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Abstract

I show that macroeconomic uncertainty during recessions can arise from people paying more

attention to aggregate events. When information is dispersed, people’s attempts to acquire more

information can lead to higher aggregate volatility, forecast dispersion, and uncertainty about

aggregate output. Information rigidity is reduced, consistent with evidence in forecast surveys,

and distinct from the prediction of exogenous volatility shocks. When the model is calibrated to

U.S. data, endogenous attention accounts for half of the observed fluctuations in volatility, forecast

dispersion, and uncertainty. I also provide a method to solve models with varying attention and

uncertainty under an infinite regress problem due to dispersed information.
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1 Introduction

Macroeconomic uncertainty is central to the business cycle: It increases during downturns

and crises and also plays a major role in driving economic activity and asset prices. The

conventional view is that it can be mitigated when people have more information. While

this seems true in many circumstances, there may be important exceptions. Identifying such

exceptions could prove important for understanding not only the behavior of uncertainty

but also the business cycle more broadly.

In this paper, I identify one such exception. During periods when uncertainty matters

more (e.g., recessions), people have an incentive to acquire more information to mitigate

its effects. However, if information is dispersed, an attempt to acquire more information

can prove counterproductive: paying more attention to aggregate events can lead to an

increase in aggregate volatility and uncertainty about aggregate output. This results from

the uncertainty each individual faces about other people’s actions, which manifests in higher

forecast dispersion among individuals.

I consider a standard dispersed information model in which agents observe an unknown

aggregate state with idiosyncratic noise and can increase the precision of their information

with costly attention. They make production decisions based on their expectations of the

aggregate state and beliefs about other agents’ actions. Production features strategic com-

plementarity: The more others produce, the more each agent wants to produce. The choice

of attention is subject to an income effect : When agents expect low income, they pay more

attention to avoid mistakes because the marginal cost of making mistakes is higher. Due to

dispersed information, agents face uncertainty not only about the aggregate state but also

about the endogenous actions of others.

I show that such countercyclical variation in attention can generate countercyclical uncer-

tainty, volatility, and forecast dispersion over the business cycle. As agents pay more at-

tention, their production decisions respond strongly to shocks, and their collective response

increases aggregate volatility. If the economy exhibits strong strategic complementarity and

a low initial level of attention, an increase in attention has counter-intuitive implications:

When agents act on different information, their expectations diverge, and each one faces

higher uncertainty about the endogenous responses of other agents. As a result, uncertainty

about aggregate outcomes increases along with forecast dispersion. This is despite the fact

that all agents have learned more about the exogenous aggregate state.

This attention-based mechanism accounts for a closely related business cycle phenomenon,

namely, a reduction in information rigidity during recessions: Relative to the movements in
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aggregate variables, expectation updates are larger during recessions than in normal times.

This implication of endogenous attention is useful because it contrasts with the implications

of exogenous volatility shocks — the standard mechanism of generating uncertainty fluctu-

ations. An exogenous increase in volatility, as long as it is not perfectly observed, shifts

aggregate variables more than people’s expectations. As a result, higher uncertainty due to

exogenous volatility is associated with increased information rigidity. This is distinct from

the case where uncertainty arises from endogenous attention.

I first use a static model to establish these results analytically and then a dynamic model to

quantify these mechanisms. The dynamic model allows for both endogenous attention and

exogenous volatility shocks to aggregate productivity. I calibrate the model so that: the size

of volatility shocks corresponds to its empirical counterpart; variation in information rigidity

matches that in forecast surveys, quantifying the extent to which attention fluctuates over

the business cycle. In the calibrated model, the two mechanisms together fully account for

the observed fluctuations in measures of uncertainty, volatility, and forecast dispersion. As

in the data, standard deviations of these measures are 40% to 50% of their long-run averages.

A decomposition of the two mechanisms shows that, without exogenous volatility shocks,

agents’ endogenous attention response can account for about half of the observed variation

in uncertainty, volatility, and forecast dispersion.

Finally, this paper develops a new method for solving higher-order dynamics of dispersed

information models. The persistence of dispersed information in these models is essential for

generating key empirical features of macroeconomic expectation updates. However, these

models feature an infinite regress problem as each agent’s decision can potentially depend

on the entire history of signals they received in the past. Existing solution methods rely on

first-order approximations and miss the fluctuations in attention and uncertainty, as these

fluctuations are higher-order features of the models. The method developed in this paper

captures these nonlinear dynamics. More broadly, the method allows for the use of higher-

order moments in the calibration and evaluation of models with dispersed information.

Literature

My framework builds on the dispersed information and rational inattention literature, fol-

lowing Phelps (1970), Lucas (1972), and Sims (2003). Most works in the literature feature a

static information structure. Woodford (2001), Lorenzoni (2009, 2010), Angeletos and La’O

(2010, 2013), Angeletos and Lian (2018), and Angeletos and Huo (2021) feature a static

exogenous information structure. Information acquisition is endogenous in Maćkowiak and

Wiederholt (2015, 2009), but due to linear-quadratic approximation, their information struc-
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ture remains static. I depart from the static information structure and show that counter-

cyclical information acquisition over the business cycle can explain a broad set of phenomena

related to macroeconomic uncertainty.

The attention-based mechanism in this paper connects countercyclical uncertainty to the

study of macroeconomic expectation formation. Coibion and Gorodnichenko (2015), and

more recently Goldstein (2023), use data from the U.S. forecast surveys to provide evidence

of reduced information rigidity during recessions, indicating countercyclical attention. This

evidence is further supported by Song and Stern (2020) and Flynn and Sastry (2023) using

a text-analysis approach. Flynn and Sastry (2023) proceeds to generate countercyclical

volatility with a behavioral constraint, abstracting away from expectation formation. In

this paper, I adhere to Bayesian rationality and establish that countercyclical volatility,

forecast dispersion, and uncertainty about aggregate outcomes are intrinsically linked to

how people update their expectations over the business cycle, consistent with evidence of

reduced information rigidity during recessions.

Countercyclical uncertainty has been the focus of extensive literature following Bloom (2009).

The literature has provided several mechanisms to generate uncertainty fluctuations. One

strand relies on exogenous volatility shocks, such as Bloom et al. (2018) and, more closely

related to this paper, Nimark (2014) and Kozeniauskas, Orlik, and Veldkamp (2018) in dis-

persed information models. Another strand generates countercyclical uncertainty through

procyclical learning, including Van Nieuwerburgh and Veldkamp (2006), Fajgelbaum, Schaal,

and Taschereau-Dumouchel (2017).1 I show that countercyclical information acquisition,

when quantified by the variation in information rigidity, can serve as a quantitatively im-

portant source of countercyclical uncertainty.

Finally, the method developed in this paper uses perturbation techniques to address issues

that arise from solving dispersed information models with state-dependent attention choices.

The technique is related to Lombardo and Uhlig (2018), Borovicka and Hansen (2013), and

Bhandari et al. (2021) that utilize small shock expansions. A challenge unique to dispersed

information models comes from the infinite regress problem studied by Townsend (1983),

Kasa (2000), Lorenzoni (2009), Nimark (2017), Huo and Pedroni (2020), Chahrour and Ju-

rado (2023), and Huo and Takayama (2023). Due to infinite regress, individual decisions

depend on an infinite-dimension history of signals. Existing works focus on the linear dy-

namics of dispersed information models. I provide a method to solve higher-order dynamics

in these models and show they are useful for understanding a broad set of phenomena related

1Benhabib, Liu, and Wang (2016) and Straub and Ulbricht (2023) also feature decreasing information during
recessions, but focus on uncertainty about idiosyncratic shocks.
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to macroeconomic uncertainty and expectation formation.

2 Model

The economy consists of a continuum of agents indexed by i ∈ [0, 1]. Each agent produces

a unique intermediate good with labor. A representative final good producer combines

intermediate goods to produce a final good that agents consume. Agents and the final

good producer are price-takers. The aggregate productivity of the final good producer is

unknown to agents when they decide on labor inputs. Depending on agents’ expectations

about the aggregate productivity, they can pay attention and acquire information about it.

The economy proceeds in three stages. Agents make their attention choices in stage 1. Labor

inputs are decided in stage 2. Final goods are produced and consumed in stage 3.

Preferences and Technology

Agents derive utility from final good consumption ci ∈ R+ and disutility from labor and

attention ni, zi ∈ R+:
u(ci, ni)− κzi.

The payoff from ci and ni takes a modified Greenwood–Hercowitz–Huffman (GHH) form:

u(ci, ni) =
1

1− γ̃

(
max

{
ci −

n1+ν
i

1 + ν
, u

})1−γ̃
,

where a lower bound u > 0 ensures that preferences are well-defined for all realizations of

consumption after any labor input choice. Marginal disutility from attention is given by a

constant κ. Parameter ν is the inverse Frisch elasticity of labor supply. Parameter γ̃ plays a

dual role: Besides governing the relative risk aversion over realizations of consumption-labor

bundles, it controls how agents trade off attention zi and payoffs from ci and ni.
2

Each agent produces a unique intermediate good using labor with linear technology, qi =

ni, where qi denotes the quantity of intermediate good i. Agents face budget constraints

ci ≤ piqi, where pi is the relative price of intermediate good i with the final good as the

numeraire.

A representative final good producer produces final good Y with intermediate goods {yi} to

maximize profit Y −
∫
piyi di. The production function of the final good producer is given

2As I discuss in Section 3.3 and Appendix B, the main result does not rely on the GHH form.
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by a constant elasticity of substitution (CES) production function:

Y = eθ̄+θ
(∫

y1−η
i di

) 1
1−η

,

where η ∈ [0, 1) is the inverse elasticity of substitution between intermediate goods. Ag-

gregate productivity is stochastic and consists of two components, θ̄ and θ, representing

the initial condition of the economy and its subsequent development. These components

are independent and normally distributed with mean zero and variances σ2
θ̄

and σ2
θ . The

sequence of events begins with the realization of θ̄, followed by agents’ responses, and finally

the realization of θ. The key exercise in the following analysis studies how variation in initial

condition θ̄ affects agents’ attention choices, and how that affects their production decisions.

In essence, variation in θ̄ reflects how the economic condition fluctuates over the business

cycle. This fluctuation over time will be modeled explicitly in the dynamic framework in

Section 5.

Timing and Information

The economy proceeds in three stages. In stage 1, agents observe a signal x = θ̄ + ε about

the initial condition θ̄ with common noise ε ∼ N (0, σ2
ε ). They form beliefs about θ̄ and

choose attention zi.

In stage 2, each agent receives an idiosyncratic signal xi about shock θ with precision zi:

xi = θ +
εi√
zi
, εi

iid∼ N (0, 1).

Given information set Fi := σ(xi, x), agents form beliefs about the price of their product,

pi, and choose labor input ni.

In stage 3, the final good producer combines intermediate goods to produce the final good.

Agents receive the final good as proceeds from selling intermediate goods, and they consume

subject to budget constraints. Prices {pi} realize to clear the markets.

Definition of Equilibrium

An equilibrium is a collection of random variables {zi, ni, qi, pi, ci, yi, Y } such that (i) zi

optimizes agents’ expected utility, given signal x; (ii) ni optimizes each agent’s expected

utility, given signals xi, x; (iii) ci is optimal subject to budget constraints; (iv) the final good

producer chooses {yi} to maximize profit, given prices {pi}; (v) productions of {qi} and Y

are given by respective technologies; and (vi) markets clear: yi = qi, ∀i and Y =
∫
ci di.
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Since agents are ex-ante identical, I focus on a symmetric equilibrium in which log zi = z(x)

and log ni = n(x, xi) for some functions z,n.

2.1 Equilibrium Characterization

Consider first the final good producer’s decision in stage 3. The final good producer takes

prices {pi} as given and chooses {yi} to maximize profit. Their maximization problem leads

to the standard CES demand for intermediate goods: pi = e(1−η)(θ̄+θ) Y ηy−ηi .

Given labor input {ni} chosen by the agents, market clearing and production feasibility

imply the equilibrium price of intermediate good i can be solved as a function of productivity,

individual input ni, and an aggregate input N :

pi = eθ̄+θNηn−ηi , where N :=

(∫
n1−η
i di

) 1
1−η

. (1)

Combining the expression for pi and the budget constraint, we have

ci = eθ̄+θNηn1−η
i .

The price of intermediate good pi (relative to the final good) increases with productivity

because more of the final good is produced when productivity is high; it increases with N

because intermediate goods are complementary, and the value of good i is higher when other

agents produce more; it decreases with ni because the marginal value of good i decreases with

the quantity produced. Consumption ci increases with ni despite a decrease in pi because

the elasticity of substitution between intermediate goods is greater than one.

In stage 2, agents form beliefs about price pi based on their expectations about aggregate

productivity and input. Optimality of input ni ∈ Fi requires

E
[
(1− η)eθ̄+θNηn−ηi

uc(ci, ni)

E[ uc(ci, ni) |Fi]

∣∣∣Fi] = nνi , (2)

The condition requires that agents equalize the expected marginal product of labor input,

weighted by the normalized marginal utility of consumption, to their marginal disutility of

labor.

In stage 1, given other agents’ attention choices, each agent chooses zi so that the marginal

value of attention equals the marginal cost of attention κ:∫
u(ci, ni)

∂

∂zi
ϕ(θ̄, θ, xi|x, zi) dθ̄dθdxi = κ, (3)
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where ϕ is the Gaussian density function of θ̄, θ, xi, given x and zi. Each agent chooses

zi, understanding its effect on the precision of signal xi and how it affects their subsequent

decisions on labor input ni and consumption ci = eθ̄+θNηn1−η
i . The equilibrium requires the

optimality condition to hold when ni is given by the equilibrium function n(·), following the

envelope theorem. The attention choice of each agent depends on other agents’ attention

through aggregate input N .

The following lemma summarizes the characterization above:

Lemma 1 An equilibrium is given by functions {z,n,N}, such that log zi = z(x), log ni =

n(x, xi) and logN = N (x, θ) solve Equations 1, 2, and 3.

Proof. See Appendix A.1.

2.2 Equilibrium Approximation

The equilibrium conditions in Lemma 1 constitute a fixed-point problem that does not

generally have a closed-form solution. Therefore, I proceed with an approximation of the

equilibrium. The approximation modifies the standard perturbation method to address issues

emerging from the attention choice.

I consider a sequence of economies indexed by a perturbation parameter δ that scales the

size of the shocks, noises, and attention cost:

θ̄(δ) = δθ̄, θ(δ) = δθ, εi(δ) = δεi, κ(δ) = δ2κ.

When δ = 1, the sequence corresponds to the economy to be approximated. The limit δ → 0

corresponds to a deterministic economy with a vanishing attention cost and no shocks,

which can be solved easily.3 While the scaling of shocks and noises is standard, scaling

the attention cost at rate δ2 is a crucial feature of the perturbation scheme. This particular

scaling is useful for approximating attention choice problems because, as δ → 0, the marginal

value of information is second order: Deviation of input from its deterministic optimal level

has no first-order effect on agents’ payoff. By scaling the marginal cost of attention κ(δ)

at rate δ2, the approximation scheme keeps the attention choice non-degenerate along the

perturbation sequence as δ → 0.4 This perturbation contains the common linear-quadratic

approximation for information acquisition problems as a special case and generalizes to

higher-order approximations.

3I focus on the case in which c̄− n̄1+ν

1+ν > u when δ = 0.
4Scaling of the attention cost creates a “bifurcation point” at δ = 0. See Judd (1998) for a discussion on
bifurcation in the context of approximating a portfolio choice problem.
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Equilibrium objects are approximated by Taylor expansion with respect to δ:

log z(δ) ≈ log z̄ + ẑδ, log ni(δ) ≈ n̄+ n̂iδ +
ˆ̂niδ

2

2
, logN(δ) ≈ N̄ + N̂δ +

ˆ̂Nδ2

2
,

where N̄, N̂ , and ˆ̂N denote the zeroth-, first-, and second-order expansion of logN(δ) with

respect to δ, and similarly for other variables. As an example, the first-order expansion of

logN is given by:

N̂ =
d

dδ
N (x(δ), θ(δ), δ)

∣∣
δ=0

= Nxx+Nθθ +Nδ,

where Nx,Nθ,Nδ are derivatives of function N (·) at δ → 0.

The expansions are solved by differentiating equilibrium conditions in Lemma 1 with respect

to δ to appropriate orders and evaluating at δ = 0. Details of the method are discussed in

Appendix A. In this paper, I solve the equilibrium up to second-order approximation.

3 Fluctuations in Attention and Uncertainty

I characterize the equilibrium and show that a worsening of initial condition θ̄ can generate

an increase in attention, which leads to higher aggregate volatility, forecast dispersion, and

the uncertainty each agent faces about aggregate output. I then derive its implications on

the measures of information rigidity.

3.1 Aggregate Input

Given agents’ attention choice, aggregate input is determined by the optimality of input

(Equation 2) and the aggregation condition (Equation 1). First-order approximations of the

equilibrium conditions are:

n̂i = E[r(θ̄ + θ) + sN̂ |F̄i], N̂ =

∫
n̂i di.

