) P2 Y (B3 = B,
t=R
where [ = 2P~! Z;‘F:R(ytJrT‘r/ —xy, (1) ,327T)$/27t(t), and B; = (T3, ;o) )" are consis-

tent estimates of Fp and B; for ¢ = 1,2, respectively.

Steps 1 and 2 amount to using the block bootstrap method of Corradi and Swanson (2007) to
replicate the distribution of P~1/2 ZtT: R(Bg,t — B2,0). Contrary to our previous bootstrap algorithms,
we need only one set of MBB indices in Step 1. The main reason for using two sets of MBB indices
in Step 1 of our previous methods was the need to replicate the triangular structure of the vintages
data. This is no longer required because the term that depends on the function f; |, is zero when the
models are nested. The other key difference is that we now incorporate a bias correction term in the
definition of 3’2"775, i.e. we do not estimate 33 o using the standard OLS estimator. This correction term
is one way of correcting for the bias introduced by the recursive estimation scheme in the bootstrap

world and was suggested by Corradi and Swanson (2007) in a context without data revisions.
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The asymptotic validity of 5’}'5 follows from Theorem 1 of Corradi and Swanson (2007) and the
consistency of Fy, B; fori=1,2, provided the condition Fy(—JB1J' + Bs) # 0 holds (ensuring that
Q is positive). This last condition is non-trivial and can depend on the statistical properties of the
revision process. Following Mankiw, Runkle, and Shapiro (1984), we treat revisions as consisting of
news (v) and noise (w) components. A revision is said to be pure news if it is uncorrelated with any
data available at the time of the provisional estimate. If the revision is correlated with the provisional
estimate, then the revision contains a noise component.

Specifically, in the context of verifying whether Fy(—JB;J' + By) # 0, consider the following
example in which r = 2 and an AR(2) model nests an AR(1) model, so that z2; = (1, y:,y;—1)" and

z1 = (1,y:)". The fully revised data and initial releases then take the form

Y = 0o + 01Ys—1 + vt + €4,

ye(t) = yr — vp + wy,

for error terms e, and revision components v; and wy, which are mutually independent i.i.d. zero-mean

Gaussian variates with variances o2, o2, and o2

2, 05, o, respectively. If 7 =1 and the initial release is used

for forecast evaluation, this implies that F5 takes the form

Fy = 2E [(yey1p — @ (t) Bo)ah,(t)]
= 2E[(yt+1 — ve1 + werr — do — 01 (ye — v +wi) ) (1, Y — v + we, Ye—1))]
= 2F([(etr1 +wir1 — 01(—ve +wy)) (1, ye — v¢ + we, ye—1)]
= (0,-28102,0).

We immediately observe a simple instance for which Fb, and hence Fy(—JB1J'+ Bs), will be zero. Fj is
zero if 81 is zero, or if there is no noise component to the revision (i.e., o2, = 0). While we do not pursue
it here, if there is uncertainty about whether F' is zero, an alternative approach to asymptotically valid

inference is developed in Corradi et al. (2024) albeit in the absence of data-revisions.

6 Monte Carlo simulations

In this section, we consider the finite sample size and power of bootstrap-based inference for tests
of equal predictive ability when data are subject to revisions. In each case we use OLS to estimate
two predictive models x;tﬁi i = 1,2 and evaluate accuracy under quadratic loss. The design of the
experiments is similar to that in Clark and McCracken (2009) but is calibrated to align with our

empirics in Section 7.
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6.1 Non-nested models

We begin with size and power experiments associated with tests of equal predictive ability between

two non-nested models. The final data are generated according to
yr = 0.3214—1 + (0.3 + A)wo—1 + eys + vy,

where e, ; and v, ; are independently generated as i.i.d. Gaussian variables with mean zero and
variance equal to aiy and aiy, respectively. Similarly, we let each regressor’s final data be generated
as Tjy = €yt + Upt, © = 1,2, where e, ; and v, ; are also mutually independent (jointly with e, ;

2 and o2, respectively.

and vy ) i.i.d. Gaussian random variables with mean zero and variances o, i
) I

For instance, we can think of y; as headline PCE inflation and x1;—1 and 221 as real GDP growth
and changes to total capacity utilization, as in the empirical application considered later in Section 7.
When A = 0, the two predictors have the same predictive content for inflation, but not otherwise.

We consider the case of a single revision, where time t’s preliminary estimates of y; and x;; are
Yr () = ye — vy +wyy, and x4 (t) = T — Vg, + W, , for i =1,2,

2 and o2

Wy w.z» respectively.

with wy ; and wy, , denoting i.i.d. Gaussian random variables with variances o
These random variables are also mutually independent (jointly with ey, vy, €z, and vy, ,). Following
the real-time data literature, we interpret v,; and v,,; as the news components of the revisions to
yt (t) and z; (t), respectively, whereas w, ; and w,, , represent the noise components.?

Our goal is to test for equal predictability of g1 (£ 4+ 1) = Ytq1)1 using two non-nested models,

each based on a real-time predictor z;; (t) for ¢ = 1,2. The null hypothesis is then

Ho: E(frp) = E[(yH”1 — 214 () B1,0)* — e — w2, (1) 52,0)2} = 0.

This is true when A = 0 (used in the experiments describing the size properties of our test), but not
otherwise (we set A = 0.7 when evaluating power).

We consider two different data-generating processes, DGP1 and DGP2. These include both noise
and news components in the revisions and are described as “DGP1, noise and news” and “DGP2,
noise and news” in Table 3 below. We also consider two variations of these DGPs, without a noise

component, i.e. we set 012”? = aﬁw = 0. In this case, we write “DGP1, news only” and “DGP2, news

Y

only,” respectively.

9To explain briefly this terminology, take as an example the equations that describe y; and vy, (t). Given that v,
enters y; and y; (t) with a positive and negative sign, respectively, the preliminary value y: (t) does not depend on the
component vy ¢, implying that this term is uncorrelated with y: (¢). This is the sense in which vy ; describes “news”.
Instead, the presence of wy,; in the preliminary value y; (t) and its absence from y; explain why we call this component
a “noise” component.
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The versions of DGP1 and DGP2 that contain both noise and news differ in the way they param-

eterize the revisions process. More specifically,

e DGPL: 02, =169, 02, =0.3, 07, =0.01, 03, =3, 02, =0.03, 02 , = 3.

)

e DGP2: 07, =169, 07, =3.2, 07, =001, 05, =01, o, ,=0.03, 07, , =0.3.

The variances used in these DGPs are motivated by the empirical application considered in Section
7. Using 2019:Q4 vintage data, we calibrate the variances of the fully revised values of y using
observations of annualized quarterly headline PCE inflation (PCE) from 1984:Q1 through 2019:Q4.
For z1 and 2 we use the same vintage and sample but, for simplicity, assign them a common variance
that is roughly the average of the variances of annualized quarterly real GDP growth (RGDP) and the
annualized quarterly average of monthly changes to total capacity utilization (TCU). Using the same
sample, the slope coefficients used to link y to x1 and xo are roughly those from an OLS regression of
PCE on RGDP and TCU. For DGP 2, the revisions are then calibrated based on quarterly vintages
of the same three variables from 1996:Q1 through 2019:Q4. Specifically, the variances are those of the
first quarterly revision. Again, for simplicity, we assign a common revision variance to x; and xo that
is roughly the average of the revision variance for RGDP and TCU. For DGP1 we consider a much
larger revision variance for 1 and xo. The larger revision variance can lead to substantial differences
in actual power, as we will see when discussing Table 3 below.

At each forecast origin, we use the generated real-time data to make a one-step-ahead forecast
for the target variable y, ;. Forecasts take the form x;t(t)Bz(t) with subsequent forecast errors
T p41)1 = Yol — xi,t(t)’ﬁi(t) for i = 1,2. As noted above, accuracy is evaluated under quadratic loss.

Table 3 contains the results. We consider three different tests. One is the bootstrap test described
in Section 5.2, which is used to obtain bootstrap critical values for Sp. This test is a percentile-type
test that does not require studentizing the statistic Sp. It is labeled “Bootstrap” in Table 3. We also
include two alternative tests. These tests are based on studentized versions of Sp and rely on critical
values taken from the standard normal distribution (hence, they do not involve the bootstrap and
are included as benchmark methods). One is the Diebold and Mariano (1995) test, labeled (€ p)
in Table 3. It takes the form t(Ql p) = Ql_;/ 28 p, where () p is a consistent estimator of {4 given in
(2).19 The third test (which appears under the label t(Qp) in Table 3) is the one proposed by Clark
and McCracken (2009). It is given by t(Qp) = 9;1/25’1:, where Qp is a consistent estimator of Qp
in (2). See Section 3.3 of Clark and McCracken (2009) for more details in obtaining Q1 p and Qp.

Here and throughout we use the original variant of the Diebold and Mariano statistic (S1, p- 135) but replace the
rectangular kernel with the Bartlett kernel. The kernel bandwidth is |min(R, pyY/ 3] for the non-nested comparisons and
|T/%] for the nested comparisons.
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When estimating the relevant long-run variances we use a bandwidth of [min{RY?3, P/3}]. Results
are obtained with 10,000 Monte Carlo replications and 499 bootstrap replications each. We set R = 80
and allow P to grow from 20 to 160. The block length is equal to I = [min{R'/3, P'/3}|. This choice
ensures that | — oo such that I/ min{v/R, v/P} — 0, as assumed in Theorem 5.1. Tt also ensures that
[ > 1 when P =20 and R = 80. The nominal level « is 5%.

The left panel of Table 3 shows that the asymptotic-based tests are typically oversized, particularly
when P is small. This is especially true for the Diebold and Mariano test, which does not account for
parameter estimation uncertainty. The Clark and McCracken test, which accounts for the presence of
parameter estimation error, is usually more accurately sized. However, the results in Table 3 suggest
that t(Qp) still tends to over-reject in finite samples. For instance, for DGP2 without noise, the
rejections rates of t(Qp) vary between 0.077 (P = 20) and 0.058 (P = 160). These numbers are 0.073
and 0.053 for DGP2 with noise, respectively. In contrast, the bootstrap test yields rejection rates
equal to 0.052 and 0.046, for DGP2, news only, when P = 20 and P = 160, respectively. These rates
are 0.049 and 0.045 for DGP2, noise and news. Hence, the bootstrap corrects the size distortions of
the asymptotic-based tests. This is also true for DGP1. For DGP1, Table 3 shows that the bootstrap
can be slightly conservative. For DGP2, the degree of conservativeness of the bootstrap is smaller
than for DGP1. Overall, it appears that the bootstrap test does a reasonable job controlling size in

finite samples and, more importantly, does so without having to compute Qp.

