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Abstract

Many prominent studies in macroeconomics, labor, and trade use panel data on
regions to identify the local effects of aggregate shocks. These studies construct
regional-exposure instruments as an observed aggregate shock times an observed re-
gional exposure to that shock. We argue that the most economically plausible source
of identification in these settings is uncorrelatedness of observed and unobserved ag-
gregate shocks. Even when the regression estimator is consistent, we show that in-
ference is complicated by cross-regional residual correlations induced by unobserved
aggregate shocks. We suggest two-way clustering, two-way heteroskedasticity- and
autocorrelation-consistent standard errors, and randomization inference as options to
solve this inference problem. We also develop a feasible optimal instrument to im-
prove efficiency. In an application to the estimation of regional fiscal multipliers, we
show that the standard practice of clustering by region generates confidence intervals
that are too small. When we construct confidence intervals with robust methods, we
can no longer reject multipliers close to zero at the 95% level. The feasible optimal
instrument more than doubles statistical power; however, we still cannot reject low
multipliers. Our results underscore that the precision promised by regional data may

disappear with correct inference.
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1 Introduction

One of the most popular research designs in economics exploits locations’ heterogeneous ex-
posure to aggregate shocks to measure the local effects of those shocks. Concretely, consider
a setting with time periods indexed by ¢, regions indexed by 4, an aggregate shock vector S,
and region-specific exposure vectors 7;. In the regional-exposure design, researchers construct
an instrument Z;; = 1.S; and use it to estimate how an endogenous variable (X;;) affects an
outcome (Yj;) in a linear model. This empirical strategy is ubiquitous—for example, it has
been used to estimate the regional fiscal multiplier (Nakamura and Steinsson, 2014), the in-
verse labor supply elasticity (Bartik, 1991), the effects of falling home prices on employment
(Mian and Sufi, 2014), the effects of import competition from China (Autor et al., 2013) and
immigration (Card, 2001) on local labor markets, and the effects of foreign aid (Nunn and
Qian, 2014) and commodity price shocks (Dube and Vargas, 2013) on conflict. Literatures
across fields, from macroeconomics to labor to political economy, rely on results from this
research design.

Studies using the regional-exposure design often construct standard errors clustered by
region. This approach to inference presumes that regression model residuals are uncorrelated
across regions. But when regions are heterogeneously affected by aggregate shocks, the as-
sumption of uncorrelated residuals across regions is unlikely to hold. Moreover, practitioners
are often unclear about what assumptions underlie their identification strategy.

This paper studies how identification and inference in regional-exposure designs is affected
by unobserved aggregate shocks. We show that clustering by region substantially understates
true uncertainty both in theory and in practice. In a placebo test based on the study of
Nakamura and Steinsson (2014), which estimates the regional fiscal multiplier in an annual
panel of US states, a state-clustered 5% test falsely rejects the null more than 25% of the
time. We provide alternative standard errors that are robust to cross-regional correlation as
well as a randomization inference approach that provides exact coverage in finite samples.
Since true statistical uncertainty is often high in these settings, we also develop a feasible
optimal instrument that reweights data to improve efficiency in light of correlated residuals
across regions. In our application, this new estimator more than doubles statistical power.
Our results highlight the importance of accounting for the correlation of residuals across

regions in regional-exposure settings.

Framework. We use the idea of an approzimate factor structure to the residual to capture
the notion that the residual contains aggregate shocks that have heterogeneous effects across
regions. Under this structure, the residual contains a factor component, reflecting hetero-

geneous regional loadings of an aggregate shock, and an idiosyncratic component. More



formally, we write the residual as u;; = N, F} + €5, where J\; is the unobserved factor loading,
F} is the vector of unobserved factors, and ¢ is the idiosyncratic component.

We use the factor structure to clarify that identification relies on either as-good-as-random
assignment of the aggregate shock or as-good-as-random assignment of the regional expo-
sures to that shock. Given the structure of the instrument and the residual, there are two
leading sufficient conditions for instrument exogeneity: (i) the aggregate shock, S;, being
orthogonal to the factor shock, Fj, or (ii) the regional exposure, 7;, being orthogonal to the
unobserved factor loading, ;. We view this latter possibility as unlikely because it is easily
contradicted by the data: the regional exposure is typically strongly correlated with several
other important regional variables, which themselves may be factor loadings. Practitioners
thus need to argue why the shocks are quasi-randomly assigned.

We next show that the validity of clustering by region depends critically on the source of
identification. If identification were to come from as-good-as-random assignment of shares,
then clustering by region would yield valid confidence intervals, although we view this as
unlikely in practice. Otherwise, the standard practice of clustering by region will typically
yield invalid confidence intervals. Intuitively, two regions with similar unobserved factor
loadings, A;, will face common shocks, F;. For example, Boston and San Francisco both have
a large concentration of educated technology workers, and are therefore exposed to aggregate
shocks to the “high-tech” sector. As a result, they may have correlated residuals. If 7;, the
observed exposure to the aggregate shock, is correlated with the factor loadings, then two
regions with similar exposures to the observed shock will have correlated residuals. This

invalidates the typical approach of clustering by region.

Proposed Solutions. We next show how to construct valid confidence intervals using
methods that are robust to correlated shocks across regions.

We first suggest more robust clustered standard errors. If the unobserved factors are
uncorrelated across time, then two-way clustering is valid. If the unobserved factors are
correlated across time, but that correlation dies out asymptotically, researchers can use the
method of Thompson (2011) that combines two-way clustering with a heteroskedasticity and
autocorrelation correction a la Driscoll and Kraay (1998).

We next introduce a randomization inference approach. In randomization inference, we
hold the residuals fixed and instead consider alternative draws of the shocks, S;. Because
this method makes no assumptions about the residual, it can accommodate an arbitrary
correlation structure, including the factor structure we study. Randomization inference
instead requires specification of the shock process. The researcher can then simulate the
exact distribution of the test statistic under the null, and thus construct confidence intervals

that have exact coverage even in finite samples.



These methods often reveal low statistical power once coverage is corrected by accounting
for the residuals’ cross-regional correlation. We thus also propose a method to construct a
feasible optimal instrument, in the spirit of Chamberlain (1987, 1992) and Borusyak and Hull
(2021a). The optimal instrument reweights the original instrument with the residuals’ inverse
covariance matrix. Our feasible analog models this covariance via the factor structure. We
show how to estimate this structure via principal components analysis and provide a method

to select tuning parameters to maximize power while controlling size distortions.

Application: Regional Fiscal Multipliers. We show that these issues are quantita-
tively important in an application to the estimation of regional fiscal multipliers by Naka-
mura and Steinsson (2014). To estimate the regional fiscal multiplier, these authors construct
a regional-exposure instrument by interacting the growth in national defense procurement
spending with individual states’ exposure to that spending. We first show that there is a
factor structure to the residual: the first two principal components explain over 60% of the
variance. To study the performance of inference strategies in practice, we conduct a placebo
simulation with fake spending shocks. Consistent with our results, we find that conventional
tests at the 5% level based on clustering by state falsely reject the null more than 25% of
the time. More robust clustering (two-way clustering or two-way HAC) gives substantially
better coverage. Our randomization inference procedure, by construction, gives exact size.

In the data, valid confidence intervals cannot rule out low values of the regional fiscal
multiplier with high precision. At the 5% level, in our preferred specification, randomization
inference cannot rule out fiscal multipliers as low as 0.1 and robust confidence intervals
cannot rule out 0. Both methods provide evidence for a multiplier greater than 0.46 at the
10% level and greater than 1 at the 32% level.

Implementing the feasible optimal instrument substantially improves power. We find
in a power simulation that a test based on the optimal instrument is more than twice as
likely to correctly reject the null of a zero multiplier against a calibrated alternative in
which the multiplier is 1.5, compared to a test based on the original IV. In principle, the
optimal instrument can provide a much sharper estimate of the regional fiscal multiplier. In
practice, the optimal instrument produces a substantially lower point estimate compared to
the original IV strategy, and so we are still unable to reject multipliers near zero.

Our results contrast with those of the original paper, which conducts asymptotic inference
clustered by state and reports that 95% confidence intervals rule out multipliers below 0.6.
Interpreting these results via a model, the authors argue that the data are more consistent
with a New Keynesian model than with a “plain-vanilla Neoclassical model.” Our analysis
suggests that the data favor the New Keynesian model, but with considerably less precision

than state-clustered standard errors would suggest.



Three Recommendations for Practice. First, we caution against clustering standard
errors by region. This can lead to severe distortions in inference in the likely case that
identification comes from aggregate shocks and regions are affected by other unobserved
common shocks. We demonstrate severe under-coverage in our empirical example.

Second, for valid inference, we recommend two options. Researchers can use valid clus-
tering methods, such as two-way clustering or two-way HAC. Alternatively, researchers can
use randomization inference to obtain exact finite-sample coverage at the cost of needing to
model the data-generating process for shocks.

Third, to improve precision, we suggest a feasible optimal instrument. As we showed
in the application, this method can significantly improve statistical power. Implementing
this method requires application-specific reasoning about the relevant null and alternative
hypotheses. In practice, it may be most useful in settings in which researchers have informed

priors over the parameters of interest, such as the fiscal multipliers setting.

Related Literature. Our work relates to a growing literature on inference and estimator
design in regional-exposure settings, of which the “shift-share” design is a special case (e.g.,
Adao et al., 2019; Goldsmith-Pinkham et al., 2020; Borusyak et al., 2022). We discuss the
relationship to this work in further detail in Section 3.4.

Our focus on randomization inference and efficient estimation as useful tools in settings
with non-random exposure to aggregate shocks connects with, respectively, Borusyak and
Hull (2021b) and Borusyak and Hull (2021a). We use the idea of a factor structure to clarify
the value of these tools. Moreover, our implementation of the feasible optimal instrument
focuses on reweighting the data to account for cross-observation covariance in the residual,
an issue on which Borusyak and Hull (2021a) do not focus.

The most closely related work to ours is Arkhangelsky and Korovkin (2019). These
authors also study regional-exposure settings in which identification comes from aggregate
shocks and observe that a critical confounding force is unobserved aggregate shocks with
heterogeneous exposure. They propose a split-sample estimator that minimizes the effects
of these shocks to improve efficiency, inspired by the synthetic controls literature (Abadie
and Gardeazabal, 2003; Abadie et al., 2010). We, by contrast, focus more closely on in-
ference issues with the standard IV estimator and also propose a randomization inference
approach. The new estimator that we propose is inspired by the optimal-instrument litera-
ture (Chamberlain, 1987, 1992; Borusyak and Hull, 2021a). We view our results as highly
complementary to theirs. Together, they comprise an improved toolkit for estimation and
inference in the regional-exposure setting.

Our fiscal-multipliers application relates to a growing literature on estimating cross-

regional spending multipliers (reviewed by Chodorow-Reich, 2019) and, more broadly, con-
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necting macroeconomic theory to econometric practice in similar settings (e.g., Chodorow-
Reich, 2020; Guren et al., 2021). Most prior work in this area has focused on the economic
interpretation of estimates. Our focus is instead on accurately reporting the precision of
regional estimates and improving their efficiency, holding fixed their interpretation. Insofar
as our results suggest that regional multiplier estimates are relatively imprecise, our results
further highlight the importance of cross-study meta-analysis (e.g., as in Chodorow-Reich,
2019) for obtaining reliable estimates.

Finally, our analysis fits into a literature that gives practical guidance to researchers about
selecting an appropriate level at which to cluster standard errors (e.g., Bertrand et al., 2004;
MacKinnon et al.; 2022; Abadie et al., 2023). Compared to these general analyses, our
analysis uses a plausible economic structure, the regional factor structure, to propose and

evaluate variance estimators in our setting.

Outline. Section 2 introduces the model with a residual factor structure and highlights
identification and inference issues that arise. Section 3 proposes econometric solutions. Sec-

tion 4 studies an application to estimating regional fiscal multipliers. Section 5 concludes.

2 Model and Econometric Issues

We first formally describe the regional-exposure design, which uses the interaction of ob-
served aggregate shocks with observed heterogeneous regional exposures as an instrument
to estimate the relationship between an endogenous regressor and an outcome. To capture
the possibility that other, unobserved shocks also have regionally heterogeneous effects on
the outcome, we assume that the residual of the structural equation has an approximate
factor structure. Under this structure, we clarify the assumptions under which the model
is identified and the assumptions under which standard econometric practice of clustering
standard errors by region yields correct inference. We argue that, in most applications, re-
gional exposures are correlated with exposures to other, unobserved shocks, while aggregate

shocks may be as-good-as-randomly assigned. In this case, clustering by region is invalid.

2.1 Set-up: The Regional-Exposure Model

There is a set of regions i € {1,...,N} and a set of time periods t € {1,...,T}.! In
each period there is a vector-valued aggregate shock S, € R¥, for K >1. Each region

has an exposure 7; € R¥ to each dimension of the shock. We define the regional-exposure

! Although most applications of the regional-exposure instrument rely on regional data, our results could
also be applied in settings with other types of cross-sectional units, such as firms, households, or individuals.



mstrument

Ziyy = U;St (1)

There is an endogenous outcome Y;; € R and an endogenous regressor X;; € R.

We study the two-equation instrumental-variables model

Yi=o+v+ 08 X+ uy (2)
Xit=we + G+ 7 Ty + e (3)

We refer to these equations, respectively, as the “structural equation” and the “first-stage
equation.” The parameter of interest is § € R, the marginal effect of X;; on Y;;. The
parameter m € R is the first-stage coefficient and (ay, w;)_; and (73, ¢;)Y, are fixed effects.
The variables u;; and e;; are defined as residuals, which have zero mean in each time period
and in each region. We also define variables Xit, ﬁt, Zt, i, and é;; as the double-demeaned

counterparts to the original variables.?

For simplicity of exposition, we assume that X,
Y, and Z; have zero mean across regions and time-periods and that the econometrician
observes a balanced panel of these variables. For technical simplicity, we assume that E[X§],
E[Y;¢], and E[Z] exist and are finite for all (,¢) and for all a > 0.

To illustrate this set-up, we describe Nakamura and Steinsson (2014)’s study of regional
fiscal multipliers in our language. In their setting, S is the regional fiscal multiplier; Y, is
the two-year growth rate in state GDP per capita; and X;; is the two-year change in local
military procurement spending per capita, divided by the two-year lagged state GDP. In
defining the instrument Z;; = 1,5, S; is national military procurement spending growth and

7; is military procurement spending as a share of state GDP at the start of the sample.

2.2 The Residual Factor Structure

We assume that the residual u; of Equation 2 has an approximate factor structure. To
capture this, we define a factor shock vector F; € R/, with J > 1, a collection of factor
loadings A\; € R’ for each region i, and an idiosyncratic component ;; which is independent

from A; and F}, and has zero mean in each time period and in each region. We define \; and

2That is, for each variable W € {X,Y, Z,u, e}, Wit == Wi — W; — Wy + W, where W denotes the sample
average, and W;, W, denote the within-region and within-time-period sample averages respectively.

3Note that this immediately implies the existence and finiteness of any and all “cross-variable” moments
of the form E[Wi‘inbsW,frVVl‘é], for W e {X,Y,Z}, (a,b,c,d) > 0, and indices (i,7,k,1) € {1,... N} and
(t,s,7,q) € {1,...,T}, due to Holder’s inequality.