These conditions describe how n̂i responds to aggregate variables and how N̂ depends on

individual input. Information sets F̄i is evaluated at the average attention level z̄, containing

signal x̂i = θ + εi/
√
z̄. Parameters

r :=
1

η + ν
> 0, s :=

η

η + ν
∈ [0, 1]

depend on preference and technology: r describes the direct response to aggregate produc-

tivity θ̄+ θ; s captures the response to aggregate input N̂ , representing the level of strategic
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complementarity. Solving the system gives:

N̂ = Nxx+Nθθ.

Coefficient Nx describes how much aggregate input responds to initial condition θ̄ through

signal x, which does not depend on attention choice; coefficient Nθ captures the response to

changes in productivity, θ. It depends on the average attention level z̄ through Kalman gain

λ:

Nθ =
rλ

1− sλ
, λ :=

σ2
θ

σ2
θ + 1/z̄

∈ [0, 1].

When z̄ is higher, aggregate input is responsive to θ as agents update expectations with more

precise signals. Moreover, there is a feedback loop due to strategic complementarity: When

aggregate input varies more with θ, each agent’s input responds more. These two forces are

represented by λ in the numerator and denominator of Nθ.

While first-order approximations describe how the level of attention z̄ affects aggregate input,

they fail to capture how the economy behaves as agents adjust their attention. The second-

order expansions capture the effect of attention response, ẑ:

ˆ̂ni = 2× d

dδ
E[rθ + s N̂ |Fi(δ)]

∣∣
δ=0︸ ︷︷ ︸

(i)

+ sE[ ˆ̂N |F̄i]︸ ︷︷ ︸
(ii)

+ υ0,
ˆ̂N =

∫
ˆ̂ni di+ υ1. (4)

Individual input ˆ̂ni responds to (i) changes in beliefs about aggregate conditions due to

attention response and (ii) the effect of these changes on aggregate input, ˆ̂N . Constants υ0

and υ1 represent how agents respond to the average level of uncertainty and input dispersion,

both of which are given by the first-order approximations and the average level of attention

z̄.5 How agents’ beliefs change with attention response in (i) is given by:

d

dδ
E[rθ + sN̂ |Fi(δ)]

∣∣∣
δ=0

= Nθ

(
(1− λ)ẑx̂i −

ẑ

2
√
z̄
εi

)
.

The first term on the right-hand side says that when agents pay more attention, ẑ > 0,

they rely more on x̂i to update beliefs. The second term shows that when agents pay more

attention, it reduces idiosyncrasy in their signals. Solving ˆ̂N from Equation 4 and combining

it with the solution for N̂ gives the following lemma:

5Changes in uncertainty affect input in third-order approximations. I abstract from these effects as numerous
works have studied how uncertainty affects output.

10



Lemma 2 Up to second-order approximation,

logN ≈Nxx+Nθ

(
1 +

1− λ
1− sλ

× ẑ
)
θ + const.

Proof. See Appendix A.2.

In comparison to the first-order approximation, attention response ẑ affects how aggregate

input reacts to changes in productivity θ: When agents pay more attention, ẑ > 0, input

response to θ is stronger. Other things equal, this effect is more pronounced when the econ-

omy features stronger strategic complementarity (higher s), because each agent’s response

triggers stronger feedback from other agents when the coordination motive is strong.

3.2 Attention Response

Given how input choices depend on attention, I solve the equilibrium level of attention, z̄,

and attention response ẑ, by expanding the optimality condition of attention (Equation 3) to

corresponding orders. Lemma 3 summarizes a key implication on how equilibrium attention

responds to initial condition θ̄:

Lemma 3 Parameter γ̃ determines the direction of attention response:

γ̃ R 1 ⇐⇒ ∂ẑ

∂θ̄
Q 0.

Proof. See Appendix A.2.

Lemma 3 reveals two competing forces that shape attention response to θ̄: an income effect

and a substitution effect of expected productivity on attention. To understand these effects,

consider a decrease in expected productivity (due to a decrease in θ̄). The substitution

effect comes from a decrease in the marginal rate of transformation between attention and

agents’ payoff: When agents expect low productivity, they lower the level of labor input;

consequently, a 1% mistake in input decision is less costly, and agents have less incentive to

pay attention. On the other hand, the income effect comes from an increase in the marginal

rate of substitution between attention and the consumption-labor composite. Agents expect

lower income when productivity is low. With lower income, the expected marginal utility

from consumption and labor is high, and agents have more incentive to pay attention and

avoid making mistakes. When γ̃ > 1, the income effect on attention dominates, and agents

pay more attention when the initial condition worsens. The assumption of GHH preference
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over consumption and labor separates the income effect on attention from that on labor.6

This separation allows for procyclical fluctuations in labor input while permitting attention

to be countercyclical, consistent with empirical evidence discussed in Section 4.

3.3 Uncertainty, Volatility, and Forecast Dispersion

As agents pay attention, their input decisions respond strongly to aggregate conditions. Due

to dispersed information, agents’ reactions not only generate large movements in output but

also affect the uncertainty each agent faces about other agents’ responses. This mechanism

has implications for several key features of the business cycle, which are captured by the

following measures of uncertainty, volatility, and forecast dispersion:

Definition Let Ỹ := log Y .

1. Aggregate volatility : SD(Ỹ |θ̄) :=
(
E
[(
Ỹ − E[Ỹ |θ̄]

)2∣∣θ̄]) 1
2 .

2. Forecast dispersion : Disp(Ei[Ỹ ]) :=
(∫ (

E[Ỹ |Fi]−
∫

E[Ỹ |Fi]di
)2
) 1

2
.

3. Subjective uncertainty : SD(Ỹ |Fi) :=
(
E
[(
Ỹ − E[Ỹ |Fi]

)2∣∣Fi]) 1
2 .

Aggregate volatility is the conditional output volatility given θ̄. It reflects how much aggre-

gate out reacts to changes in the aggregate state, θ, given the initial condition θ̄. Forecast

dispersion captures the different views among agents about aggregate output. Subjective un-

certainty represents agents’ uncertainty about output based on their individual information

set. These measures have close empirical counterparts, and they are well-known to exhibit

countercyclical fluctuations over the business cycle.

To isolate the effects of attention on these measures, I consider a fixed-attention economy in

which attention is fixed exogenously at its average level z̄:

Definition An equilibrium of a fixed-attention economy solves Equations 2 and 3, with

attention given by zi = z̄, ∀i.

The fixed-attention economy provides a relevant benchmark. Without attention response,

initial condition θ̄ does not affect how agents respond to changes in aggregate condition θ. As

a result, θ̄ has no effects on the measures of uncertainty, volatility, forecast dispersion:

Lemma 4 SD(Ỹ |θ̄), Disp(Ei[Ỹ ]), and SD(Ỹ |Fi) are constant in θ̄ up to second-order

6Parameter γ̃ plays a dual role in governing the income effect on attention and relative risk aversion. I
provide one way to isolate these roles with two parameters in Section 5.
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approximation in a fixed-attention economy.

Proof. See Appendix A.2.

In contrast to this benchmark, when attention is endogenous, all fluctuations in these mea-

sures can be attributed to agents’ attention responses. Theorem 1 provides conditions under

which countercyclical attention generates countercyclical fluctuations in uncertainty, volatil-

ity, and forecast dispersion:

Theorem 1 Suppose that γ̃ > 1 (attention is countercyclical). Up to second-order approxi-

mation,
(1)

∂

∂θ̄
SD(Ỹ |θ̄) < 0.

Moreover, there exists a threshold ζ ∈ R such that if z̄ < ζ, then

(2)
∂

∂θ̄
Disp(Ei[Ỹ ]) < 0, and (3)

∂

∂θ̄
SD(Ỹ |Fi) < 0.

The threshold ζ > 0 if and only if r > 1
2
, and ζ →∞ as s→ 1. In addition, (2) is true only

if (3) is true.

Proof. See Appendix A.3.

In response to a decrease in θ̄, agents pay more attention as the income effect on attention

dominates: γ̃ > 1. As agents pay attention, their collective response generates large move-

ments in aggregate output, increasing aggregate volatility. This connection between agents’

attention and aggregate volatility follows directly from Lemma 2.

Whether increased attention generates higher uncertainty and forecast dispersion depends

on two competing channels. On the one hand, as agents pay attention, they reduce id-

iosyncratic noises in their signals and receive more accurate information about the aggregate

state. This reduces dispersion in their forecasts and lowers their uncertainty about output.

On the other hand, information has stronger effects on agents’ beliefs as they pay attention.

Discrepancies in signals lead to a larger dispersion in forecasts as a result. Moreover, each

agent faces uncertainty about how other agents will respond due to dispersed information.

This uncertainty is aggravated when all agents pay attention and respond strongly to aggre-

gate conditions. Therefore, each agent can face higher uncertainty about aggregate output

despite having learned more about the exogenous changes in θ. An increase in uncertainty

of this kind is always accompanied by increased forecast dispersion among agents.
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The strength of the two channels depends on the initial level of attention z̄. Threshold ζ

represents the point below which the second channel dominates and is determined by the

preference and technology of the economy. If r > 1
2
, aggregate input has a strong enough

effect on output relative to exogenous productivity, and the threshold ζ is positive. The

second channel is stronger when the level of strategic complementarity s is higher. As shown

in Lemma 2, high strategic complementarity implies that each agent’s reaction triggers strong

feedback from other agents, and attention response ẑ has a large effect on aggregate input.

In fact, ζ →∞ as s→ 1 means that agents’ attention always leads to greater uncertainty if

the economy features strong enough strategic complementarity.

Dispersed information plays a crucial role in Theorem 1. Without dispersed information,

an increase in attention leads to higher aggregate volatility but always reduces agents’ un-

certainty about output. This is because, if all agents receive the same signal, they face

only fundamental uncertainty about the exogenous states, which is reduced when the signal

becomes more precise. By contrast, when information is dispersed, agents also face strategic

uncertainty about other agents’ actions, which can increase as a result of agents’ attempts

to acquire more information.

Generality of the Result

At the core of Theorem 1 is a key observation that when information is dispersed, more

information can generate increased volatility, forecast dispersion, and uncertainty about

aggregate outcomes. This observation is general: it does not rely on the specific reason

that motivates agents to pay more attention, and it applies to a large class of models with

different assumptions on preferences, technologies, and the sources of shocks.

I demonstrate the generality of this result with a companion theorem (Theorem 1A) in

Appendix B for a class of generalized ”beauty-contest games” of the following form:

E
[
G(a+ ηÑ, ñi)

∣∣Fi] = 0, H(Ñ) =

∫
H(ñi)di.

As shown by Angeletos and Lian (2016), this class of games encompasses some of the most

common setups in macroeconomic models. I demonstrate that, with certain restrictions on

the function G, an increase in information (precision z) can generate uncertainty, volatility,

and forecast dispersion under conditions similar to those stated in Theorem 1. I provide

examples in Appendix B.1 that fit into this class of models, featuring alternative assump-

tions on preferences (allowing for an income effect on labor) and technology (allowing for

interactions among agents through roundabout production). Finally, to illustrate that the
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observation is not specific to the shock considered in Section 2, I show in Appendix B.2

that the same observation applies to an economy featuring extrinsic ”sentiment” shocks as

in Angeletos and La’O (2013).

3.4 Implications on Expectation Updates

The mechanism in Theorem 1 is closely connected to how agents update their expectations

over the business cycle. The connection is useful as it distinguishes this attention-based

mechanism from the common mechanism of generating uncertainty fluctuations with exoge-

nous volatility shocks. To illustrate this distinction, consider the following generalization of

the model:

Generalization (volatility shocks): Suppose that aggregate productivity contains a cross term

αθ̄θ, with the production function is given by:

Y = eθ̄+θ+αθ̄θ
(∫

y1−η
i di

) 1
1−η

.

With α = 0, the production function reduces to that in Section 2. When α < 0, aggregate

productivity features countercyclical volatility: SD(θ̄ + θ + αθ̄θ|θ̄) decreases with θ̄. This

provides an alternative mechanism for the phenomena in Theorem 1: A decrease in θ̄ in-

creases the volatility of productivity exogenously, and leads to higher uncertainty, volatility,

and forecast dispersion of aggregate output without endogenous attention response.

However, the two mechanisms have distinct empirical implications on agents’ expectation

updates. This distinction is captured by the measure of information rigidity from Coibion

and Gorodnichenko (2015):

βCG(θ̄) :=
Cov(Ỹ − Ē[Ỹ ], Ē[Ỹ ]− E[Ỹ |x]|θ̄)

V ar(Ē[Ỹ ]− E[Ỹ |x]|θ̄)
, (5)

where Ē[·] =
∫
E[·|Fi]di.

Measure βCG represents how much agent updates their expectations relative to the size of

movements in aggregate output. The measure goes to zero if agents incorporate all available

information, Ỹ − Ē[Ỹ ] → 0. It goes to infinity if signals xi are perfectly uninformative,

and agents do not update their expectations: Ē[Ỹ ] − E[Ỹ |x] → 0. The measure varies

with the initial state θ̄ as it affects agents’ attention choices and the volatility of aggregate

productivity. Its empirical counterpart is the regression coefficient of average forecast errors,

Ỹ − Ē[Ỹ ], on average forecast revision, Ē[Ỹ ] − E[Ỹ |x], conditional on θ̄. Lemma 5 shows
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how endogenous attention and exogenous volatility shocks affect the measure of information

rigidity βCG as a function of θ̄:

Lemma 5 Up to second-order approximation,

βCG(θ̄) ≈ 1− λ
λ

(
1 +

[
− λxφz + (1− λx)φα

]
× θ̄
)
,

where λx :=
σ2
θ̄

σ2
θ̄
+σ2

ε
∈ [0, 1], φz := ∂

∂θ̄
ẑ, and φα Q 0 if α Q 0.

Proof. See Appendix A.4.

Without endogenous attention and volatility shocks, φz = φα = 0, the measure βCG = 1−λ
λ

represents a constant level of information rigidity: A constant fraction λ of the variation

in θ is captured by agents’ expectation updates, and the other 1 − λ fraction remains in

the forecast error. By contrast, if attention is countercyclical, φz < 0, a decline in initial

condition θ̄ induces agents to pay more attention. Measure βCG decreases as agents incor-

porate a larger fraction of the variation in θ into their expectation updates, and the size of

expectation updates increases relative to the movements in aggregate output. In comparison,

φα < 0 if aggregate productivity features countercyclical volatility. A decrease in θ̄ makes

productivity more volatile and generates larger movements in output. This exogenous in-

crease in volatility generally leads to a higher information rigidity because, rationally, agents

do not fully incorporate the increase in volatility into their expectation updates, except for

the knife-edge case in which agents have perfect information about θ̄, namely, λx = 1. When

movements in output increase more than agents’ expectation updates, the measure of infor-

mation rigidity increases. The following corollary summarizes the distinct implications of

the two mechanisms:

Corollary 1 If γ̃ > 1 and α = 0, then βCG(θ̄) is increasing in θ̄. By contrast, in a fixed-

attention economy with α < 0, βCG(θ̄) is decreasing in θ̄.

These distinct implications on information rigidity are useful because they allow me to sep-

arate the two mechanisms and assess their quantitative importance in generating macroeco-

nomic uncertainty over the business cycle.

4 Empirics

I present empirical evidence in preparation for a quantitative assessment of the mechanism in

Theorem 1. I show the pattern of expectation updates that indicate countercyclical attention,
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and I construct measures of uncertainty, volatility, and forecast dispersion, which exhibit

countercyclical fluctuations. These facts are prominent business cycle phenomena studied

extensively. I follow the literature in constructing these measures, with minor modifications

so that the evidence can be linked directly to the dynamic model in Section 5 and the

quantitative assessment in Section 6. Details are provided in Appendix E.

4.1 Attention and Expectation Updates

I construct measures of information rigidity using the forecasts of GDP growth in the Survey

of Professional Forecasters (SPF). Similar to Equation 5, the measure is given by the regres-

sion coefficient of average forecast errors on average forecast revisions. In the regression, I

allow for an interaction term with an indicator of aggregate condition to capture how the

measure varies over time:

FEt,h = αᵀ
CG

 1

1Rt

+
(
βCG ∆βCG

) FRt,h

1Rt × FRt,h

+ residualt,h. (6)

Average forecast error at period t for output growth between period t and t+h is represented

by FEt,h := ∆Ỹt,h − Et[∆Ỹt,h]; average forecast revision from the previous period is given

by FRt,h := Et[∆Ỹt,h] − Et−1[∆Ỹt,h]. I consider two specifications for the interaction term.

The first specification uses the NBER recession periods for the indicator 1Rt and the second

specification uses whether output in the previous period is below trend as the indicator,

where output is band-pass filtered with a frequency corresponding to 6-32 quarters. In both

specifications, the indicators represent periods of worsening aggregate conditions.