Table 3: Non-nested model size and power results with 5% nominal level

Tests P=20 40 80 160 | P=20 40 80 160
size: DGP1, news only power: DGP1, news only

t(Q1p) 0.104 0.084 0.072 0.058 | 0.130 0.147 0.185 0.294

t(Qp) 0.066  0.057 0.048 0.044 | 0.120 0.137 0.178 0.290

Bootstrap  0.043  0.042 0.040 0.037 | 0.094 0.121 0.162 0.279
size: DGP2, news only power: DGP2, news only

t(le) 0.102 0.078 0.071 0.060 | 0.627 0.891 0.995 1.000

t(Qp) 0.077 0.064 0.063 0.058 | 0.622 0.893 0.995 1.000

Bootstrap  0.052  0.045 0.047 0.046 | 0.588 0.883 0.995 1.000

size: DGP1, noise and news | power: DGP1, noise and news

t(Q1p) 0.112 0.102 0.105 0.113 | 0.269 0.420 0.667 0.911

t(Qp) 0.050 0.045 0.041 0.041 | 0.233 0.376 0.625 0.885

Bootstrap  0.036  0.034 0.034 0.037 | 0.197 0.341 0.605 0.878

size: DGP2, noise and news | power: DGP2, noise and news

t(le) 0.096 0.076 0.067 0.052 | 0.497 0.768 0.967 1.000

t(Qp) 0.073 0.065 0.065 0.053 | 0.494 0.773 0.971 1.000

Bootstrap  0.049 0.046 0.047 0.045 | 0.457 0.755 0.967 1.000

The right panel of Table 3 shows that the three test statistics have power converging to 1 as P
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increases for all DGPs, except DGP1 with news only in the revision process (we provide an explanation
below). Under the alternative, the bootstrap rejection rates are typically smaller than those of the
asymptotic-based tests. This is not surprising since the latter have larger rejection rates than the
bootstrap test even under the null hypothesis.

For DGP1 without noise, the actual power of the test can be low when the magnitude of ag’x is
small. While not immediately obvious, the root of the problem lies with how revisions affect the mean
loss differential. For example, in DGPs 1 and 2 the population squared forecast errors take the form

u?7t+1\1 = (Yer1n — z;1(t)Bio)?, i = 1,2. After taking expectations, straightforward algebra reveals
2 2 2 2 2 2 2 2 2 2 2
E(ui,t+1|1) = /Bj,OUe,x + IBj,Oav,w + Ue,y + Jw,y + /Bi,Oav,m + /Bi,ng,mv
for ¢ # j and hence
2 2 2 2 2 2
E(Ul,t+1|1 - U2,t+1\1) = (52,0 - 51,0)(Ue,z - Jw,:v)'

When the revisions are pure news, as in DGP1, aﬁw = 0. Because of this the value of mean loss

differential can be small when o7, is small.

6.2 Nested models

For the nested case, we consider two DGPs with both noise and news. More specifically, the final data

are generated according to

Y = 0.4y;_1 + Booxi—1 + eyt + vy

xp = 0411 + €zt + Vg

eyt o, 050 0 0
Var | €xt | | 050 267 0 0
we | | 0O 0 001 0
Va g 0 0 0 01

where ag’y = 0.60 for DGP1 and ngy = 1.92 for DGP2. We set 522 = 0 when evaluating size and
Boo = 0.3 when evaluating power.
The structure of the revisions is similar to what we considered in the non-nested case, i.e. we

consider a single revision, given by
Y () =yt — vyt + wy and z¢ (1) = 4 — vz g + Wat,

where wy; and w;; are the noise components. They are generated as i.i.d. Gaussian random vari-
ables with mean zero. As we did for the non-nested case, the variances of y and z, as well as the
autoregressive coefficients, are calibrated using the 2019:Q4 vintages of PCE, RGDP, and TCU and
a sample ranging from 1984:Q1 to 2019:Q4. In addition, = is an amalgamation of RGDP and TCU.
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We set Cov(eyt,ezr) = 0.50. When oo = 0, this implies that Cov(y;,x¢) = 0.6, in line with the
data. The revisions are then calibrated based on the same quarterly vintages from 1996:Q1 through
2019:Q4. For both DGPs we set o7, , to 0.3. For o, we set it to 3.5 in DGP1 and 0.03 in DGP2.
DGP1 is a less realistic case in which the revision variance of y is much larger. As we will see later,
DGP1 implies a much larger value of {2 which seems to play a role in the finite-sample efficacy of the
asymptotics.

At each forecast origin, we use the generated real-time data to make a one-step-ahead forecast of
the target variable y,11);. In each DGP the forecast takes the form x;t(t)Bz(t) for i = 1,2, where
r14(t)" = ye(t) and x2,(t)" = (ye(t), x4(t)). The forecast errors take the form ;111 = yep1 —
xi(t) Bz(t) for i = 1, 2. For all DGPs, we test equal predictive ability under quadratic loss. In contrast
to the experiments in Table 3, here we use the simpler bootstrap algorithm described in Section 5.3 to
obtain critical values for the test statistic Sp. We set the block length to I = |T'/5], which satisfies
the block length requirement of Theorem 1 in Corradi and Swanson (2007). We include the same two

asymptotic tests, t(Ql p) and t(Q p), as benchmarks. These tests are defined as previously, and their

critical values are obtained from the standard normal distribution.

Table 4: Nested model size and power results with 5% nominal level

Tests P=20 40 80 160 | P=20 40 80 160
size: DGP1, noise and news power: DGP1, noise and news

t(le) 0.099 0.116 0.166 0.239 | 0.527 0.752 0.939 0.998
t(Qp) 0.096 0.087 0.073 0.063 | 0.926 0.982 0.998 1.000
Bootstrap  0.092  0.083 0.070 0.060 | 0.927 0.982 0.998 1.000
size: DGP2, noise and news | power : DGP2, noise and news

t(Q1p) 0.040 0.021 0.009 0.005| 0.199 0.251 0.354 0.571
t(Qp) 0.107  0.099 0.089 0.076 | 0.641 0.727 0.837 0.937
Bootstrap  0.104  0.096 0.088 0.076 | 0.641 0.726 0.836 0.937

Table 4 contains results for the nested models comparisons. For DGP1, where € is large, the
asymptotic test based on the Diebold and Mariano statistic t(Ql p) is oversized under the null hypoth-
esis, with rejections rates that increase from 0.099 when P = 20 to 0.239 when P = 160. In sharp
contrast, in DGP2 the Diebold-Mariano version is severely undersized with rejection rates that decline
from 0.040 when P = 20 to 0.005 when P = 160. The bootstrap test is comparable to the Clark and
McCracken test and both lead to better size control under the null hypothesis and substantial power

under the alternative.

26



6.3 Robustness

Each of the simulations were designed to align with our assumptions. For example, we require r to
be finite and, in particular, to be small relative to both R and P. In addition, we abstract from

annual benchmark revisions. In the following we provide a limited collection of simulations designed

to highlight the performance of the bootstrap when these assumptions are relaxed.

6.3.1 Small number of revisions

Here we consider a modified version of DGP2 applied to tests of equal accuracy for non-nested models.
The environment is largely the same as that in Section 6.1 except that we now allow values of r

equaling 2,4,8,16 and 32. For example, the final, first, and intermediate releases j € {1,...,7 —1} of

the dependent variable take the form

r—1

yt|r = 0.3561,t—1 + (03 + A)x27t_1 + €yt + Zvy’t”,

i=1
r—1

Yei = 0.3w1 1+ (03+A)wop 1 +eys+ Zwy,t\i’

i=1

YtiG+1) = Yilj — Wyl T Uye)je

Similarly, the final, first, and intermediate releases of each regressor x;, i = 1,2 take the form

r—1
Litlr = exi,t'i_E Vs t|ls
=1

r—1
Tigh = ezi,t+§ Wa, 415
=1
Tig)(G+1) = Titlj — Waytlj T Vaytlj-

While the parameterization is similar to DGP2, we rescale the variance of the news and noise

components so that their contribution to the variances of y and x; are invariant to the choice of r.

e DGP3: o2, = 169, 02, = 3.2, 0z, = 0.01/(r — 1), 02, = 0.1/(r — 1), 02, = 0.03/(r —

€

1), 02, =0.3/(r—1).

w,T

e,r

Table 5: Non-nested model size and power results with 5% nominal level: multiple revisions

v

r =2 4 8 16 32

r =2 4 8 16 32

size: DGP3, news only

power: DGP3, news only

0.043 0.049 0.046 0.052 0.046

1.000 1.000 1.000 1.000 1.000

size: DGP3, noise and news

power: DGP3, noise and news

0.048 0.046 0.047 0.045 0.044

1.000 1.000 1.000 1.000 1.000
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In Table 5 we report actual size and power of our bootstrap test for a range of values of r when
the sample sizes are R = 80 and P = 160. As we saw in Table 3, regardless of the choice of 7, actual

size and power of the test tends to be reasonable when using the percentile bootstrap.
6.3.2 Annual revisions

Here we consider a stylized example of how our bootstrap can, but need not, be robust to the presence
of annual revisions. Suppose that in each quarterly vintage ¢ there is an initial release y;;. However,
revisions occur only once a year and when they do, all previous releases are final. Assume that all
realizations ys, s = 1,..., R — 1 are final.

We consider two autoregressive models for forecasting 3.1, one based on an AR(1) model, which
uses one lagged value as a predictor, and another based on a restricted version of an AR(2) model

(where the twice lagged value is the predictor). Specifically, the DGP can be described as
yr=x—1f+ e +u and yy =y — v + w,

where e; ~ 1i.d.N(0,02), v; ~ ii.d.N(0,02), and w; ~ i.i.d.N(jty,02). We set x;_1 = y;—1 for the
AR(1) model and x;—; = y;—o for the AR(2) model. Under the null hypothesis, 8 = 0, which implies
yr ~1i.d.N(0,0?), with 02 = 02 + 02. We set 8 = 0.5 under the alternative hypothesis.

We consider a test of zero-mean prediction error based on an OLS-estimated autoregressive model
that does not contain an intercept. The one-step-ahead forecast is evaluated using the fully revised
value 94 1,» = yi4+1. The moment of interest takes the form E(fi11) = E(yi+1 — 74(t)3) = 0 where
the specific form of z;(t) depends on the lag length of the model.

For the AR(1) model, x4(t) = y; for all t. Given our DGP, 8 = 0, which implies f;y1 = y¢41 and
the null hypothesis holds. Since the revision process is finite lived and the functional form for fi11(5)
is time invariant, the asymptotics in Clark and McCracken still apply. Intuitively, our bootstrap
algorithm will also apply because it will enforce the feature that for every vintage, the most recent
value will be an initial release while all previous values will be final. Put differently, while our algorithm
does not replicate the entire pattern of the data when annual revisions are present, it replicates what
is needed for this example.

Now suppose the model has a twice-lagged value (as in the restricted AR(2) model described above)
and hence x;(t) = y;—1(t). We immediately find that the functional form for f;y; changes across the
calendar year. In most periods it takes the form ft(}r)l (B) = yt+1 — Bys—1)1, but during the annual
revision it takes the form ft(i)l (8) = yr+1 — Byi—1. In both cases, under our assumed DGP, fi11 = yi+1
and the null hypothesis holds for all ¢. The problem is that E f(j ) need not be constant for all

t+1,8
t. If we let F9) denote Eft(i)lﬁ then F() = —FEy; 1)1 and F@ = —Ey,_; = 0, which are distinct
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Table 6: Size and power results: AR(1) and AR(2) models

A=l 4 12 A =1 4 12
size: AR(1) power: AR(1)
0.056 0.051 0.072 | 0.959 0.964 0.977
size: AR(2) power: AR(2)
0.056 0.111 0.163 | 0.061 0.944 0.988

so long as F(U) is non-zero. Since FU) varies, the asymptotics in Clark and McCracken and our
bootstrap algorithm do not apply, because neither is designed to distinguish between regular vintages
and vintages that contain annual revisions.