F; to each have mean zero. We write u;; as
uy = NF, + ey (4)

We introduce the approximate factor structure because it parsimoniously captures the
notion that different regions may comove in response to aggregate conditions. For example,
regions with a similar industrial mix may comove in response to certain trade shocks, certain
regions may be more sensitive to fiscal and monetary policy, or urban areas may comove as
the returns to agglomeration rise or fall.

Moreover, assuming a residual factor structure is arguably the only way to be internally
consistent with constructing a regional-exposure instrument. If we are to take seriously
the various studies relying on the interaction between observed shocks and exposures as
part of their research design, then we must believe that the residual contains the many
such regionally heterogeneous shocks studied in other papers. If we believe Nakamura and
Steinsson (2014), who find regionally heterogeneous effects of national military procurement
spending on output through its effect on local defense procurement, and we believe Autor
et al. (2013), who find regionally heterogeneous effects of rising trade with China, then the
regional-exposure instrument of one study is in the residual of the other, and vice-versa.

Although the approximate factor structure is more flexible than the typical assumption
of i.i.d. errors (or errors that are independent across regions), it is not entirely unrestrictive
for the covariance of the error term across regions. However, our proposed solutions will
typically not rely on the factor structure: the confidence intervals we recommend will be
robust to a broader set of covariance structures in the residual, and our improved estimator
will still offer efficiency improvements even if the residual does not truly have an approximate

factor structure.

2.3 Identification: “From Shares” or “From Shocks”

To begin our analysis, we recast the conditions under which an instrumental variables strat-
egy with Z;; identifies the structural parameter S in Equations 2 and 3. We argue that this
helps separate two logical paths to identification, one via the assignment of exposures and
the other via the assignment of shocks.

To do this, we will maintain two assumptions for the remainder of the analysis. The
first assumption is that the cross-sectional variables are independent from the time series

variables.

Assumption 1. (n;, \;) 1L (S, F})



In essence, the properties of the regions that are drawn cannot affect the time series
shocks, and vice-versa. This assumption might be violated, for example, if a financial crisis
will only occur if certain regions are very indebted. The second assumption is that the

idiosyncratic component of the residual is uncorrelated with the instrument.
Assumption 2. E [Z;e;] = 0.

This is without loss of generality. If the idiosyncratic component of the residual were
correlated with the instrument, then it could be decomposed into the projection of ¢;; onto
Zi = n.S; and the residual of that projection, which would be uncorrelated with Z;;. The
projection of £;; onto Z; would have a factor structure by construction. Thus, any component
of the residual which is correlated with the regressor can be represented as having a factor
structure.

We next use these assumptions to unpack the exogeneity condition E [Z;u;] = 0. In

particular, we first use Equations 1 and 4 to write

E (Ziuiy] = E [0Sy (NiFy + )] = E [0Sy - N Fy 4+ 0.Sy - €3] (5)

By Assumption 2, the second term is zero. We next manipulate the first term to write

E[Zisus] = E [niS: - N3]
= E[S;(n\}) FY]
= tr (E[S}(mA) 1))
= tr (E [(n; ;) (£157)]) = tr (B [n:X] E [F1.57])

(6)

where tr denotes the trace of a matrix and, in the last line, we use the cyclic property and
Assumption 1. Observe that E [n;\] is a K x J matrix and E [F,S]] is a J x K matrix, so
the trace is over a K x K matrix.

Using this simplification, we argue there are two primary sufficient conditions for the

identification condition E [Z,u;] = 0. We state each below.

Condition 1 (Identification from Shares). The regional exposures are uncorrelated with the

factor loadings, or E[n;\}] = 0.

Condition 2 (Identification from Shocks). The aggregate shocks are uncorrelated with the
factor shocks, or E[F;S]] = 0.

The first condition is natural if the exposures, 7;, are as-good-as-randomly assigned. We
refer to this condition as identification from shares, reflecting its connection to the literature

on shift-share instruments. In the shift-share setting, n; is a vector of industrial employment
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shares, and this condition is equivalent to assuming that the industry shares are as-good-as-
randomly assigned. In the shift-share literature, this is the route to identification assumed
by Goldsmith-Pinkham et al. (2020).

The second condition is natural if we assume that the shocks, S;, are as-good-as-randomly
assigned. In the shift-share literature, this is the route to identification assumed by Adao
et al. (2019) and Borusyak et al. (2022).

Of these two paths to identification, we view identification from shocks as more plausible.
In typical applications, it is easy to show that the exposures, 7;, are correlated with other
variables (these variables themselves being plausible potential factor loadings, \;), and thus
are clearly not as-good-as-randomly assigned. Of course, the fact that identification from
shares is dubious does not imply that identification from shocks is necessarily any more
plausible. Regardless, we believe that if either of these identification approaches works, it is
likely to be identification from shocks.

We moreover view these two sufficient conditions as the main routes to identification, since
the others that are possible in principle are harder to justify economically. Mathematically,
there exist many matrices E [n;A}] = @ and E [F,S]] = R such that tr(QR) = 0, but neither
@) = 0 (Condition 1) nor R = 0 (Condition 2). For instance, we could also mix-and-match
conditions (e.g. m;1 L Ay and S;z L Fjp). But this is unappealing in practice, since it
requires a just-so combination of orthogonality conditions. An especially unappealing path
to identification would be to assume that the individual bias terms E [nfSFA!F}] do not
equal zero, but that they happen to cancel out, so that their sum is zero. This would require
an extraordinary coincidence.

Both identification from shares and identification from shocks are sufficient, when com-
bined with appropriate conditions on dependence and second moments, for the IV estimate
to converge in probability to the true 5. More specifically, the former relies on a weak law
of large numbers in the many-regions limit, and the latter relies on a weak law of large
numbers in the many-time-periods limit. We state this formally below. The proof of this

and all subsequent results is in Appendix A.

Proposition 1 (Convergence of the IV Estimator). Assume that E[Z;X,] is finite and full

rank (instrument relevance). The following are true:

1. If Condition 1 holds and (m, i, (6#)?:1 , (eit)thl) are drawn 1.i.d. across regions, then

B&BasN—)oo.

2. If Condition 2 holds and <St, F;, (5“)2.]11 , (e,-t)i]\;) are stationary and strongly mizing

across time, then B 5B and T — 0.



2.4 From Identification to Inference

We now turn our focus to inference and ask: how do assumptions about the sources of
identification affect the validity of common strategies for inference? We show that clustering
by region is likely invalid in settings where identification comes from shocks. We will use

this finding to motivate our analysis of econometric solutions in Section 3.

Unpacking The Asymptotic Variance of B Whichever of our two routes to identifi-
cation we rely on, the instrumental variables estimator will have an asymptotic variance of
the familiar “sandwich” form:*
. o 1 1 . L7l
AVAR(x/N : 5) =E [ZitXit} AVAR T Zt Zyty | E [Xl-tZ,-t} (7)

_ 71
The “bread” of this expression, E [ZitX Z’t] , is straightforward to estimate. We are primarily

concerned with the middle, “meat” term, which we denote as

1 1 ~

We next use Equation 4, or the factor structure of @, to simplify this term:®

1 I~ < - 11 .
v2. S S B[22

i7t ]’s

(9)

For the remaining results in this paper, we will strengthen Assumption 2 to the following:
Assumption 3. For all i, (g);_, 1L <(7]j);v:1 : ()\j)j-vzl (S) 1y, (Ft)tT:1>.

This strengthens the interpretation of €;; as an idiosyncratic component of the residual,
by making ¢ independent from other variables. For example, without this assumption, it
would be possible for &;; to be equal to the factor component, \.F}, as long as E [\, F;Z;;] = 0.
Assumption 3 allows us to highlight how the factor component complicates inference, relative

to a more traditional model with idiosyncratic residual shocks. Note, however, that this

4Our analysis of the asymptotic variance will assume that N — oo, and will rely on N asymptotics,
consistent with the assumptions behind clustering by region. When we move to the two-way clustering
setting, we will also require T — o0.
R 5Note that the double-demeaning “passes through” the factor structure. That is, %;; = ;\2}7} + €;¢, where
)\i:/\i—j\andl*:'t:Ft—F.
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assumption is still compatible with cross-sectional or time-series dependence in ¢;; of other
forms.
An implication of Assumption 3 is that £ [Xgﬁ’téjs | Z} = 0. The third term in Equation

9 is zero, and we can therefore write €2 as the sum of two terms,

1 , )
Q = AVAR (\/_ Z Zu\, Ft) + AVAR (\/— T Z Zitgit) (10)

[\

Vv
Factor component Idiosyncratlc component

Separating the asymptotic variance of B into a factor component and an idiosyncratic
component helps provide intuition about how clustering by region might fail. Clustering
by region will be valid if it is valid for both the factor component and the idiosyncratic
component.® If the idiosyncratic component Zitéz-t is uncorrelated across regions, and if
the factor component ZA;E is also uncorrelated across regions, then clustering by region
will yield consistent standard errors under appropriate regularity conditions. If the factor
component is not uncorrelated across regions, then clustering by region will typically be
invalid.

We now examine how our identification assumptions will affect inference. Whether we
get identification from shocks or from shares will determine which of the factor component
covariance terms can be treated as zero. The following result demonstrates the critical role

played by the identification assumption in this context:”

Lemma 1. Let w(i,j,t,s) = E [Z,-t SN Ey - Zjs - )\;FS} be the factor component covariance

between units (i,t) and (j,s). The following statements are true:

1. If identification comes from shares (Condition 1) and (n;, \;) is independent across

regions, then w (i, j,t,s) =0 for all i # j.

2. If identification comes from shocks (Condition 2) and (S, Fy) is independent across
time, then w (i,7,t,s) =0 for all t # s.

The first part of the result gives a sufficient condition for the factor component not
to induce correlation across regions: a combination of identification from shares and the
assumption that shares are drawn independently across regions. Intuitively, the presence of a

common factor does not induce cross-regional correlation on average if regions’ characteristics

SMirroring our discussion of identification, there is also a knife-edge case in which non-zero covariances
in each term cancel out that seems unlikely to arise in practice.
"In the Appendix, we prove a similar lemma for the demeaned objects.
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are independently drawn. The lack of covariances across regions moreover suggests that,
under the conditions of Part 1, clustering by region is valid.

The second part of the result gives a sufficient condition for the factor component not
to induce correlation across time: a combination of identification from shares and the as-
sumption that common factors are not autocorrelated. The lack of covariances across time

moreover suggests that, under the conditions of Part 2, clustering by time is valid.

When is Clustering by Region Valid?. We now apply the logic of Lemma 1 to evaluate
the standard econometric practice of clustering standard errors by region. Part 1 of that
result suggested that this practice may be valid under the combination of identification from

shares and independent draws of regional exposures as N — oco. We formalize this below.

Proposition 2 (Clustering by Region is Valid Under Identification from Shares). Assume
Condition 1 (Identification from Shares) and that (ni,)\i, (5it)tT:1 : (eit);) is drawn i.1.d.

across regions. Then clustering by region consistently estimates AV AR (\/N . B) as N —

0.

Clustering by region, however, is generally not valid under identification from shocks.
This is because a setting with non-random assignment of shares allows different regions to
predictably move together in response to unobserved aggregate shocks. Below, we formalize

this point and describe the asymptotic bias in the region-clustered standard error estimator:

Proposition 3 (Clustering by Region is Biased Under Identification from Shocks). Assume
Condition 2 (Identification from Shocks), that (m, i, (eit)thl) is drawn i.i.d. across regions,

that € is independent of Z, and that (S, Fy) is drawn i.i.d. across time. Define

(% Z Zitﬂz‘t> (% Z Zit'&it> ] (11)

(i.e., the asymptotic limit of the region-clustered estimator, when such a limit is well-defined),

Q°F .— |

and assume this expectation exists and is finite. Then, as N — oo, the asymptotic bias of

the clustered estimate of ) is given by

1

(R — ) —%E [(S;E [m;] Fg?] ~0 (%) (12)

8Because we are double-demeaning our variables, Q¢% depends on N (as well as 7). We consider the
case where N — oo because it ensures convergence of cross-sectional means.
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In the scalar case J = K =1, this reduces to

(O Q) 5 L EFAP E [(SF)Q] e (%) (13)

If we have identification from shocks rather than identification from shares, then cluster-
ing by region will give invalid standard errors. The bias is such that the confidence intervals
will typically be too tight (that is, ignoring the O(1/T?) term arising from finite sample
estimation of the fixed effects). Moreover, this bias is proportional to the number of regions,
N. Clustering by region will falsely suggest that the standard errors shrink to zero as N
grows large, but with small 7" the true standard errors will remain large. In such settings,
researchers may believe that the data have spoken clearly, when in fact their results are

mostly noise.

3 Proposed Econometric Solutions

Having cast doubt on conventional inference techniques, we now discuss potential solutions.
We first discuss methods for confidence intervals that practitioners can feel confident in. We
argue that two-way clustering and a combination of two-way clustering with an autocorrela-
tion correction can be valid for settings in which clustering by region fails. We also propose
a randomization inference method. Finally, we propose a method to construct a feasible
optimal instrument & la Chamberlain (1987, 1992), which reweights data based on the factor

structure to obtain a potentially more efficient estimator.

3.1 Better Standard Errors for Asymptotic Inference

Although clustering by region does not yield valid standard errors if identification comes from
shocks, various existing methods yield valid standard errors in this setting. In this subsection,
we discuss two options: two-way clustering and a combination of two-way clustering with an
autocorrelation correction. Regardless of whether identification comes from shares or shocks,
two-way clustering yields valid standard errors if shocks are uncorrelated across time. We
also discuss a method that enriches two-way clustering to allow for autocorrelation of shocks.

We also comment on how these issues interaction with weak identification.

Two-way Clustering. Two-way clustering is an extension of one-way clustering that

allows for both arbitrary correlation of the error term within region and arbitrary correlation
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of the error term within time period.” Although this imposes weaker restrictions on the
correlation structure of the error term than one-way clustering, it still imposes that the
“instrument-times-error” term is uncorrelated for observations that are in both different
regions and different time periods.

Two-way clustering is implemented by combining clustering by region with clustering by
time. To estimate the “meat” 2 (Equation 8), two-way clustering proposes the following

estimator and considers its properties as N — oo and T — oc:

A 1 . . N
QIWe — NT? Z Z 1(: =7 OR t =5) UyljsZuZ;s (14)

ot 4,8

Essentially, two-way clustering allows for arbitrary within-region and within-time correlation
of the instrument-times-error by setting 1 (i = j OR t = s) equal to one within-region or
within-time, and estimating the appropriate covariance. That indicator is still set to zero,
however, for observations that are in different regions and different times, and so those
covariances are assumed to be zero. To illustrate: clustering by region imposes that the
instrument-times-error term in New York is uncorrelated with the instrument-times-error
term in California, while two-way clustering imposes that the instrument-times-error term
in New York in 2005 is uncorrelated with the instrument-times-error term in California in
2006.

Like clustering by region, two-way clustering is valid under identification from shares,
under appropriate additional assumptions about dependence in the cross-section. If identifi-
cation comes from shares and (7;, ;) is drawn independently across regions, then Lemma 1
tells us that the factor component of the instrument-times-error term is uncorrelated across
regions. If the idiosyncratic component is also uncorrelated across regions, then the whole
instrument-times-error term is uncorrelated across regions, which allows us to either cluster
by region or two-way cluster.