Table 1: Measure of Information Rigidity

Indicator (1Rt )

NBER recession below trend

βCG 0.56 0.73
(0.17) (0.20)

∆βCG −0.57 −0.24
(0.32) (0.26)

Sample: 1968Q3 to 2019Q4; forecasts horizons: 0 to 3 quar-
ters ahead; robust standard errors in parentheses. Table 6 in
Appendix E shows a similar pattern with alternative sample
periods and specifications of low output periods.
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Table 1 shows the measure of information rigidity and how it changes with the indica-

tor of worsening aggregate conditions. With the indicator of NBER recession, the esti-

mate drops from βCG = .56 in normal periods to zero during recession periods, a differ-

ence of ∆βCG = −.57; with an indicator of below-trend output, the estimate reduces by

∆βCG = −.24 between above-trend and below-trend periods. This pattern is consistent with

the finding of Coibion and Gorodnichenko (2015). As shown in Lemma 5, reduced infor-

mation rigidity is consistent with agents actively paying attention and incorporating new

information to update their expectations. In Table 7 in Appendix E, I extend the analysis to

an alternative measure of information rigidity proposed by Goldstein (2023). The alternative

measure demonstrates a similar pattern of expectation updates at the individual forecaster

level: Forecasters who expect lower aggregate output exhibit reduced information rigidity.

In Section 6.1, I use these empirical patterns of expectation updates to quantify the extent

to which agents’ attention varies over the business cycle.7

4.2 Uncertainty, Volatility, and Forecast Dispersion

I construct empirical measures of uncertainty, volatility, and forecast dispersion correspond-

ing to the measures studied in Section 3.3. A short description is provided for each measure,

and key moments of their business cycle fluctuations are presented below.

Aggregate volatility (σYt ): I estimate the conditional heteroskedasticity of quarterly real GDP

growth with an EGARCH(1,1)-ARMA(1,1) model, which captures how shocks to aggregate

output feed into its volatility. The conditional volatility is related to the measures in Jurado,

Ludvigson, and Ng (2015), Ilut, Kehrig, and Schneider (2018), and Adrian, Boyarchenko,

and Giannone (2019), among others. I adopt a simple univariate GARCH specification

because it does not rely on variables absent in the model and allows a direct comparison

between data and model in Section 6. I follow the same procedure to estimate the conditional

volatility of aggregate productivity (σTFPt ) for the exogenous volatility shocks, as in Bloom

et al. (2018).

Forecast dispersion (dYt ): I calculate forecast dispersion as the cross-sectional standard devia-

tion of one-quarter-ahead estimates of GDP growth from the SPF each quarter. Countercycli-

cal forecast dispersion has been documented by previous works such as Bachmann, Elstner,

and Sims (2013), Bloom (2014), and Kozeniauskas, Orlik, and Veldkamp (2018).

Subjective uncertainty (υYt ): I measure subjective uncertainty about aggregate output with

7Although estimates in Table 7 are more precise, they require a dynamic structure absent in the theoretical
analysis. For consistency, I use moments in Table 1 for the calibration in Section 6.1 and compare alternative
measures (Goldstein, 2023) between model and data in Table 7.
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the probability-range data from the SPF. The survey asks each forecaster to assign proba-

bility weights to different ranges of possible GDP growth. This data has been used to doc-

ument countercyclical uncertainty, for example, by Bloom (2014) and Fajgelbaum, Schaal,

and Taschereau-Dumouchel (2017). Following Engelberg, Manski, and Williams (2009), I fit

a parametric distribution to the discrete probability weights submitted by each forecaster. I

calculate the standard deviation of the distribution and average across forecasters.8

Table 2: Uncertainty, Volatility, and Forecast Dispersion

σYt dYt υYt σTFPt

cor(·, Ỹt) −.39 −.40 −.33 −.34

sd/avg .47 .37 .36 .18

Sample: 1968Q3 to 2019Q4, detrended with a band-pass filter at
6-32 quarters frequency; υYt available since 1981Q2.

The first three columns in Table 2 show how measures of uncertainty, volatility, and forecast

dispersion correlate with aggregate output, along with the magnitude of fluctuations in these

measures. The three measures are all negatively correlated with output, and the magnitudes

of fluctuations are large: the standard deviation of these measures over the business cycle

frequency ranges from around 40% to 50% relative to the long-run average of each respective

measure. The last column shows the conditional volatility of aggregate productivity. As

a common mechanism of generating uncertainty fluctuations, the volatility of aggregate

productivity is also countercyclical. Yet, the magnitude of fluctuations, relative to its long-

run average, is only half that of the other three measures.9

To what extent can endogenous attention and volatility shocks account for the fluctuations in

uncertainty, volatility, and forecast dispersion of aggregate output is a quantitative question.

I now extend the model to a dynamic framework, allowing for both endogenous attention

and exogenous volatility shocks, and quantify their effects in Section 6.

5 Dynamic Model

The economy consists of the same agents and final good producer as in Section 2. Time

lasts from t = 0, · · · ,∞. Each period splits into three stages in which agents pay attention,

8For the probability-range data, the SPF asks for fixed-event forecasts of year-over-year GDP growth. Ap-
pendix E describes how the series is adjusted to be comparable to the other two measures.

9If TFP is adjusted for utilization, the correlation with output is −.10, and the standard deviation relative
to the long-run average is .08.
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supply labor, and consume. Aggregate productivity is persistent and features countercyclical

volatility. Information is dispersed among agents. Besides observing idiosyncratic signals,

agents observe the prices of their own products subject to unobservable idiosyncratic demand

shocks. These shocks make it difficult for agents to perfectly infer the aggregate state, thereby

perpetuating the dispersion of information over time.

Preference and Technology

Agents pay attention, supply labor, and consume with preference given by:

Ei,0
∞∑
t=0

βtU(ci,t, ni,t, zi,t).

Agents produce intermediate goods using labor in each period with linear technology qi,t =

ni,t, and face period-by-period budget constraints ci,t ≤ pi,tqi,t. I abstract away from capital

accumulation and saving to focus on the dynamics generated by agents’ attention choice over

the business cycle.

The final good producer maximizes profit Yt −
∫
pi,tyi,t by combining intermediate goods to

produce the final good with technology:

Yt = eθt+ϑt
(∫ (

eωi,tyi,t
)1−η

di

) 1
1−η

,

where
θt = ρ θt−1 + ωt, ϑt = ρ ϑt−1 + Σ(θt−1)ωt, ωt

i.i.d.∼ N (0, σ2
ω),

and {ωi,t} are idiosyncratic demand shocks, i.i.d. normal over time and goods with a com-

mon variance σ2
ωi

. Aggregate state θt affects the level of productivity, θt +ϑt, and introduces

variation in volatility through its effect on ϑt. Together, productivity θt + ϑt features per-

sistence ρ and stochastic volatility 1 + Σ(θt−1). If Σ ≡ 0, aggregate productivity is simply

given by θt; if Σ′ < 0, its volatility decreases with the past aggregate state θt−1.

Timing and Information

Each period consists of three stages. In stage 1, each agent chooses attention zi,t given infor-

mation set Fi,t−1. In stage 2, according to their attention choice, agents receive idiosyncratic

signals about the aggregate state θt:

xi,t = θt +
εi,t√
zi,t

, , where εi
iid∼ N (0, 1).
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Agents decide labor input ni,t after observing xi,t, and the economy proceeds to stage 3.

In stage 3, equilibrium prices {pi,t} realize. Each agent observes the price of their product

pi,t and consumes ci,t subject to budget constraints.10 The final good producer observes

{θt + ϑt, ωi,t, pi,t} and chooses intermediate input {yi,t} to maximize profit.

To summarize, each agent i chooses stochastic processes zi,t, ni,t, ci,t under information con-

straints:
zi,t ∈ F ′i,t−1 := σ(xt−1

i , pt−1
i ), ni,t ∈ Fi,t := σ(xti, p

t−1
i ),

and ci,t ∈ F ′i,t, where xti, p
t
i denote the histories up to time t. Agents have a common prior

θ0 ∼ N (0, σ2
0), which is inconsequential for the stationary properties of the economy. The

assumption that agents observe signals about the aggregate state θt instead of productivity

θt + ϑt implies that, given the same attention choices, volatility shocks will not induce

exogenous variation in the informativeness of signals.

Definition of Equilibrium

An equilibrium consists of stochastic processes {zi,t, ni,t, ci,t, qi,t, yi,t, Yt, pi,t} such that (i)

zi,t, ni,t, and ci,t optimize the expected utility for each agent, subject to budget constraints

and information constraints; (ii) given prices {pi,t}, the final good producer chooses {yi,t}
to optimize profit; (iii) productions of qi,t, Yt are determined by the respective technologies;

and (iv) markets clear for all goods qi,t = yi,t,∀i, t and Yt =
∫
ci,t di,∀t.

5.1 Equilibrium Characterization

The prices of intermediate goods {pi,t} can be solved from the final good producer’s maxi-

mization problem and market clearing, given the distribution of labor input:

pi,t = eθt+ϑt+ωi,tNη
t n
−η
i,t , Nt =

(∫ (
eωi,tni,t

)1−η
di

) 1
1−η

.

Prices of intermediate goods depend not only on the aggregate variables but also on the

idiosyncratic demand shocks ωi,t. Shock ωi,t shifts the final good producer’s demand for good

i, but it is not observed by the agent. As a result, the model features persistent dispersed

information because agents cannot make perfect inferences about the past aggregate state

based on observations of prices. Maintaining dispersed information over time is crucial for

the model to generate empirically plausible forecast patterns.

10For agents’ consumption choices to be internally consistent, they must observe pi,t because ci,t ≤ pi,tni,t.
However, as discussed in Section 6.1, {pi,t} plays a minor role in agents’ information sets in the calibrated
model.
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The equilibrium can be characterized by a system of equations involving attention zi,t, labor

input ni,t, and aggregate labor Nt:

Lemma 6 An equilibrium solves the following system:

∞∑
τ=t

βτ−tE
[
Ui,τ ×

1− ε2i,t
2zi,t

+
∂

∂zi,t
Ui,t

∣∣∣F ′i,t−1

]
= 0, ∀i, t,

E
[ ∂

∂ni,t
Ui,t

∣∣∣Fi,t] = 0, ∀i, t,

Nt =
(∫ (

eωi,tni,t

)1−η
di
) 1

1−η
, ∀t,

where Ui,t := U
(
eθt+ϑt+ωi,tNη

t n
1−η
i,t , ni,t, zi,t

)
denotes agent i’s period utility.

Proof. See Appendix C.1.

The first two conditions represent the optimality of attention choice and labor input, and

the third condition describes how aggregate input depends on individual input and idiosyn-

cratic demand shocks ωi,t. These conditions are natural generalizations of the equilibrium

conditions in Section 2. Unlike the static model, however, agents enter each period with

different information sets Fi,t−1 that depend on their past signal realizations and attention

choices.

Infinite Regresss Problem

The dynamic structure of agents’ information sets is crucial for generating the empirical

pattern observed in forecast surveys.11 However, an advancement in the existing solution

method is necessary to study how attention choice varies with aggregate conditions in dis-

persed information models.

The persistence of dispersed information poses a challenge because each agent’s equilib-

rium strategies are generally nonlinear functions of an infinite-dimension history of signals

and prices. For example, using the approximation described in Section 2, the first- and

second-order expansions of input n̂i,t, ˆ̂ni,t are multilinear functions of the signal history,

sti := (xti, p
t−1
i ):

n̂i,t = nsŝ
t
i + nδ, ˆ̂ni,t = ŝti

ᵀ
nssŝ

t
i + nδδ + · · · .

This challenge in dispersed information models is often referred to as the infinite regress prob-

lem, under which signal histories cannot be succinctly summarized by a finite-dimensional

11For example, the measure of information rigidity presented in Table 7 (Goldstein, 2023) builds on a
persistent deviation of individual forecasts from average forecasts.
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state. Methods have been proposed to address the problem within linear rational expecta-

tion models.12 However, existing methods are constrained to first-order approximations. As

a result, they cannot capture the dynamics of attention and uncertainty, as these dynamics

are higher-order features of the model. Below, I introduce a computational procedure that

extends the perturbation method developed in Section 2 to compute higher-order dynamics

of dispersed information models.

5.2 Higher-Order Dynamics with Infinite Regress

To compute the expansions numerically, I look for a finite-dimension approximation for

the signal history. An analogy of the spectrum theorem motivates the search for factors

{f (1)
i,t , f

(2)
i,t , . . .} and multilinear functions {Φn

f ,Φ
n
ff , . . .} such that:

nsŝ
t
i ≈ Φn

ff
(1)
i,t , ŝti

ᵀ
nssŝ

t
i ≈ f

(2)
i,t

ᵀ
Φn
fff

(2)
i,t , . . . .

I consider factor structures of the following form:

f
(m)
i,t+1 = A(m) f

(m)
i,t + C(m)ŝi,t, ∀m = 1, 2, . . . ,

and I solve for the optimal factor structure for each order of approximation with the cor-

responding multilinear functions. To solve for the mth order approximation given the first

(m−1)th orders, I consider the following two-step procedure: (i) Given A(m), C(m), stimulate

the economy and solve the corresponding multilinear functions Φ’s that minimize the sum of

squared residuals of the expanded equilibrium conditions; (ii) optimize over A(m), C(m) to

look for the optimal factor structure. Computationally, the first step generally involves only

a linear-quadratic problem, which can be solved efficiently; the second step is a non-linear

problem but can be easily parallelized.

The procedure is reminiscent of the methods for solving heterogeneous-agent models, e.g.,

Krusell and Smith (1998), but differs in subtle ways. The infinite-dimensional-state problem

here originates from both the time and cross-sectional dimensions. For the time dimension,

agents need to tack the infinite history of signals due to infinite regress; for the cross-section,

heterogeneity arises due to agents having dispersed signals and beliefs. The procedure de-

scribed above searches for finite-dimension factors that summarize signal histories along the

time dimension, contrasting methods for solving models where summarizing cross-sectional

12Woodford (2001) shows how to represent such equilibrium as a finite system of difference equations despite
expectations of arbitrarily high-order matter. Lorenzoni (2009) truncates the history of signals with a fixed
time window. Nimark (2017) truncates belief hierarchy above a certain order. Huo and Pedroni (2020)
and Huo and Takayama (2023) show a finite-state representation exists for certain cases, and they provide
numerical methods for cases where infinite regress is unavoidable.

23



heterogeneity is key. The complication of cross-sectional heterogeneity in this paper is allevi-

ated by the perturbation approach. Due to the multilinear structure of the Taylor expansions

and Gaussian shocks, expansions of aggregate variables can be easily linked to individual

variables, given A(m), C(m) and the multilinear functions Φ’s. This aggregation result is

common in linear dispersed information models, which extends naturally to higher-order

approximations.

Appendix D provides a detailed discussion of the procedure. Besides the computational

procedure, I provide analytic results necessary for the computation, including the first- and

second-order expansion of the equilibrium conditions in Lemma 6, as well as an expansion of

the expectation operator to address the non-linear filtering problem resulting from higher-

order dynamics.

6 Quantitative Implications

I now quantify the importance of endogenous attention in generating macroeconomic uncer-

tainty over the business cycle and contrast it with the effect of exogenous volatility shocks.

I calibrate the model such that (i) agents’ expectation updates generate variation in infor-

mation rigidity as in forecast surveys and (ii) the size of volatility shocks corresponds to its

empirical counterpart. Both empirical features are described in Section 4. Using the cali-

brated model, I assess how much variation in aggregate volatility, forecast dispersion, and

subjective uncertainty can be attributed to the two mechanisms.

6.1 Calibration

Each period in the model corresponds to a quarter. Stages 1 and 2 of each period occur at

the beginning of a quarter, at which point agents pay attention, receive information, make

forecasts, and make input decisions. Stage 3 occurs at the end of the quarter when production

takes place, and output is recorded. I assume that agents’ forecasts are represented by

forecasts in the SPF. The equilibrium is approximated to the second order.

Discount rate β is set at .995, corresponding to the quarterly frequency. The elasticity of

substitution between intermediate goods 1/η is set at 4 so that the average markup over the

marginal cost of labor is 33% in the steady state. The standard deviation of idiosyncratic

demand shocks σωi is set at 2.5%, generating a dispersion of quarterly price change around

4% for the intermediate goods.
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The utility from consumption, labor, and attention takes the following form:

U(ci,t, ni,t, zi,t) =
1

1− γ

{
max

{
ci −

n1+ν
i

1 + ν
, u

}1−γ̃
− (1− γ̃)κzi,t

} 1−γ
1−γ̃

. (7)

Absent attention cost, the flow utility reduces to the standard GHH preference.13 Parameter

κ governs the average level of attention. Parameter γ̃ determines the strength of the income

effect on attention and effectively controls how much attention varies over the business cycle.

I calibrate κ and γ̃ jointly with the rest of the parameters to generate expectation updates

consistent with the forecast survey.

Quantifying Attention Variation and Volatility Shocks

I calibrate three sets of parameters internally. First, ρ, σω and ν govern the persistence of

the aggregate productivity process, its average volatility, and the convexity of the labor cost

function. As these parameters are directly linked to the input and output of production, I

target (i) the persistence of aggregate output, (ii) the (unconditional) volatility of output,

and (iii) the relative volatility of hours to output.