In Table 6 we provide simulation evidence on the actual size and power of the bootstrap-based test

of zero-mean prediction error in the presence of an annual revision. For both models, we let
02=03, 02=0.2, 02 =0.2, p,=0.85.

The initial estimation sample size is R = 80, while the out-of-sample size is P = 80. We set the
bootstrap’s block length to 1 since our examples have the m.d.s. property. We consider annual
revision frequencies of A = 1, 4, 12. When A = 1, the vintages have a single regular revision structure.
When A > 1, revisions only arise with frequency A. For instance, if data have a quarterly frequency,
A = 4 implies that each year we have one annual revision. If data are observed at the monthly
frequency, one annual revision corresponds to A = 12.

When the model is an AR(1), our percentile bootstrap provides adequately sized tests of the null
regardless of annual revisions. In contrast, when the model is an AR(2), actual size of the test rises
sharply, well above the nominal 5% level. As to power, in most cases the test rejects with frequencies
near 95%. Even so, when the model is an AR(2) and there are no annual revisions, setting 3 to 0.5
does not constitute a deviation from the null and the rejection frequency aligns with the nominal size

of the test.

7 Forecasting inflation

In this section we apply our bootstrap procedure to tests of equal forecast accuracy in the context of
forecasting both quarterly CPI and PCE inflation. In particular, we do so with an eye toward revisiting
Ang et al. (2007) who compare several forecasting methods and conclude that survey-based forecasts
of inflation are generally superior under quadratic loss. While their results broadly support that thesis,
they consider only current vintage data and hence do not address a more realistic environment in which

data are subject to revision.
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With that in mind, we compare the forecast accuracy of a small handful of linear forecasting
models to survey forecasts and do so using vintage data. The surveys consist of the Blue Chip (BC)
and the Survey of Professional Forecasters (SPF). For the models we keep it simple and consider only
two from Ang et al. (2007): an AR(2) and an AR(2) augmented with one lag of real GDP (RGDP)
growth - the latter of which includes their preferred measure of economic slack. We also consider an
AR(2) that includes one lag of the change in total capacity utilization (TCU), which is the preferred
indicator of economic slack used by Stock and Watson (1999) who also conduct forecasting exercises
using current, rather than real-time, vintages of data.

Note that while revisions to CPI inflation are typically small, revisions to PCE inflation as well
as RGDP and TCU can be substantial. Therefore, it is not immediately obvious that our results will
align with those of Ang et al. (2007). Unfortunately, these three series also exhibit annual benchmark
revisions and hence our assumption of a regular revision pattern across all vintages is violated. Even
so, we take some comfort from the simulations in section 6.3.2 which suggest that our bootstrap can
yield reasonable results for models with short lags like the ones we consider.

Vintages of the CPI and PCE price indices, RGDP growth, and TCU are obtained from the
RTDSM hosted by the Federal Reserve Bank of Philadelphia. In each instance, the vintages are
available monthly. We use the January, April, July, and October vintages exclusively as these are the
first months for which (previous) quarter values can be constructed for all of the series. The SPF is
also obtained from the Federal Reserve Bank of Philadelphia and is released within the first two weeks
of February, May, August, and November. The BC forecasts are obtained from the Haver database.
While the BC forecasts are updated monthly, we use those vintages that align with the SPF. Together
this implies a modest timing advantage for the surveys as they are released later than the implied
forecast origins for the estimated models.!!

It’s worth noting that Ang et al. (2007) only use survey forecasts of CPI inflation even when fore-
casting PCE inflation. The reason is that the surveys only recently began asking survey participants
about PCE inflation (i.e., 2007 for SPF and 2021 for BC). To benchmark our results to theirs, we
follow their approach over two samples: one with forecasted dates of 1997:Q1 to 2002:Q4 that aligns
with their post-1995 sample, and a second with forecasted dates of 1997:Q1 to 2019:Q4 that provides
more recent evidence.'? We also consider a third sample with forecasted dates of 2008:Q1 to 2019:Q4

HThere are a few instances in which this timing is irregular. If there is more than one vintage within a month we use
the latest release. If there is no release within a month, but there is one early in the subsequent month, we use it.

2Note that, for example, a Q4 forecast origin is based on the January (February) vintage of data when using the
model (survey) to form a forecast.
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that allows us to evaluate SPF forecasts of PCE inflation relative to SPF forecasts of CPI inflation.!?

Within each vintage ¢ we apply the following data transformations. Annualized quarterly inflation
(yfl) = y;) is constructed as four times the log difference of the price index associated with the
last calendar month of quarters ¢ and t — 1. Annual inflation is constructed in the obvious way as
y§4) = Z?:o yi—j/4. RGDP growth is annualized quarterly percent change. TCU is transformed to
be four-times the average of the monthly first differences across the quarter.

For each forecast horizon 7 = 1,4, the three OLS estimated forecasting models take the form

yng) (t) = Bo + Pryi—+(t) + Boyr—r—1(t) + Baxi—-(t) + UgT) (t)

where z is either omitted or denotes RGDP or T'CU. We restrict attention to a Great Moderation

sample and hence all OLS regressions are estimated on a sample ranging from 1984:QQ3 through a

(1)

given forecast origin. Throughout, all forecasts are evaluated against the initial release y, ot

Tables 7 and 8 provide the results of our forecasting exercises when using survey forecasts of CPI
inflation. In each, the first two columns denote the ten pairwise model (survey) comparisons while
the remaining columns distinguish the target variable and horizon. For each permutation of model
comparison, target variable, and horizon we report three numbers. The first denotes the ratio of
root mean squared errors (RMSE) such that a value less than one favors model (survey) 1. The
second number denotes the percentile bootstrapped p-value (in parentheses) associated with the test
of equal forecast accuracy under quadratic loss.'* For the same test, the third number is the p-
value (in brackets) implied by the asymptotic distribution of the test statistic delineated in Clark and
McCracken (2009).

First, consider the results for CPI inflation in Tables 7 and 8. In both cases there is little to
suggest that any of the models are more accurate than the others. Each of the RMSE ratios are close
to one and none of the tests of equal ability are statistically significant using either the asymptotic or
bootstrapped p-values. The largest RMSE deviations from one occur when comparing the surveys to
the models. Here we find benefits to using surveys with gains as large as 7 percent at the one quarter
horizon and up to roughly 15 percent at the four quarter horizon. Even so, the tests of equal predictive
ability do not provide any evidence that these improvements are statistically significant using either
set of p-values. Finally, there is very little that distinguishes the two sets of survey forecasts from one
another. Overall, the results for CPI inflation support the conclusions in Ang et al. (2007) even if the

benefits to using surveys are not statistically significant.

13We end our sample prior to the onset of COVID to avoid the large atypical realizations of RGDP and TCU as well
as their revisions.

MFor ease of comparison, we use the bootstrap algorithm for linear models regardless of whether the models are nested
or non-nested. When a survey is used it is paired with the dependent variable to preserve dependence between the two.
In all comparisons, the algorithm shares a common seed across all 999 bootstrap replications.
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Table 7: Application to Forecasting Inflation (Ang et al. sample)

Model 1 Model 2 CPIL PCE
T=1 T=4 T=1 T=4
AR(2) AR(2) + RGDP 0.988 0.987 1.012 0.989
(0.875) (0.835) (0.333) (0.911)
[0.387] [0.290] [0.426] [0.199]
AR(2) AR(2) + TCU 0.997 1.021 1.021 1.015
(0.663) (0.483) (0.415) (0.329)
[0.938] [0.520] [0.714] [0.636]
AR(2) + RGDP AR(2) + TCU 1.009 1.034 1.008 1.027
(0.701) (0.435) (0.659) (0.269)
[0.769] [0.232] [0.883] [0.357]
BC AR(2) 0.931 0.872 1.261 1.172
(0.593) (0.289) (0.161) (0.525)
[0.417] [0.429] [0.079] [0.123]
BC AR(2) + RGDP 0.919 0.861 1.277 1.158
(0.551) (0.279) (0.121) (0.519)
[0.316] [0.386] [0.075] [0.132]
BC AR(2) + TCU 0.928 0.890 1.288 1.190
(0.647) (0.347) (0.085) (0.327)
[0.319] [0.455] [0.065] [0.073]
SPF AR(2) 0.932 0.891 1.286 1.221
(0.563) (0.321) (0.113) (0.357)
[0.323] [0.443] [0.039] [0.034]
SPF AR(2) + RGDP 0.921 0.879 1.302 1.207
(0.543) (0.313) (0.079) (0.365)
[0.220] [0.394] [0.037] [0.035]
SPF AR(2) + TCU 0.930 0.909 1.313 1.240
(0.691) (0.375) (0.061) (0.209)
[0.246] [0.478] [0.047] [0.021]
BC SPF 0.998 0.979 0.981 0.960
(0.871) (0.477) (0.465) (0.065)
[0.944] [0.495] [0.521] [0.056]

Notes: For each pairwise comparison, the table presents: the ratio of root mean squared errors, the p-value
associated with a test of equal forecast accuracy based on our percentile bootstrap (in parentheses), and the
p-value for the same test based on the asymptotic distribution associated with the test statistic delineated
in Clark and McCracken (2009) (in square brackets). RMSE ratios less (greater) than one favor model 1 (2).
Results are provided for an initial window size R = 50 and horizons 7 = 1 and 7 = 4, across 999 bootstrap
replications. The forecasted dates range from 1997:Q1 to 2002:Q4.
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Table 8: Application to Forecasting Inflation (pre-COVID sample)

Model 1 Model 2 CPIL PCE
T=1 T=4 T=1 T=4
AR(2) AR(2) + RGDP 0.991 1.000 0.996 0.992
(0.977) (0.557) (0.397) (0.543)
[0.294] [0.986] [0.694] [0.645]
AR(2) AR(2) + TCU 0.982 0.989 0.969 0.971
(0.481) (0.557) (0.745) (0.719)
[0.561] [0.733] [0.345] [0.410]
AR(2) + RGDP AR(2) + TCU 0.990 0.989 0.974 0.978
(0.481) (0.977) (0.981) (0.969)
[0.704] [0.702] [0.316] [0.426]
BC AR(2) 0.938 0.825 0.957 0.909
(0.629) (0.321) (0.975) (0.855)
[0.142] [0.163] [0.519] [0.460]
BC AR(2) + RGDP 0.930 0.825 0.952 0.902
(0.663) (0.453) (0.893) (0.957)
[0.130] [0.180] [0.503] [0.434]
BC AR(2) + TCU 0.921 0.816 0.927 0.883
(0.901) (0.417) (0.931) (0.947)
[0.111] [0.110] [0.244] [0.288]
SPF AR(2) 0.944 0.834 0.970 0.926
(0.727) (0.335) (0.811) (0.985)
[0.167] [0.162] [0.653] [0.523]
SPF AR(2) + RGDP 0.936 0.833 0.966 0.919
(0.745) (0.489) (0.675) (0.887)
[0.151] [0.181] [0.627] [0.495]
SPF AR(2) + TCU 0.927 0.824 0.941 0.899
(0.963) (0.461) (0.751) (0.907)
[0.131] [0.113] [0.329] [0.344]
BC SPF 0.994 0.990 0.986 0.982
(0.161) (0.455) (0.171) (0.225)
[0.088] [0.467] [0.127] [0.246]

Notes: For each pairwise comparison, the table presents: the ratio of root mean squared errors, the p-value
associated with a test of equal forecast accuracy based on our percentile bootstrap (in parentheses), and the
p-value for the same test based on the asymptotic distribution associated with the test statistic delineated
in Clark and McCracken (2009) (in square brackets). RMSE ratios less (greater) than one favor model 1 (2).
Results are provided for an initial window size R = 50 and horizons 7 = 1 and 7 = 4, across 999 bootstrap
replications. The forecasted dates range from 1997:Q1 to 2019:Q4.