Unlike clustering by region, two-way clustering is also valid under identification from
shocks, under appropriate assumptions about dependence across time. If identification comes
from shocks and (S, F}) is drawn independently across time, then Lemma 1 tells us that
the factor component of the instrument-times-error term is uncorrelated across time. If the
idiosyncratic component is uncorrelated across regions, then although the full instrument-
times-error term has neither uncorrelatedness across region nor uncorrelatedness across time,
it does have the property that observations that are from different regions and different time

periods will have uncorrelated instrument-times-error terms.

9This method was introduced by Miglioretti and Heagerty (2007) and was further developed, indepen-
dently, by Cameron et al. (2011) and Thompson (2011).
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Below, we formalize the logic that the asymptotic variance of v N - B has a two-way

clustering form:

Proposition 4. (Two-Way Clustering is Valid Under Either Identification Con-
dition) Assume that (5“);[:1 is drawn i.i.d. across regions. Assume further either of the

following:
1. Condition 1 (Identification from Shares) holds and (n;, \;) are i.i.d. across regions.
2. Condition 2 (Identification from Shocks) holds and (S, Fy) are i.i.d across time.

Then, Q = Q™ wunder the limit where % — C, where C 1is a constant. That is,

AV AR <\/N : 5) = th%oo,T%oo,%ﬁC ﬁ Zz’,t Ej,s 1 (Z =j ORt= 5) E [ﬂitajszitzjs} .

An implication of this result is that if QTWC consistently estimates Q7"C, then it will
consistently estimate the asymptotic variance. Note, however that providing conditions un-

OTWC s still an area of active research (see Davezies

der which QTW¢ consistently estimates
et al., 2021; MacKinnon et al., 2021; Menzel, 2021). We will later show Monte Carlo evidence,

in our application, on the performance of two-way clustering.

Autocorrelation-Robust Clustered Standard Errors. Although two-way clustering
allows for arbitrary correlation within-region or within-time, it imposes that observations
that are both from different regions and different time periods (e.g., New York in 2005 and
California in 2006) have uncorrelated error terms. Under identification from shocks, this
requires shocks to be uncorrelated across time: if New York and California are affected by
factor shocks, and those shocks are persistent over time, then California in 2006 will still be
affected by the shock that affected both it and New York in 2005.

Thompson (2011) proposes an estimator that augments two-way clustering with addi-
tional terms that model cross-regional, cross-time period correlation.!'® In this “two-way

HAC” method, one estimates the “meat” €0 as

QTWHAC _ N7 Z Z maX{K(t, 5)’ ]_(’L = j)}uitUsziths (15)

wt 7,8

where K(t,s) = max {1 - Ej,O} is a kernel weight (here, the Bartlett kernel), parame-

terized by a bandwidth L. The use of the kernel allows for some persistence of the shock,

although the autocovariance must eventually die off. If the bandwidth, L, is selected in a

10This method builds on prior work by Driscoll and Kraay (1998), who introduced a similar estimator that
uses a kernel to allow for covariances that decay over time, but does not otherwise allow for within-region
clustering.
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way that increases with the number of time periods, then as T" — oo we also have L — oo.
At the other extreme, if L = 1, this formula reduces to the two-way clustered standard errors
considered earlier.

To our knowledge, there are no results about the asymptotic consistency of these standard
errors in the literature.!! Nonetheless, we derive confidence from our own simulation results
(Section 4) that these methods can provide a good estimate of the standard error.

One downside of two-way clustered standard errors, with and without HAC corrections, is
that they may be less efficiently estimated than those clustered just by region. If a researcher
is confident that identification comes from shares and not shocks, then she may favor simple
clustering by region. However, as we will see later in our application, identification from
shares is unlikely to hold in practice. As a result, using a more robust formula for computing

confidence intervals is crucial, and, in our application, will substantially change the results.

Weak Identification. We have focused so far on constructing valid confidence intervals
under the assumption of a strong first stage, highlighting that the true uncertainty may
be larger than what is suggested by clustering by region. The same concerns apply to the
strength of the first stage. A first-stage relationship that appears strong according to an F-
statistic that clusters by region may, in truth, be weak under a valid F-statistic. A standard
solution is to construct confidence intervals based on weak-instrument robust tests. While
Proposition 4 focused on the asymptotic variance of ,@ , our recommendations for consistently
estimating {2 also can be used to compute test statistics such as the Anderson and Rubin
(1949) statistic.

3.2 Randomization Inference for Finite-Sample-Valid Inference

An alternative method for constructing confidence intervals is to use randomization inference,
as suggested in Borusyak and Hull (2021b). Randomization inference has two advantages
over traditional asymptotic inference in our settings. First, randomization inference is valid in
finite samples. This may be especially relevant in settings where the number of time periods
is small and thus asymptotic approximations may be poor. Second, our randomization
inference procedure will be weak-instrument robust. The main cost is that one must take a
stand on the data-generating process for the instrument.

Randomization inference inverts the logic of traditional inference. In traditional inference,

the thought experiment is to redraw the residuals: we attempt to determine the variance of

We conjecture that it would be possible to prove such a result if one assumed that the shock and factor
processes were a-mixing and applied a central limit theorem for a-mixing random fields, as in Driscoll and
Kraay (1998).
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B by imagining that the residuals could have come out differently in a different draw. In
contrast, randomization inference holds the residuals fixed and, instead, redraws the shocks.
If we believe that identification comes from shocks, and we believe we know the underlying
data generating process for the observable shocks Sy, then we can redraw S;. To construct
a hypothesis test, we compute the test statistic under the null hypothesis in the actual
data, and compare this with the distribution of the test statistic under the counterfactual
draws. To generate confidence intervals, we run the hypothesis test for each value of Sy
under consideration, and define the confidence interval as the set of [, for which the test
fails to reject the null.

To implement this procedure, we need to assume a data-generating process for the shocks
S; and define a test statistic. Below, we describe the procedure that we will use in our ap-
plication in Section 4. This procedure is defined without regional and time fixed effects, and

we implement the procedure after double-demeaning the data.

Algorithm 1. (Randomization Inference with One-Dimensional Shock) To test

a null hypothesis 3 = [,

1. Estimate a Gaussian AR(1) process for Sy:
St = p+ pSi—1 + 0§ (16)
where & ~ N (0,1).
2. Simulate S; using Equation 16 using estimates (fi, p,d) and random shocks {5;“}?21.

3. For each draw {S:™}]_ |, construct the simulated instrument Z5™ = n; - SFm.

4. Compare in-sample test statistic,
1
T = W ; Zit (Y;'t - Xitﬁo) (17)
to the simulated distribution of T*™ = <= D i Z5m (Y — XuBo), rejecting By at the a

level if |T| is above the 1 — « quantile of | T*™| (two-sided test).

Borusyak and Hull (2021b) show that randomization inference generates exact confidence
intervals in a range of settings (including ours), as long as the underlying data-generating
process for shocks is correctly specified. The need for correct specification raises two issues in

our setting: the functional form assumptions must be correct, and the estimated parameters
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must be the true parameters. As T grows large, the estimated parameters of the shock
process will converge to the true parameters, dealing with the second issue. The first is
more difficult to solve: for realistic values of T, we will need to impose some parametric
assumptions on the data generating process for shocks. In our application, we are reassured
by the fact that a Gaussian AR(1) process seems to fit the data well. We also find that two
richer data-generating processes, an AR(1) with Gaussian-mixture errors and a Gaussian
AR(2), yield very similar randomization inference results.

Our analysis uses the test statistic (Equation 17) suggested by Borusyak and Hull (2021b).
This statistic depends only on the instrument Z;; and the residual Y;, — X;;5y. Conditional
on those variables, it depends neither on the endogenous variable X;; nor the first-stage
coefficient m. Thus, we do not need to specify a data-generating process for X;; or make
an assumption about 7 to conduct inference. As a result, the statistical test will be weak-

instrument robust.

3.3 Efficient Estimation with (Feasible) Optimal Instruments

Constructing valid confidence intervals may reveal that the standard instrumental variables
estimator is too imprecise. How can we improve statistical power, while maintaining correct
size?

We propose using the factor structure of the residuals to construct the optimal instru-
ment. If we know the factor structure of the residuals, then we can improve the standard
instrument through reweighting, in a process similar to generalized least squares (GLS).

The following result, adapted from Borusyak and Hull (2021a), gives an expression for
the optimal instrument (Chamberlain, 1987, 1992) that minimizes the asymptotic variance
of the IV estimator:

Proposition 5 (Borusyak and Hull (2021a)). Suppose that the shocks, S, are indepen-
dent of the error term, u, conditional on the shares, . That is, S 1L u | n. Also, suppose

that Eluu' | n] is almost-surely invertible. Consider the instrument
Z*=Efud | 1] (E[X | S,0] —E[X | n]) (18)

Then if the associated IV estimator 5* = Z¥'Y | Z* X is regular, it has the smallest asymptotic

variance of all reqular recentered IV estimators.'?

2Borusyak and Hull (2021a) define a regular IV estimator as follows: “We say that § [= Z'Y/Z'X] is
regular’ if it converges to 8 at some rate 7y, if it has an asymptotic first stage (i.e. %Z’X L M for some

. L N2
M #0), and if the sequences of %Z 'X and (r N%Z ! u) are uniformly integrable.” Regularity is not implied

18



Note that, in our setting, assuming S | u |  implies that we are relying on identification
from shocks.

The result of Borusyak and Hull (2021a) is quite general, and it simplifies substantially
in our setting. First, since 7; is constant over time, the E[X | 5] term will be absorbed by
the region fixed effect. Thus, we can simply use E [X | S,;n] —E[X | n] = 7 - n}S;, relying on
the region fixed effect to residualize the instrument appropriately.

The remaining relevant parameter is E [uu' | 17]71. We simplify this expression under the
approximate factor structure and four additional assumptions. The first, reintroduced from
Section 2.4, is that the factors and idiosyncratic shocks are uncorrelated, conditional on the
instrument. That is, E [N, Fiejs | Zit, Zjs] = 0. The second, new to this subsection, is that
idiosyncratic components are i.i.d. across observations. We write o2 = E[e?]. The third is
that the factors F; are i.i.d. across time periods. We write X = E[F}F/]. Finally, we treat
Ai as fixed, so that E [N,Xp); | n] = N;XrA;. Under these assumptions, we can write:

0 otherwise

Equation 19 states that residual correlations across regions depend solely on the factor
component of the residuals. If two regions have similar factor loadings, \;, then their residuals
will be positively correlated, and they will not provide independent information. The optimal
instrument reweights the data so that the residuals are uncorrelated and homoskedastic.

Each observation in the reweighted data provides independent information.

Feasible Implementation. In practice, we cannot implement the optimal instrument,
because we do not know the true factor structure of the errors and instead must estimate it.
We will thus implement a feasible version of the optimal instrument. This entails estimating
Yr, 02, and (\)Y,.

To do this, we first construct the model residuals under the assumption that f = B,
that is, u; = Yy — X B. We then estimate the approximate factor structure of these u;
using principal components analysis (PCA). As shown by Stock and Watson (2002), PCA
will give consistent estimates of the factors and the loadings as long as N,T" — co. We write
uy = N Fy + €, where A\, F; contains the first J components estimated by PCA. Finally, we

estimate the parameters

by our earlier assumption of finite “cross-term” moments between X, Y, and Z. But it would be trivially
implied, for example, were all random variables bounded.
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1 (20)
S (B.J) == > RH
t

and take \; (B, J) as the PCA estimates. We write all three statistics as a function of tuning
parameters (B, J); we will discuss how to select these parameters momentarily. We use these
parameter estimates to construct a feasible analogue to Equation 19, and hence a feasible
reweighting matrix for our optimal instrument. We summarize these steps in the following

algorithm:

Algorithm 2. (Feasible Optimal Instrument) Given a value of B and J,

1. Back out residuals uwy; = Yy — XuB.

2. Use PCA on uy. Select the first J components to define 5\1 and Ft, and define £, =
Uit — X;Ft

3. Estimate (62(B,J),Sp(B, J)) using Equation 20.
4. Construct an estimator W (B, J) of E[uw' | n]™" by plugging 62 (B, J), Lp (B, .J), and
. N
(A (B.1))

5. Construct the new instrument Z* =W (B, J) Z.

into Equation 19.
1

1=

We can use the feasible optimal instrument to generate a point estimate BOpt(B, J) and
associated confidence intervals. Consistent with Proposition 5, the optimal instrument could
improve efficiency substantially, insofar as the feasible instrument is close to the (infeasible)
true optimal instrument. We can also use the feasible optimal instrument to perform more

efficient randomization inference. We elaborate on this next.

Efficient Randomization Inference. To perform randomization inference using the op-

timal instrument, we combine Algorithms 1 and 2. We use the following steps:

Algorithm 3. (Efficient Randomization Inference with One-Dimensional Shock)
Fiz a value of B and J. To test a null hypothesis 5 = [y,

1. Perform Steps 1-3 of Algorithm 1 to obtain simulated unweighted instrument Z*™.
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2. Use Algorithm 2 to construct an estimator W (B, J) of the weighting matriz Eluu' |
n|™t; a feasible optimal instrument, Z* (B, J) = W(B,J) Z; and simulated feasible

optimal instruments, Z*m = W (B, J) Z™. Compare in-sample test statistic,

- 1
~ NT &
7,t

)

T: Z;g (Y;t - Xz'tﬁo) (21)

to the simulated distribution of T*™ = 5z 32, Z&™ (Vi — Xufo), rejecting Gy at the
a level if |T| is above the 1 — « quantile of | T*™| (two-sided test).

The feasible implementation of the optimal instrument requires estimation of the weight-
ing matrix W (B, J). If we select B = 3y, where f, is the null hypothesis, then W is fized
under the null in the randomization inference thought experiment. This is because W de-
pends solely on the residuals u;; = Yy — Xy B = Yy — X 8o, which are themselves held fixed
under the null. As a result, if B = 3y, our procedure will have correct size in finite samples
by construction.

In contrast, if B # [y, our estimate of the weighting matrix will be a random variable,

even under the null hypothesis. To see this, we first observe that

Yi— XuB = uy + Xy (50 - B)
= wi + (mZy + ei) (Bo — B) (22)
= uy + (Bo — B) ™S + (Bo — B) et

Thus, the (mis)estimated residuals on which W are based are “contaminated” by Sy, which
is random. Thus, our randomization inference procedure will not fully account for the
estimation of the weighting matrix and, as a consequence, may have distorted size. This
distortion will be small if B is close to ;. The magnitude of this size distortion can be
measured in simulation, as we illustrate in Section 4.4.

Our discussion so far has assumed that the tuning parameters, B and .J, have already
been selected. Picking these parameters sensibly is important to unlocking the efficiency
benefits of the feasible optimal instrument, while limiting size distortions. We next discuss

how to select these tuning parameters.

Selecting Tuning Parameters. We propose two methods to select B. The first method
is to always use B = [y, where (; is the null hypothesis. As observed above, this value of
B, when combined with randomization inference, will always yield correct size despite the
estimation of the weighting matrix. However, if the researcher believes that the true B is

most likely not equal to [y, then tests using B = [y may be less powerful than sensible
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alternatives. Moreover, the B = (3, approach is not useful for generating a point estimate,
BOpt(B ,J) , since f3y is only defined in the context of hypothesis testing.

A second approach is to select B based on the researcher’s priors. If the researcher’s priors
are close to the true 3, then selecting such a B is likely to yield a better approximation to
the true optimal instrument, maximizing power. This approach also allows the researcher to
generate point estimates. We demonstrate both approaches in practice in our application to
regional fiscal multipliers.