Second, κ and γ̃ control the average level of attention z̄ and the extent to which attention

response ẑt varies over the business cycle. I calibrate them to match measures of information

rigidity, βCG and ∆βCG, from the forecast regression in Table 1, where ∆βCG corresponds

to the interaction term from the indicator of below-trend output.

Finally, the magnitude of exogenous fluctuations in volatility is governed by the slope of

function Σ at the steady state. I denote the slope by ᾱ := Σ̄′(0), corresponding to parameter

α in Section 3 that introduces countercyclical volatility. I calibrate ᾱ to match the standard

deviation of σTFPt relative to its long-run average, as presented in Table 2.

Table 3 shows the calibrated parameters with targeted moments from the data and the

model. By matching measures of information rigidity βCG and ∆βCG, attention choice in

the model implies that the average size of noise 1/
√
z̄ is such that agents update their

expectations about the aggregate state θt with an average Kalman gain of .54 from signals

xi,t.
14 For an average agent, attention varies over time such that the size of noise 1/

√
zi,t at

its 20 percentile is 33% of that at its 80 percentile. Table 7 in Appendix E shows that the

model also generates patterns of expectation updates similar to those from the individual-

13The value of γ is inconsequential for the fluctuations of aggregate variables because risk aversion affects
only their levels up to second-order approximation.

14By contrast, the Kalman gain from price pi,t−1 is only .001, indicating that most learning about the
aggregate condition comes from active attention choice instead of passive observation of prices.
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level regression (Goldstein, 2023) discussed in Section 4, measuring how information rigidity

varies with individual forecasters’ expectations about aggregate conditions.15

Finally, the level of strategic complementarity, s = η
η+ν

, is pinned down by the convexity

of labor cost ν, given the elasticity of substitution η. The calibrated model features a high

level of strategic complementarity, s = .78. This results from a large elasticity of labor input

1/ν due to hours being almost as volatile as output in the data.

Table 3: Calibration

Parameter ρ σω ν 1/
√
z̄(κ) γ̃ ᾱ

.83 .0011 .07 .0012 63.3 −.116

Moment ρ1 Yt sd Yt
sd Nt
sd Yt

βCG ∆βCG
sd
avg

σTFPt

Data .93 1.94 .91 .73 −.24 .18

Model .93 1.96 .91 .74 −.24 .18

Sample: 1968Q3 to 2019Q4, detrended with a band-pass filter at 6-32 quarters frequency.
Model moments are averages of 1000 simulations of 200 quarters with 50 forecasters.

6.2 Decomposition: Attention vs. Volatility Shocks

To isolate the effects of attention choice on uncertainty, volatility, and forecast dispersion, I

consider three alternative specifications of the model: (i) the full model in which attention

endogenously responds to aggregate conditions and productivity features countercyclical

volatility, (ii) a model with only volatility shocks in which attention is fixed exogenously at

its average level, zi,t = z̄, and (iii) a model in which attention responds endogenously without

volatility shocks, ᾱ = 0.

Cyclicality of Uncertainty and Expectation Updates

Table 4 compares the cyclicality of uncertainty, volatility, and forecast dispersion gener-

ated by the three specifications to their empirical counterparts, along with implications on

information rigidity.

The first row shows the same empirical moments from Section 4: all three measures correlate

negatively with output, and ∆βCG is negative, indicating a decrease in information rigidity

during low-output periods. The next three rows represent moments generated by the three

alternative specifications. Uncertainty, volatility, and forecast dispersion are countercyclical

15Alternatively, one can calibrate the model to match these moments instead.

26



in all three specifications. Yet, only the two specifications with endogenous attention features

reduced information rigidity during low-output periods. In fact, the measure of information

rigidity increases slightly if volatility shocks are the only driving force, consistent with the

analytical result in Corollary 1.

Table 4: Cyclicality of Uncertainty and Expectation Updates

cor(·, Ỹt) σYt dYt υYt ∆βCG

data −.39 −.40 −.33 −.24

full model −.90 −.88 −.87 −.24

vol. shocks −.76 −.78 −.95 .01

attention −.93 −.87 −.93 −.20

Model moments are averages of 1000 simulations of 200 quarters with
50 forecasters.

With only an increase in the volatility of aggregate productivity, agents’ expectations up-

dates do not fully account for the size of movements in aggregate output, as they do not have

perfect information about how much the volatility Σ(θt−1) has increased. As a result, in-

formation rigidity increases, as if agents’ expectation updates feature further underreaction.

By contrast, with endogenous attention absent any volatility shocks, aggregate volatility,

forecast dispersion, and subjective uncertainty are countercyclical due to agents paying at-

tention and responding to aggregate conditions under dispersed information. As agents pay

attention, the measure of information rigidity decreases.

The fact that macroeconomic uncertainty arises endogenously with attention is not an a

priori assumption of the model. Similar to Theorem 1, endogenous attention leads to coun-

tercyclical uncertainty in the dynamic model only because the average level of attention is

below a certainty threshold, given the level of strategic complementarity in the economy.

Therefore, the fact that uncertainty about output and forecast dispersion increases with

attention is a quantitative result implied by the average level of information rigidity in the

data.

Magnitude of Fluctuations in Uncertainty

Table 5 quantifies how much variations in uncertainty, volatility, and forecast dispersion can

be explained by countercyclical attention, exogenous volatility shocks, and the interaction
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between the two mechanisms.

Table 5: Magnitude of Fluctuations in Uncertainty

sd/avg σYt dYt υYt σTFPt

data .47 .37 .36 .18

full model .57 .52 .39 .18

vol. shocks .15 .18 .15 .18

attention .37 .32 .14 −

Model moments are averages of 1000 simulations of 200 quarters with
50 forecasters.

In the data, the three measures fluctuate with standard deviations ranging from 40% to 50%

relative to their long-run averages. In the full model, the two mechanisms fully account for the

fluctuations: Aggregate volatility and forecast dispersion fluctuate with standard deviations

that are around 50% relative to their long-run averages, and subjective uncertainty varies

by around 40%.

The two alternative specifications isolate the effect of each mechanism. With only volatility

shocks, the three measures fluctuate with standard deviations around 20% relative to the

long-run averages, which are similar to how much the volatility of aggregate productivity

fluctuates. This reflects a lack of internal mechanisms to amplify the exogenous volatility

shocks in a fixed-attention economy.

By contrast, endogenous attention generates significant fluctuations in uncertainty, volatility,

and forecast dispersion without exogenous volatility shocks, accounting for 40% to 80% of

the observed variation. The size of fluctuations in these measures depends on how much

attention varies over the business cycle. This feature is quantified by how much information

rigidity varies over the business cycle, ∆βCG, as targeted by the strength of income effect on

attention γ̃ in the calibration model.

The difference between the full model and the two mechanisms shows that endogenous atten-

tion amplifies exogenous volatility shocks: agents pay attention not only due to the income

effect on attention but also as a response to the exogenous increase in volatility. Table 5

shows that the magnitudes of fluctuations in the three measures are larger in the full model

than the sum of the two isolated mechanisms. The interaction between the two mechanisms

accounts for between 4% to 25% of the fluctuations in these measures.
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Finally, the fact that countercyclical attention can generate large fluctuations in uncertainty,

volatility, and forecast dispersion does not necessarily depend on the exact mechanism driv-

ing attention choices. It may be that countercyclical attention is driven by an alternative

mechanism other than the income effect. For example, agents can pay more attention during

a recession because attention cost κ decreases due to a lower opportunity cost of their time.

However, as long as this alternative mechanism generates a countercyclical attention response

consistent with cyclical information rigidity in the data, this response will likely generate the

same countercyclical fluctuations in uncertainty, volatility, and forecast dispersion. In this

sense, the result in Table 5 represents the extent to which macroeconomic uncertainty can

be accounted for by countercyclical attention, independent of the exact mechanism driving

agents’ attention choice.

7 Conclusion

I show that increases in macroeconomic uncertainty during recessions can arise from eco-

nomic agents’ attempts to acquire more information. This mechanism results from agents

interacting under dispersed information, and it is consistent with evidence of reduced in-

formation rigidity in those periods, in contrast to the prediction of exogenous volatility

shocks. When I quantify the variation in attention with measures of information rigidity,

countercyclical attention accounts for half of the observed fluctuations in aggregate volatility,

forecast dispersion, and uncertainty about aggregate output.

Exploring the normative implications of the mechanism will be valuable for understand-

ing how macroeconomic policies can mitigate uncertainty during economic crises. Many

macroeconomic policies work through their effects on people’s expectations about aggre-

gate outcomes. Therefore, understanding how people process information in response to

aggregate events is crucial for designing policies that can effectively coordinate and anchor

beliefs. Because the responses of information choices to aggregate events are higher-order

features in models with information frictions, the perturbation technique developed in this

paper is particularly suitable for answering these questions. I leave these topics for future

research.
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A Derivations and Proofs

I derive all results in Lemma 1 to 5 and Theorem 1 with aggregate productivity of the

form θ̄ + (1 + αθ̄)θ, allowing for the possibility of exogenous volatility as in Section 3.4.

Furthermore, I adopt the following notations:

vi = v(ci, ni) := max{ci −
n1+ν
i

1 + ν
, u}, κ(zi) := κzi,

so that agents’ preferences can be written as 1
1−γ̃v(ci, ni)

1−γ̃
i − κ(zi).

A.1 Proof of Lemma 1

The aggregation condition in Equation 1 results from standard derivation.

To derive the optimality condition in equation 2, substitute ci = eθ̄+(1+αθ̄)θNηn1−η
i and take

the first-order condition with respect to ni. This gives

Ei
[(

(1− η)eθ̄+(1+αθ̄)θNηn−ηi − nνi
)
v−γ̃i 1{vi>u}

]
= 0.

Because u(ci, ni) = 1
1−γ̃v(ci, ni)

1−γ̃
i , we have

uc(ci, ni) = v−γ̃i 1{vi>u}.
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Dividing both sides by Ei[uc(ci, ni)]. And since ni ∈ Fi, we can move nνi to the right-hand

side and we have:

Ei
[(

(1− η)eθ̄+(1+αθ̄)θNηn−ηi

) uc(ci, ni)

Ei[uc(ci, ni)]

]
= nνi , ∀xi.

For the optimality condition of attention in Equation 3, let V (zi) denote agent i’s value

function given attention zi:

V (zi) := max
n(·)

E
[ 1

1− γ̃

(
max{eθ̄+(1+αθ̄)θN(θ, x)ηn(xi, x)1−η−n(xi, x)1+ν

1 + ν
, u}
)1−γ̃∣∣∣ x, zi]−κ(zi),

where aggregate input N(θ, x) is taken as given.

Attention optimality requires V ′(zi) = 0. The envelope theorem implies∫
1

1− γ̃

(
max{eθ̄+(1+αθ̄)θN(θ, x)ηn(xi, x)1−η − n(xi, x)1+ν

1 + ν
, u}
)1−γ̃ ∂

∂zi
ϕ(θ, xi|x, zi)dxidθ = κ′(zi).

A.2 Detailed Derivations

I provide details of the perturbation method, and I solve the zeroth-, first-, and second-

order approximation of the equilibrium. Lemma 2, 3, and 4 follow immediately from the

derivation.

Formulation of the Perturbation

Consider a sequence of economies parameterized by δ such that

θ̄(δ) = θ̄δ, θ(δ) = θδ, ε(δ) = εδ, εi(δ) = εiδ, κ(z, δ) = δ2κ(z).

For the economy indexed by δ, the equilibrium is described by Lemma 1:

E
[ 1

1− γ̃
vi(δ)

1−γ̃ × 1− ε2i
2z(δ)

∣∣x(δ), z(δ)
]
− δ2κ′(z(δ)) = 0

E
[
vi(δ)

−γ̃
(

(1− η)eθ̄(δ)+(1+αθ̄(δ))θ(δ)Nηn−ηi − ni(δ)ν
)

1{vi(δ)>u}
∣∣x(δ), xi(δ), z(δ)

]
= 0,

logN(δ) =
1

1− η
log

(∫
exp((1− η) log ni(δ))

)
,

where vi(δ) = max{ci(δ)− ni(δ)
1+ν

1+ν
, u} and the term

1−ε2i
2z(δ)

comes from:

∂

∂zi
ϕ(θ̄, θ, xi|x, zi) =

1− ε2i
2zi

ϕ(θ̄, θ, xi|x, zi).
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Assume that the equilibrium can be approximated by Taylor expansions:

log ni(δ) ≈ n̄+ n̂iδ +
1

2
ˆ̂niδ

2, logN(δ) ≈ N̄ + N̂δ +
1

2
ˆ̂Nδ2,

log z(δ) ≈ log z̄ + ẑδ, log vi(δ) ≈ v̄ + v̂iδ +
1

2
ˆ̂viδ

2.

Zeroth-Order Expansion

Evaluating the equilibrium conditions at δ → 0, we have

E0

[e(1−γ̃)v̄

1− γ̃
1− ε2i

2z̄

]
= 0, eηN̄−ηn̄(1− η) = eνn̄, N̄ = n̄,

where I adopt the following shorthand for the expectation operator:

E0[·] := E[·|x̂, z̄],

and x̂ = θ̄ + ε and v̄ = log(eηN̄+(1−η)n̄ − 1
1+ν

e(1+ν)n̄).

Conditions above determine n̄, N̄, v̄, but not z̄. This is because both the marginal benefit of

attention and the marginal cost κ′(z, δ) are zero at δ → 0:

e(1−γ̃)v̄

1− γ̃
E0

[1− ε2i
2z̄

]
≡ 0, ∀z̄.

As I show below, the mth-order expansion of attention z(δ) will be determined jointly with

the (m + 1)th-order expansion of ni(δ) and N(δ) from the attention optimality condition

expanded to the (m + 2)th order. This property is similar to a perturbation for portfolio

choice problems as discussed in Judd (1998).

First-Order Expansion

Differentiating the equilibrium conditions with respect to δ at δ → 0,

E0

[
e(1−γ̃)v̄v̂i

1− ε2i
2z̄

− e(1−γ̃)v̄

1− γ̃
1− ε2i

2z̄
ẑ
]

= 0, (8)

n̂i = E[ r(θ̄ + θ) + sN̂ |F̄i], (9)

N̂ =

∫
n̂i, (10)

where r := 1
ν+η

, s := η
ν+η

are as defined in Section 2.

Expand log ni(δ) = n(xi(δ), x(δ), δ) and logN(δ) = N (θ(δ), x(δ), δ) with respect to δ at
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δ → 0, we have

n̂i = nxix̂i + nxx̂+ nδ, N̂ = Nθθ +Nxx̂+Nδ,

where x̂ = θ̄ + ε and x̂i = θ + εi√
z̄
. Similarly, expansion of vi(δ) gives

v̂i = vθ(θ̄ + θ) + vNN̂ + vnn̂i,

where I use vθ = vθ̄ at δ → 0.

Coefficients nxi ,Nθ,nx,Nx can be solved from the expansion of the equilibrium conditions in

equations (9) to (10). Matching coefficients gives the standard “beauty-contest” result:

nxi = Nθ =
rλ(z̄)

1− sλ(z̄)
, nx = Nx =

rλx
1− s

, (11)

where λ(z̄) :=
σ2
θ

σ2
θ+1/z̄

, λx :=
σ2
θ̄

σ2
θ̄
+σ2

ε
, and nδ = Nδ = 0.

The first-order expansion of attention optimality does not determine z̄ because

E0

[
e(1−γ̃)v̄v̂i

1− ε2i
2z̄

− e(1−γ̃)v̄

1− γ̃
1− ε2i

2z̄
ẑ
]
≡ 0, ∀z̄.

To solve for z̄, expand the attention optimality condition to the second order at δ → 0:

E0

[ (
(1− γ̃)v̂2

i + ˆ̂vi
)
e(1−γ̃)v̄ 1− ε2i

2z̄

]
− 2κ′(z̄) = 0, (12)

where

ˆ̂vi = vnnn̂
2
i +vn ˆ̂ni+vθθ(θ̄+ θ)2 +vNNN̂

2 + 2vθn(θ̄+ θ)n̂i+ 2vθN(θ̄+ θ)N̂ + 2vnN n̂iN̂ +vN
ˆ̂N.

From direct calculation, vnn = −(1 − η)(1 + ν) and vn = 0. Moreover, because εi is

independent of the aggregate variables, we have

Lemma 7 E0[(1− ε2i ) εmi θ̄hθkεl] = 0, ∀m ∈ {2p+ 1|p ∈ N} or m = 0.

Substituting the expression for ˆ̂vi back into Equation 12 and using Lemma 7, the optimality

condition for attention reduces to:

e(1−γ̃)v̄ |vnn|
(nxi
z̄

)2

− 2κ′(z̄) = 0. (13)

With linear attention cost κ(z) = κ z, the solution is given by

z̄ =
1

1− s

((r2e(1−γ̃)v̄|vnn|
2κ

) 1
2 − 1

σ2
θ

)
.