33



Table 9: Forecasting PCE Inflation with SPF

Model 1 Model 2 PCE
T=1 T=4
SPF-CPI AR(2) 0.979 1.026
(0.717) (0.727)
[0.761] [0.697]
SPF-CPI AR(2) + RGDP 0.988 1.013
(0.923) (0.837)
[0.845] [0.842]
SPF-CPI AR(2) + TCU 0.943 0.980
(0.583) (0.909)
[0.274] [0.796]
SPF-PCE AR(2) 0.952 0.951
(0.363) (0.523)
[0.525] [0.586]
SPF-PCE AR(2) + RGDP 0.961 0.939
(0.447) (0.411)
[0.561] [0.493]
SPF-PCE AR(2) + TCU 0.917 0.908
(0.329) (0.425)
[0.140] [0.289]
SPF-CPI SPF-PCE 1.028 1.079
(0.125) (0.063)
[0.047] [0.053]

Notes: For each pairwise comparison, the table presents: the ratio of root mean squared errors, the p-value
associated with a test of equal forecast accuracy based on our percentile bootstrap (in parentheses), and the
p-value for the same test based on the asymptotic distribution associated with the test statistic delineated
in Clark and McCracken (2009) (in square brackets). RMSE ratios less (greater) than one favor model 1 (2).
Results are provided for an initial window size R = 94 and horizons 7 = 1 and 7 = 4, across 999 bootstrap

replications. The forecasted dates range from 2008:Q1 to 2019:Q4.
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Now consider the results for PCE inflation in Tables 7 and 8. These results are much more
complex — though the explanation may be simple. Recall that Ang et al. (2007) use SPF forecasts
of CPI inflation when forecasting either CPI or PCE inflation. In their Tables 7 and 8 (pages 1190,
1192), the SPF forecasts are nominally worse than a benchmark model when forecasting PCE inflation
but nominally better when forecasting CPI inflation. In our Table 7, which uses a similar sample to
theirs, this is exactly what we find. When using a comparable forecast sample, we find that the BC
and SPF surveys also do worse than the models when forecasting PCE inflation. Moreover, there are
several instances in which either the asymptotic or bootstrapped p-values indicate a rejection of the
null of equal predictive ability at conventional levels.

The results in our Table 7, for PCE inflation, make sense. In the words of Ang et al. (2007),
“Naturally, surveys [of CPI inflation] do a relatively poor job at forecasting PCE inflation, which they
are not designed to forecast.” Which leads us to our Table 8 and the results for PCE inflation. In
all instances, the surveys are nominally more accurate than the models. The gains are as large as 5
percent at the one quarter horizon and up to 10 percent at the four quarter horizon. Nevertheless,
in all instances the asymptotic and bootstrapped p-values suggest failing to reject the null of equal
predictive ability.

The results for PCE inflation in Table 8 are counter intuitive and an explanation is not immediately
obvious. A leading possibility is simply that we are using a different sample and that something is
fundamentally different between the two. Interestingly, one distinction is easy to identify. Over Ang
et al.’s (2007) 1995-2002 sample, quarterly CPI and PCE inflation exhibit a correlation of 81 percent.
But over the subsequent 2002-2019 sample they exhibit a much higher correlation of 98 percent! This
suggests that for much of the sample used for Table 8, forecasts of CPI inflation may be good for PCE
inflation as well!

Regardless, neither Table 7 or 8 informs us about the relative accuracy of models versus surveys
of PCE inflation when forecasting PCE inflation. Albeit with a shorter sample, Table 9 provides
this comparison. For brevity we omit the model-to-model comparisons and focus on the comparison
between models and surveys. In addition, we provide evidence on whether the SPF forecasts of PCE
inflation have marginal value relative to the SPF forecasts of CPI inflation that seemed to perform
pretty well in Table 8.

In Table 9 we find that at the one quarter horizon, both survey forecasts nominally outperform the
models as all RMSE ratios are less than one. This is not surprising given the high correlation between
CPI and PCE inflation over this sample. At the four quarter horizon, all but two of the pairwise

comparisons (both of which use SPF forecasts of CPI inflation) indicate that the survey forecasts are
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nominally more accurate. Nevertheless, as we saw in Table 8, the differences in accuracy are not
statistically significant using either choice of p-value. Perhaps most interestingly, there is reasonably
clear evidence that despite the high correlation between the two measures of inflation, choosing the
correct survey matters for accuracy. At both horizons, the SPF forecast of PCE inflation is not only
nominally more accurate, there is evidence that it is statistically significant and especially so at the
four quarter horizon.

Overall, our results reinforce those in Ang et al. (2007) but with a slightly different interpretation.
Across our three samples it is clear that survey forecasts of inflation tend to be more accurate than
simple models when the survey is designed to forecast the relevant measure of inflation. Even so, our
results suggest a somewhat obvious modification to the Ang et al. (2007) quote, “Naturally, surveys
[of CPI inflation] do a relatively poor job at forecasting PCE inflation, which they are not designed to

forecast, unless CPI and PCE inflation happen to be very highly correlated.”

8 Conclusions

The main contribution of this paper is to propose a new bootstrap algorithm for out-of-sample pre-
dictability tests when the data are subject to a finite number of data revisions. Our bootstrap algo-
rithm replicates the triangular structure of the different vintages by relying on an application of the
moving blocks bootstrap. The novel feature of our method is that it not only preserves the time series
dependence of the data within each vintage, but it also preserves the dependence across the different
vintages. We provide a set of regularity conditions under which our bootstrap method is asymptoti-
cally valid. Simulations show that the proposed bootstrap tests have comparable size properties to the
data revision-robust test statistic proposed by Clark and McCracken (2009). However, the bootstrap
is easier to apply as it avoids estimating directly the asymptotic variance of the test. We conclude with
an application to inflation forecasting in the presence of real-time vintage data. Our results support
the conclusion in Ang et al. (2007) that survey forecasts of inflation are more accurate than simple

models and particularly so if the surveys are aligned with the relevant measure of inflation.
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A  Appendix

As usual in the bootstrap literature, we use P* to denote the bootstrap probability measure, conditional
on the original sample (defined on a given probability space (€2, F, P)). For any bootstrap statistic ¢,

we write t7. = oy, (1), or 7, —P7 0, when for any 6 > 0, P* (|t&| > &) = 0, (1). We write t} = Oy (1),

when for all 6 > 0 there exists Ms < oo such that limg_,o P [P* (|t}| > Ms) > 6] = 0. By Markov’s
inequality, this follows if £* [t4.|7 = O, (1) for some ¢ > 0. Finally, we write t% —¢" D, in probability, if
conditional on a sample with probability that converges to one, t7 weakly converges to the distribution
D under P*,ie. E*(f (t3)) =% E(f (D)) for all bounded and uniformly continuous functions f.
For simplicity, we treat 8 as a scalar and focus on the case of a single model, i.e., we let Kk =1 in

Assumption 2. Following West (1996), we write “sup,” to mean “supp<;<p.”
A.1 Auxiliary lemmas

Here, we provide several auxiliary lemmas, followed by their proofs.

Lemma A.1 Under Assumptions 1-5,

(a) sup, |B(t) = B(t)| = 0,(1).

(b) P2 L g () — H)| = 0,(1).

(c) For any 0 < a < 1/2, sup, P*|H(t) — H(t)| = 0,(1).
(d) For any 0 < a < 1/2, sup, |P*(B(t) — Bo)| = 0, (1).

Lemma A.1(d) is the analog of Lemma A.3(b) of West (1996) when the estimator of By is 3 (t),

the OLS estimator based on real-time vintage data.
Lemma A.2 Under Assumptions 1-5 and assuming that | — oo such that 1/ min{v/R, P} — 0,

(a) For any 0 < a < 1/2, sup, P*|H*(t) — E*H*(t)| = 05(1), where H* (t) = ¢t~ ZZ:HT h%, with
B =t (yt — ot Bo).

(b) sup, |B*(t) — Bl = o}, (1), where B*(t) = (132!, at_ ot ) .

(c) For any 0 < a < 1/2, sup, }P“ (B;“ - 50)’ =0, (1).

(@ PV2YL L (ff s — FYBH(t) = 03 (1)

(e) P23y F(B*(t) — B)H*(t) = o, (1).
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(£) PY2ST p(fin s — F)(BH(t) = BYH*(t) = 03 (1),

Parts (a) and (c) are the bootstrap analogs of Lemma A.3 (a) and (b) of West (1996). Parts (d)
through (f) are the bootstrap analogs of Lemma A.4 of West (1996).
To prove Lemma A.2, we rely on the following result. It provides an asymptotic approximation to

the MBB expectation of a given observation in the MBB sample.

Lemma A.3 Let {Zf:t=M,...,M'} denote a MBB resample of {Z; :t=N,...,N'} with block
size | such that | — oo with l/n — 0, wheren =N'"— N+ 1. If E|Zy| <A, t= N,...,N’, for some
A < oo, then E*(Z}) = Zy + O, (I/n), uniformly int = M, ..., M’', where Z, =n~" ZiV:/NZt-

Lemma A.4 Under Assumptions 1-5 and | — oo such that 1/ min{v/R,~/P} — 0,
(a) Var* (Sip) & Q.

(b) Var* (Sip) & Qo.

(c) Cov* (Sip,Sip) 2 Qa.

Proof of Lemma A.1. To prove (a), it suffices to show that sup, ‘E‘l(t) — B7L(t)| = op(1).
We can write
t
B~ B ) =t Y (vur (e (0 — 2mr, ) = £V
s=14T1

where .