Once the researcher has selected B, we propose selecting J based on a simulation of
power and size. We construct this simulation to mirror randomization inference. First, the
researcher generates simulated data under an alternative hypothesis, § = 5, and © = 7.
Note that it is necessary to specify a hypothesized first stage because we will simulate new
values of X and Y, instead of just redrawing the instrument. Then, for each simulation
draw, the researcher conducts efficient randomization inference as in Algorithm 3, using a
particular value of J and testing the null hypothesis § = ;. The frequency with which
efficient randomization inference rejects fy gives the simulated power of the test under the
alternative hypothesis. When 3, = 3y, the simulation gives the size of the test and allows us
to measure any distortion arising from the fact that B # (,. The researcher repeats this for
each value of J under consideration, and then picks a value that achieves high power while
limiting size distortions.

In summary, we use the following steps to simulate power /size depending on B and J:
Algorithm 4. (Power/Size Simulation) Fix values of Ba, 7., o, B, and J.

1. Back out the true residuals of the data under 8, and 7., using

eir = Xit — Talit

(23)
uip = Yir — BaXit

2. Perform Steps 1-3 of Algorithm 1 to obtain simulated instrument Z™. Let R denote

the number of simulation draws.

3. Let Z;™" denote the r-th simulation draw of the instrument. Simulate new draws of
Xsmr gnd Y™ using:
Xistlm,r _ WaZZZm’T 1 ey

| | (24)
Y;izm,r _ ﬁa Xistzm,r +

4. For each simulation r € {1,..., R}, calculate whether randomization inference would

reject the hypothesis B = By in simulated data that imposes B = B, and ™ = 7,:
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(a) For a given B and J, treating (X*"™" Y™} as the data, calculate a weighting
matriz W,(B, J) as in Algorithm 2.

*S1M,T, S

(b) For each simulation s € {1,...R}, define the optimal instrument Z;"™"° =
WT(B, J)Z5™s - caleulate the test statistic

Z Z*szmrs Yszmr Xistim,rﬁo) (25)

and record reject. (B, J) =1 if |[T""| exceeds the 1 — « quantile of the simulations
{|T™*|},. Otherwise, record reject,(B,J) = 0.

5. Compute the probability of rejection across simulations, reject( B, J) = & Z -, reject. (B, J).
This corresponds to power if B, # Po, and to size if B, = Bp.

In this approach, the researcher thus must conduct a simulation within a simulation. For
each “outer” simulation r, we generate new draws of Xs™7 Ysmr and 7™ Then, for
each outer simulation, we conduct “inner” simulations s, in which we draw new values of
the unweighted instrument, Z5™. However, because the process to draw the instrument
Z5m does not depend on X and Y, we only need to simulate a distribution of Z5™ once,
substantially reducing the computational burden.!?

To use our approach to calculate power or size, one must specify values for the null
and alternative hypotheses. Selecting [y is typically straightforward: there is usually a
specific null hypothesis that the researcher is testing.!* Selecting 3, and m, is more difficult.
These should correspond to natural alternative hypotheses given the nature of the economic
question, and/or to the researcher’s priors. This is likely to be easier in some settings
than others. In our regional fiscal multipliers example, a natural choice is 5, = 1.5, which
corresponds to a common view about the size of the fiscal multiplier among many economists,
and 7, = 1, which corresponds to the view that military procurement spending increases in
each state in fixed proportion to the level of national spending. In settings where economists

do not yet have well-formed priors, selecting the alternative hypothesis will be more difficult.

13Note that this procedure assumes that the data-generating process for the shocks, Sy, is known. If our
algorithm also re-estimated the parameters of the shock data-generating process on S™" within each outer
simulation before generating new draws of ™" for the inner simulation, then we could not take advantage
of this computational shortcut.

14Tn principle, a researcher constructing a confidence interval for 3 could select an optimal B and J for each
point they are testing to generate their confidence interval. In practice, this is computationally burdensome,
and using the same J for the whole confidence interval is much more practical.
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3.4 Further Issues

Before proceeding, we comment on two further issues: choosing the level at which to do the
analysis and inference in shift-share designs. Although they are not the primary focus of our

analysis, our framework is useful to better understand these topics.

Choosing the Unit of Analysis. Researchers interested in the effect of an aggregate
shock, S;, often must choose the level of aggregation at which to do the analysis. One key
question is whether to do a time-series analysis (e.g., with national level data) or a panel
analysis (e.g., with regional data). One issue is that the national and regional analyses may
estimate different quantities: for example, the aggregate fiscal multiplier will typically be
different from the regional fiscal multiplier, due to trade across regions and the response of
monetary policy to fiscal shocks.

The national and regional approaches also rely on different identifying assumptions, which
our framework helps to clarify. Suppose, for illustration, that the national variables are an
unweighted average of the regional variables.'> Aggregating the structural equation (2) gives
the new regression

Y;:ﬁ.Xt—Fath%Z(sit—I—)\;Ft) (26)

J/

~~
Ut

Consider estimating this model using the instrumental variable Z; = S;. The identifying
assumption for the national regression is that Z; is orthogonal to u;. Since \; has mean zero
and €, also has mean zero in each period, the identification condition reduces to E [Zu,] =
E [S;cy] = 0. Thus, the national regression requires that the shock, Sy, is orthogonal from
other aggregate shocks that affect all regions equally, o;. This is in contrast to identification
from shocks in the regional setting, which requires .S; to be orthogonal to aggregate shocks that
differentially affect regions, Fy. Although conceptually related, these identifying assumptions
are distinct and non-nested.

One potential advantage of the regional regression versus the national regression is that,
in many cases, it may increase the amount of variation that the researcher can exploit, im-
proving statistical power. This is application specific, and will depend both on the variation
in the regressor and the cross-region correlation structure of the residual. We provide valid
confidence intervals for the regional case, so that researchers can correctly assess how much
more precision the regional regression has provided them.

A researcher who chooses to do a regional analysis must also choose the level at which

15 A similar argument holds if the national variables are a weighted average with weights that are uncor-
related with the regional exposures \;.
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to do the analysis: for example, whether to do an analysis at the state or county level.
Using more granular data has the potential to offer additional precision, by exploiting finer
variation in the treatment. However, granular data raises two issues. First, using more
granular data may change the quantity being estimated, due to spillovers across adjacent
regions. This is distinct from the issue of correctly estimating standard errors: researchers
who use more granular data must either handle spillovers econometrically and/or have some
model for how to map regional estimates to aggregate effects.

Second, to the extent that shocks are correlated across (granular) regions, increasing the
number of regions may further distort inference. In fact, Proposition 3 shows that the size
of the bias in the region-clustered standard error is proportional to the ratio of N to T.
Here, our proposed methods for inference can help. By correctly handling the cross-region
correlation structure of the residual, our methods can allow researchers to exploit more

granular data without worrying that it will distort their confidence intervals.

Shift-Share Designs. Shift-share instruments are a special case of our setting. Shift-
share, or “Bartik (1991)” instruments interact initial industry shares with national shocks
to those industries. In our notation, the vector of initial industry shares is the vector of
exposures 7;, and the vector of industry shocks is .S;.

The recent literature on shift-share instruments can also be understood in the context
of our framework. Goldsmith-Pinkham et al. (2020) achieve identification through as-good-
as-random assignment of shares, consistent with our Condition 1. Adao et al. (2019) and
Borusyak et al. (2022) argue that identification from shocks (our Condition 2) is more plau-
sible, and show that traditional clustering by region is invalid in that setting.

We differ from the shift-share literature in at least two key respects. First, our framework
is more general: shift-share is a special case of the regional-exposure research design that
we study, but there are many regional-exposure designs that do not fall under the shift-
share category (e.g. Nakamura and Steinsson, 2014). Second, although we agree with Adao
et al. (2019) and Borusyak et al. (2022) that identification from shocks is the most plausible
path, we solve the inference problem differently. Whereas we rely on T" — oo asymptotics,
Adao et al. (2019) and Borusyak et al. (2022) assume that shocks are independent across
sectors, and rely on asymptotics in which the number of sectors grows large. Intuitively,
their standard errors cluster by sector, rather than clustering by region.

We prefer our approach based on concerns that shocks may not be independent across
sectors. There is an active literature in macroeconomics studying how macroeconomic fluc-
tuations can arise from firm-level or sector-level shocks when the number of firms/sectors
grows large. The leading solutions to this question include spillovers (Acemoglu et al., 2012;
Baqaee and Farhi, 2019), a heavy-tailed distribution of firm sizes (Gabaix, 2011) and a factor
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structure to sectoral shocks (Foerster et al., 2011). Each of these explanations would violate
the assumptions necessary for many-industries asymptotics.

Unfortunately, many shift-share studies have relatively few time periods with which to
do inference. The methods we provide to construct valid confidence intervals rely on large
T, and thus cannot be used in these settings. We thus cannot compare our own estimates
of the standard error in these settings to the standard errors provided by Adao et al. (2019)
and Borusyak et al. (2022), and so we cannot easily determine how important these concerns

are in practice. We believe this is an important area for future research.

4 Application: Regional Fiscal Multipliers

To study how important our theoretical concerns are in practice, we apply them to the
estimation of regional fiscal multipliers in Nakamura and Steinsson (2014). These authors
use variation over time in national defense procurement spending, interacted with differential
exposure across US states, to construct an instrument that they use to estimate the regional
fiscal multiplier. As we explain below, this empirical strategy fits within our framework as
a regional-exposure design with identification from shocks.

We first illustrate that the concerns about conventional inference that we raise in Section
2 apply in this setting. There is a strong factor structure to the residual, with the first
two principal components explaining over 60% of the variance. This suggests that residuals
are not independent across states, and thus clustering standard errors by state will yield
incorrect confidence intervals. We demonstrate this incorrect coverage using a placebo test,
in which we randomly generate fake military spending shocks. Although 5 = 0 in this setting
by construction, we incorrectly reject this null hypothesis more than 25% of the time when
using standard errors clustered by state.

We then show that valid confidence intervals estimate the regional fiscal multiplier with
considerably more uncertainty than state-clustered standard errors would suggest. Whereas
a state-clustered 95% confidence interval has a lower bound of 0.6, our randomization in-
ference confidence interval contains values as low as 0.1. The feasible optimal instrument

substantially improves power, but we still cannot reject low multipliers at the 95% level.

4.1 Setting

Nakamura and Steinsson (2014) estimate the following equation:

Output Growth,;, = a; +; + 8 - Military Procurement Growth,, + u; (27)
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capita military procurement spending in that state and year. In their main specification,

where Output Growth;, is defined as
, with G;; being per

the authors use data on fifty states, plus the District of Columbia, and use annual data from
1968-2006.

The authors use two instrumental variables strategies. In one strategy, they construct an
instrument that interacts the growth rate of total national military procurement spending
with the state’s average level of spending, relative to state output, in the first five years of the
sample. In our language, S; is the national growth rate of military procurement spending,
and n; is the average of g—; in the first five years of the sample. We refer to this as the
“Initial Share” strategy. In another strategy, Nakamura and Steinsson (2014) construct 51
instruments, one per state (plus the District of Columbia), as the interaction of state fixed
effects with the growth rate of total national military procurement spending. In essence, the
first stage regressions estimate a sensitivity 7; for each state using the data. We refer to this
as the “State FE” strategy. This is the preferred specification in the original study.

While we report results below for both strategies, we focus more on the Initial Share
strategy for two reasons. First, this strategy is nested exactly in our framework. Second, as
we show below, the State FE strategy suffers from a many-weak-instruments problem that

makes the IV estimator uninformative for a reason outside of this paper’s main interest.

Identification from Shocks or Shares. We begin by asking whether they plausibly
achieve identification from shocks or from shares. As we showed in Section 2, this is important
both for assessing whether the identifying assumptions are plausible and for understanding
whether clustering by region is likely to yield valid confidence intervals.

Although they do not use our paper’s language, the authors themselves argue that iden-

tification in their setting comes from shocks. They write:

Our identifying assumption is that the United States does not embark on mili-
tary buildups—such as those associated with the Vietnam War and the Soviet
invasion of Afghanistan—because states that receive a disproportionate amount

of military spending are doing poorly relative to other states.

In our framework, S; represents military buildups and F; shifts the relative economic per-
formance of high- and low-procurement states. Thus, the authors are arguing that S; L Fj;.
Moreover, Nakamura and Steinsson (2014) argue that identification from shares is im-

plausible. They write:

Military spending is notoriously political and thus likely to be endogenous to

regional economic conditions (see, e.g., Mintz 1992).
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If military spending is endogenous to regional economic conditions, it seems likely that any
regional exposure variable, 7;, will be correlated with other factor loadings, A;. This is
especially true given that the exposure variable is itself constructed as the state’s average
level of military spending, as a share of output, in the first five years of the sample.

To fully rule out identification from shares, we show that the initial share of military
spending in state output, 7; in the Initial Share Strategy, is correlated with a variety of
other important variables at the state level. The variables that we consider are the six
control variables from Autor et al. (2013): the share of employment that is in manufacturing,
the share of the population that has a college education, the share that is foreign born, the
share of working-age women that are employed, the share of employment that is in routine
occupations, and an offshorability index for the occupations in that state. We use the 1990
values of these variables.'6

We show the correlation between the procurement share, n;, and these variables in Table 1.
Four of the six correlations are statistically significant: 7); is higher in places with more routine
occupations, more offshorable occupations, a larger college-educated population share, and
a larger foreign population share. This suggests that identification is unlikely to come from
shares. States with different values of 7; are observably different in other ways; to the extent
that these observables may themselves interact with aggregate shocks, we would thus think

that 7; is not orthogonal to A;.

Factor Structure of the Residual. We next study whether the model’s residual has a
factor structure. To do this, we estimate the model from Nakamura and Steinsson and back
out the estimated residuals, @;. We then use principal component analysis (PCA) on the
estimated residuals to estimate the factor structure (i.e., the shocks 5\1 and the loadings Ft)
We perform this procedure separately for each of the two instrumental variable strategies.
We then calculate the cumulative share of variance explained by the first 10 factors. We
plot the results in Figure 1, which also indicates an optimally selected number of factors
according to the information criterion in Bai and Ng (2002).

We find that a large component the residual is explained by a few factors. In either
specification, the first two principal components explain more than 60% of the variance of
the residual (66% for the first specification, and 62% for the second specification), and the
factor component explains 80% of the variance using the optimally selected number of factors.
Not only is there a factor structure to the residual, but the factor component explains most

of its variance. Given our earlier finding that identification is unlikely to come from shares,

16 Autor et al. construct their data set at the commuting zone level, and exclude Alaska, Hawaii, and
the District of Columbia. We aggregate their variables to the state level by taking the population-weighted
average.
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Table 1: Correlation with Initial Share of Military Spending in State Output

Variable Correlation Variable Correlation
% Employment 0.079 % Employment 0.223
in Manufacturing (p=0.451) Among Women (p = 0.129)
% College Educated 0.302 % Routine 0.467

(p = 0.023) Occupations (p = 0.005)
% Foreign Born 0.445 Offshorability 0.507

(p < 0.001) (p = 0.001)
Observations 48 48

Notes: This table shows the correlation between the initial share of military spending in state output and
six covariates from Autor et al. (2013). Each p-value is computed from a univariate regression of the initial
military spending share on the covariate, using heteroskedasticity robust standard errors. Autor et al.
(2013) provide their covariates at the commuting zone level and exclude Alaska, Hawaii, and the District
of Columbia. We aggregate their covariates to the state level by taking the population-weighted average.
The variables are the share of employment that is in manufacturing, the share of the population that has
a college education, the share that is foreign born, the share of working-age women that are employed, the
share of employment that is in routine occupations, and an offshorability index for the occupations in that
state. The initial share variable is computed as the share of military procurement spending in state output,
averaged over the first five years of the sample.

this strongly suggests that clustering by state will typically yield invalid confidence intervals,

an issue we turn to next.