35



Second-Order Expansion

From the expansion of xi(δ) ≈ x̂iδ + 1
2
ˆ̂xiδ

2, we have x̂i = θ + 1√
z̄
εi and ˆ̂xi = − ẑ√

z̄
εi.

The second-order expansions of individual and aggregate input and the first-order expansion

of attention are:

ˆ̂ni = nxixix̂
2
i + 2nxxix̂x̂i + 2nxxx̂

2 + nδδ + nxi ˆ̂xi,

ˆ̂N = Nθθθ
2 + 2Nxθx̂θ +Nxxx̂

2 +Nδδ,

ẑ = zxx̂.

Cross-derivatives for (x, δ) and (xi, δ) are omitted for ease of exposition. It is easy to show

that they are all zeros.

From the optimality condition of input, the second-order expansion gives

ˆ̂ni = E[2rαθ̄θ+ s ˆ̂N |F̄i] + 2
d

dδ
E[r(θ̄+ θ) + sN̂ |x(δ), xi(δ)]

∣∣∣
δ=0
− 2(Γ− 1

2
) V ari((θ̄+ θ) + ηN̂),

where Êi[·] := d
dδ
E[·|Fi(δ)]

∣∣
δ=0

and Γ := (1+ν)(1−η)
η+ν

γ̃. The derivation of the equation above

uses

E[ˆ̂ni|F̄i] + 2Êi[n̂i,t] = ˆ̂ni,t,

which results from differentiating E[ni(δ)|Fi(δ)] = ni(δ) twice at δ → 0.

The first term on the right-hand-side can be expressed as

E[2rαθ̄θ + s ˆ̂N |F̄i] = sNθθ

((
λx̂i
)2

+ V ari(θ)
)

+ 2λx̂i(rαλx + sNxθ)x̂+ sNxxx̂
2 + sNδδ;

the second term as

Êi[r(θ̄ + θ) + sN̂ ] = Nθ

(
(1− λ)ẑx̂i +

1

2
ˆ̂xi
)
,

where I use Nθ = (r + sNθ)λ and the expansion of λ(δ) =
σ2
θ

σ2
θ+1/z(δ)

:

λ̂ =
σ2
θ

(σ2
θ + 1/z̄)2

ẑ

z̄
= λ(1− λ)ẑ.

From the optimality of input:

nxixix̂
2
i + 2nxxix̂x̂i + 2nxxx̂

2 + nδδ + nxi ˆ̂xi

= sNθθ

((
λx̂i
)2

+ V ari(θ)
)

+ 2λx̂i(rαλx + sNxθ)x̂+ sNxxx̂
2 + sNδδ

+ 2Nθ

(
(1− λ)x̂iẑ +

1

2
ˆ̂xi
)
− 2(Γ− 1

2
) V ari(θ + ηN̂).
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From the aggregation condition:

Nθθθ
2 + 2Nxθx̂θ +Nxxx̂

2 +Nδδ = nxixi
(
θ2 +

1√
z̄

)
+ 2nxxix̂θ + 2nxxx̂

2 + nδδ + (1− η)
n2
xi√
z̄
.

Matching coefficients in the aggregation condition, we have Nθθ = nxixi , Nxx = nxx, and

Nxθ = nxxi .

From input optimality, matching coefficients implies Nθθ = Nxx = 0. Moreover, because

Nxθ = nxxi , we have, from the terms involving (x, xi),

Nxθ = nxxi =Nθ

(
αλx +

1− λ
1− sλ

× zx
)
. (14)

From attention optimality, the third-order expansion gives

E0

[ (
(1− γ̃)2v̂3

i + 3(1− γ̃)v̂i ˆ̂vi + ˆ̂̂vi − 3ẑ
(
(1− γ̃)v̂2

i + ˆ̂vi
))
e(1−γ̃)v̄ 1− ε2i

2z̄

]
= 0,

where

ˆ̂̂vi = 3ˆ̂ni(vnnn̂i + vnθ(θ̄ + θ) + vnNN̂) + vnnnn̂
3
i + 3vnnθ(θ̄ + θ)n̂2

i + 3vnnNN̂ n̂
2
i + · · · ,

and the omitted terms are irrelevant to the calculation.

Using e(1−γ̃)v̄ |vnn|
(nxi

z̄

)2
= 2κ, the condition reduces to

E0

[(
3(1− γ̃)v̂i ˆ̂vi + ˆ̂̂vi

)
e(1−γ̃)v̄ 1− ε2i

2z̄

]
− 6κẑ = 0.

Substitute the expression for ˆ̂̂vi,

E0

[
3
((

(1− γ̃)(vθ(θ̄ + θ) + vNN̂)vnn + vnnnn̂i + vnnθ(θ̄ + θ) + vnnNN̂
)
n2
xi

ε2i
z̄

+ ˆ̂ni(vnnn̂i + vnθ(θ̄ + θ) + vnNN̂)
)
e(1−γ̃)v̄ 1− ε2i

2z̄

]
= 6κẑ, (15)

where vθ = 1, vN = η, and

vnn = −(1− η)(1 + ν), vnθ = r(1− η)(1 + ν), vnN = s(1− η)(1 + ν),

vnnn = (2 + ν − η)vnn, vnnθ = (2 + ν − η)vnθ, vnnN = (2 + ν − η)vnN .

Because εi ⊥ θ̄, θ and E[εi(ε
2
i − ε4i )|x̂, z̄] = 0, we have

E0[(vnnnn̂i + vnnθ(θ̄ + θ) + vnnNN̂)(ε2i − ε4i )] = 0,
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where I use

E0[(−n̂i + r(θ̄ + θ) + sN̂)(ε2i − ε4i )] =E0[−
(
nxi
(
θ +

εi√
z̄

)
+ nxx̂

)
+ r(θ̄ + θ) + sN̂ ]E0[ε2i − ε4i ]

=E0[Ei[−n̂i + r(θ̄ + θ) + sN̂ ]]E0[ε2i − ε4i ] = 0.

Terms in the second line of Equation 15 can be simplified as

E0

[
nxixix̂

2
i (vnn(nxix̂i + nxx̂) + vnθ(θ̄ + θ) + vnNN̂)

1− ε2i
2z̄

]
= E0

[
2nxixiθ × vnn

nxi
z̄

ε2i − ε4i
2z̄

]
,

E0

[
2nxxix̂i(vnnnxix̂i + vnθ(θ̄ + θ) + vnNN̂)

1− ε2i
2z̄

]
= E0

[
2nxxi × vnn

nxi
z̄

ε2i − ε4i
2z̄

]
,

E0

[
nxi ˆ̂xi(vnnnxix̂i + vnθ(θ̄ + θ) + vnNN̂)

1− ε2i
2z̄

]
= E0

[
− nxi ẑ × vnn

nxi
z̄

ε2i − ε4i
2z̄

]
.

As a result, the attention optimality condition reduces

E0

[(
3(1− γ̃)(vθ(θ̄ + θ) + vNN̂) + 3

(2nxixiθ + 2nxxi − nxi ẑ
nxi

))
e(1−γ̃)v̄vnn

n2
xi

z̄

ε2i − ε4i
2z̄

]
= 6κẑ.

Using the solution of nxxi in Equation 14 and that e(1−γ̃)v̄ |vnn|
(nxi

z̄

)2
= 2κ and nxixi = 0,

we have (
3(1− γ̃)E0[vθ(θ̄ + θ) + vNN̂ ] + 6

(
αλxx̂+

1− λ
1− sλ

ẑ
)
− 3ẑ

)
× 2κ = 6κẑ,

Rearranging gives

(
3(1− γ̃)(vθ + vNNx) + 6α

)
× λxx̂ = 6

(1− s)λ
1− sλ

× ẑ. (16)

Volatility, Forecast Dispersion, and Uncertainty

Consider the measures of aggregate volatility, forecast dispersion, and subjective uncertainty

in the sequence of economies indexed by δ :

SD(Ỹ (δ)|θ̄(δ)) =
(
E
[(
Ỹ (δ)− E[Ỹ (δ)|θ̄(δ)]

)2
∣∣∣θ̄(δ)]) 1

2
,

Disp(Ei[Ỹ (δ)]) =
(∫ (

Ei[Ỹ (δ)]−
∫

Ei[Ỹ (δ)] di
)2
di
) 1

2
,

SDi(Ỹ (δ)) =
(
Ei
[(
Ỹ (δ)− Ei[Ỹ (δ)]

)2
]) 1

2
.

It is easy to show the zeroth-order expansions of the three measures are zeros.
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To approximate the measures, note that the first-order expansions of equilibrium output are

given by

Ŷ = Yθ̄θ̄ + Yθθ + Yxx̂+ Yδ,

where Yθ̄ = 1, Yx = Nx, and Yθ = 1 +Nθ.

As a result, the first-order expansions of these measures are

ŜD(Ỹ |θ̄) =
(
E[(Ŷ − E[Ŷ |θ̄])2|θ̄]

)1/2

=
(
Y 2
θ σ2

θ + Y 2
x σ2

ε

)1/2
, (17)

D̂isp(Ei[Ỹ ]) =
(∫ (

Ei[Ŷ ]−
∫

Ei[Ŷ ]di
)2

di
)1/2

= Yθλ(z̄)
1√
z̄
, (18)

ŜDi(Ỹ ) =
(
Ei[(Ŷ − Ei[Ŷ ])2]

)1/2

=
(
Yθ̄(1− λx)σ2

θ̄ + Yθ(1− λ(z̄))σ2
θ

)1/2
,∀i. (19)

Note that the first-order expansions do not depend on θ̄. To capture the state dependency,

second-order expansion is necessary.

For second-order expansion of uncertainty, volatility, and forecast dispersion, we write the

expansion of output as
ˆ̂Y = 2Yθ̄θθ̄θ + 2Yxθx̂θ + Yδδ,

where Yθ̄θ = α and Yxθ = Nxθ. The other terms are omitted as they are zero from the

second-order expansions of ni and N .

Aggregate Volatility

Direct calculation gives

̂̂SD(Ỹ |θ̄) = ŜD(Ỹ |θ̄)−1
(
E[(Ŷ − E[Ŷ |θ̄])( ˆ̂Y − E[ ˆ̂Y |θ̄])|θ̄]

)
.

From Ŷ − E[Ŷ |θ̄] = Yθθ + Yxε and ˆ̂Y − E[ ˆ̂Y |θ̄] = 2(Yθ̄θθ̄ + Yxθx̂)θ,

̂̂SD(Ỹ |θ̄) = ŜD(Ỹ |θ̄)−1 × 2Yθ(Yθ̄θ + Yxθ)θ̄σ
2
θ . (20)

Note that when α = 0 (no exogenous volatility), we have Yθ̄θ = 0 and Yxθ reflects how

agents’ endogenous attention affects aggregate volatility through zx in Equation 14.

Forecast Dispersion

39



Direct calculation gives

̂̂Disp(Ei[Ỹ ]) = D̂isp(Ei[Ỹ ])−1

∫ (
E[Ŷ |F̄i]−

∫
E[Ŷ |F̄i]di

)
×
(
E[ ˆ̂Y |F̄i] + 2Êi[Ŷ ]−

∫
E[ ˆ̂Y |F̄i] + 2Êi[Ŷ ]di

)
di.

From

E[Ŷ |F̄i]−
∫

E[Ŷ |F̄i]di = Yθλ
1√
z̄
εi,

E[ ˆ̂Y |F̄i] + 2Êi[Ŷ ]−
∫

E[ ˆ̂Y |F̄i] + 2Êi[Ŷ ]di = 2(Yθ̄θλx + Yxθ)x̂
λ√
z̄
εi + 2Yθλ(

1

2
− λ)

zxx̂√
z̄
εi,

̂̂Disp(Ei[Ỹ ]) = D̂isp(Ei[Ỹ ])−1 × 2Yθ

(
(Yθ̄θλx + Yxθ)x̂+ Yθ

(1

2
− λ
)
zxx̂
)λ2

z̄
. (21)

When α = 0, we have Yθ̄θ = 0 and Equation 21 captures two forces: (1) Yxθ = Nxθ

captures how forecast dispersion increases with the volatility of aggregate input, and (2) the

direct effect of attention zx can either increase or decrease forecast dispersion, depending on

λ R 1
2
.

Subjective Uncertainty

Direct calculation gives

̂̂SDi(Ỹ ) = ŜDi(Ỹ )−1E
[
(Ŷ − E[Ŷ |F̄i])( ˆ̂Y − E[ ˆ̂Y |F̄i]− 2Êi[Ŷ ])

∣∣∣F̄i].
Because

ˆ̂Y −E[ ˆ̂Y |F̄i]−2Êi[Ŷ ] = 2Yθ̄θ(θ̄−λxx̂)θ+2(Yθ̄θλxx̂+Yxθ)x̂(θ−λx̂i)−2Yθλ
(
(1−λ)x̂i−

εi

2
√
z̄

)
zxx̂,

we have

̂̂SDi(Ỹ ) = ŜDi(Ỹ )−1 × 2
(
Yθ̄Yθ̄θλx̂i(1− λx)σ2

θ̄ + Yθ
(
Yθ̄θλx + Yxθ −

1

2
Yθλzx

)
x̂(1− λ)σ2

θ

)
,

(22)

where the derivation uses

E[(θ − λx̂i)
εi√
z̄
|F̄i] = E[(θ − λx̂i)(x̂i − θ)|F̄i] = −E[(θ − λx̂i)θ|F̄i] = −(1− λ)σ2

θ .

When α = 0, we have Yθ̄θ = 0, and Equation 22 again reflects two forces: (1) Yxθ captures

how the volatility of aggregate input affects agent’s subjective uncertainty about aggregate
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output, and (2) the direct effect of attention zx decreases uncertainty as agents learn about

the aggregate state.

Proofs of Lemma 2, 3, and 4

Lemma 2: The second-order approximation is given by Nx,Nθ from Equation 11 and Nxθ

from Equation 14 with α = 0.

Lemma 3: Because vθ,vN ,Nx > 0, and α = 0, Equation 16 implies γ̃ > 1 ⇐⇒ zx < 0.

Lemma 3 follows from ∂ẑ
∂θ̄

= zx.

Lemma 4: In a fixed-attention economy without volatility shocks, zx = 0 and α = 0 in

Equation 14. As a result, Equation 20, 21, and 22 all equal to zero.

A.3 Proof of Theorem 1

Without exogenous volatility (α = 0), Equation 20 implies, up to second-order, aggregate

volatility decreases with θ̄

∂

∂θ̄
SD(Ỹ |θ̄) < 0 ⇐⇒ Yxθ = Nθ

( 1− λ
1− sλ

)
zx < 0,

where Yxθ is given by the express in Equation 14, evaluated at α = 0. This is true when

γ̃ > 1 since Lemma 3 implies zx < 0 in this case.

Using the solutions of Yθ and Yxθ for forecast dispersion and subjective uncertainty,

∂

∂θ̄
Disp(Ei[Ỹ ]) < 0 ⇐⇒

(
Nθ

1− λ
1− sλ

+ (1 +Nθ)
(1

2
− λ
))
zx < 0, (23)

∂

∂θ̄
SDi(Ỹ ) < 0 ⇐⇒

(
Nθ

1− λ
1− sλ

− 1

2
(1 +Nθ)λ

)
zx < 0. (24)

Using the solution of Nθ from Equation 11 for forecast dispersion, we have

∂

∂θ̄
Disp(Ei[Ỹ ]) < 0 ⇐⇒ fd(λ) := s(r − s)λ3 +

(s+ 4)(s− r)
2

λ2 +
3r − 2s− 2

2
λ+

1

2
> 0

Since

fd(0) = 1/2 > 0, fd(1) = −(1− s)(1 + r − s)/2 < 0,

and r > s implies fd(−∞) = −∞ and fd(∞) = ∞, we know that polynomial fd(λ) has

exactly one root in (0, 1). Moreover, since fd(1) = −(1− s)(1 + r − s)/2→ 0 as s→ 1, the

root goes to 1 as s→ 1.
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Using the solution of Nθ from Equation 11 again for subjective uncertainty, we have

∂

∂θ̄
SDi(Ỹ ) < 0 ⇐⇒ fu(λ) :=

s(r − s)
2

λ3 + (s− 3

2
r)λ2 + (r − 1

2
)λ > 0

Since

fu(0) = 0, fu(1) = −1

2
(1− s)(1 + r − s) < 0, f ′u(0) = r − 1

2
,

and r > s implies fu(−∞) = −∞ and fu(∞) =∞, we know that if r > 1/2, then polynomial

fu(λ) has exactly one root in (0, 1). Moreover, since fu(1) = −1
2
(1 − s)(1 + r − s) → 0 as

s→ 1, the root goes to 1 as s→ 1.

Moreover, by comparing the expressions, we have

fd(λ)− fu(λ) = (1− λ)(1− sλ)(1 + rλ− sλ) > 0.

This implies fu(λ) > 0 =⇒ fd(λ) > 0, and

∂

∂θ̄
SDi(Ỹ ) < 0 =⇒ ∂

∂θ̄
Disp(Ei[Ỹ ]) < 0.

In other words, whenever attention increases uncertainty, it is necessarily accompanied by

an increase in forecast dispersion.