Vi= Z (Ts—r(t)rs—r(t) — xS—TJ‘{e—T)‘

s=t—r+1
Hence, for any € > 0,
T T
P (Sup|t_1Vt] > 6) < P(t7'Vi| > e) <) tTEVi
t 2 iz =ty

The result follows by noting that Z;‘F:R t72 < PR™2 — 0 and E|V;|?> = O(1) by Assumption 4. Part
(b) follows similarly by writing t 'V, = H(t) — H(t) = t! Zi:tfrﬁ»l(hs (t) — hs). Part (c) follows
similarly. For part (d),

sup |PA(B(t) = fo)| < sup [PA(B(E) = Bo)| + Sup |P*(B: = Bo)l,

where sup, |[P*(3(t) — B:)| = 0p(1) given parts (a) and (c), and sup, |P*(8; — Bo)| = 0p(1) by West’s
(1996) Lemma A.3(b). =
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Proof of Lemma A.2. Part (a). First, write

R L
" Z h:+1{t2R+1}¥ Z hs

s=1+1 s=R+1
where 17> 1y is an indicator function equal to 1if ¢ > R + 1. This decomposition is useful because

h} = h,, for s < R, whereas h} = h,,, for s > R. Using it, for any 0 < a < 1/2, we write
Pesup |H*(t) — E*H*(t)] < A} + A5,
t

where
1
= Y (hr—E*RY)|,

s=R+1

\/175;-7' h* E*h*)

where A% = 0%(1) since ‘R V2R (bt — E*hY)

since under Assumption 3 we can show that Var* <R_1/2 ZS 17 h;) = O,(1) by Corollary 3.1 of

Al =P A5 =P sup

RH1<t<T

EH

= O, (1). This follows by Chebyshev’s inequality,

Fitzenberger (1998). We are left to show that A5 = o;(1). For simplicity, we assume that the number
of blocks of size [ needed to obtain the ¢t — R observations indexed by s = R+ 1,...,t is k (where
R+1<t<T), ie t— R =Ekl. Note that k is such that 1 < k < ko, since we have defined ko as
the number of blocks of size [ needed to obtain the last T+ 7 — (R+ 1) + 1 = P + 7 — 1 bootstrap

observations in the sample. With this notation, we can write

Rkl k
A5 = P sup (h; — E*h} PR~ sup U,
2 1<k<ky | Kl + R %1 )= 1<k<ko ;
where
ReA(i—1)1+1 !
U= Y (i =ER) =) (hjo1 = EX(hyejo1)).
t=R+1+(i—1)l Jj=1

The last equality uses the fact that for t =R+ 1+ (i —1){,..., R+ (i — 1)l 4+,

* — .
hi = h"7R+1+(i71)l+(j—l) - hJiJrJ*lv

where J; ~ ii.d. Uniform on {R+7,...,T+7—1+1}. To prove that A = o}, (1), it suffices to
show that sup; <<y, |p~1/2 Zle U;| = Oy (1). To prove this, note that by the independence of {J;},
{Ur:i=1,...,k} is an array of independent variables, implying that it is a martingale difference
array with respect to the o-field G ; = o (Ji, ..., Ji—1). Using Theorem 15.14 of Davidson (1994), for

any € > 0,

2
) E*|PY23 U

<

- 62 )

k
P_1/2ZUZ~* > €
i=1

P*| sup
1<k<ky
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where

ko 2 T+t 2 T+t
E* (Pl/QZu;‘> = <P1/2 > (h:—E*h;)> = Var* <P1/2 > h>
=1

s=R+1 t=R+1

which is O, (1) by Corollary 3.1 of Fitzenberger (1998). The result follows by noting that P*R~'P'/2 =
o (1) under Assumption 5 and a < 1/2.

Part (b). It suffices to show that sup, |[B*(t)~! — B™'| = 0}(1), which follows if sup, |B*(t)~" —

E*B*(t)~!| = 05(1) and sup, |[E*B*(t)"' — B~'| = 05(1). Let a} = 2% _ 2% ./, and a; = 25,2} _,. By

the triangle inequality,

t

CY (@ - Ea))

s=R+1

R
R Y (0l - Ea))
s=1+T1

sup [B*()™ ~ E'B() '] <
t

+ sup
R+1<t<T

We can show that the two terms on the right-hand-side (RHS) of the inequality are oj(1) by relying
on an argument similar to that used in the proof of part (a). Thus, we only need to show that
sup, |E*B*(t)~' — B~'| = 0,(1). Noting that E*B* (t)"' = ¢~ Efs:l-ﬁ E*a’ and B~! = Ea, (which

is constant under our stationarity assumption on x;), we can write

t
sup|B*B* (1)~ B~ =sup |t 3 B*(a} ~ Fa,) + T B () - B (ay)
t t s=1+4T1 t
t
<sup |t Z E*(a: — Ea,)| +O (R7Y),
¢ s=1+1

where the last inequality uses the fact that 7is finite. Noting that a} = a,, for s =1+ 7,..., R and

a; = ap, for s > R+ 1, we can apply the triangular inequality to obtain

¢ R t
sup [t7* Z E*(a} — Ea,)| < |R7! Z E*(aX — Fa,)| +sup [t ! Z E*(a; — Eas)| .
¢ s=1+1 s=1+71 t s=R+1
E‘gl ;22

The first term is the absolute value of &1, which can be rewritten as

_R_T -1 & *( %
& = (R—7)"" Y E*(a} - Eay),

R s=14T1

where (R—7) 1 ZszT E*(a%—FEas) is the MBB sample average of af— Eas. By well-known properties

of the MBB (see e.g. Fitzenberger, 1998), we can show that this is equal to (R —7) " 25:14-7(@3 —
Eas)+0, (ﬁ) Hence, &, = R7! ZfZH_T(aS—EaS)—{—Op (I/R). We can show that £, = O, (R_1/2)+
0p (1) = 0, (1) under Assumption 3 and the fact that /R = o(1). That R~! Zf:ur(as — FEay) is

O, (R_l/ 2) follows by applying a maximal inequality for mixingales (see e.g. Lemma A.1 of Goncalves
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/
S—T

and Vogelsang (2011)). This result follows if as — Fas = x5_,2, . — Fxs_;x’__is an Lo-mixingale of

size —1 (which is ensured by Assumption 3). We study & next. This term relies on the MBB indices
ns. Using again the simplified assumption that ¢t — R = kl, we can write

t kool
Z E*(a} — Eas) = Z ZE* (aj,+(j—1) — Eas) (where we note that Fay is a constant)
s=R+1 i=1 j=1

k l
=1Y B [17Y) (ag4¢-1) — Bas) | = KIE*UY),
i=1 j=1

EZ/{,L.*
where the last equality holds because U is i.i.d. across . Hence, we get that
t
&= sup |71 Y E*(af— Eay)| <R sup [KET(U)| < R (kal) [EF(WU7)].
RH1<t<T R 1<k<ko ~—~—~
s=h+ P—1+1
The result follows by Assumption 5 (which implies that R~1(P — 7+ 1) = O(1)) and the fact that

E*(Uf) =0, (P_l/ 2). The latter follows because we can write

P—-—7+1

ko ko 1 T+T
* (7 pk - * * * — P * — *
E*Uf) = ky ' Y B U = E* S (ko)) Y (aggor) — Bay) p = 5————F (P Y (e —Eat)> ,

i=1 i=1 j=1
which is the MBB bootstrap expectation of the sample average of {aj — Fa;:t =R+ ,...,T + 71}
(note that Fa; = Fag since this is a constant under the stationarity assumption on z;). Thus, by the
properties of the MBB bootstrap expectation, we can write E*(U]) as

T+1
B*U) = P13 (a— Ba) + 0y (1/P) = 0, (P7/2) 40, (1) = 0, (1),
t=R+T1

since the first term after the first equality is O, (P_l/ 2), under Assumption 3 (as explained above).
This concludes the proof that {3 = 0, (1) and the proof of part b).
Part (c). By definition, 8 = (¢t S A )71 tt ZZ:HT zi_yr. Letting yf = z¥ _Bo+

s=1+7 vs—T7Vs—T

(y* — 2*'__fy) and recalling the definitions of B* (t) and H* (t) yields 3 — o = B* (t) H* (t). Hence,
P* sup B¢ — Bol =P* sup | B* () H* (t)]
<sup ‘B*(t) - B}P“ sup )H*(t) - E*H*(t)’ + BP%sup |[E*H*(t)]
t t t
+ sup (B*(t) - B‘Pa sup )E*H*(t)) + BP%sup |H*(t) — E*H*(t)|.
t t t
Since supy ‘B*(t) - B‘ = 0p(1) by part (b), and for 0 < a < 1/2, P*sup, ’H*(t) — E*H*(t)| = 0,(1) by
part (a), the result follows by showing that P sup, |[E*H*(t)| = 0,(1). This result follows by the exact
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same arguments as in the proof of part (b). In particular, we can decompose sup, |[E*H*(t)| < x1+ X2
where x1 = O, (R7Y/2) + 0, (I/R) and x2 = O, (P~/?) + O, (1/P) (the proof of these results is the
same as that used to study &; and & in part b)). It follows that

P%sup |E*H*(t)| = O,(P*R~"/?) + O, (P"I/R) + O,(P*P~/?) + 0, (P*l/P) = 0, (1),
t

since P and R are of the same order magnitude (by Assumption 5), and a < 1/2. This implies
that the first and third terms are oy, (1). The second and fourth terms are also op, (1) under our
assumptions. For instance, for the last term, because | — oo such that I/ VP =0 (1), we can write
O, (P%/P) = O,(P*P~/21P~1/2) = 0, (1) since /P2 = 0 (1) and P*~/2 = 0 (1).

Part (d). Adding and subtracting appropriately, we can center ft*—‘,-T|’I’/ and H*(t) around their
bootstrap means, i.e., P~1/2 ZtT:R(f:Jrﬂw,g — F)BH*(t) = Y}, Fi where

T T
F1= P2 Z(f:—i-ﬂr’ﬁ - E*f:-&—T\r’,ﬁ)B(H*(t) — E*H*(1)), F2= pi2 Z(E*f:—&-ﬂ'r’ﬁ — F)BETH"(t)
t=R t=R

T T

Fo= PV2S (B f s — F)BH(6) — B*H* (1)), and Fy = P23 (0 — B*fiy o ) BETHP (1),
t=R =R

To prove part (d), it suffices to show that each F; vanishes asymptotically. We start by showing

Fa = 0p(1). Note that F5 is bounded by

T
Fo < PN B foimys — F| Bsup | E°HY (1),
t=R

implying that 7 = o,(1) if P~1/2 ZtT:R ‘E*ft+7'|r’,5 - F‘ = Op(1) and sup; ’E*H*(t)) = 0p(1), where
sup, )E*H*(t)) = 0,(1) follows from the result of part (c). To show P~!/2 ZtT:R ‘E*fHT‘T/,B —F| =
O,(1), it suffices to show that P~1 ZtT:R PI/QE‘E*fHT‘T/ﬁ — F‘ = O(1). This condition requires
PI/QE‘E*fHT‘T/ﬁ — F‘ = 0(1) to hold for t = R,...,T. Using Jensen’s inequality, we can write

Pl/zE)E ftHWﬁ—F‘ <PR(B(E S —F) )

2
where for t = R,...,T, E (E*f;rﬂr'ﬁ — F) < O(1/P). Hence, Pl/QE‘E*ft*JFT‘T,ﬁ — F‘ < 0O(1),
completing the proof that /2 = oj(1).

