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Attention and Fluctuations in Macroeconomic Uncertainty

Yu-Ting Chiang†

March 8, 2022

Abstract

This paper studies a dispersed information economy in which agents can exert costly
attention to learn about an unknown aggregate state of the economy. Under certain
conditions, attention and four measures of uncertainty are countercyclical: Agents pay
more attention when they expect the economy to be in a bad state, and their reac-
tion generates higher (i) aggregate output volatility, (ii) cross-sectional output disper-
sion, (iii) forecast dispersion about aggregate output, and (iv) subjective uncertainty
about aggregate output faced by each agent. All these phenomena are prominent fea-
tures of the U.S. data. When attention cost is calibrated to forecast survey data, the
model generates countercyclical fluctuations in attention and uncertainty, consistent
with untargeted moments from the data. Fluctuations in attention and uncertainty are
higher-order properties of the model. A new method is developed to solve higher-order
dynamics of the equilibrium under an infinite regress problem.
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1. Introduction

This paper studies a dispersed information economy in which economic agents can exert
costly attention to learn about the state of the economy over the business cycle. In equi-
librium, countercyclical attention generates countercyclical fluctuations in macroeconomic
uncertainty: Agents pay more attention to the economy when they expect it to enter a
downturn, and their reaction generates (i) an increase in aggregate output volatility, (ii) an
increase in cross-sectional output dispersion, (iii) higher forecast dispersion about aggre-
gate output, and (iv) more subjective uncertainty about aggregate output for each agent
in the economy. Countercyclical fluctuations in attention and the four measures of uncer-
tainty are prominent business cycle phenomena in the data. The economy studied below
exhibits these phenomena without reliance on exogenous volatility shocks: All exogenous
shocks that hit the economy are homoskedastic, yet endogenous variables, such as input
and output, are heteroskedastic due to agents’ endogenous attention responses.

The economy I study is a standard dispersed information economy with one key depar-
ture: agents’ attention to the economy varies endogenously with economic conditions. In
the economy, agents observe unknown aggregate productivity with idiosyncratic noise and
make production decisions based on their information. Agents can “pay attention” in the
sense that they can exert costly effort to reduce the noise in their observations. When
agents expect the economy to be in a bad state, they pay more attention to avoid bad
decisions because resources become more valuable when expected income is low. As agents
pay attention, they react strongly to the information they receive and, under certain condi-
tions, their endogenous reaction increases the four measures of macroeconomic uncertainty:
Agents’ production decisions respond strongly to realizations of aggregate productivity, and
their aggregate response increases aggregate volatility. At the same time, agents’ expec-
tations and reactions diverge as they react to different information. Moreover, because
information is dispersed, agents are uncertain about others’ aggregate responses; as agents
pay attention and react, each agent faces more uncertainty about the aggregate outcome
due to their uncertainty about other agents’ endogenous responses, despite having learned
more about the exogenous state of the economy.

I characterize the aforementioned results analytically in a static economy where the mech-
anism is transparent. I then extend the economy to a dynamic setup to explore the quan-
titative potential of the mechanism. Key parameters of the model are calibrated to match
features of the U.S. economy: The model matches the average size of forecast errors from
forecast surveys, as well as salient business cycle moments such as the average volatility and
persistence of aggregate input and output. These features of the data jointly pin down two
key features of economy: the average level of attention and the level of strategic comple-
mentarity in the economy, which effectively determine the strength of the mechanism. With
the calibrated model, I simulate and construct untargeted statistics for measures of uncer-
tainty and attention, and compare them to corresponding statistics for the U.S. economy.
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In the calibrated model, endogenous attention fluctuations generate countercyclical fluc-
tuations in all four measures of uncertainty with cyclicality, magnitudes, and persistence
consistent with their respective counterparts from the data. Moreover, agents’ forecast
patterns in the model are consistent with empirical evidence documented by Coibion and
Gorodnichenko (2015) that indicates countercyclical attention.

The analysis carried out in this paper (especially the quantitative results) is based on a new
approximation method that may be of independent interest. The method builds on per-
turbation techniques to solve higher-order approximation of the equilibrium for dispersed
information economies. The method departs from standard methods to address a few issues
that arise from dispersed information and endogenous attention fluctuations, including an
infinite regress problem under which the models lack a finite recursive state space. Recent
progress by Huo and Takayama (2015) and others have found ways to handle the problem
under first-order approximations. Yet, first-order approximations miss important features
of the approximated economies: Among other well-known limitations, they cannot capture
the fluctuations in attention and measures of uncertainty, because these fluctuations are
higher-order properties of the model. These higher-order dynamics are captured by the
method developed in this paper.