A.4 Proof of Lemma 5

Rewrite βCG(θ̄) as

βCG(θ̄) =
Cov(Ỹ − E[Ỹ |x], Ē[Ỹ ]− E[Ỹ |x]|θ̄)

V ar(Ē[Ỹ ]− E[Ỹ |x]|θ̄)
− 1.

First-order

The first-order expansions of the equilibrium are captured by the zeroth-order expansion of

βCG(θ̄). Because both the denominator and numerator of βCG(θ̄) as well as their derivatives

with respect to δ are all zeros at δ → 0, the limit is given by applying L’Hopital’s rule

twice:

β̄CG(θ̄) =
Cov(Ŷ − E[Ŷ |x], Ē[Ŷ ]− E[Ŷ |x]|θ̄)

V ar(Ē[Ŷ ]− E[Ŷ |x]|θ̄)
− 1.

From

Ŷ − E[Ŷ |x̂] = (θ̄ − λxx̂) + Yθθ, Ē[Ŷ ]− E[Ŷ |x̂] = Yθλθ,

we have

β̄CG(θ̄) =
1

λ
− 1.
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Second-order

The second-order expansions of the equilibrium are captured by the first-order expansion of

the measure. By using β̄CG(θ̄), applying L’Hopital’s rule, and rearranging the expression,

we have

β̂CG(θ̄) =
d3

dδ3Cov(Ỹ − E[Ỹ |x], Ē[Ỹ ]− E[Ỹ |x]|θ̄)− 1
λ
d3

dδ3V ar(Ē[Ỹ ]− E[Ỹ |x]|θ̄)
3 d2

dδ2V ar(Ē[Ỹ ]− E[Ỹ |x]|θ̄)

∣∣∣
δ=0

.

From the second-order expansion,

ˆ̂Y − E[ ˆ̂Y |x̂] = 2αθ̄θ + 2Yxθx̂θ,

Ē[ ˆ̂Y ] + 2
d

dδ
Ē[Ŷ |δ]

∣∣
δ=0
− E[ ˆ̂Y |x̂] = 2αλxx̂λθ + 2Yxθx̂λθ + 2Yθλ(1− λ)ẑθ.

Direct calculation gives

d3

dδ3
Cov(Ỹ − E[Ỹ |x], Ē[Ỹ ]− E[Ỹ |x]|θ̄)− 1

λ

d3

dδ3
V ar(Ē[Ỹ ]− E[Ỹ |x]|θ̄)

∣∣
δ=0

= 3Cov( ˆ̂Y − E[ ˆ̂Y |x̂]− 1

λ

(
Ē[ ˆ̂Y ] + 2

d

dδ
Ē[Ŷ |δ]

∣∣
δ=0
− E[ ˆ̂Y |x̂]

)
, Ē[Ŷ ]− E[Ŷ |x̂]|θ̄)

= 6α(1− λx)θ̄ Yθλσ2
θ − 6Yθ(1− λ)zxθ̄Yθλσ

2
θ ,

and

d2

dδ2
V ar(Ē[Ỹ ]− E[Ỹ |x]|θ̄)

∣∣
δ=0

= 2V ar(Ē[Ŷ ]− E[Ŷ |x̂]|θ̄) = 2Y 2
θ λ

2σ2
θ .

As a result,

β̂CG(θ̄) =
(1− λx
Yθλ

α− 1− λ
λ

zx
)
θ̄,

and Lemma 5 follows.
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Online Appendix

B Generalization and Examples

The result that increased attention (the precision of private signal) can lead to higher volatil-

ity, uncertainty, and forecast dispersion is general and not tied to the specific assumptions

on preference and production technology in Section 2.

Consider an economy with aggregate state a(θ̄, θ) and the information structure described in

Section 2. Instead of endogenous attention, consider an exogenous increase in the precision

of private signals as given by z(δ) = z̄+zδδ, for some zδ > 0 that parameterizes comparative

statics with respect to the signal precision.

Given the information structure, an equilibrium of the economy is described by optimality

and aggregation conditions of the following form:

E
[
G(a(δ) + ηÑ(δ), ñi(δ))

∣∣Fi(δ)] = 0, H(Ñ(δ)) =

∫
H(ñi(δ))di,

where, at the steady state, function G satisfies

G11

G2
1

+
G22

G2
2

− 2
G12

G1G2

= 0.

This condition allows the function G to be nonlinear in either of its argument, but requires

the curve y(x) described by G(x, y) = 0 to have curvature zero at the steady state. Under this

condition, the best response under certainty features constant elasticities up to the second

order. Consequently, the nonlinearity in individual responses results only from changes in the

information structure. The condition holds for the setup in Sectoin 2 and a few extensions

in Appendix B.1.

For this class of models, the second-order expansion of the equilibrium is described by

n̂t = E[rˆ̂a+ s ˆ̂N |F̄i] + 2
d

dδ
E[râ+ sN̂ |Fi(δ)] + const, ˆ̂N =

∫
ˆ̂nidi+ const.

where r = G1

−G2
and s = η G1

−G2
. Since the expansion is described by the same system as that

in Section 3 up to a reparameterization of r and s, the same second-order approximation of

the aggregate action Ñ is described by the same formula is in Lemma 2.

To study how a change in the precision of private signal affects the volatility, uncertainty,

and forecast dispersion of aggregate outcomes, consider some aggregate variable Ỹ of the
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form

Ỹ = ςaa+ ςNÑ

for some ςa, ςN > 0. If ςN = 0, the aggregate variable captures the exogenous state a; if

ςa = 0, it reflects only the endogenous aggregate response Ñ . Following the same steps as

the proof for Theorem 1 gives the following result:

Theorem 1A Suppose that z(δ) = z̄ + zδδ, with zδ > 0 and G11

G2
1

+ G22

G2
2
− 2 G12

G1G2
= 0, then

up to second-order approximation,

(1)
∂

∂δ
SD(Ỹ |θ̄) < 0.

Moreover, there exists a threshold ζ ∈ R such that if z̄ < ζ, then

(2)
∂

∂δ
Disp(Ei[Ỹ ]) < 0, and (3)

∂

∂δ
SD(Ỹ |Fi) < 0.

The threshold ζ > 0 if and only if r > ςa
2ςN

, and ζ → ∞ as s → 1. In addition, (2) is true

only if (3) is true.

If ςa = 0, that is, when aggregate variable Ỹ only reflects the endogenous response Ñ , we

have r > 0 and therefore ζ > 0. In this case, an increase in z always increases subjec-

tive uncertainty when z̄ is low enough (and therefore also increases forecast dispersion and

volatility). On the other hand, if ςN = 0, aggregate variable Ỹ only concerns the exogenous

state. In this case, agents’ uncertainty about Ỹ always decreases in z.

B.1 Examples

Alternative Preference

Consider the following preference that generalizes the specification in Section 2:

v(ci, ni) =
(
c1−σ
i − (1− σ)

n1+ν
i

1 + ν

) 1
1−σ

Parameter σ governs the income effect on labor; σ = 0 corresponds to the case in Section 2

and labor is procyclical if σ ∈ [0, 1).

Ei
[(

(1− σ)(1− η)e(1−σ)a(θ̄,θ)N (1−σ)ηn
(1−σ)(1−η)−1
i

) uc(ci, ni)

Ei[uc(ci, ni)]

]
= nνi ,

where uc(ci, ni) = vσ−γ̃i 1{vi>u}.
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This is equivalent to having

r =
1− σ

(1− σ)η + σ + ν
, s =

(1− σ)η

(1− σ)η + σ + ν
.

Alternative Technology

Consider a simple “trade model” where agents can combine labor input ni with purchases

of final goods mi to produce intermediate goods qi with a roundabout production func-

tion:

qi =
(ni
$

)$ ( mi

1−$

)1−$

, ci = piqi −mi,

where ni,mi ∈ Fi and the timing of decision is identical to that in Section 2.

The derivation below shows that the technology is equivalent to a reparameterization of ν

in Section 2, demonstrating that agents’ production inputs in Section 2 do not have to be

taken literally as their labor.

For a given level of qi, consumption net of labor cost is

ci −
n∗i (qi)

1+ν

1 + ν
= ea(θ̄,θ)q1−η

i Qη −m∗i (qi)−
n∗i (qi)

1+ν

1 + ν
,

where n∗i (qi) and m∗i (qi) solves the following cost minimization problem given qi:

min
mi,ni

mi +
n1+ν
i

1 + ν
s.t. qi =

(ni
$

)$ ( mi

1−$

)1−$

.

Optimality requires

mi = (1−$)µqi, n1+ν
i = $µqi,

and solving for the multiplier gives µ = ($qi)
ν̃ . Substituting back, the cost of producing qi

is:

m∗i (qi) +
n∗i (qi)

1+ν

1 + ν
=

$ν̃

1 + ν̃
q1+ν̃
i , where ν̃ :=

$ν

1 + (1−$)ν
.

This is equivalent to having

r =
1

η + ν̃
, s =

η

η + ν̃
.

B.2 Alternative Shocks: Sentiment

To demonstrate that the same reasoning behind Theorem 1A does not rely on the specific

type of shocks studied in Section 2, I show below that the same connection between in-

formation and uncertainty, volatility, and forecast dispersion exists for extrinsic “sentiment
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shocks” in a simplified version of Angeletos and La’O (2013).

Consider the following environment: Agents (i, j) match pairwise. Agent i’s consumption ci

is a composite of li units of “home good” i and l∗i units of “foreign goods” j:

v(ci, ni) = ci −
n1+ν
i

1 + ν
, ci =

(
`i
$

)$ (
`∗i

1−$

)1−$

.

Each agent i produces good i with linear technology Aini. Productivity Ai ∼ N(0, 1) is

idiosyncratic and unknown to the agent. The budget constraint is given by

p∗i `
∗
i ≤ pi(Aini − `i),

where prices of the two goods pi and p∗i are normalized such that the multiplier on the budget

constraint is one.

Agent i’s information set consists of signals si and xi:

si = Ai + ei, xi = sj + θ +
εi√
z
,

where ei ∼ N(0, σ2
e) and εi ∼ N(0, 1) are idiosyncratic noises and θ ∼ N(0, σ2

θ) is an aggre-

gate noise that represents agents’ “sentiment”. Signal si provides agent i with information

about their own productivity, and signal xi represents agent i’s information about agent j’s

signal sj.

From Angeletos and La’O (2013) (p. 771 and 772), aggregate output is given by

Ỹ = Ȳ + Yθθ,

where

Yθ =
(1 + ν)(1− %)%2σ2

e

(1− %2)(σ4
e + z−1 + (1− %)σ2

θ) + σ2
e(1− %2 + z−1 + (1− %)σ2

θ)

and % := 1−$
1−$+ν

.

While their model is not isomorphic to the one in Section 2, the result from Theorem 1A

extends to their setup:

• Aggregate volatility SD(Ỹ |z) = Yθσ
2
θ is increasing in z, since Yθ is increasing z.

• There exists a threshold ζ such that forecast dispersion Disp(E[Ỹ |si, xi, z]) and sub-

jective uncertainty SD(Ỹ |si, xi, z) are increasing in z for z < ζ:
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Because

∂

∂z
SD(Ỹ |si, xi, z) > 0 ⇐⇒ const.+ z−1 (· · · ) + z−2

(
σ2
e +

2(1−$)ν + ν2

(1−$ + ν)2

)
> 0

∂

∂z
Disp(E[Ỹ |si, xi, z]) > 0 ⇐⇒ const.+ z−1(· · · ) + z−2

(
σ2
e +

2(1−$)ν + ν2

(1−$ + ν)2

)
> 0,

these conditions hold as z → 0.

• When ν → 0, we have Yθ → z
1−$ , and

∂

∂z
SD(Ỹ |si, xi, z) =

4(σ2
e + z−1)2σ2

θ + 2(2σ2
e + z−1)σ4

θ

(1−$)2z−1(σ2
e + z−1 + σ2

θ)
2

> 0,

∂

∂z
Disp(E[Ỹ |si, xi, z]) =

(3z−1 + σ2
e + σ2

θ)σ
4
θ

(1−$)2(σ2
e + z−1 + σ2

θ)
3
> 0.

Therefore, in this case, increasing signal precision always increases agents’ forecast

dispersion and their uncertainty about aggregate output.

C Dynamic Model: Derivations and Proofs

In this Appendix, I derive equilibrium conditions for the dynamic economy in Lemma 6, and

then I derive the expansions of these conditions that characterize the first- and second-order

expansions of the equilibrium objects.

C.1 Proof of Lemma 6

Let Sti be the collection of possible histories of signals and prices agent i receive before taking

actions in period t, and denote a typical element of Sti by sti :

sti := {xti, p̃t−1
i }, ∀t ≥ 0,

where p̃i,t = θt + ϑt + η logNt + ωi,t is a transformation of pi,t that contains the same

information. Similarly, let S ′t−1
i be a collection of histories, s′t−1

i , up to the start of period

t:

s′i
t−1 := {xt−1

i , p̃t−1
i },∀t ≥ 0.

A strategy is a sequence of mappings {zt, nt}∞t=0 such that

zt : S ′
t−1
i → R+, nt : Sti → R+.
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Write agents’ period payoff as V (θ + ϑ,N, n, ω, z) := U(c(θ + ϑ,N, n, ω), n, z). Denote the

distribution of ωτ , ωτi , s
τ
i conditional on s′i

t−1, zti and sti, z
t
i as

Φ(ωτ , ωτi , s
τ
i |s′i

t−1
, zti), Φ(ωτ , ωτi , s

τ
i |sti, zti).

Proof. A strategy {nt, zt}∞t=0 is optimal for agent i only if, ∀ñ, z̃ ∈ R+ and history sti,

∞∑
τ=t

βτ−t
∫
V (θτ + ϑτ , Nτ ,nτ (s

τ
i ), ωi,τ , zτ (s

′
i
τ−1

))dΦ(ωτ , ωτi , s
τ
i |s′i

t−1
, zt(s′i

t−1
))

≥
∞∑

τ=t+1

βτ−t
∫
V (θτ + ϑτ , Nτ ,nτ (s

τ
i ), ωi,τ , zτ (s

′
i
τ−1

))dΦ(ωτ , ωτi , s
τ
i |s′i

t−1
, zt−1(s′i

t−2
), z̃)

+

∫
V (θt + ϑt, Nt,nt(s

t
i), ωi,t, z̃)dΦ(ωt, ωti , s

t
i|s′i

t−1
, zt−1(s′i

t−2
), z̃),

and

∞∑
τ=t

βτ−t
∫
V (θτ + ϑτ , Nτ ,nτ (s

τ
i ), ωi,τ , zτ (s

′
i
τ−1

)) dΦ(ωτ , ωτi , s
τ
i |sti, zt(s′i

t−1
))

≥
∞∑

τ=t+1

βτ−t
∫
V (θτ + ϑτ , Nτ ,nτ (s

τ
i ), ωi,τ , zτ (s

′
i
τ−1

)) dΦ(ωτ , ωτi , s
τ
i |sti, zt(s′i

t−1
))

+

∫
V (θt + ϑt, Nt, ñ, ωi,t, zt(s

′
i
t−1

)) dΦ(ωt, ωti , s
t
i|sti, zt(s′i

t−1
)),

where

Nt =

(∫ (
eωi,t nt(s

t
i)
)1−η

dΦ(ωi,t, s
t
i|ωt, zt(s′i

t−1
))

) 1
1−η

∈ σ(ωt).

The following two first-order conditions follow

∂

∂z̃

( ∞∑
τ=t+1

βτ−t
∫
V (θτ + ϑτ , Nτ , ni,τ , ωi,τ , zi,τ )dΦ(ωτ , ωτi , s

τ
i |s′i

t−1
, zt−1
i , z̃)+

+

∫
V (θτ + ϑτ , Nτ , ni,τ , ωi,τ , zi,τ )dΦ(ωτ , ωτi , s

τ
i |s′i

t−1
, zt−1
i , z̃)

)∣∣∣∣
z̃=zi,t

= 0,

∂

∂ñ

(∫
V (θt + ϑt, Nt, ñ, ωi,t, zi,t) dΦ(ωt, ωti |sti, zti)

) ∣∣∣∣
ñ=ni,t

= 0.

The F.O.C. with respect to ñ gives the second condition in Lemma 6.
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For the F.O.C. with respect to z̃, let ϕ(·|·) denote the density of Φ(·|·); then

∂

∂z̃
ϕ(ωτ , ωτi , s

τ
i |s′i

t−1
, zt−1
i , z̃)

=
∂

∂z̃
ϕ(xi,t|z̃, ωt)ϕ(p̃i,t|ωi,t, ωt)

τ∏
l=t+1

ϕ(xi,l|zi,l, ωl)ϕ(p̃i,l|ωi,l, ωl) ϕ(ωτ , ωτi |s′i
t−1
, zt−1)

Differentiating with respect to z̃ and evaluating at z̃ = zi,t gives

∂

∂z̃
ϕ(xi,t|z̃, ωt)

∣∣∣
z̃=zi,t

=
∂

∂z̃
φ

(
xi,t − θt(ωt)

1/
√
z̃

) ∣∣∣
z̃=zi,t

=
1− ε2i,t

2zi,t
ϕ(xi,t|zi,t, ωt),

where φ(·) denotes the density of standard normal distribution. As a result,

∂

∂z̃
ϕ(ωτ , ωτi , s

τ
i |s′i

t−1
, zt−1
i , z̃)

∣∣∣∣
z̃=zi,t

=
1− ε2i,t

2zi,t
ϕ(ωτ , ωτi , s

τ
i |s′i

t−1
, zti),

and the F.O.C. for z̃ is given by the first equation in Lemma 6.