For F3, we write
T
Fa< Py P1/2‘E*ft*+m,ﬁ - F’Bsup ‘H*(t) - E*H*(t)‘,
=R t

where sup, |H*(t) — E*H*(t)‘ = o0p(1) by Lemma A.2 (a) and Pl/Q‘E*ft+T‘T/75 - F‘ = O,(1). Hence,

]:3 = 0;(1).
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For Fy, it suffices to show E*Fy = 0 and Var*(Fs) = op(1). Note that E*F, = 0 by design.
Hence, we only need to show that Var*(Fs) = op(1). For the sake of brevity, we let 7 = 1, and we

define aj , B i &t = BE*H*(t). Fori=1,... ko, welet n, = R+1+ (i—1)I, so

= Tirimp =
ny=R+1and ng, =T +1—-1+1, where R+ 1 is the index that links to the first element in the first
generated block, and T4+ 1 — [ 4+ 1 is the index that links to the first element in the last generated
block. Exploiting the independence between bootstrap blocks, we can write

2

T 2 k2 l
Var*(Fy) = B* (Pl/zza?+16t> =kt Y UTET | Y o Cui o
=R i=1 j=

Now, we let d o) = +(j71)cni+(j—1)—1 and apply the standard MBB variance formula to get
-1 l—-m
1 1 * 7%2 1 *(J* d*
Var'(F1) =k~ Z a ZEdn+Jl+2l Z B (dp (1) I (j-14m)) |
m=1 j=1
where 1717 VR 2Ly < Op(PTH?) and ST E(d o otemy) < Op(l/PY?) for i =

1,...,ks. For brevity, we only show E*d;?HJ By = Op(P_l/Q) fori =1,...,ky and j = 1,...,1[.

The proof that Zl mE*(d; =11 (-1 +m)) = 0p(1) follows from a similar argument. Using the

definition d*

* .
ni4G—=1) = Onit(j—1)Cni+(j—1)—1, We can write

* *(k 2
E*dy2, o1y = Var(ay ;-1 4 (i-1)-1

< ’Var*(a;ﬁ(j,l)) — T'4a(0) "

072”L¢+(j71)71 + [Taa(0)[c i+(i-1)-1

2 2
<[var' @) - Tl (Bow B E 0]+ Pl (B |7 0)])

where ['44(0) = Var(fy,» 3) and B are constants, sup, |[E*H*(t)| < O,(P~1/2) by result of part (c).

We are left to show that E‘Var*(a;‘l#(j_l)) - I‘aa(O)‘ = O(1). Using Jensen’s inequality,

1/2
B |Var' (@, 1)~ Laal0)| < [E (Var* (@}, .-1) = Tua(0)) ]

< [Var (VGT*(aZi+(j—1))> + (EVW*(“;#(J‘—I)) a F““(O)> ]1/2

where for i = 1,..., ko,
1 T+1-1+1 1 T+1-1+1
Var*(a, ;1) = Prici > (ferGovms = Cri- 1)? with Cpj 1 = Pri_l D ferG-vms
t=R+1 s=R+1

Using the uniform fourth moment bound on a;, Var (VCLT*(CL:;_ +(j_1))> — 0. Note that
EVar*(ay, ,;-1)) — Taa(0) = —E(Csj-1)* <O (1)
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which completes this part of the proof. To show Fi; = oj(1), we use the definition of H*(t) to

decompose F; as F1 = Fi.1 + F1.2 where

T R
_ p-1/2 Z (ft*—i-rlr’,ﬁ _ E*f:+T|T/76> B <t_1 Z (h: — E*h:)) )
t=R

s=1+71
T t
Fra=P'7 Z (ftiﬂr/ﬁ o E*ft*+7'|r’:ﬁ> B (tl Z (hs — E*h:)> .
t=R+1 s=R+1

Then the result follows if F;1 and Fj 9 are both O;(l). For F1.1, we first rewrite it as

12 / T
Fr1= (ﬁ) (Z t~! (ft*-&—Tlr’,B o E*ft*-i-TT’,ﬁ)) (R_1/2 Z - E7hy) )
t=R

s=14+T1

The result follows if Y- pt! < -

ft+T|,,/76 E*f;_ﬂr,ﬁ) = 0;(1), i.e., the middle term on the right-hand

side of the above equation vanishes asymptotically. This is because % — 7 < 00, and by Corollary
3.1 in Fitzenberger (1998) R~1/23 % 14r (W5 = E*h%) = O;(1). To show the middle term vanishes
asymptotically, it suffices to show the bootstrap variance of the middle term is 0, (1). This is because
the bootstrap mean of the middle term is exactly zero, and the result will follow by Chebyshev’s

inequality. Using independence of the bootstrap blocks, we can write
2

a = — Jhirsitrir s~ B vt s
* -1 * * Pk _ * THil+j[r’, T+il+j|r’,
Var (Z’f (Firirs = B fmw,@)) = ZO B2 Rtrtit]

t=R Jj=0

Then we argue the right-hand side of the above equality is 0,(1). For simplicity, we let m; = R+7+l.

By Cauchy-Schwarz inequality, we can write,

2

ko—1 -1 f* g o E*f* g ko—1 -1 1 2 -1 9
ZE* Z mi+jlr, mi+jlr, < ( > ZE*O; ' — B )
. y - 7;+]|’I"/,5 mi+]|rlvﬁ
i=0 =0 mi+J i=0 \ j=0 mi+J =0
ka—1
= <R2) ZVCLT ( my+jlr! 7,3>
1=0

E./\/l

Note that we can also write the right-hand side of the above inequality as

T
M= <1§2> <ZI:% Var* (s = F>> |
=

By Markov’s inequality, the result follows since T/R < oo, /R — 0, and EVar* (f:+7\r’ 6) 0(1)

uniformly in t. In particular, we can show FM — 0 by noting that
EVCL'F (ft—‘rTlT’,B - F) S F|FE (ft“l‘TlT,aB - F) + FE (E ft—‘rTlT’,ﬂ - F) .
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Let v; = Cov (fs|rl75f8+j‘,ﬂ,”3) =Cov (fs‘,,/ﬁfs,ﬂr/ﬁ) = v_;. By the definition of bootstrap expectation

2
and the covariance stationary assumption, F <E* ( ft*+7—\ g~ F ) ) < |v0l, and

(£ S )’ < 58 (T8 (= F)) < 5 55

j=—o0

For these reasons, EVar* (ft+T|,,/”3 —F) < |yl + % Z;’i_oo |7j|- This implies that

j—foo
Since % —0, £ -5 7 < o0, and Z;’i_m |vj] < 00, EM — 0. The term Fj 2 can be handled similarly,

so we omit the details here.

Part (e). Note that

T
p1/2 Z F(B*(t) — BYH*(t) < sup |B*(t) — BIFP™Y2 " |H*(t) — E*H*(t)|
t=R

T
+sup |B*(t) - BIFP~'2 Y " |E*H*(t)],
t
t=R
where sup, | B(t)* — B| = 0j,(1) by part (b). The result follows by showing that (i) P12 ZtT:R |H*(t)—
E*H*(t)| = O,(1) and (ii) P12 Zt:R |E*H*(t)| = Op(1). To prove (i), it suffices to show E*|H*(t)—
E*H*(t)] < O,(R™'/2) uniformly in t. For t = R,...,T, observe that E*|H*(t) — E*H*(t)| <
1/2
[E* (H*(t) - E*H*(t)ﬂ , where

R t 2
1
E*(H*(t) — E*H*(t))* =E" (tl S (hE - EThE) + 7{’”?@} R —E*hf;))
s=1+71 s=R+1

R 4 ’
=B <R1/2 > (hj—E*hi‘;))

s=1+41

N 1{R+1§t§t§}(t —R) ((t SRS (- E*h;‘))Z
s=R+1

where 1(r 1<t<7} is an indicator function that equals 1 if R +1 < ¢ < T. Note that % < R7Y

(t= R}t < PR = O(R™"), Var'(R™Y2 300 h2) = Op(1), Var*((t = R)7V2 Y gy BY) =

0,(1), and Cov*(R™'/? ZS 14 P (E = R)™ 125t re1 Ps) = 0. To complete the proof, we show (ii).

This follows from noting that

I/QZ\E*H* @) < Pl/ZSHPIE*H*( =0, (1),
t=R
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since we already showed that sup, |E*H*(t)| < x1+x2 = Op (R7Y/2)4+0, (I/R)+0,(P~'/?)+0, (1/P)
in part (c).
Part (f). Adding and subtracting appropriately,

p-1/2 i(f;—l—ﬂr’ﬁ _F) (B*(t) _ B)H*(t) SSltlp ‘B*(t) _ B‘P‘ 5= F) |H*(t) — E*H*(t)|

t=R

—i—sup‘B*(t)—B’P_ ﬁ—F)]E*H*(t)\.
t
Given part b), it suffices to show (i) P~/2 3] . 5= F‘]H*(t) — E*H*(t)] = O,(1) and (ii)
p2yTl firir g — F‘ |E*H*(t)| = O;(1). We can prove (i) by applying the Cauchy-Schwarz
inequality and using the fact that E*(H*(t) — E*H*(t))2 = O, (min(R, P)~Y/2) + O, (I/ min(R, P)),
. 2

ft+r\r’,ﬁ F) = Op(1) (by Lemma
A.3) and the fact that sup, |E*H*(t)| = O, (min(R, P)~'/2) + O, (I/ min(R, P)). =

Proof of Lemma A.3. Let M’ — M + 1 = kl and generate I,...,I; ~ iid. Uniform on
(N,...,N' =1 +1}. Set

as in the proof of part (e). Part (ii) follows by noting that E*(

Z;\(J—I—(i—l)l—‘r(j—l) = Z]i-i-(j—l)) fori=1,... kyg=1,..., lv
and note that this yields a bootstrap sample
{Z0 =21, 231 = Znvts e Zigics = Znvi-1 2 = 2o Zypr = Zii-1 -

Since [; is i.i.d. Uniform on {N,..., N’ — [+ 1}, it follows that for i =1,...,k, j=1,...,1,

N’—l—‘rl
EY(Zy -1t -1) = B (Zr4(-1)) = (N = N —1+2)” Z Zy+(j-1)»

which varies with j = 1,...,1, but not withi =1,...,k. Letn=N'—N+1and Z, =n"' SN Z.

For each j =1,...,1, we can write
, N’—l—‘rl n . N’ .
(N =N —1+2)" Z Zyy(j1y = l+1(n ZZt>+(n—l+1) Aj,
t=N
where A; = Zi\i]}lﬂ Zyy(i—1) — i\LN Z;. Bach term A; can be written as a sum involving [ — 1

observations in {Z;}. For instance, for j = 1,

_ -1 .
a1=0p(1)
where a; = O, (1) because E |Z;| < A for all t. For j = 2,
_ -1 .
(n — 1+ 1) 1A2 = m(l — 1)71(ZN+]_ +ZN/_1+3 + ...+ ZN/) = Op (l/n) if l/n = 0(1) .
‘12:010(1)
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Since, for any j, we can show that (n — [+ 1)71E|A;| = O (I/n) uniformly in j, the result follows. m
Proof of Lemma A.4. Part (a). Recall that Sip = P~1/2 ZtT:Jr];rT(ftTT/ — fyr). We start
by showing S7p = gikp + op(1) where S’fp = p-1/2 ZtTjg+1(f;k‘r, — E*f;[r,). Using S’fp helps to set

the first summand of STp from f}*2 ol to f]*% I where f]*% e , 1s the first element of the

= f77R+1|7'
first random block based on {ngt1,...,mr+1 + (I — 1)}, and S’f p is centered around bootstrap mean.