4.2 Placebo Test: Standard Methods Reject Too Often

Since the residual has a factor structure, and identification likely comes from shocks rather
than shares, our results suggest that clustering by state is unlikely to yield valid confidence
intervals. To explore how this and other methods perform in practice, we conduct a placebo

test using fake military procurement shocks.

Methods.

uals are held fixed but the instrument is redrawn. First, we back out the first- and second-

Our procedure follows the logic of randomization inference, in which the resid-

stage residuals (e, u;) under a maintained null hypothesis 5 = 0 and 7 = 7, where 7 is our
first-stage point estimate.!” Next, for each of many simulation draws, we simulate placebo

sequences of national military procurement growth S$™ and the instrument Z§™, using

1In Algorithm 1, we did not need to generate simulated values of X;; because our test statistic did not
depend on X;; conditional on u;; and Z;. In this exercise, by contrast, the test statistic does depend
directly on X;;. We choose m = 7 for illustration so that the data-generating process of the placebo (and, in
particular, the first stage correlation of X5™ and Z§™) closely matches the observed data. Had we used a
value of 7 closer to zero, we would introduce a (more severe) weak-instrument problem.

29



—
[en}

B Initial Share

i IIIII
1 2 3 4 5 6 7 8 9 10

Number of Factors

e
s o 00

<
NS

Share of Variance Explained
(Cumulative)

<
o

Figure 1: Share of Variance in Residual Explained by Factors

Notes: This figure shows the cumulative share of the residual’s variance explained by each principal compo-
nent (factor) in the residual. Residuals are based on the regression model in Nakamura and Steinsson (2014),
estimated using two-stage least squares. Factors are estimated using PCA, and ordered by the share of the
variance of the residual that they explain. The blue bars show results based on the Initial Share instrumental
variable strategy, which interacts defense spending growth with the share of military procurement spending
in state output, averaged over the first five years of the sample. The red bars show results based on the
State FE instrumental variable strategy, which interacts (placebo) defense spending growth with state fixed
effects to generate the instruments. The cross-hatched bars correspond to the optimally selected number of
factors for each strategy’s residuals, based on the information criterion in Bai and Ng (2002).

the first three steps of Algorithm 1. In particular, we model national military procurement
spending growth as a Gaussian, AR(1) process, which we estimate in the data. In the data,
our estimate for the shock persistence is p = 0.66. We then construct a placebo sequence of

the endogenous variable, local procurement spending, as
XEm — Gy + G+ ST+ ey (28)

where (wy, (;) are estimated fixed effects, 7 is the estimated first-stage coefficient, and 7; is
the exposure variable.'® We similarly construct Yf;im = +7+ 5Xf‘gm ~+ u;:. Under our null
hypothesis that 3 = 0, this reduces to Y™ = Yj,.

As robustness checks, we also do four additional simulations with other data-generating
processes for X;. The first two explore the importance of autocorrelation by setting p = 0
and p = 0.9 in the Gaussian AR(1) model, holding fixed the unconditional variance of S5™.
The third explores the role of leptokurtic shocks—concretely, that the military procurement
time series is characterized by a few large shocks of fast growth and draw-downs. To do this,

we model the AR(1) residual as a Gaussian mixture with two components, which can differ

18For the State FE strategy, these exposures are first-stage regression coefficients, and 7 = 1. For the
Initial Share strategy, these exposures are the observed pre-period spending shares.
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in their mean and variance.!® The fourth explores the role of richer dynamics by estimating
a Gaussian AR(2) process for X;.%

Finally, for each simulation draw, we estimate the model using two-stage least squares and
perform hypothesis tests at the 5% level for 5y = 0. We study 16 tests, which interact four
“base tests” with four different clustering strategies. The clustering strategies are: clustering

by state, clustering by year, two-way clustering, and two-way HAC clustering (L = 3).
_ bB=h

¢, assumed to

The first two tests are based on conventional t-statistics of the form ¢
have an asymptotic N(0,1) distribution. We consider two standard error estimates.?’ The
first, which we call seg, plugs in residuals evaluated at the point estimate, ﬁit =Y, — Bi(it.
The second, which we call seg,, plugs in residuals evaluated at the null hypothesis of interest,
1, = Y — BoXi. As observed by Cameron and Miller (2015) and Adéo et al. (2019), the
former estimator for cluster-robust standard errors may be significantly biased downwards
in small samples, and alternative estimators that impose the null hypothesis often perform
significantly better.

The second two tests are versions of the weak-instrument robust test of Anderson and
Rubin (1949) that are adapted to allow for clustering, as introduced by Finlay and Magnusson
(2009) and Magnusson (2010). The first is the “Minimum Distance” test described in those
references, which calculates a covariance matrix that conditions on the estimate B , in analogy
to se;. We refer to this test as “AR-MD.” The second is a “Lagrange Multiplier” variant,
which calculates a covariance matrix that uses [y in place of 3, in analogy to seg,, and
potentially with similar advantageous properties for bias reduction when estimating the
clustered covariances. We refer to this test as “AR-LM.” In both cases, the test statistics
have an asymptotic x?(n;) distribution where n; is the number of instruments. In Appendix
A.6, we give formulas for these test statistics. We also observe that, in the one-dimensional
case (e.g., the Initial Share Strategy), the AR-LM test exactly coincides with the conventional
seg, test.

The true S for the placebo regression is zero, by construction. Thus we expect all tests

at the 5% level to falsely reject this null 5% of the time. Note that randomization inference

19Specifically, we assume that the pdf of the innovation & is f(&) = ag(&; p1, 1)+ (1—a)P(&; pa, 02), where
o(+; 1, 0) is a Gaussian pdf with mean p and standard deviation o and the free parameters are « € (0, 1),
(p1,p2) € R?, and (01,02) € R%. We estimate all parameters via maximum likelihood estimation. We
estimate & = 0.42 and &1/62 = 3.47, so there is a 42% chance of a “large shock” with 3.47 times the
volatility of the “regular shock.” This distribution has a kurtosis of 5.77 or an excess kurtosis of 2.77.

20That is, we model X; = p1 Xy 1 + p2X¢_2 + & where & ~ N(0,0%). We estimate p; = 0.96 and
p2 = —0.36. The AR(2) model is selected by both the AIC and BIC as the best-fitting AR(p) model for
pe{l,...5}

21Tn both methods, we apply Stata’s default small-sample correction to multiply the standard error es-
timate by ¢ = \/G(N —1)/((G — 1)(N — K)),where G is the minimum number of clusters across the two
dimensions, N is the sample size, and K is the number of regressors (including estimated fixed effects).
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Table 2: False Rejection Rates for Placebo Test Based on Nakamura and Steinsson (2014)

Panel A: Initial Share Strategy
Conventional ~ Weak-IV Robust
sej seg, AR-MD AR-LM

Cluster by State 25.4% 19.8% 27.8%  19.8%

Cluster by Year 24.4% 20.8% 28.4%  20.8%

Two-way Cluster 21.1%  9.0%  20.9% 9.0%
Two-way HAC (L =3) 20.3% 3.0% 20.7% 3.0%
Randomization Inference 5% (By Construction)

Panel B: State FE Strategy
Conventional ~ Weak-IV Robust
sej seg, AR-MD AR-LM

Cluster by State 27.0% 17.6% 100.0%  0.0%

Cluster by Year 28.8% 21.8%  94.2% 0.0%

Two-way Cluster 202% 6.8%  15.0% 2.6%
Two-way HAC (L =3) 20.5% 1.4%  82% 2.4%
Randomization Inference 5% (By Construction)

Notes: This table shows the frequency at which the null hypothesis of 3y = 0 is rejected at the 5% level in
our placebo test based on Nakamura and Steinsson (2014). A correctly calibrated 5% test would reject 5% of
the time. Panel A shows results based on the IV that interacts defense spending growth with the pre-period
share of military procurement spending in state output. Panel B shows results based on the IV strategy that
interacts defense spending growth with state fixed effects. The first four rows of each panel show results from
tests that implement clustering by state, clustering by year, using two-way clustering (state and year), and
using two-way HAC standard errors with a kernel bandwidth of three years. In each of these rows, we report
results from conventional t-tests with standard error estimates se; and seg, and weak-instrument-robust
tests using the Anderson-Rubin Minimum Distance and the Anderson-Rubin Lagrange Multiplier statistics
of Finlay and Magnusson (2009) and Magnusson (2010) (see Section 4.2 for details). In Panel A, the seg,
and AR-LM tests exactly coincide. The fifth row reports that randomization inference rejects the null 5% of
the time by construction, since the placebo test uses the same simulated shocks as randomization inference.

rejects the null 5% of the time by construction, since the placebo test uses the same simulated

shocks as randomization inference.

Results. We show our results in Table 2. We split the results into two panels corresponding
to the Initial Share Strategy and the State FE Strategy.

For both strategies, clustering on one dimension performs poorly. The preferred empirical
method in Nakamura and Steinsson (2014), clustering by state in the State FE strategy and
using se; standard errors, spuriously rejects the null hypothesis 27.0% of the time. The same
clustering strategy when applied to the Initial Share strategy spuriously rejects 25.4% of the
time. Clustering by year does not perform much better, with rejection rates of 28.8% and

24.4%, respectively. In each case, calculating standard errors that use the residuals under
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the null (seg, standard errors) improves this false rejection modestly. These findings are
consistent with identification coming from shocks and the presence of a significant factor
structure in the residual.

Two-way clustering performs better, particularly when combined with the standard er-
ror calculation that computes residuals under the null hypothesis. In particular, two-way
clustering with the seg, calculation rejects 9.0% of the time for the Initial Share strategy
and 6.8% of the time for the State FE strategy. Two-way HAC standard errors with the
seg, calculation slightly under-reject in each case, at 3.0% and 1.4% rates, respectively. This
drastic improvement in coverage is consistent with our reasoning in Section 3.1. The se; cal-
culation shows a similar pattern of more accurate coverage with more robust methods, but
the rejection probabilities are always larger than 20%. Our finding that using the residuals
computed under the null drastically improves performance is consistent with the findings of
Adao et al. (2019) in a different context with cluster-robust inference.

We now consider weak-instrument robust inference. For the Initial Share strategy (Panel
A), this gives consistent results to conventional, Wald-based inference. Two-way and two-
way HAC clustering perform much better than single-way clustering. And the AR-LM test,
which imposes the null hypothesis when computing the residuals, has considerably lower
rejection probabilities than the AR-MD test. As observed earlier, the AR-LM test in this
just-identified context coincides exactly with the seg, test.

For the State FE strategy (Panel B), weak-instrument robust methods behave erratically.
The AR-LM test substantially under-rejects the null hypothesis—strikingly, the one-way
clustered tests never reject the null hypothesis at the 5% level. The AR-MD test substantially
over-rejects the null hypothesis—strikingly, the one-way clustered tests almost always reject
the null hypothesis at the 5% level. This suggests that the State FE strategy suffers from a
severe many-weak-instruments issue.

In the Appendix, we explore the robustness of these results to the alternative data-
generating processes described above. In light of the results above, we focus on the Initial
Share strategy and on conventional inference. We present all results in Table 5. In the
simulation with p = 0, clustering by region continues to over-reject (21.6% with ses and
16.0% with seg,). Clustering by year gives almost correct coverage (5.8% with se; and
3.6% with seg,). Because our p = 0 simulation makes S; both serially uncorrelated and
independent from the residual, the terms ignored by time-clustering (i.e., E[Z;u;iZ;su;s)

for t # s) will in fact be zero in this environment regardless of the correlation structure
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for u;.?>** The persistent, p = 0.9 simulation has slightly worse coverage compared to our
baseline, consistent with the same intuition about the role of autocorrelated shocks.

The leptokurtic, normal-mixture simulation and AR(2) simulation each have similar cov-
erage to our baseline. Thus, while these simulations represent qualitatively different dynam-
ics, they have similar implications for the performance of our statistical estimators. This is
natural if, asymptotically, only second-moment properties matter for the estimators and if
the Gaussian AR(1) model captures these properties relatively well.

We draw two main conclusions from this exercise. First, cross-regional correlation in
the residuals distorts inference in both conventional and weak-instrument-robust inference,
especially when the instrument is persistent. Second, addressing this issue with two-way
clustering or two-way HAC standard errors leads to valid inference when combined with
estimators that impose the null hypothesis (i.e., the seg, standard errors or the AR-LM test
statistic).

As an alternative method, we suggest using randomization inference. By construction,
randomization inference will reject the null hypothesis 5% of the time in this simulation. In
the next subsection, we will show how the confidence interval in the regional fiscal multipliers

example changes under different clustering methods and under randomization inference.

4.3 Valid Confidence Intervals Include Low Multipliers

We now re-estimate the confidence intervals from Nakamura and Steinsson (2014) using all
of our methods. We show the results for 95% confidence intervals in Table 3, and in the Ap-
pendix we report the equivalent for 90% confidence intervals (Table 6) and 68% confidence
intervals (Table 7). Panel A shows results for the Initial Share strategy and Panel B shows
the results for the State FE strategy. We show results clustering by state (as in the original
study), using two-way clustering, using two-way HAC standard errors (with a kernel band-
width of three years), and using randomization inference. For each of the clustering options,
we show conventional t-statistic-based confidence intervals corresponding to each standard
error estimator (se; and seg,) and weak-instrument robust Anderson-Rubin confidence in-
tervals corresponding to both the minimum distance and Lagrange Multiplier statistics.?*

Since Nakamura and Steinsson focus on the idea that a high regional fiscal multiplier pro-

22This argument uses the fact that E[ZjuiZjsujs) = E[E[Zit Zjs|wit, ujs|uirugs] = E[0 - uzpujs) = 0. This
relies not just on uncorrelatedness of S¢, but uncorrelatedness conditional on the residual (itself implied by
the stronger assumption of independence in the simulation).

23In a different regional-exposure study of stock-market wealth effects, Chodorow-Reich et al. (2021) argue
that combining two-way clustering with a shock variable that is nearly uncorrelated over time (national stock
returns) allays concerns about distorted inference cross-region and cross-time-period residual correlation.