C.2 Expansions of Equilibrium Conditions

Taking derivatives of the conditions in Lemma 6 with respect to δ to corresponding orders

and at δ = 0 gives the systems that characterize the expansions of equilibrium objects.

Write the utility function in Equation 7 as

V (θt + ϑt, Nt, ni,t, ωi,t, zi,t) = f
(
v(θt + ϑt, Nt, ni,t, ωi,t)− κ(zi,t)

)
,

where v(θt + ϑt, Nt, ni,t, ωi,t) := u(c(θt + ϑt, Nt, ni,t, ωi,t), ni,t) represents the payoff from con-

sumption and labor.

The input and attention optimality conditions are, respectively,

E
[
f ′
(
vi,t(δ)− δ2κ(zi,t(δ))

)
× ∂

∂n
vi,t(δ)

∣∣∣Fi,t(δ)] = 0,

∞∑
τ=t

βτ−tE
[
f(·)

1− ε2i,t
2zi,t(δ)

∣∣∣F ′i,t−1(δ)
]
− E[f ′(·)

∣∣∣F ′i,t−1(δ)]δ2κ′(zi,t(δ)) = 0.

The following derivation shows that function f(·) affects the equilibrium only up to a constant

for the first- and second-order approximation:

50



Input Optimality

The first- and second-order expansions of the input optimality conditions are given by

E
[
f̄ ′
d

dδ

∂

∂n
vi,t(δ)

∣∣∣F̄i,t] = 0,

and

E
[
f̄ ′
d2

dδ2

∂

∂n
vi,t(δ) + 2f̄ ′′

d

dδ
vi,t(δ)

d

dδ

∂

∂n
vi,t(δ)

∣∣∣F̄i,t]+ 2Êi,t
[
f̄ ′
d

dδ

∂

∂n
vi,t(δ)

]
= 0. (25)

Note that in Equation 25, the term multiplying f̄ ′′ is

E
[ d
dδ
vi,t(δ)

d

dδ

∂

∂n
vi,t(δ)

∣∣∣F̄i,t]
= E

[(
vθ(θ̂t + ϑ̂t) + vNN̂t + vωω̂i,t

)(
vnθ(θ̂t + ϑ̂t) + vnNN̂t + vnωω̂i,t + vnnn̂i,t

)∣∣∣F̄i,t]
= Cov

[
vθ(θ̂t + ϑ̂t) + vNN̂t + vωω̂i,t, vnθ(θ̂t + ϑ̂t) + vnNN̂t + vnωω̂i,t

∣∣F̄i,t],
where the second equation uses the solution of n̂i,t. The expression is a constant because the

variables are Gaussian. Therefore, Equation 25 reduces to

E
[ d2

dδ2

∂

∂n
vi,t(δ)

∣∣∣F̄i,t]+ 2Êi,t
[ d
dδ

∂

∂n
vi,t(δ)

]
+ const. = 0.

Attention Optimality

The second- and third-order expansions of the attention optimality condition are given

by

∞∑
τ=t

βτ−tE
[{
f̄ ′
( d2

dδ2
vi,τ (δ)− 2κ(z̄)

)
+ f̄ ′′

( d
dδ
vi,τ (δ)

)2}1− ε2i,t
2z̄

∣∣∣F̄ ′i,t−1

]
= 2f̄ ′(·)κ′(z̄),

and

∞∑
τ=t

βτ−tE
[{
f̄ ′
( d3

dδ3
vi,τ (δ)− 2κ′(z̄)ẑi,τ

)
+ f̄ ′′′

( d
dδ
vi,τ (δ)

)3

+ 3f̄ ′′
d

dδ
vi,τ (δ)

( d2

dδ2
vi,τ (δ)− 2κ(z̄)

) }1− ε2i,t
2z̄

∣∣∣F̄ ′i,t−1

]
= 2f̄ ′κ′′(z̄)ẑi,t + 6f̄ ′′E

[ d
dδ
vi,t(δ)

∣∣∣F̄ ′i,t−1

]
κ′(z̄). (26)

Because v̄n = 0, d
dδ
vi,τ does not contain any term involving n̂i,τ . The second-order expansion
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reduces to
∞∑
τ=t

βτ−tE
[{ d2

dδ2
vi,τ (δ)

}1− ε2i,t
2z̄

∣∣∣F̄ ′i,t−1

]]
= 2κ′(z̄).

For the third order, using again that v̄n = 0 and d
dδ
vi,τ does not contain any term involving

n̂i,τ , the term multiplying f̄ ′′ on the left-hand side of Equation 26 reduces to

∞∑
τ=t

βτ−t3f̄ ′′E
[{ d

dδ
vi,τ (δ)

( d2

dδ2
vi,τ (δ)− 2κ(z̄)

) }1− ε2i,t
2z̄

∣∣∣F̄ ′i,t−1

]
=
∞∑
τ=t

βτ−t3f̄ ′′E
[ d
dδ
vi,τ (δ)

∣∣∣F̄ ′i,t−1

]
E
[ d2

dδ2
vi,τ (δ)

1− ε2i,t
2z̄

∣∣∣F̄ ′i,t−1

]
= 6f̄ ′′E

[ d
dδ
vi,t(δ)

∣∣∣F̄ ′i,t−1

]
κ′(z̄),

which equals the term multiplying f̄ ′′ on the right-hand side of Equation 26.

As a result, Equation 26 simplifies to

∞∑
τ=t

βτ−tEi,t−1

[1− ε2i,t
2z̄

{ d3

dδ3
ui,τ (δ)− 2κ′(z̄)ẑi,τ

}]
= 2κ′′(z̄)ẑi,t.

Exogenous Processes

For the exogenous processes θt and ϑt, we have

θ̂t+1 = ρθ̂t + ωt+1, ϑ̂t+1 ≡ 0, ˆ̂θt+1 ≡ 0, ˆ̂ϑt+1 = ρ ˆ̂ϑt + 2Σ̄′θ̂tωt+1. (27)

Summary of Equilibrium Conditions

The following two lemmas summarize the expansions of equilibrium conditions that charac-

terize the equilibrium up to the second order:

Lemma 8 The first-order expansions of input n̂i,t, N̂t and the zeroth-order expansion of

attention z̄ solve the following system:

∞∑
τ=t

βs−tE
[
ˆ̂vi,τ

1− ε2i,t
2z̄

∣∣∣F̄ ′i,t−1

]
= 2κ, E

[
v̂n,i,t

∣∣F̄i,t] = 0, N̂t =

∫
n̂i,t,

where

v̂n,i,t = ∇v̄n


θ̂t

N̂t

n̂i,t

ω̂i,t

 , ˆ̂vi,t = ∇v̄


ˆ̂ϑt
ˆ̂Nt

ˆ̂ni,t

0

+ (θ̂t N̂t n̂i,t ω̂i,t)H̄v


θ̂t

N̂t

n̂i,t

ω̂i,t

 ,
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∇v̄n and ∇v̄ are the gradients of vn(·) and v(·) at δ → 0, and H̄v represents the Hessian of

v(·) at δ → 0.

Lemma 9 The second-order expansion of input ˆ̂ni,t,
ˆ̂Nt, and the first-order expansion of

attention, ẑi,t solve the following system:

∞∑
τ=t

βτ−tE
[
v

(3)
i,τ ×

1− ε2i,t
2z̄

∣∣∣F̄ ′i,t−1

]
= 6κẑi,t,

E
[
ˆ̂vn,i,t

∣∣F̄i,t]+ 2
d

dδ
E
[
v̂n,i,t

∣∣sti(δ)]∣∣∣
δ=0

= 0,

ˆ̂Nt = (1− η)

∫ (
n̂i,t −

∫
n̂i,t

)2

+

∫
ˆ̂ni,t,

where

ˆ̂vn,i,t = ∇v̄n


ˆ̂ϑt
ˆ̂Nt

ˆ̂ni,t

0

+ (θ̂t N̂t n̂i,t ω̂i,t)H̄vn


θ̂t

N̂t

n̂i,t

ω̂i,t

 , and

E
[
v

(3)
i,τ

1− ε2i,t
2z̄

∣∣∣F̄ ′i,t−1

]
= E

[(
3v̂n,i,t ˆ̂ni,τ + n̂2

i,τ

(
3v̄nnθθ̂τ + 3v̄nnNN̂τ + v̄nnnn̂i,τ

))1− ε2i,t
2z̄

∣∣∣F̄ ′i,t−1

]
.

As in the static model, the first-order expansions of input n̂i,t, N̂t are jointly determined

with the zeroth-order expansion of attention z̄, and similarly, the second-order expansions

of input ˆ̂ni,t,
ˆ̂Nt are jointly determined with the first-order expansion of attention ẑ.

Expansion of the Expectation Operator

In Lemma 9, the system involves an expansion with respect to the expectation operator
d
dδ
E[·|sti(δ)]

∣∣
δ=0

. The following lemma shows how it can be calculated:

Lemma 10 Given a generic random variable ξt ∈ σ(ωt),

d

dδ
E[ξt|sti(δ)]

∣∣
δ=0

=
t∑

τ=0

Cov
(
ξt,

d
dδ
φ(si,t−τ (δ)|ωt−τ , δ)
φ(si,t−τ (δ)|ωt−τ , δ)

∣∣∣
δ=0

∣∣∣F̄i,t),
where φ(si,t(δ)|ωt, δ) denote the density of signals si,t(δ) conditional on ωt in the economy

indexed by δ.
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Proof. Write the expectation as an integral over the probability density,

d

dδ
E[ξt|sti(δ)] =

∫
ξ(ωt)

d

dδ
φ(ωt|sti(δ), δ)dωt. (28)

Bayes rule implies

φ(ωt|sti(δ), δ) =
φ(si,t(δ)|ωt, δ)φ(ωt|st−1

i (δ), δ)∫
φ(si,t(δ)|ω̃t, δ)φ(ω̃t|st−1

i (δ), δ)dω̃t
.

Differentiate both sides with respect to δ and divide by φ(ωt|sti(δ), δ),

d
dδ
φ(ωt|sti(δ), δ)
φ(ωt|sti(δ), δ)

=
d
dδ
φ(si,t(δ)|ωt, δ)
φ(si,t|ωt, δ)

− E
[ d
dδ
φ(si,t(δ)|ωt, δ)
φ(si,t|ωt, δ)

∣∣∣sti(δ)]
+

d
dδ
φ(ωt|st−1

i (δ), δ)

φ(ωt|st−1
i (δ), δ)

− E
[ d
dδ
φ(ωt|st−1

i (δ), δ)

φ(ωt|st−1
i (δ), δ)

∣∣∣sti(δ)]. (29)

Using Equation 29, Equation 28 can be written as

d

dδ
E[ξt|sti(δ)] = Cov

(
ξt,

d
dδ
φ(si,t(δ)|ωt, δ)
φ(si,t(δ)|ωt, δ)

∣∣∣sti(δ))+ Cov
(
ξt,

d
dδ
φ(ωt|st−1

i (δ), δ)

φ(ωt|st−1
i (δ), δ)

∣∣∣sti(δ)).
Iterating backward,

d

dδ
E[ξt|sti(δ)] =

t∑
τ=0

Cov
(
ξt,

d
dδ
φ(si,t−τ (δ)|ωt, δ)
φ(si,t−τ (δ)|ωt, δ)

∣∣∣sti(δ)).
Finally, ωtt−τ+1 ⊥ si,t−τ (δ)

∣∣
ωt−τ

implies

φ(si,t−τ (δ)|ωt, δ) = φ(si,t−τ (δ)|ωt−τ , δ),

and the lemma follows from evaluating the expression at δ → 0.

It is useful to clarify the expression in Lemma 10. Note that {si,t−τ (δ)}τ≥0 are signals

in agent i’s information set σ(sti(δ)) when forming expectations, whereas ωt is a running

variable integrated over the density function. Therefore, given a path of realizations of

shocks {ω∗τ , ω∗i,τ , ε∗i,τ}tτ=0,

s∗i,t(δ) =

 θ∗t (δ) +
δε∗i,t√
z∗i,t(δ)

θ∗t−1(δ) + ϑ∗t−1(δ) + η logN∗t (δ) + δω∗i,t−1

 ,
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and

d
dδ
φ(s∗i,t(δ)|ωt, δ)
φ(s∗i,t(δ)|ωt, δ)

∣∣∣∣
δ=0

=
−z̄
2

(x∗t − θ̂t(ωt))(θ̂∗t − θ̂t(ωt))ẑ∗i,t

+
−1

2σ2
ωi

(
p∗t−1 −

(
θ̂t−1(ωt−1) + ηN̂t−1(ωt−1)

))
×
(
( ˆ̂ϑ∗t−1 + η ˆ̂N∗t−1)− ( ˆ̂ϑt−1(ωt−1) + η ˆ̂Nt−1(ωt−1))

)
.

In this case, the covariance in Lemma 10 is Cov(·, ·|ŝ∗i t), which is conditional on ŝ∗i
t and

integrating over ωt.

Write the signal as

si,t(δ) = H(gt(δ), δ) +

 1√
zi,t(δ)

0

0 1

( δεi,t

δωi,t−1

)
, gt :=

(
ft

ft−1

)
,

where H(gt(δ), δ) has expansions

Ĥt = φᵀ
Hgt,

ˆ̂Ht =

|si,t|∑
k=1

ˆ̂H
(k)
t × ek, ˆ̂H

(k)
t = gᵀt ΦHkgt.

Let

µτi,t := E[gτ |F̄i,t], V t,τ
t := Cov[gτ , g

ᵀ
τ |F̄i,t],

Ωt,τ,τ
k,t := 2V t,τ

t ΦHkV
τ,τ
t + V t,τ

t tr[ΦHkV
τ,τ
t ],

and

Z̄ =

(
z̄ 0

0 1

)
, Ẑi,t =

(
z̄ × ẑi,t 0

0 1

)
.

Define Êi,t := d
dδ
E[gt|sti(δ)]

∣∣
δ=0

, then Lemma 10 implies

Êi,t =
−1

2

t∑
τ=0

{
2V t,t−τ

t φH
(
Ẑi,t−τ (φ

ᵀ
Hµ

t−τ
i,t − ŝi,t−τ )− Z̄ ˆ̂si,t−τ

))
(30)

+

|si,t|∑
k=1

(
Ωt,t−τ
k,t + V t,t−τ

t µt−τi,t
ᵀ
ΦHkµ

t−τ
i,t + 2V t,t−τ

t ΦHkµ
t−τ
i,t (φHµ

t−τ
i,t − ŝi,t−τ )ᵀ

)
Z̄(k)

}
.

D Computation

In this appendix, I detail the procedure to compute the first- and second-order expansions,

which I use for the quantitative results in Section 6. A similar procedure applies to higher-
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order approximations.

The expansions of logNt, log ni,t and log zi,t are of the following forms:

N̂t = Nωω
t, n̂i,t = nsŝ

t
i, z̄i,t = z̄,

ˆ̂Nt = ωt
ᵀ
Nωωω

t +Nδδ, ˆ̂ni,t = ŝti
ᵀ
nssŝ

t
i + nδδ + ns ˆ̂si,t, ẑi,t = zsŝ

′t−1
i ,

where Nδ,nδ,Nωδ,nsδ, zδ are zeros and omitted for ease of exposition.

To compute the expansions, I use the following finite-dimensional approximation:

Ñ
(1)
t = ΦN

f f
(1)
t , ñ

(1)
i,t = Φn

ff
(1)
i,t , z̃(0) = Φz,

Ñ
(2)
t = f

(2)
t

ᵀ
ΦN
fff

(2)
t + ΦN

δδ, ñ
(2)
i,t = f

(2)
i,t

ᵀ
Φn
fff

(2)
i,t + Φn

δδ + Φn
ff

(1,1)
i,t , z̃

(1)
i,t = Φz

ff
′(2)
i,t−1,

together with θ̃(1) = Φθ
ff

(1)
t and ϑ̃(2) = f

(2)
t

ᵀ
Φϑ
fff

(2)
t for the exogenous state.