Adding and subtracting appropriately,
Sip=Sip+ P7V2A* 4 PTI2A

* T+t * T+T1 * _ T+T1 * T+T1 * 2
where A* = > " ft|T, D D o A= "5 Efs‘r/ — > i—per fty- Note that A* is at

most Op(7), and it is exactly zero when 7 = 1. Hence P~1Y2A* vanishes asymptotically. Let C P =

p-iy Iy fy then

t=R+T1
T+t T+t
A= D" (E*fyr —Cr+Cp) = PCr= Y (E*fyr —Cs) + (= 1)C;
s=R+1 s=R+1

where E*fy,» —Cy < Op(l/P) fort = R+1,...,T + 7 by Lemma A.3, and Cy < Op(1). This implies
P~12A < P7V2(P + 7 —1)0,(1/P) + P~Y/2(1 —1)O,(1). Hence, P~'/2A vanishes asymptotically
under the block length condition I/v/P — 0. Using these results, we can write S¥p = Sip + o,(1).
This implies

lim Var*(Sip)= lm Var* (S’fp)

R,P—o0 R,P—o0

where

T+t
Var* (S“{P) 2 lim Var (P—W 3 fﬂr,) -

R,P—o00
t=R+T1

by Corollary 3.1 of Fitzenberger (1998).
Part (b). From Lemma 5.1, we know that

R P-1
Ssp=aroP 2 Y (ki —hr)+ P " agi(hhy — hp).
s=1+T1 =1
S;P.l S;PQ

We first recenter S5, by adding and subtracting the appropriate bootstrap mean of S35, and S5p,

R R
S3py = apoP~'/? Z (h; — E*h%) + agoP~'/? Z (E*h} — hg)
s=1+1 s=1+1
P—1 P—1

Sypo =P/ Z api(Wpy; — E*Wpy) + P72 Z ari(E* Wy + hp)
i=1 =1
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where agoP~/? ZS 1 (B*R% = hr) = 0p(1) since apo < oo and E*h: — hg = Op(l/R) for s =
1+7,....R, and P~Y2 57 Lap (E*hy.; — hp) = 0p(1) since P71 rag; — 1 — 77 In(1 + 7)
(see West (1996), Lemma 4.1) and E*h},,; — hp = Op(l/R) for i = 1,..., P — 1. Now, we can write

P-1
Sip = apoP~? Z (s — E*h3) + P72 " api(hys — E*hgy) +oi(1),
s=1+71 i=1
Sspa S3pa
and
R,llygoo Var* (S5p) = R}i}riloo (Var* (5’;13_1) + Var* (S’EP_Q) + 2Cov* (ggp.l, §§P2>) .
Note that

R
Glim Var*(Sip,) = grgooagop—lRVar* <R_1/2 ; (h —E*hj))

where a%mP_lR — 7 '1n?(1 4 7) by West (1996), page 1082 (A-1a); by using Fitzenberger’s (1998)
Corollary 3.1,
R [eS)
ar*( ~1/2 Z — E*h; ) 2 Var <R1/2 Z ht> — Z Chn(j)
t=1+7 t=1+1 j=—00
where Ty, (j) = E(hihiyj) = E(hihi—;) = Thp(—j). Hence Var*(Sip,) 2 Q1.

For Var*(Sip,), we first rewrite Sip, as

P-1 T+r
S3pa =P 72 ani(hipy — E'hipy) = P72 ) ci(hy — E*RY).
i=1 t=R+1

where

ap;for1<i<P—-1
CRyi =
T ot P<i<P—147
By exploiting the independence between blocks, we write

RA1+(i—1)I+1—1

T+1 ko
ar* (P—1/2 > alh; —E*hz)> =P Var > ci(hf — E*Rh})
i=1

t=R+1 t=R+1+(i—1)l

1%

Now, we show V 2 Q. Adding and subtracting appropriately, we write ¥V = V; + V5 + V3 where

ko [ R+1+(i—1)I+1-1 -1 RH14+(i—1)I+l-1—3
=P E E c;Thp(0) 42 E E CtCt+ijh(])
i=1 t=R+1+(i—1)l Jj=1 t=R+1+4+(—1)l

ko RA1+(i—1)I4+1—-1

PS> @ (Var () - D)

i=1 ¢t=R4+1+4(i—1)I
ky RA1+(i—1)l+1—1—j

Vi3 =2 Z Py > CtCrij (COU*(hI, hii) — th(j))

=1  t=R+1+(i—1)I
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where V, and V3 goes to zero in probability. We show V, = 0,,(1); similar arguments apply to proving
V3 =o0p(1). For i =1,..., ko, we let m; = R+ 1+ (i — 1)l. Using this notation, we can bound V; as
follows
ko 1 ko 1
=P o (V“T*(h;w(a‘fl))_rhh(o)) SPTYD i ‘V“’"*(h:w(jfl)) — Inn(0)]-
i=1 j=1 i=1 j=1

A sufficient condition for Vs = 0,(1) is (P‘1 ZtTJr}%H ct> ’Var Jr(j_l)) — th(O)‘ — 0 where

T+t
IZZ Conit (j—1) =p! Z =2l —a tin(1+7)] — 7 ' In(1 4 7)
=1 j=1 t=R+1

by equation (A1-1b) in Lemma A.5 of West (1996). Thus, we only need to show E )Var - th(())’ —

m;+(j— 1))

0. Using Jensen’s inequality,

E|\Var*(hy, ;1) — th(o)’ [ (VC”” (P41 _th(o)) }1/2

1/2
< [VM (Var (husg-0)) + (BVar (s 5-1)) = Tmn(0)) ]

where for i = 1,..., ko,
1 TH+r—1+1 ) T+1—1+1
Var'(hmg-n) = 5= 2 (e =Cny)” With Crj= 5= 3 hargony
t=R+1 s=R+1

Using the uniform fourth moment bound on hy, Var (Var (h* ))) — 0. Note that

mi+(j—1

1
* * 2
EVar®(hp, 4 —1)) = Trn(0) = =E(Ch;)” < O <P+T—l> -0

which completes the proof of Vo = 0,(1). Similar proofs can be found in the proof of Lemma A3 of
Corradi and Swanson (2003) equation (38)-(39) or equation A.9 of Corradi and Swanson (2007).
Since V5 and V3 both converge to zero in probability, we only need to focus on V. Adding and

subtracting, we can write V; = V1.1 + V1.2 where

ko [ RA1+(E—1)I+1-1 1—1 R+14+(i—1)l+1-1
-1 2 .
V=P | > dtw@+2), > aTw()
i=1 t=R+1+(i—1)I J=1 t=R+1+(i—1)l
ko -1 [R+1+(i—1)l+l—1—j R+1+(i—1)I+1-1
—1 2 .
Via =P} |2} D D DI RO
i=1 Jj=1 t=R+1+(i—1)l t=R+1+(i—1)l

where Vi o converges to zero. This step can be shown by using an argument similar to the proof of

West (1996), equation (A-1b). In particular, for ¢ =1, ..., ko, we can write

-1 [ BH1+(-1)l+-1—j Rt 14(i—1)l+—1
1 2 .
2l E § CtCtj — E ¢; | Thn(d) — 0.
j=1 \ t=R+1+(i—1)l t=R+1+(i—1)l
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Now, we are only left with V; 1 and

T+t -1
Vi = (Pl > c3> (Z rhh(j>>,

t=R+1 —l+1
where
T+r P-1
p1 Z ¢ =p! Z aQRﬂ- — 21— In(1 +7)] — 7 tn(1 4 7).
t=R+1 i=1
Hence,
lim Var*(S; lim v L lim Vg =,
po VO (San2) = i Vb er(L) 5l Vi =2

Part (c). Using the results of part (a) and (b) of this lemma, we can write

lim Cov*(S1p,Sop) = lim Cov* (glp,(ggp.1+ggp.2)).

R,P—o00 R,P—o00

Exploiting the independence between {Vi4r,...,vr} and {ng+1,..., 07+ }, We can write
Cov* (gle (S5p1 + S;PQ)) = Cov” <STP7 S;PQ)

where C'ov* (S’TP, S;P.l) = 0. Using the notation cgy;, see definition in Part (b), we can write

T+1 T+
Cov*(Sip, S3p2) = P~ Cov* ( Z (ft*\r' . E*f;ir/)v Z ci(hy — E*h,’f)) :

t=R+1 t=R+1

Exploiting the independence between blocks, we write

TH4T T+1
P_ICOU* ( Z (f;ir/ —E*f:‘r/)a Z Ct(hf _E*h;fk)>

t=R+1 t=R+1
k2 RA14(i- )i+ -1 RA14(i—1)1+1—1
:P_IZOOU* Z (ftﬁ'r" _E*ft)’ir’)7 Z Ct(h: —E*h:)
i=1 t=R+1+(i—1)] t=R414(i—1)l
W

For notation simplicity, we let b; = R+ 1+ (i — 1)l for i = 1,..., ko then W = W; + W + W3 where

ko -1

12 Z ZCOU <fb +G=1)|r"s Coi+(i— 1)+mh’z +(j— 1)+m> )

i=1 m=1 j=1

ke
Wy=P7') > Cov* (fl;+(j—1)|r'v Cbi+(j*1)hz¢+(j71)> ;

i=1 j—1
ko 1—-1

122200” (fb HG=Dtmlrs ot (G—1) g (i 1))

i=1 m=1 j=1
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Adding and subtracting appropriately, we have

ko 1—-1 I
Wi = Wii+ (W — Wii) where Wiq = P! Z Z Zcbi+(j—1)+meh(—m)7

i=1 m=1 j=1

ko 1
Wy =Wa1+ (WQ — WQ‘l) where Wh 1 = p! Z Zcbi+(j_1)rfh(0)
i=1 j—1
ko 1—-1 1
Ws = Ws1 + (W5 — Ws1) where Wa 1 = P! Z Z Zcbi-i—(j—l)rfh(m)

=1 m=1 j=1
where T'yp(m) = E(fyrhtm) = E(fypht—m) = Tpp(—m). Note that Wi — Wia| = op(1), W2 —
Wa1| = o0p(1) and W3 — W5 1| = 0,(1) by using the same arguments that proves the results of part

(b). Further adding and subtracting on W; ; and Ws 1, we can write

-1 ko l

Wii=Wii1+ (Wi1 — W) where Wy = Z P! Z ZcbiJr(j—l)Pfh(_m)y
m=1 =1
-1 ko l

Wia1 =Ws11+ (Ws1—Wsig) where We1= > P Y "> oo Tyn(m)
m=1 i=1 j=1

Note that (W1 — Wi1.1| = o(1) and [W51 — Ws11] = o(1) by an argument similar to that used in
the proof of West’s (1996) Lemma A.6. Hence,

-1

P-1
Cov* (S;P, S;m) Ny (z; aR,Z) X_;H T pn(m) — Q1

where P~! (Zf:_ll aR,z-) — 1 —7"'In(1 +7), see remark in part (b) or by Lemma A6 of West (1996).