240ur randomization inference interval uses a weak-instrument robust test statistic and computes residuals
under the null, so we only have one type of confidence interval to show in that row.
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Table 3: 95% Confidence Intervals for Conventional IV Estimate of Regional Fiscal Multiplier
in Nakamura and Steinsson (2014)

Panel A: Initial Share Strategy
Point Estimate: 2.477

Conventional Weak-IV Robust
sej seg, AR-MD AR-LM
Cluster by State (0.583,4.371)  (0.906,00) (0.784,4.959) (0.906, c0)
Two-way Cluster (0.370,4.583) (0.712,00) (0.746,5.440) (0.712,00)
Two-way HAC (L =3)  (0.045,4.909) (—0c0,00) (0.498,5.879) (—o0,00)
Randomization Inference (0.08,5.34)

Panel B: State FE Strategy
Point Estimate: 1.426

Conventional Weak-IV Robust
se; seg, AR-MD AR-LM
Cluster by State (0.704,2.149) (0.76,2.75) Empty (—o0,00)
Two-way Cluster (0.324,2.528)  (0.40, 00) (—00,00)"  (—00,00)*
Two-way HAC (L =3) (0.032,2.821) (—00,00) (—00,00)*T (=00, 00)*
Randomization Inference (—4.4,8.5)

Notes: This table shows 95% confidence intervals for the regional fiscal multiplier, estimated in the setting
of Nakamura and Steinsson (2014) using the IV estimator. Panel A shows results based on the instrumental
variable strategy that interacts defense spending growth with the pre-period share of military procurement
spending in state output. Panel B shows results based on the instrumental variable strategy that interacts
defense spending growth with state fixed effects. The first four rows of each panel show results from tests
that implement clustering by state, clustering by year, using two-way clustering (state and year), and using
two-way HAC standard errors with a kernel bandwidth of three years. In each of these rows, we report
results from conventional t-tests with standard error estimates se; and seg, and weak-instrument-robust
tests using the Anderson-Rubin Minimum Distance and the Anderson-Rubin Lagrange Multiplier statistics
of Finlay and Magnusson (2009) and Magnusson (2010) (see Section 4.2 for details). In Panel A, the seg,
and AR-LM tests exactly coincide. The fifth row of each panel reports results from randomization inference.
*: All of the weak-instrument-robust confidence intervals marked with this symbol contain “small holes”
(i.e., intervals of width < 0.05 in which one can reject the null hypothesis).

f: The confidence interval marked with this symbol contains a “large hole” that excludes (0.012,0.347).

vides evidence against a “plain-vanilla Neoclassical model,” we center our discussion on the
lower bound of each confidence interval.

Clustering strategies that account for cross-regional correlation of the residual yield
substantially wider traditional confidence intervals. For the Initial Share strategy, the
conventional confidence interval widens from (0.583,4.371) under clustering by state to
(0.370,4.583) under two-way clustering and (0.045,4.909) under two-way HAC standard
errors. The confidence intervals calculated with seg, are substantially wider in the two-way
clustering and two-way HAC cases, which are precisely those in which the placebo test sug-

gested that this method provided better coverage. The clustering strategy with closest to
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correct coverage in the placebo test, the two-way HAC confidence interval with seg,, cannot
rule out any value of the fiscal multiplier at the 95% level. The 90% confidence interval from
the same method rejects multipliers lower than 0.473 and the 68% confidence interval rejects
multipliers lower than 1.462.

Randomization inference yields a confidence interval of (0.08,5.34). This is consistent
with our findings from conventional inference with more robust clustering. The same strategy
yields a 90% confidence interval of (0.46,4.72), and a 68% confidence interval of (1.34,3.70).
To probe the sensitivity of these results to alternative specifications of the data-generating
process for military procurement growth, we re-calculate the randomization-inference confi-
dence intervals with the alternative data-generating processes that we fit to the data. For the
Gaussian-mixture (leptokurtic) simulation, we find 95% confidence intervals of (0.26,5.10)
for the Initial Share Strategy and (—4.7,9.1) for the State FE Strategy. For the AR(2)
simulation, we find, respectively, (0.28,5.24) and (—4.3,8.6). All of these intervals are very
similar to the findings in Table 3. These results suggest that our randomization inference
results, like our placebo test results, are not unduly sensitive to the parameterization of the
data-generating process.

For the the State FE strategy, we also see conventional confidence intervals widen for
the clustering strategies that are more robust and, according to the placebo simulation, give
more accurate inference. We also find that weak-instrument-robust confidence intervals are
unbounded, with the exception of the state-clustered AR-MD interval, which is empty.?® Like
our simulation results, this is indicative of a severe problem with many weak instruments.
We thus focus on the Initial Share Strategy for the remainder of this section.

The dramatic expansion of confidence intervals in Table 3 illustrates the practical impor-
tance of correctly accounting for the correlation structure of the residual in a setting with
regional data. Since shares are non-randomly assigned, and since we find strong evidence of
a factor structure to the residual, clustering by state will not yield valid confidence intervals.
When we adjust the confidence intervals to allow for the factor structure of the residual, we
can no longer rule out very low fiscal multipliers at the 95% level.

This is important for the interpretation of Nakamura and Steinsson (2014), who argue
that their estimates of reasonably high fiscal multipliers provide evidence against a “plain-
vanilla” Neoclassical model of the US economy. The authors’ preferred estimate, clustering
by state in the State FE strategy, corresponds to a lower bound in the 95% confidence
interval of 0.704; the same number in the Initial Share strategy is 0.583. By contrast, at the

25We also replicate these results using the conditional likelihood ratio test of Moreira (2003), which An-
drews et al. (2006) show is nearly uniformly most powerful. We again find that the confidence intervals range
from —oo to oo, for all forms of clustering.
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95% level, randomization inference cannot rule out multipliers as low as -4.4 in the State
FE strategy or 0.08 in the Initial Share strategy. This is not to suggest that this setting is
not informative about the regional fiscal multiplier. If we instead test at the 90% level, the
Initial Share strategy can rule out multipliers lower than 0.46. Rather, our analysis suggests
that accounting for the correlation structure of the residual across regions is important for

correct inference in regional settings.

4.4 Efficient Estimation Improves Power

We now implement efficient estimation with a feasible optimal instrument, as introduced in
Section 3.3. Based on the results of the previous subsection, which highlighted the issues

with State FE empirical strategy, we focus on the Initial Share empirical strategy.

Power /Size Simulation and Selection of (B, J). We begin with a simulation of power
and size, as described in Algorithm 4, to guide selection of the tuning parameters B and J.
We select our null hypothesis as 3y = 0, since ruling out low fiscal multipliers is central to
distinguishing between New Keynesian and Neoclassical models. We simulate data under
the alternative hypothesis (7, = 1,5, = 1.5), although we explore power under different
values of 3,. The hypothesis of 7, = 1 corresponds to a first stage in which national military
spending growth is allocated across states in exact proportion to each state’s initial share
of national military spending. We choose to focus on 5, = 1.5 because it represents one
common view about the size of the fiscal multiplier in the US.

We explore power under B = 0 and B = 1.5. The former corresponds to the null
hypothesis. Therefore our test will have no size distortion (i.e., reject 5% of the time when
Ba = Po = 0). The latter corresponds to the true data-generating process under 8, = 1.5 and
allows us to construct the weighting matrix with the true residuals under that alternative.
Thus, this test is likely to achieve more power to reject Sy = 0. However, tests using B = 1.5
may suffer from size distortions because the weighting matrix is stochastic under the null.

We show the results of the power simulation in Figure 2. We find very substantial power
improvements from using the optimal instrument, for two factors (J = 2) and above. For
Ba = 1.5, the power of the test using the unweighted instrument is 0.32. When B = 0 (left
panel), the power increases to 0.68 using the optimal number of factors (J = 2). When
B = 1.5 (right panel), the power increases to 0.88 using the optimal number of factors
(J =4). Thus, the optimal instrument can substantially increase power—by a factor of 2.13
(B=0,J=2)or 27 (B=15,J=4).

The simulation also highlights a key trade-off regarding the selection of B, which we

alluded to in Section 3.3: selecting B # 3, to increase power can induce distortions in size.
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Figure 2: Power Simulation for Optimal Instrument
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Notes: The figure plots the probability of rejecting the null hypothesis = 0, under simulations based on
e = 1, and various f,indicated on the horizontal axis. Panel A (left) shows simulation results under B = 0,
and Panel B (right) shows simulation results under B = 1.5. Details of the simulation are described in
Algorithm 4. Each curve corresponds to an optimal instrument, Z* (B, J), where B is as indicated in the
title and J varies across the different lines. The curve for J = 0 corresponds to the original, unweighted
instrument, and is therefore the same in both plots. We bold the results for J = 0 (the unweighted case) and
J = 2 (the selected parameter). In Panel A, the power at 5, = 0 is 0.05 by construction for all instruments.

This is illustrated in the right panel of Figure 2, where the power curves for B = 1.5, J > 1
lie above 0.05 at (3, = 0, suggesting that these tests (incorrectly) reject the null more than
5% of the time. In contrast, the left panel shows that B = 0 tests reject exactly 5% of the
time at B, = 0. To achieve a power of 0.88 under the alternative 5, = 1.5, the B = 1.5 and
J = 4 method falsely rejects a true null hypothesis (8, = S = 0) 21% of the time. In our
simulation, tests with fewer factors have smaller size distortions. The B = 1.5 and J = 2
test, by contrast, achieves a power improvement over the B = 0 and J = 2 test (76% vs.
68%) while still maintaining a more acceptable size at 5, = 0 (9.2%).

The simulation visualized in Figure 2 illustrates the power and size trade-offs for testing
Bo = 0. But, to construct confidence intervals, we will test many null hypotheses. Therefore,
it is also important to understand the power-size trade-off for other values of 5,. We conduct
two further simulations to this end. First, we study size under different values of 5y, focusing
on the J = 2 case. In Appendix Figure 3, we find that both the B = 0 and B = 1.5 methods
with J = 2 reject less than 10% of the time (in a nominal 5% test) for 5, = fy < 4. For larger

Ba = Po, the advantage of B = 1.5 over B = 0 becomes more pronounced. By construction,
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Table 4: 95% Randomization Inference Confidence Intervals for Optimal IV Estimate of
Regional Fiscal Multiplier in Nakamura and Steinsson (2014)

Point Estimate 95% CI

Unweighted 2.477 (0.08,5.34)
B=0,J=2 1.276 (-0.08,3.06)
B=15,J=2 1.564 (0.12,3.48)
B=p,J=2 — (-0.08,00)*

Notes: This table shows 95% confidence intervals for the regional fiscal multiplier, estimated in the setting of
Nakamura and Steinsson (2014) using efficient instruments. All results are based on the instrumental variable
strategy that interacts defense spending growth with the pre-period share of military procurement spending
in state output. The columns respectively give the point estimate and the 95% confidence interval from
randomization inference (as described in Algorithms 1 and 3). The first row corresponds to the unweighted
estimate (from Panel B of Table 3) and the next three rows to the three tests described in Section 4.4, chosen
based on their performance in a power simulation. Note that the B = ; test has no corresponding point
estimate, since it uses different weights to test each null hypothesis. The * in the fourth row indicates that
the upper end-point exceeds the largest grid point considered.

the test with B = 3 rejects 5% of the time in all cases.

Second, we study power to reject different values of the null hypothesis 5y under a fixed,
simulated alternative of 5, = 1.5. For 3y € [0, 1.5], the B = [, test has power in-between the
B =0and B = 1.5 tests (and coincides with these tests at the endpoints). For §y > 1.5, the
fixed-B tests have greater power than the B = [, test. Moreover, the B = 3, test appears
to peak at a power of about 0.8, at 5y = 6. If the power in fact never exceeds 0.8 for any
Bo, then the B = [ test will generate infinite-width confidence intervals with at least 20%
probability. In contrast, while the unweighted instrument has lower power than the weighted
instruments for § < 6.5, it seems to have power converging to one as y — oc.

Whether an infinite-width confidence interval is problematic will depend on the applica-
tion. In the fiscal multipliers application, the ability to statistically reject multipliers greater
than 5 is not very important, since these values are implausible in standard macroeconomic
theory. Over the range of economically relevant parameters, the feasible optimal instrument
substantially improves power.

Assessing these trade-offs between power and size, we implement three methods below.
The first is B = 0 and J = 2. This test achieves the highest power at 5, = 1.5 among
the methods that, by construction, have the correct size at 5y = 0. The second is B = 1.5
and J = 2, which slightly improves power relative to B = 0 without greatly distorting size
at By = 0. The third is B = fy and J = 2, thus varying the test statistic for every null
hypothesis. This is the most robust technique as it ensures a correct size for every tested

null hypothesis, but it is potentially less powerful.
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Results. The efficient estimator yields lower point estimates for the regional fiscal multi-
plier: in contrast to the standard IV estimate of 2.477, we find 1.276 for the B = 0 method
and 1.564 for the B = 1.5 method. These optimal-instrument estimates are more in line
with standard macroeconomic theory.

Randomization inference with the efficient re-weighting tightens the 95% confidence in-
terval under B = 0 and B = 1.5. The B = [, interval yields a confidence interval with no
upper bound. Moreover, none of the optimal-instrument methods can reject regional fiscal
multipliers as low as 0.12 at the 5% level.

If our test is powerful, why can we not rule out low values of 87 One explanation can
be seen in the changing point estimates as we move from the unweighted instrument to
the feasible optimal instrument. The difference between the point estimate and the left
end-point of the confidence interval shrinks from 2.4 in the unweighted case to 1.4 in the
B =0 and B = 1.5 cases. Using a standard Wald test, the 95% confidence interval would
be B + 1.96 - se(ﬂA); if the standard error shrinks while the point estimate falls, the lower
bound of the confidence interval can remain unchanged. By analogy, our feasible optimal
instrument has higher statistical precision but yields lower point estimates. Thus the lower

bound of the confidence interval is similar ez post, despite the higher ex ante power.

5 Conclusion

Regional-exposure designs are ubiquitous in current empirical practice. Researchers use these
designs in the hopes that regional data will provide them with more credible identification
and that a greater number of observations will provide precise estimates.

We study how unobserved aggregate shocks affect regional-exposure designs. We argue
that the most plausible source of identification is the orthogonality of the observed aggre-
gate shock from unobserved aggregate shocks, and that the presence of these unobserved
shocks induces a factor structure to the model residual. We show that the standard econo-
metric practice of clustering standard errors by cross-sectional units (e.g., regions) may
understate uncertainty because it fails to account for the systematic correlations induced
by heterogeneous exposures to aggregate shocks. To remedy this issue, we propose more
robust asymptotic methods and finite-sample-valid randomization inference. To improve
statistical power, we propose a feasible optimal instrument that reweights the data to ac-
count for units’ exposure to common shocks. In an application to the study of Nakamura
and Steinsson (2014), we show that standard confidence intervals give poor coverage, that
corrected confidence intervals give correct coverage, and that the feasible optimal instrument

substantially improves power.
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We provide three recommendations for practice. First, we caution against clustering
standard errors by region. Our results show, in theory and in practice, that this method
is not robust to the presence of cross-regional correlations in model residuals and that the
associated coverage distortions can be severe. Second, we provide two options for correct
inference. One option is to use two-way clustering (with or without HAC correction), to
account for the data’s correlation structure. Alternatively, researchers can use randomization
inference, which accounts for the correlation structure of the data by modeling the shock
process. Third, we suggest a feasible optimal instrument. We find that a method based on
estimating a factor structure in the residual substantially improves power in our application.

An important issue that our paper does not address is how to correct inference with very
few time periods. The econometric issues we identify could all arise in these settings, and
may be especially severe: we show that the bias of region-clustered standard errors is pro-
portional to N/T. However, the solutions we study in this paper rely on large T": two-way
clustering requires T" — oo, and our randomization inference procedure requires estimating
the time series process that generates the shocks. A promising path is to implement ran-
domization inference with a different procedure to estimate the data-generating process for
the underlying shock, which does not rely on having many time periods. We leave further

study of small T" settings to future work.
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A Omitted Proofs

A.1 Proof of Proposition 1

Proof. We start with Part 1. Here, we hold the number of time periods T fixed, while the
number of regions N — oco. We thus have a fixed number of time fixed effects, while the
region fixed effects are nuisance parameters. Note that estimation with time and region fixed
effects is equivalent to double-demeaning the regressors and instruments. We will thus work
with the double-demeaned instruments and regressors.