Denote Φ(1) := {Φθ
f ,Φ

N
f ,Φ

n
f ,Φ

z} and Φ(2) := {Φϑ
ff ,Φ

N
ff ,Φ

N
δδ,Φ

n
ff ,Φ

n
δδ,Φ

z
f}. These are scalars,

vectors, and matrices that correspond to the derivatives of the policy functions; f
(1)
t , f

(2)
t , f

(1)
i,t , f

(2)
i,t , f

′(2)
i,t , f

(1,1)
i,t

are factors that summarize histories of shocks and signals. I impose the aggregate factors

with the following structure:

f
(1)
t+1 = G(1)f

(1)
t + 1× ωt, f

(2)
t+1 = G(2)f

(2)
t + 1× ωt

for some maxtrices G(1), G(2) and 1 is a vector of ones. And I use the following structure for

the individual factors:

f
(1)
i,t := E[f

(1)
t |s̃

(1),t
i ], f

(2)
i,t := E[f

(2)
t |s̃

(1),t
i ], f

′(2)
i,t−1 := E[f

(2)
t |s̃

′(1),t
i ], (31)

where s̃
(1),t
i , s̃

′(1),t
i are the first-order expansion of signals given θ̃t, Ñt, and z̃(0). This gives

f
(1)
i,t+1 = A(1)f

(1)
i,t + C(1)s̃i,t, f

(2)
i,t+1 = A(2)f

(2)
i,t + C(2)s̃i,t

with matrices A(1), C(1), A(2), C(2) from the corresponding Kalman filter, and a similar struc-

ture for f
′(2)
i,t−1 and f

(1,1)
i,t+1. The structure in Equation 31 is simply a convenient form. In

principle, one does not need to impose an a priori connection between the aggregate factors

and individual factors.

Given the factor structure, conditions in Lemma 8 and 9 correspond to:

0 ≈ Γ(1)({Φ(1), f (1)
τ , f

(1)
i,τ }τ≤t), ∀t = 0, . . . ,∞,

0 ≈ Γ(2)({Φ(2), f (2)
τ , f

(2)
i,τ , f

(1,1)
i,τ , f

′(2)
i,τ }τ≤t; {Φ(1), f (1)

τ , f
(1)
i,τ }τ≤t), ∀t = 0, . . . ,∞,
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where Γ(1)(·) and Γ(2)(·) are functions that represents the equilibrium conditions.

As an example, suppose that we have already solved the first-order Γ(1)(·) and would like to

obtain the second-order approximations. The equilibrium conditions in Lemma 9 implies a

system Γ(2)(·) as follows:

residual1,t = f
(2)
i,t

ᵀ
Φn
fff

(2)
i,t + φnf

ᵀf
(1,1)
i,t − rf (2)

i,t

ᵀ
Φϑ
fff

(2)
i,t − sf

(2)
i,t

ᵀ
ΦN
fff

(2)
i,t

− (rΦθ
f + sΦN
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ᵀ
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(1)
i,t + const1,
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ᵀ
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fff

(2)
t −

∫
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(2)
i,t

ᵀ
Φn
fff

(2)
i,t + Φn

f
ᵀf

(1,1)
i,t di+ const2,

residual3,t =
∞∑
τ=t

βτ−t
((

(σnτ,t)
2φᵀ
H + 2σnτ,tΦ

n
ff

)
Gτ−t − 2(σnτ,t)

2Φz
f

)
f
′(2)
i,t−1,

where
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(

Φθ
f ΦN

f Φn
f

)ᵀ
, φᵀ
H =

(
v̄nnθ
v̄nn

v̄nnN
v̄nn

v̄nnn
v̄nn

)
φ, σnτ,t := Φn

f
ᵀCov[fi,τ , εi,t],

and Êfi,t :=
(
I 0

)
Êi,t are the first |ft| elements of Êi,t, given by Equation 30. Given the

solution from the first-order approximation, the computational goal is to solve for Φ(2) and

G(2) that minimize the residuals.

Computational Procedure

Given the first (m−1)th order of approximations, {Φ(k), f
(k)
τ , f

(k−l,l)
i,τ }τ≤t,l≤k, ∀k ∈ {1, . . . ,m−

1}, the mth-order approximation is solved successively with the following procedure:

(1) Fix a dimension d for the factors, and specify matrices G(m) ∈ Rd×d. Simulate

{ωt, ωi,t, εi,t}t≤T for some large T , and construct {f (m)
τ , f

(m−l,l)
i,τ }τ≤t,l≤m.

(2) For any given G(m) and the associated factors {f (m)
τ , f

(m−l,l)
i,τ }τ≤t,l≤m, solve for coeffi-

cients Φ(m) that minimize the sum of the squared residuals:

Rj(G
(m)) :=

min
Φ(m)

T∑
t=0

{
Γ

(m)
j ({Φ(m), f (m)

τ , f (m−l,l)
τ }τ≤t,l≤m; {Φ(k), f (k)

τ , f (k−l,l)
τ }τ≤t,l≤k)

}2

,

where j ∈ {1, 2, 3} corresponds to the residuals from the three equilibrium conditions.

(3) Solve for G(m) that minimize R(G(m)) = wnR1(G(m)) + wNR2(G(m)) + wzR3(G(m)),

given weights (wn, wN , wz).
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Note that for m > 1, the minimization in (2) is generally a linear-quadratic problem, as

Γ(m) is linear in Φ(m). As a result, the problem can be solved efficiently. Moreover, the

optimization over matrix G(m) can be restricted to matrices of Jordan canonical form without

loss of generality. This procedure seeks the optimal d-factor representation of the equilibrium

given the structure proposed, and one could successively increase the dimension d to reduce

the size of residuals until it meets a certain computational criterion.

Implementation and Validation

The quantitative results are based on the following specifications:

• Period of simulation: 1500, discarding the first 50 periods.

• Number of factors: I use two factors for the first-order expansion, one of which is

(proportional to) θt. I include an additional two factors for the second-order expansion,

one of which, together with θt, minimizes the residual for ˆ̂ϑt.

• The summation in Equation 30 is truncated at 10 periods.

• G(1), G(2) are restricted to be diagonal.

• Residuals weights (wn, wN , wz) = (1, 1, 3.5 × 103). The weights are chosen so that

the three residuals are of similar magnitudes. Residuals from attention optimality

result from the third-order expansion. For numerical performance, they are scaled

by the weights so that residuals from the three equilibrium conditions have similar

magnitudes.

• Error tolerance: For the first- and second-order expansions, the size of residuals (Eu-

clidean norm) per period is at the magnitude of 10−5. The size can be interpreted as

the errors in input decisions each period relative to the steady-state input.

Validation: When σωi → ∞, the first-order expansion of the model can be solved with the

analytical solution provided by Huo and Pedroni (2020). The first-order expansion from the

computation procedure described in this section produces a numerically identical result for

this special case.

E Empirical Appendix

Data Description

The empirical evidence provided in Section 4 comes from two data sources.
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1. For aggregate data, I use the quarterly series on output, hours, and TFP from Fernald’s

website.

2. The Survey of Professional Forecasters (SPF) is available on the Federal Reserve Bank

of Philadelphia’s website. The survey was formerly conducted by the American Statis-

tical Association and the National Bureau of Economic Research, began in 1968:Q4,

and was taken over by the Philadelphia Fed in 1990:Q2. The Philadelphia Fed con-

ducts quarterly surveys with around 40 forecasters around the end of the second month

in a quarter. It provides forecaster-level data, in which forecasters report forecasts for

outcomes in the current and next four quarters, typically about the level of economic

variables in each quarter. The outcomes predicted include a range of aggregate vari-

ables, including the real GDP forecasts. The Philadelphia Fed also provides the realized

values of the forecasted aggregate variables, including all vintages of real GDP. In ad-

dition to asking forecasters for point estimates of these variables, the SPF also asks

forecasters to report probabilistic forecasts for fixed-event year-over-year percentage

changes in GDP growth. The SPF provides intervals of possible GDP growth and asks

respondents to report their subjective probabilities that the variable of interest will

take a value in each interval.

E.1 Measures of Information Rigidity

For the measure of information rigidity from the regression in Equation 6, the variables are

constructed as follows:

1. To construct FEt,h := ∆Ỹt,h − Et[∆Ỹt,h] and FRt,h := Et[Ỹt,h]− Et−1[Ỹt,h]:

• ∆Ỹt,h is calculated as the growth of quarterly real GDP in period t + h relative

to that in the period t− 1, using real GDP series from vintage t+ h.

• Et[∆Ỹt,h] is calculated as the SPF forecasts of real GDP for period t+ h relative

to forecasts of GDP for period t− 1 from surveys reported in period t, averaged

across forecasters.

Finally, I demean FEt,h and FRt,h by the averages of corresponding horizons to remove

horizon fixed effects.

2. For the indicators of low economic activities, 1Rt , I consider the following two specifi-

cations:

(i) NBER recession, available at NBER’s website.
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(ii) Below trend: I construct a detrended output series {Yt} using a band-pass filter

at 6-32 quarters frequency, and define 1Rt := 1Yt−1<median({Yt}) as an indicator of

whether output last period is below trend.

Besides the two specifications shown in Table 1, I consider a few additional specifications

where (i) the cutoff for low output periods are, respectively, the 33% and 20% quantile of the

detrended output series, {Yt}, and (ii) the sample period is extended to include the Covid

recession.

Table 6 reports the baseline specifications (columns “recession” and “50%”, rows “Pre-

Covid”) and the alternative specifications. Although the moments vary among the spec-

ifications, all specifications show a decrease in the measure of information rigidity in low

output periods. I use the pre-Covid sample as the baseline specification to avoid the result

being driven by extreme periods at the end of the sample. Additionally, estimates from the

pre-Covid sample are also consistent with the evidence from individual-level regression in

Table 7 as I discuss below.

Table 6: Alternative Specifications of Coibion and Gorodnichenko (2015)

Indicator (1Rt )

recession 50% 33% 20%

Pre-Covid

βCG 0.56 0.73 0.60 0.61
(0.17) (0.20) (0.16) (0.16)

∆βCG −0.57 −0.24 −0.20 −0.20
(0.32) (0.26) (0.24) (0.25)

Incl. Covid

βCG 0.49 0.72 0.50 0.53
(0.16) (0.20) (0.16) (0.16)

∆βCG −0.71 −0.79 −0.63 −0.67
(0.24) (0.24) (0.22) (0.21)

Model
βCG − 0.74 0.69 0.65

∆βCG − −0.24 −0.23 −0.24

Forecasts horizons: 0 to 3 quarters ahead; robust standard errors in parenthe-
ses. Pre-Covid: 1968 Q3 - 2019 Q4; Incl. Covid: 1968 Q3 - 2022 Q4. Model
moments are averages of 1000 simulations of 200 quarters with 50 forecasters.
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Individual-Level Regression

I consider a variation of the regression in Goldstein (2023) to provide supporting evidence

that forecasters pay more attention when they expect worsening aggregate conditions. The

regression relies on the persistence in deviation of individual forecast from the average fore-

cast:

FDEVi,t,h := Ei,t[Ỹt+h]− Ēt[Ỹt+h].

Intuitively, how much an individual’s forecast deviation persists across a certain period is

closely connected to the amount of information received. This logic lies behind the regression

in Goldstein (2023), projecting FDEVi,t,h and the deviation last period, FDEVi,t−1,h+1.

To capture the possibility that forecasters may vary the amount of information they acquire

depending on what they expect about the aggregate state of the economy, I allow for an

interaction term with an indicator 1Ri,t

FDEVi,t,h = αᵀ
G

 1

1Ri,t

+
(
βG ∆βG

) 1

1Ri,t

FDEVi,t−1,h+1 + residuali,t,h., (32)

where

1Ri,t := 1{FDEVi,t−1,h+1<cuti,h},

and cutoff cuti,h is given by some x% quantile of the individual’s deviations for horizon h

for x ∈ {50, 33, 20}. A negative coefficient ∆βG is indicative that forecasters update their

expectations more when they expect worsening economic conditions.

Table 7: State-Dependent Attention: Individual Level Regression

Indicator (1Ri,t)

50% 33% 20%

Data
βG 0.50 0.50 0.49

(0.02) (0.02) (0.02)

∆βG −0.14 −0.15 −0.16
(0.04) (0.04) (0.04)

Model
βG 0.61 0.60 0.59

∆βG −0.15 −0.16 −0.15

Forecasts horizons: 0 to 3 quarters ahead; robust standard errors in parentheses.
Sample period: 1968 Q3 - 2019 Q4; extending to 2022 Q4 gives identical results
up to rounding errors.
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E.2 Uncertainty, Volatility, and Forecast Dispersion

Measures reported in Table 2 are constructed as follows.

1. Aggregate volatility, σYt , is measured as the conditional heteroskedasticity of quar-

terly real GDP growth with a univariate EGARCH(1,1)-ARMA(1,1) model. I follow

the same procedure to construct the volatility of TFP, σTFPt , which is similar to the

estimation in Bloom et al. (2018).

2. Forecast dispersion about aggregate output, dYt , is calculated from the SPF point

estimates. For each period t and forecaster i, I calculate the forecasts of real GDP

growth Ei,t[∆Ỹt] as the forecasts of real GDP in period t relative to that in period t

from the survey reported in period t. The forecast dispersion, dYt , is calculated as the

standard deviation of Ei,t[∆Ỹt] for each period across forecasters. Finally, to alleviate

changes due to survey design when the Philadelphia Fed took over the SPF, I removed a

version fixed effect for periods before 1992Q1 (after which the Philadelphia Fed started

reporting under the new survey design).

3. Subjective uncertainty about aggregate output, υYt , is calculated using the SPF probability-

range data. I fit a Beta distribution with parameter a, b and support [l, r] to the re-

sponse of each forecaster in each period. Specifically, let {mk}nk=1 denote the endpoints

of intervals specified by the SPF, where m1 = −∞ and mn = ∞, and Fi,t(ml) denote

the empirical CDF provided by forecaster i. I look for parameters ai,t, bi,t and bounds

li,t, ri,t that solve

min
ai,t>1,bi,t>1,li,t,ri,t

n∑
k=1

(
Beta(tk, ai,t, bi,t, li,t, ri,t)− Fi,t(mi,t)

)2

such that 

li,t = inf Supp(Fi,t), if inf Supp(Fi,t) > −∞

li,t > lmin, if inf Supp(Fi,t) = −∞,

ri,t = sup Supp(Fi,t), if sup Supp(Fi,t) <∞

ri,t < rmax, if sup Supp(Fi,t) =∞,

where lmin and rmax are bounds on the support. In other words, if a forecaster places a

positive probability on the unbounded intervals provided by the SPF, I estimate finite

bounds li,t and ri,t with limit lmin and rmax; otherwise, I take the support provided

by the forecaster as the support for the Beta distribution. I set (lmin, rmax) to be

(−16%, 16%). Given ai,t, bi,t, li,t, ri,t, I calculate the standard deviation of the fitted
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distribution for each forecaster i in period t. I subtract the standard deviation of

a uniform distribution over the minimal bin size of 1% so that the measure is zero

when a forecaster places 100% probability in one bin. I aggregate the measures across

forecasters by computing the averages of standard deviations across forecasters for each

period.

Finally, the design of the probability range survey introduces a few issues:

(i) The survey asks forecasters to report probability forecasts for year-over-year GDP

growth in different quarters throughout the year. That is, for a period t, the

forecasters report their beliefs on∑
τ∈yr(t)

Yτ/
∑

τ∈yr(t)−1

Yτ ,

where yr(t) denote the year in which period t is in. To make the forecasts com-

parable to the other two series, which are based on quarterly output growth,

Yt/Yt−1. I adjust the series by multiplying
∑

τ∈yr(t)−1 Yτ and dividing by Yt−1 and

by the number of quarters remaining in the year. The adjusted series represents

the subjective uncertainty about quarterized real GDP growth for the remainder

of the year. I remove quarter-of-the-year fixed effects to control for differences

due to forecast horizons.

(ii) The upper and lower bounds of the survey occasionally introduce bunching at

the top and bottom cells of the survey. To address this issue, I control for an

indicator of whether more than 20% of the forecasters put 50% of the probability

in the top or bottom cell.

(iii) To control for changes due to survey design in the 1990s, I remove a version fixed

effect for periods before 1992Q1, similar to the adjustment for forecast dispersion

discussed above.

Figure 1 shows the measures of aggregate volatility, forecast dispersion, and subjective uncer-

tainty in log deviations from their respective long-run averages, where the NBER recession

periods are marked by gray areas. All three measures are countercyclical, rising sharply

during recessions and declining during booms.

Table 8 shows the same moments as Table 2 using the full sample data, including the Covid

recession. In comparison to Table 2, the measures are more negatively correlated to output,

and the magnitudes of fluctuations are larger. I use moments from the Pre-Covid sample in

Table 2 as the baseline to avoid the quantitative results being driven by extreme periods at
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the end of the sample.

Table 8: Uncertainty, Volatility, and Forecast Dispersion

σYt dYt υYt σTFPt

cor(·, Ỹt) −.44 −.47 −.38 −.36

sd/avg .68 .47 .46 .20

Sample: 1968Q3 to 2022Q4, detrended with a band-pass filter at
6-32 quarters frequency; υYt available only after 1981Q2.
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Aggregate Volatility

Forecast Dispersion

Subjective Uncertainty

Figure 1: Aggregate volatility, forecast dispersion, and subjective uncertainty about aggregate
output over time. X-axis: quarters; Y-axis: log deviation of variables from long-run averages. Gray
areas indicate NBER recessions.
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