A.2 Proofs of results in the paper

Proof of Lemma 4.1. Given Lemma A.1, by two mean value expansions of ft+T|,,/(Bt) and

ftarr (B (t)) around By, we can write
~ T ~ A~
Sp—Sp=FP'2Y (B(t) = Bi) + 0p(1).
t=R
The result follows by showing that P~1/2 ZtT: R(B (t) — Bt) = 0p (1). Using the definitions of 3 and

3 (t), we can write
3

T
PR (B - b)) =) Ci
=R

=1
where ¢ = P~1/25°T (B(t) —BM)) H(t), G, = P-V2°L . B(t) (Er(t) . H(t)), and

A~

C3 = P12 (B(t) - B(t)) (H(t) — H(t)) Next, we show C; = 0,(1) for ¢ = 1,2,3. Starting
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with Cq,

T
C1 < sup ‘B(t) - B(t)‘ P23 H(1)

where sup, ‘B(t) - B(t)’ = 0y(1) by Lemma A.1 (a) and P~1/2 Z;‘F:R |H (t)| = Op(1) by the proof of

West’s (1996) Lemma A.4 (c). Next, adding and subtracting appropriately,

Cy = P12 zT: B (ﬁ(t) - H(t)) + P12 XT: (B(t) — B) (ff(t) - H(t)) :
t=R t=R
It follows that
Ay (F(t) - H(t)) +sup | B(t) — B P~/? S i) - )
o= t=R t t=R
where P~1/2 Z::F:R |H(t) — H(t)| = 0,(1) by Lemma A.1 (b), and sup, | B(t) — B| = 0,(1) by Assump-
tion 2 (a). We can show that C3 = 0, (1) by a similar argument, completing the proof. m
Proof of Lemma 4.2. Part (a) follows from eq. (A-1.c) in Lemma A5 in West (1996), whereas
part (b) follows from West’s (1996) Lemma A2 (a). m
Proof of Lemma 5.1. This result is obtained by taking the difference of two second-order mean
value expansions. The first expansion expands f;:rﬂr’ (B;) around [y, whereas the second expansion
expands fi;|,(B:) around By, where 3, = t"'RBR +t~'(t — R)Bp, with

oo — R — — R Hoo_ — T — T
Br = (R ! ZS:H_T fEs—Txls_T) Rt ZS:1+T Ts—7Ys and Bp = (P ! ZS +§+7— Ls— 7'-775 7—) lp-1 ZS +§+T Ts—1Ys-

More specifically, we have that
T T
PN i (B) = PN fr + €6+ 65
t=R t=R
where

& =pi2 th+T|7“ —Bo) and & =05P" 12 Z 852ft+7|7“ (B BE = Bo)?,

where ¥ lies between 8F and Sy, and we recall that S = Fp (Bo) and P M (Bo)-
To show &5 = 0,(1), note that

€51 < 0.5 <Slip ‘p1/4 (3; — Bo > = Z ‘%2 Ferppe @)

The result follows by Lemma A.2 (c) and the fact that we can show that P~! ZtT:R ’a(%ft:ﬂr' (Bt*) | =

O, (1), as we argue next. By Assumption 1, and the fact that B;f 2, Bo, we can bound \%f;+T|T, (~;‘)

by supge \%meW (B)] < my,,.. =mj,,. The result follows by Markov’s inequality,

T T
( > 5) < P <P—1 > mi, > 6) <Py Ef(miy),

t=R t=R

(B7)
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since P! ZtT:R E*(mj,,;) = Oy(1) by the properties of the MBB expectation. For £, adding and

subtracting appropriately yields

T 4
& = P73 fimns (5= Bo) = Do i
t=R =1

where

T T
§a=FBPT P H(0), o= P23 (s~ F)BH (1)
t=R t=R

T T
§a=P V2 F(B*(t) = B)H*(t), and &4 = P2 (f7 05— F)(B*(t) = B)H"(1).
t=R t=R

By Lemma A.2 (d),(e) and (f), £, = o}, (1) for i = 2,3, 4, respectively. Hence,

T T T
pi2 Z ftiﬂw(ﬁik) = P12 Z fti‘rlr/ + FBP2 Z H(t) + 0;(1)' )
t=R t=R t=R

Similarly, an expansion of f; |,/ (B¢) around fy yields

T T
pi/2 Z ft+T|7"’ (/Bt) = p2 Z ft‘*‘T\T" + 51 + 5_2’
=R t=R

where

T T
_ - _ _ - 92 .
§= PN friri 5B o) and & = 0.5P2 37 s ooy (B) (B — o)

t=R t=R
where ; lies between 3; and Sy, and fearir 3 = frarpr 3(Bo). We can show that & = op(1) using

a similar argument to that used to show that §5 = oy (1). In particular, it suffices to show that

sup; }P1/4 (B — 50)’ =0, (1) and P! ZtT:R ‘%fﬁﬂw (,Bt) ‘ = 0, (1). For &, note that by definition

we can write 3; — By = %(BR — Bo) + %(Bp — Po), where

BR_BOZB(R)H(R)7

with B(R) = (Rfl ZSR:HT azsm’5> , H(R) = R} Zf:l-‘rﬂ' hs, using our previous definitions of B (t)

and H (t). Similarly, given the definition of Sp, we can write

- B . T+1 , -1 ) T+t
Bp—Bo= Pt Y wal] P' Y he.

s=R+T1 s=R+T1

=Bp =Hp=hp

With this notation, we have that

T R t—R
¢ — p1/2 s | ZB(RVH —"BpHp ).
6= P s (B0 )+ e )
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Adding and subtracting appropriately, we rewrite &; as & = Z?Zl &1, where

€11 =FBP~ 1/22 , é12= FBP~ 1/22 R,
—R =R
4 R
1/2 ahd 3 1/2 _
=FP~ Z;%t —B)H(R) , &4 =FP~ Z BP B)Hp

!

R — t—R
Z n (fisrprs — F)BH (R) , &6 =P/ Z T(ft+7|r',5 — F)BHp

_ R _ s~ t—R
-p 1/2tZRt(fH_T'T,ﬁ_F)(B(R)_B)H(R) , &1s=P 1/2tZRt(ft+TT/7B—F)(BP—B)HP.

We can show that &3, &5 and & 7 are o, (1) by applying arguments similar to those in West (1996)
(cf. his Lemma A.4). Similar proofs show that £14, &6 and &g are also op (1). Hence, we obtain

that £ = &1.1 4 £1.2 + 0p(1) and

T T
P2 Z e (Be) = P2 Z fetr + &1+ &2+ op(1). (5)
t=R

t=R
Subtracting (4) from (5) yields

T
Sp= PN (Fan(B) = for (B) = P 1/22(%“ Feeler) + (€0 = €11 = 12) + (1),
t=R

where
T
pi2y- (ft*+r|r' - ft+r\r'> = S7p,
t=R

and &, — .5_1.1 — 45_1.2 = FBS;p, as we show next. In particular, using arguments similar to those of

Lemma A.5 of West (1996), we have that

T P-1
&1 =FBP 2 " H*(t) = FBapoP™'/? Z i+ FBP™Y2Y " apihi,,,
t=R s=1+71 i=1

where ap; = (R+ '+ ...+ (R+P—1)"for 0 <i < P—1. Moreover, we can rewrite & 1 as

follows,

R
R B _ _ _
£1.1 = FBP~ W(E = 1>RH(R) = FBP Y2agpo(R—7)hg = FBagoP~'/* Y hpr+oy(1),

t=R —hp s=1+4T1

=aR,0
where the second equality holds by H (R) = hg and the fact that ago = ZtT: gt and the third
equality follows from R/(R — 7) — 1. Lastly, we can rewrite

T

F t— R 1 P 1\ - P-1 -
1.2 :FBP71/2 (Z t) HP:FBP1/2<R+1 + .. +T>hp:FBP1/2 (Z CLRJ) hp.

t=R =1

P-1
=>i—1 OR.

o4



Hence,

P-1
&1 — &1 —E1a = FBagoP /2 Z —hg)+ FBP™'?Y "ap;(hfy; — hp) = FBS;p.
s=1+T1 i=1

Theorem 5.1. Theorem 5.1 follows from Polya’s theorem (e.g., Serfling, 1980 Chapter 1.5.3
page 18) if Q~1/28% 4 N(0,1) and Q1/28% i N(0,1). Using the expansion in Lemma 4.1, we
get gl’é i) N(0,9Q) by Theorem 4.1 of West (1996). We are left to show that 5’}'5 i) N(0,9). Re-
call that Sp = P~/ Z?jlgﬂ(ftﬁr E*ft\r) 5p1 = aroP ™’ Ef:ur(h: — E*R}), and S3p, =

P2 T (B — E*hf) with

ar; for1<i< P -1
CRyi =
B0 P<i<P—-1+4r

Using Lemma 5.1 and the results in Lemma A.4, we can write,
Sp = Sip+ FB (Sipy + Sip2) +05(1)

= (Sip + FBS3p,) + FBS;p, +oj(1).
S N—
EIC{ EIC§

This alternative representation of 5’}; enable us to separate the whole bootstrap statistic into two
independent, zero bootstrap mean, bootstrap statistics K7 and K3. The independence of these two
terms can be seen from bootstrap algorithm in section 5. Recall that S 5p1 is based on random indexes
I, ..., I, whereas Sf p and 5’; po are both based on random indexes J1, ..., Ji,, which are independent
from Iy,...,I;,. Next we show K] and K3 both converge to normal distribution with zero mean and
appropriate limiting variances. Without loss of generality, we let 7 = 1 for the rest of the proof.

For K7, we write

p 71/2 )
* - —1/2 * 7%
/CQ—FBaRp(R_l) Z Eh
~1/2 .
where <Var ((R )2 yR h)) (R—1)"Y2 R (h: — E*h*) £ N(0,1) by Corollary 3.1 of
Fitzenberger (1998). Using the result of Var*(Sip,) in Lemma A.4 (b), we can write

Var® (K3) & F2B%Q, .

where the definition of €23 can be found in Lemma 4.2. Hence, K3 converge to normal distribution

with zero mean and variance F2B?Qs ;.
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For K7, we first simplify the notation by letting m; = R + 1 + (i — 1)l then write ] as sum of
independent block sums, i.e., Kf = P2k, Zfil ﬁ;f% where
l
e —1 £k T %
Oy =1 (Frcetrmvier + FBemsi-0lin o))
j=1
With oo = St = E o 804 oy = Moy = B gy Using
results in Lemma A.4, we can write

VCL’I"*(ICI) ﬁ) O+ F2B2Q2,2 + 2F B9

=X

where the definition of €, Q2 2, and ;2 can be found in equation (1) and Lemma 4.2 respectively.

Then ©71/2K; = Ele Zm, where Zp,, = E_l/QP_l/QlU:;”. Noting that {Z;,kn, . .,Z,*,%} is a zero
mean, independent heterogeneous sequence which satisfies a CLT for independent heterogeneous se-
quence (see, 23.6 Lindeberg’s Theorem and 23.11 Liapunov’s Theorem in Davidson 1994). We verify
Liapunov’s condition using arguments similar to those in Goncalves and White (2002) (see equation

(A.5) on p. 1384). m
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