First, we will prove that ﬁ Zi,t Ziwuy = 0. We start by proving that ﬁ Zi,t Ziug - 0:

1
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The second to last line applies the Weak Law of Large Numbers because (m, Ay (eit);) are
drawn i.i.d. across regions. The last line uses E [n;\}] = 0 from Condition 1 and E [.S; - €] =

0 from Assmption 2.

Next, we prove that ﬁ Zi’t Ziuiy 5 0. This proceeds similarly to the above. We have:
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The last line uses the same logic as the last two lines of the previous derivation.
Next, we show that ﬁ it (th — Z) uy 2 0. To do this, it is sufficient to show that
% > Zyuy 5 0 for each ¢. From there, since the number of time periods is fixed, we can

add up to get our desired result. We have:
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i J

i

= % ; % (Z 773) St (NFy + €it)
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The second to last line uses the weak law of large numbers, and the last line uses E [77;] =0.
Adding up, we thus have that ﬁ Zi,t Ziuy 5 0. o
Next, we show that there exists a finite and full rank matrix Q such that = D in ZitXip —p
Q@ as N — oo. Note that, based on the assumptions we have made, (X;;, Z;;) is drawn i.i.d.
across regions. We thus have Z, AE [Zi | t], and similarly for Z.X, and X,. We thus have:

1 _ 1 o o oy
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(32)
By assumption in the statement of Proposition 1, this expectation is finite and of full rank.

Finally, to show the desired result, we apply the continuous mapping theorem, relying
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on the fact that matrix inversion is continuous wherever the matrix is full rank. We have:
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This proves the claim of Part 1.
The proof of Part 2 is analogous to the proof for Part 1, but using a law of large numbers
for stationary and strongly mixing time series rather than for i.i.d. regions. We omit this

for brevity. ]

A.2 Proof of Lemma 1

Proof. Using the definition of Z;;, we write
w(i.j.t,5) = BlS, - XiFy -}, X;F] (34)
We first show Part 1. For ¢ # j, we manipulate the inside of the expectation
w(i, j,t,s) = Bltr(niSy - NiFy - 0;Ss - NoFy)] = Eltr(mi; - FySn; A FoSy)] (35)

using rearrangement and the cyclic property of the trace. We observe that, due to the lin-
earity of the trace, we can write E[tr[A]] = tr[E[A]] for a real-matrix-valued random variable
A. We then use the assumed independence of (n;, A;) from the vector (n;, \;, Fs, Fi, Ss, St),
encapsulating independence across regions and indepence of cross-sectional from time-series

variables, to write
w(i, j. t,8) = tr(E[mA; - FLSyN;FeSy)) = tr(EmA]] - E[F.Sgm N FoSi)) (36)

We then use the identification from shares condition to observe that E[n;\!] is a K x J matrix

of zeros, and hence w(i, j,t,s) = 0.
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We next show Part 2. We manipulate terms to write

w(i, j,t, 5) = Elmi(SeF)Ai - m(SsFO)A))] (37)

We now condition down on the values of (A;, A, n;,7;) to write

where we observe that E[S,F}|\;, \;,n;,n;] = E[S;F]] = 0 due to the assumed conditional
independence and the identification from shocks condition; similarly, E[S,F!|\;, Aj, ni, n;] =
E[SsF!] = 0. Hence, in these cases, w(i, j,t,s) = 0. This proves Lemma 1 as stated.

We now show, additionally, that the zero covariances in Lemma 1 are consistently esti-

mated. In particular: O

Lemma 2. Let @ (i,j,t,s) = E [Z-t . /N\;ﬁt . st . S\QFS] be the demeaned-factor-component
covariance between units (i,t) and (j, s), using the double-demeaned instrument. If Assump-
tions 1 and 2 hold, then

1. If identification comes from shares (Condition 1) and (n;, \;) is independent across
regions, then & (i, J,t,8) = O(1/N?) for all i # j.

2. If identification comes from shocks (Condition 2) and (S, Fy) is independent across
time, then @ (i, j, t,s) = O(1/T?) for all t # s.

Proof. To prove this, we first observe that the double-demeaned instrument is
Zun=Ty—2i— 2+ 7
= 0;Se =108 — 'S, + 1S,
= (i —7) (Si—S) — 7S + 1S,
= (1 —7)" (S — 9)

(39)

where 77'S = 7]S; because we have assumed a balanced panel. We will define 7; := n; — 7
and St .= S, — 5. Note that an identical argument shows that @; — &; = /N\;Ft

To prove case two, we re-write @ as

We can rewrite the above as a sum. Let k and £’ index entries of the observed shock, S, and
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let [ and !’ index entries of the unobserved factor shock, F'. We then have:
(i ts) = 3 DD S B | SENE SEAEY |
- zkj i le ZZ E|SEFISYEY| B [N X (41)
- i kz glj ZZ E :(Sf — %) (Sf’ - Sk’) (F - F") (Fg - Fl’)] E {ﬁfxgﬁfxﬂ
C TS

where the second line uses the assumed independence of cross-sectional and time-series vari-
ables.

We then consider the case where ¢ # s. We first observe that E [SFSFF| FI'] = 0 if
ty # ty or ty # t3. To show this, we consider all the relevant cases. We observe that
for any r # t, E[SFSY F/F'] = E[S*F'IE[SFF]] = 0, since (S¥F!) is independent from
(SFE}) E[SFF]] = 0. Next, for r # t and for w # r, we observe that E [SFSFFLF!] =
E[SFEF. FUIRE[SF] = 0, since (S¥) is independent from (SF, F!, F") and E[S¥] = 0. Next, for
r # t, we observe that E [SFS¥ FIF!'] = E[SF F!F'|E[SF] = 0, since (SF) is independent
from (S¥, F!, F!') and E[S¥] = 0. Finally, analogous arguments apply to show the same when
F and S are switched.

We now apply this rule, as well as the iid nature of draws across time, to simplify further:

E [(sfsf:' — GhSH — Ghgk Skgk’) (F;F;' _RERLR Flpl')]

_E [(_ngk' _ GkgM 54k5«k’> (_thFl’ — F'F' 4 FIFV>]
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=E | SIS FF + 5 SESY FIF — 5 SESE Y R FL— (42)
w=1
2 d yes -
=V > SkSE + =i (Z SrSk ) (Z FLFL)
r=1 r=1 w=1
1
= ﬁMO(T,k, K1)

where we define My(T', k, k', [,1I') in the last line. We next observe that |My(T, k, k', [,1")| <
My < oo, for all T and (k,k’,1,1'), for some constant My that does not depend on T or the
indices, because of our assumption of bounded moments. We also define M (N, k, k' 1,1') =
E [ﬁfj\ﬁﬁf&ﬂ and similarly observe that |M; (N, k, k',1,I')| < My, for all N and (k,k',1,1),

because of bounded moments.
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This allows us to write, for t # s

Sijits)= 3 [E [(sfsf’ — SEGH — GhgH S’fS’f’) (F;F;’ R PR FlFl’ﬂ
kLU
~kN1 k'
E [77@‘ )‘1‘773‘ )\jH

1
= =5 O Mo(T kK LM (N b KLD)
e,k L1
(43)
and to moreover observe that |@(i, j,t, s)| < 7z J2K*MyM;. Therefore, @(4, j, t, s) is O(1/T?)
for t # s.

The proof of case one is analogous, and we omit it for brevity. O

A.3 Proof of Proposition 2

Proof. We first show that VOR _4p VOR The clustered estimator for the asymptotic variance

is VOR = Q~1QCR <Q’) , where

<% th Zitmt> (% th Zitau> ] (44)

and where 4 := Y, — X{tﬁ . We have already shown that QOLE [Zitf({t} in the proof of
Proposition 1.
We thus need to prove that QCR 2 0. To do this, we will break QCR out into its

components, and then use a law of large numbers argument to show that it converges. We

1 - . 1
Q = ﬁ Z Zith(t and QCR = N Z
it i

have:
qor — - T <lZZu> (lzz.ﬁ)/
N : T 1t Wat T 1t Wit
1
:NZ

(45)

Given our assumption of finite fourth moments, we can guarantee that the expectation of
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each of these components will be finite. This, combined with out previous arguments about
the data being i.i.d. across regions, will let us use the law of large numbers so that each

component converges to its expectation. Finally, adding in the previously proven fact that
B 2 3, this tells us that OCR B [ {( Yz tuzt> ( Yz tuzt> 1

We next show that AVAR <\/N . B) VOE Tt is sufficient to show that Q¢F = Q. We
note that

1 1 ~
Q=AVAR | —=- =3 Zuii
<V N T it t t>
_ /
) 1 ~ =
= ]\}I_I}(I)O NTQE (E” Zit“it) (E” Zit“it) ] (46)

) 1 S5
= | 2 2 Dl

To simplify this, we first consider terms where ¢ # 7. We have:
E [ZztunZ u]] _E [(X;Ft +éit> (X;Fs +5j3) (ﬁ;§t> (njsﬂ (47)
We first observe that ]E[éitX;FsZiths] = E[éz-t]E[S\;FSZthS] = 0 because &; is i.i.d.
across regions, mean zero, and independent from the factor draws and shocks. Similarly,
E[S\;Ftéjsztzjs] = 0. We thus have
E [Z,»taitzjsajs] _E [/\’F NE, (nzst> ( Ss> b Eudss (ﬁ;§t> (ﬁgésﬂ
=3 (it s) +E &g (15) (75)]

We know, from Lemma 2, that @ (4, j,¢,s) = O (%) We also know E [éitéjs <ﬁ;§t> (ﬁ;gs)}
is O (ﬁ), from the proof of Proposition 4. Using this, we further simplify:
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1 S
)= A}lir(l)o NTZE Z; Z Zitlip ZsTUj s

L ot 7,
J— 1 Y 2 —_ 2
= Jim_ | 7t Et:jzl $= ) ZuttaZists | + g T NN = 1DOW/N )] (48)
= ]\}1_1;[(1)0 NT2 Zt Z 1 1= j ltu’LtZ_]su]S

7 7,8
B 1 70 1 74 I
= T Z it Wit TZ it Wit
t t

— QCR

where the second step uses our result that £ [Znuthjsujs] is O ( ) for i # j, the second

to last step uses the Law of Large Numbers, and the last step is the definition of Q. [

A.4 Proof of Proposition 3

Proof. Recall that Q := AVAR (& - 43, Zuitu ), in the limit where N — oo. This implies
that

/
R (Zt Zz‘tﬂit> <Zt Zitﬁz‘t) ] = ]\}liléo NT2 Zt: Z ZwiaZistiys | (49)
In contrast,
| | '
OCR .— (T zt: Zz‘tﬂit) (T Xt: Zituit) ] NT2 ; ; 1(i=jy) VARTINA istis | (0)

Taking the difference between the two, pre-multiplying by %, and taking the limit as
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N — oo, we can write

. 1
e N (Q°F — Q) = - Aim N2T2 ; Zs LG # ) Z”u”Z Sujs]

: 1 N T TV
= — lim W ZZ 1 (Z 7é ])E _Zit()‘;Ft + 5it)st(>\;‘Fs + 8]'5)]
it J,8

N—oo

Zitéitzjsj\gps + Z’itéithsgjs}
(51)
For all (i,t,7,s), E[Zitigﬁ;stéjs] = E[Zit:\QFthS]E[éjs] = 0, where the first equality uses the
fact that ¢ is independent of (Z, A, F') and the second equality uses E[¢j5] = 0. Similarly, for
all (i,t, ], ), E[ZuéuZ;sN;Fy] = 0. Thus,

lim = (7%~ Q) = lim - NWZZl (i #5)E [ MNIVZi N+ itﬁithséjs] (52)

N—o00
ot 4,8

We start by considering the second term. We show that this term is zero. First, we observe
that E [Zitgithséjs] =E [Ziths} E [€::€js] because ¢ is independent of (Z, A, F'). Next,

(22

]\}1_13;0 N2T2 Z ]- #] [ ztgth]sgjsi|

4,t,7,8

< Jim cNQTQ S 104 5) [Eleu,]

4,t,7,8
= lim C E E [E4€;
T Now T2 [B ol

1
= Cﬁ J&l_r)n E [51155]5”

s,t (53)

= C lim )E[(git — & — & +8)
7 N—o0

(5jt —Ej —55 +§)”

= OT2 Z E (e —&i)(eje — )] =0

where the second line uses the exchangeability of units (4, 7), the third line exchanges the
limit and the (finite) sum, the fourth line writes out the definition of &;, the fifth line uses

the fact that means across cross-sectional units go to zero, and the last equality uses the fact
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that € are drawn independently across cross-sectional units.
We therefore have

N—oo N—oo

lim %(QCR—Q) ~ lim — N2T2221 P4 DE[ZXEZLNE] (54

ot j,8
We now apply Lemma 2 to observe that, if ¢ # s, then E [Z N, ﬁthSX;.F;] = 0(1/T?) <

ﬁ < 00, if t # 5. We therefore write

1, on L o
S L e D M (PR LI R LR

ot 4,8

1@#$t#8ﬂXUT5>

= A}LH;O _N2T2 Z Z ( i#j,t=5)E [Zztj‘; Nthsj\;FsD

ot g,
 N(N-1)T(T-1) ,
L N2T? -OQ/T)
T 7 N7 NI T 2
_Nhi%o_Nmz;Z( i # .t = 9B | ZuN B Zi N | ) - 001/T?)
i 7,8

(55)
We then substitute in Z;; = 77,5, and simplify
N—o00 N—o00

. 1 . 1 . . (e rmara3 £
lim — (277 = Q) + O(1/T%) = lim ——— 3" 3 1(i #j)E _néSMéFtn}StAéﬂ]
oWt g

N—oo

it g

. 1 R o U Y [T U
= lim s 2L D16 £ ) E|SE 3] BSE |73 £
it j
(56)
where, in the second line, we condition on Ft,S’t and, in the third line, we exploit the
independence across regions. We finally simplify this expression further using the fact that

regions are exchangeable, that F, S, are i.i.d. across time periods, and that 7 and A converge
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ton and A as N — oc:

lim %(QCR—Q) TG ) ZE [S’ [mx} ESE [m J} 1«’;] —0(1)T?)

N—oo N—oo N27T2
= —% ;E [SéE [1:X] FLSIE [1;X]] Ft} —0(1/T?) (57)
= —%E [(52151 [ X] Ft)Q] —0(1/1?)

as desired.

Under the scalar case, this simplifies to:

lim % (Q°F — Q) = —% <E[7‘7’i5\i])2 E [(Stﬁt)2] —0(1/T?) (58)

N—oo

A.5 Proof of Proposition 4

Proof. First, note that

Q= AVAR (\/N B) N NT2 Y>3 E [unujszztz ] (59)

ot 4,8

Let B denote the above infinite sum, subsetting to the terms for which ¢ # j and ¢t # s. It
suffices to show that B = 0. We have:

1 N N T T o
B= lim DY N D (i #5 AND & # ) Eliiiyitje Zin Zjs) (60)

N—00,T—00,N/T—C NT? Pl
Using our definitions of v and Z, we re-write the terms in the expectation as
Uiriijs ZaZjs = Ny + E) (N + &55) (.50 (7,55 (61)
We first observe that E[gitX;FSZiths] = E[éit]E[:\;FSZiths] = 0 because g;; is i.i.d. across re-

gions, mean zero, and independent from the factor draws and shocks. Similarly, E[S\gﬁtéjsztzs] =
0.
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We now study the sum of the terms ]E[é,-téjsthjs}, or

N

= im
N—o00,T—00,N/T—C - -
=1 j=1 t=1 s=1

We now show that B; = 0. Our calculation is similar to the equivalent calculation in the
proof of Proposition 3. We first observe that E [Zitéithséjs] =E [Ziths] E [€::€;5] because
¢ is independent of (Z, A, F'). We focus first on E [£;:£;,]

E 462 266+1i66 2 Tiaa—ir
- “rCis 7 CitCis itSis — ircis
NT N NT — NT? e~
1 N 9 N T N T T
NTO EksCkt EktEkr + Eiris

4 L 7 5 I T (63)
_ = 27 & _
— NTE 7] N]E [€it€4s] + NT ;E [€4t€ss] T ; ;E [eir€is] +

— > Elersert] — —= E [exicrr]) + 55 E [eireis)

N2 k=1 NQT k=1 r=1 N2T2 =1 s=1 r=1

o(3)

where we expand terms in the second line, simplify in the third, and use the boundedness of
moments in the fourth. We next consider E [Ziths} . We have:

We proceed by analyzing cases. In case one, we have independent draws of 7); across
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regions, which yields.

E [%:7;] =B [(n: — ) (n; — )]

E [—mn’ — qn); + 71|
1 /
=E |~} — Nnmj me
65
:E{ 1771} (65)
1
—0(=
(%)
— E[2,2,] =0 L
N

where the fourth line uses the fact that 7; and n; are drawn from the same distribution. Case
two is analogous, and yields E [Ziths] =0 (%) We thus have that E [Zitéithsgjs} isO (ﬁ)

in case one, and O (NT)

O (32 + w7)-
We now have:

in case two. In either case, we can write that £ [Ztéitzjséjs} =

N N T
1 1 1
By = i 1(2 i AND O —+—
! N—>oo,T—1>g.},N/T—>C <NT2 ;;;; (737 t#s) (N2 + NT))
1 1 1 66)
- lim N(N-DT(T-1)0( — + — (
N—)ooT—1>ooN/T—>C’ (NT2 ( )T )O<N2 +NT))

1 1
= i
Naoo,Tﬁl\go},N/TaCO (N i T) 0

Therefore, we can drop the e; terms, and re-write Equation 60 as

N N T T
1
= ' 1(i # j AND -&(i, j
B N—>ooT1—1>ooN/T—>CNT2ZZZZ (Z%] t%s) W(Z,],t,S) (67)

i=1 j=1 t=1 s=1

We first observe, using Lemma 2, that @(i, j,t,s) = O(1/N?) in case one and @ (i, j, t,s) =

O(1/T?) in case two. We observe that B can therefore be written under either case as

1 1 1
B= li —NN-1)T (T -1 — + =
Naoo,Tﬁlgol,N/TﬁC NT? ( )T )O(N2+T2>
1 1
= li N -
N—>ooT—1>gN/T—>c 0 (N2 + T2> (68)

=0
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where the last line uses the fact that % — (. Thus, since B = 0, it follows that 2 =
QTWC' ]

A.6 Formulas for Weak-Instrument Robust Tests

In this Appendix, we provide expressions for the two weak-instrument robust test statistics
that we study in Section 4. These are the “Anderson-Rubin Minimum Distance” (AR-
MD) and “Anderson-Rubin Lagrange Multiplier” (AR-LM) tests introduced in Finlay and
Magnusson (2009) and Magnusson (2010) and implemented in the weakiv command of Stata.

To introduce these statistics, we first remind the reader of our two model equations (in

double-demeaned form):

Vi = X[,8 + @it (69)

Xy =21+ éy (70)

In contrast to our baseline model, we let Zit by an ny X 1 vector and 7 be a n; X 1 vector.

We also introduce the “reduced form” model that directly relates Y and Z:

Yie =06 Zu + Uy (71)
We observe that the OLS estimate of this equation is 0 = (Z’Z)"'Z'Y. In the scalar
instrument case, this is related to the OLS estimates of the original model equations by
6 = 7B.

We next define some objects from Finlay and Magnusson (2009). The first is the asymp-
totic covariance matrix of VN [(5 -0, (7 — W)l], where N is the appropriate asymptotic

normalization. We write an estimator of this object as

(72)

which, in a way that we will soon clarify, depends on parameters §, 7. We next define the

object \i/(ﬁ, 6, ) which is an estimator of the asymptotic coviarance matrix of v N (5 —75):
W(8,6,m) = Nss(6,m) — BAs(8,m) = BArs(6,7) + B*Ar (6, ) (73)

We finally define the estimators in A. A55(5, 7) and /A\m(& 7) are the corresponding cluster-

robust variance estimators for § and 7, with the residuals (0, and é;, respectively) computed
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under the null of 4 and 7. In the one-way clustering case, these are

Ass(8,7) (Z ZU(Y, WY —382.)Z ) (2'2)~
(74)
Ay (6,7) (Z 7N Xe =72 (X —7Z.) 7, ) (Z'Z)~!

where each object in the summation is the vector of the corresponding variable in cluster

c. These objects are defined analogously for multi-way clustering, The covariance terms are
defined as

As(6,7) (Z ZU(Y. - 6Z:)(X — WZC)'ZC> (Z'Z)™!

(75)
Ay 5(8,7) (Z ZNX,—nZ)(Y — 520)’2) (2'Z)7!
We now define the estimators. The AR-MD statistic is
ARup = N(6 — 760) (U (B, 6, 7)) (6 — 7o) (76)

and observe from Finlay and Magnusson (2009) and Magnusson (2010) that this follows a
x%(ny) distribution. The AR-LM statistic, by contrast, replaces the middle covariance with

the same evaluated at 0 = 75,:

ARpn = N(0 — #B0) (W(Bo, 7o, 7)) (6 — 7o) (77)

Equivalence with seg,in One-Dimensional Case. We now show that the AR-LM test

coincides with the conventional test with the test statistic

Tp, = <B — ﬁo), (Varg,) ™" (B - 50) (78)

in the just-identified, one-dimensional case, where Varg, is the estimated variance of B,

computed using the residuals under fy. To do this, we will show that
U (Bo, By, ) = N#Varg, 7’ (79)

We show (79) in the case of single-variable clustering; the calculation is analogous for
multi-way clustering (or multi-way HAC), by expressing those covariance estimators as the

weighted sum of one-dimensional clustering estimators.

60



We first simplify
U(3,6,m)=(Z2'Z)" (Z Z’WZ) Z)™ (80)

where 3 o 5
W.=(Y,—0Z)Y —6Z2.)

—B(Y. = 6Z)X —7Z) — B(X. —7Z)(Y —6Z.) (81)
+ 33X, — WZC) (X —nZ,)
Next, we complete the square to write W, = V!V, where

Vo=Y.-0Z,— 3(X.—nZ) =Y, - BX + pnZ, — 62, (82)

Evaluating this at § = By, 7 = 7, and § = 75, we obtain V, = Y. — yX,.. Therefore, we

have

U(B,0,7)=(Z2'Z)" (Z ZN(Y., — BoX.)(Y, — ﬁOXC)/ZC> (Z'Z)* (83)
We next use the fact that 7 = (Z'Z)~'Z'X and the definition
1 ~1 v\ — ~1 (\/ ¥ ¥, " \/ 77 ! 7\ —
Varg, = N(Z X)) (Z ZN(Ye — BoXe)(Ye — BoXe) ZC> (X' 7)™ (84)
to write
U(B,8,7) = #( ZZ’ (Ve = BoXo) (Ve — BoXo) Ze | (X'2)7 1%
(85)
= N7Varg, 7/

as desired. Note that, since we are in a scalar environment, we have B =4 /7. 1t then follows
that:

ARy = N(8 — 7o) (N#Varg,7') 16 — #3)
= (B — Bo) (Varg,) (B — fo) (86)

= T8y
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B Additional Tables and Figures

Figure 3: Level Simulation for Optimal Instrument
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Notes: The figure plots the probability of rejecting the null hypothesis § = 5y in simulations that impose
this null hypothesis as correct (8, = o), varying the value of 8, = By. The blue, solid line corresponds to
the test with B = 0 and J = 2. The red, dashed line corresponds to the test with B = 1.5 and J = 2. The
purple dotted line corresponds to the test with B = 8y and J = 2, which by construction has level 5%.

Figure 4: Power to Reject Incorrect Nulls for Optimal Instrument
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Notes: The figure plots the probability of rejecting the null hypothesis 5 = 5y in simulations that impose
B, = 1.5, varying the value of By. At By = 1.5, this corresponds to the level of the test and should be
nominally 5%. The blue, solid line corresponds to the test with B = 0 and J = 2. The red, dashed line
corresponds to the test with B = 1.5 and J = 2. The purple dotted line corresponds to the test with B =
and J = 2. The yellow dashed-and-dotted line corresponds to the test with the unweighted instrument.
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Table 5: Placebo Test with Alternative Data-Generating Processes

Panel A: Panel B: Panel C: Panel D: Panel E:
Baseline IID Persistent Mixture AR(2)
seB Se‘,g0 SGB Se/go seﬁ Seg0 SeB Se/gO seB Seg0

Cluster by State 25.4% 19.8% 21.6% 16.0% 27.0% 19.3% 21.8% 12.8% 21.8% 19.0%
Cluster by Year 24.4% 20.8% 5.8% 3.6% 282% 29.2% 24.6% 22.0% 22.8% 19.6%
Two-way Cluster 21.1% 9.0% 11.9% 3.8% 222% 11.5% 16.9% 7.0% 182% 8.6%
Two-way HAC 20.3% 3.0% 156% 2.7% 198% 35% 162% 2.0% 16.8% 2.2%

Notes: This table shows the frequency at which the null hypothesis of Sy = 0 is rejected at the 5% level in
several variants of the placebo test based on Nakamura and Steinsson (2014). Panel A corresponds to the
baseline simulation. In Panel B, we simulate national defense spending shocks as an IID Gaussian variable
with the same variance as observed shocks. In Panel C, we simulate national defense spending shocks as
an Gaussian AR(1) with coefficient 0.9, holding fixed the variance of the variable. In Panel D, we simulate
national defense spending shocks as an AR(1) with an empirically estimated coefficient p = p = 0.66 and
innovations whose distribution is a mixture of two Gaussian distributions. In Panel E, we simulate national
defense spending shocks as an AR(2) process with Gaussian innovations. Since the placebo defense spending
shocks are drawn at random for each placebo draw, a correctly calibrated 5% test would reject 5% of the

time.
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Table 6: 90% Confidence Intervals for Conventional IV Estimate of Regional Fiscal Multiplier
in Nakamura and Steinsson (2014)

Panel A: Initial Share (Point Estimate: 2.477)

Conventional Weak-IV Robust
se; seg, AR-MD AR-LM
Cluster by State (0.887,4.066) (1.171,00)  (1.044,4.433) (1.171,00)

Two-way Cluster (0.709,4.245)  (1.095,00)  (0.982,4.794)  (1.095, 0)
Two-way HAC (L =3)  (0.436,4.518) (0.473,00) (0.767,5.136)  (0.473, 00)
Randomization Inference (0.46,4.72)

Panel B: State FE (Point Estimate: 1.426)

Conventional Weak-IV Robust
s€; seg, AR-MD AR-LM
Cluster by State (0.820,2.032) (0.88,2.36) Empty (—00,0)
Two-way Cluster (0.502,2.351) (0.63,5.15) (—00,0.985)U (—00,00)*
(1.467, c0)
Two-way HAC (L =3) (0.256,2.597) (0.18,00) (—00,0.014)U (—00,00)*

(0.361, 1.562)U
(1.731, 00)
Randomization Inference (—3.3,7.1)

Notes: This table shows 90% confidence intervals for the regional fiscal multiplier, estimated in the setting
of Nakamura and Steinsson (2014) using the IV estimator. Panel A shows results based on the instrumental
variable strategy that interacts defense spending growth with the pre-period share of military procurement
spending in state output. Panel B shows results based on the instrumental variable strategy that interacts
defense spending growth with state fixed effects. The first four rows of each panel show results from tests
that implement clustering by state, clustering by year, using two-way clustering (state and year), and using
two-way HAC standard errors with a kernel bandwidth of three years. In each of these rows, we report
results from conventional t-tests with standard error estimates se; and seg, and weak-instrument-robust
tests using the Anderson-Rubin Minimum Distance and the Anderson-Rubin Lagrange Multiplier statistics
of Finlay and Magnusson (2009) and Magnusson (2010) (see Section 4.2 for details). In Panel A, the seg,
and AR-LM tests exactly coincide. The fifth row of each panel reports results from randomization inference.
*: All of the weak-instrument-robust confidence intervals marked with this symbol contain “small holes”
(i.e., intervals of width < 0.05 in which one can reject the null hypothesis).
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Table 7: 68% Confidence Intervals for Conventional IV Estimate of Regional Fiscal Multiplier
in Nakamura and Steinsson (2014)

Panel A: Initial Share (Point Estimate: 2.477)

Conventional Weak-1V Robust
se; seg, AR-MD AR-LM
Cluster by State (1.516,3.438) (1.664,3.860) (1.587,3.544) (1.664, 3.860)

Two-way Cluster (1.408,3.546) (1.624,4.443)  (1.522,3.715)  (1.624,4.443)
Two-way HAC (L =3) (1.243,3.711)  (1.462,00) (1.384,3.906) (1.462, 00)
Randomization Inference (1.34,3.70)

Panel B: State FE (Point Estimate: 1.426)

Conventional Weak-IV Robust
s€; seg, AR-MD AR-LM
Cluster by State (1.060,1.793)  (1.10,1.87) Empty (—00, 00)
Two-way Cluster (0.867,1.985)  (0.96,2.31)  (—00,0.989)U (—00, 00)*
(1.514, 00)
Two-way HAC (L =3) (0.719,2.134)  (0.84.2.82)  (—00,0.016)U  (—00,00)*

(0.380, 1.565)U
(1.741, 00)
Randomization Inference (—1.3,5.1)

Notes: This table shows 68% confidence intervals for the regional fiscal multiplier, estimated in the setting
of Nakamura and Steinsson (2014) using the IV estimator. Panel A shows results based on the instrumental
variable strategy that interacts defense spending growth with the pre-period share of military procurement
spending in state output. Panel B shows results based on the instrumental variable strategy that interacts
defense spending growth with state fixed effects. The first four rows of each panel show results from tests
that implement clustering by state, clustering by year, using two-way clustering (state and year), and using
two-way HAC standard errors with a kernel bandwidth of three years. In each of these rows, we report
results from conventional t-tests with standard error estimates se; and seg, and weak-instrument-robust
tests using the Anderson-Rubin Minimum Distance and the Anderson-Rubin Lagrange Multiplier statistics
of Finlay and Magnusson (2009) and Magnusson (2010) (see Section 4.2 for details). In Panel A, the seg,
and AR-LM tests exactly coincide. The fifth row of each panel reports results from randomization inference.
*: All of the weak-instrument-robust confidence intervals marked with this symbol contain “small holes”
(i.e., intervals of width < 0.05 in which one can reject the null hypothesis).
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