Literature

This paper is related to several strands of the literature.

The phenomena I seek to explain is the focus of an extensive literature that studies coun-
tercyclical fluctuations in macroeconomic uncertainty. Since Bloom (2009), much work has
provided empirical evidence on countercyclical uncertainty and studied its effect.1 Among
works that provide explanations for fluctuations in uncertainty, Van Nieuwerburgh and
Veldkamp (2006), Fajgelbaum et al. (2017), and Benhabib et al. (2016) feature procycli-
cal information about aggregate or idiosyncratic productivity, Orlik and Veldkamp (2014)
show that learning about the skewness of the GDP process can generate countercyclical
subjective uncertainty, Ilut et al. (2018) use a concave hiring rule to generate time-varying
responsiveness to shocks, which give rise to countercyclical aggregate volatility and cross-
sectional dispersion of employment. Kozeniauskas, Orlik, and Veldkamp (2018) generate
countercyclical fluctuations in the four measures of uncertainty with countercyclical shocks
to the volatility of aggregate TFP. While these papers either focus on a few of the four
phenomena or rely on exogenous volatility shocks, I show that all four phenomena re-
lated macroeconomic uncertainty are interconnected through agents’ endogenous attention
choice, which generates time-varying responsiveness along with forecast patterns consis-
tent with evidence on countercyclical information acquisition documented by Coibion and

1See, for example, Bachmann et al. (2013), Vavra (2014), Jurado et al. (2015), Ilut et al. (2018), Bloom
et al. (2018), Fernández-Villaverde et al. (2011), Christiano et al. (2014), Gilchrist et al. (2014), Vavra
(2014), and Basu and Bundick (2017).
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Gorodnichenko (2015).

The model studied below builds on the dispersed information and rational inattention liter-
ature, following Phelps (1970), Lucas (1972), and Sims (2003). The modeling of attention
choice in this paper is closet to Myatt and Wallace (2012). Dynamic models in the lit-
erature mostly feature static information structure: Woodford (2001), Lorenzoni (2009,
2010), Angeletos and La’O (2010, 2013), Angeletos and Lian (2018), and Angeletos and
Huo (2021) feature exogenously static information structure; the information structure in
Maćkowiak and Wiederholt (2015, 2009) is endogenous but static as a result of the approx-
imation adopted. Among papers with time varying information structures, Nimark (2014)
generates fluctuations in aggregate volatility and forecast dispersion with TFP volatility
shocks. The the arrivals of volatility shocks are accompanied by the availability of public
signals, which capture the role of news media in coordinating agents’ responses. Flynn and
Sastry (2021) study attention choice with a flexible information structure, and show that
attention fluctuations produce fluctuations in aggregate output volatility. In this paper,
endogenous attention choice produces a time-varying information structure that turns ho-
moskedastic shocks into heteroskedastic responses. Due to dispersed information, agents’
heteroskedastic responses generate a broad set of phenomena in the microdata, including
countercyclical dispersion in individual outputs and forecasts, as well as countercyclical
subjective uncertainty.

Finally, the method developed in this paper is related to works that use perturbation meth-
ods to address economic problems,2 and works that address the infinite regress problem in
linear dispersed information models since Townsend (1983), and followed by Kasa (2000),
Lorenzoni (2009), Nimark (2017), Huo and Takayama (2015), Huo and Pedroni (2020),
and Angeletos and Huo (2021) among others. The method departs from standard per-
turbations on two fronts: (i) a new formulation of the perturbation sequence to address
issues that arise from endogenous information choice, and (ii) a computation procedure
to solve the perturbation sequence under the complication of the infinite regress problem.
The perturbation formulation results in a higher-order approximation that generalizes the
linear-quadratic approximation commonly used to solve dispersed information and ratio-
nal inattention models. The computation procedure builds on insights of methods that
address the infinite regress problem in linear models: despite each agents needing to track
the whole history of signals to construct a belief hierarchy, the relevant equilibrium condi-
tion often depends only on a few state variables that appropriately summarize the history
of signals. This paper provides one way to construct these state variables for higher-order
approximation with an algorithm that resembles methods that deal with cross-sectional
heterogeneity, such as the one provided by Krusell and Smith (1998).

2The method here is more closely related to the small shock expansion in Lombardo and Uhlig (2018),
robust preference expansion in Borovicka and Hansen (2013), and perturbation with cross-sectional hetero-
geneity in Bhandari et al. (2018). See Judd (1998) for a classical exposition.
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Outline

The rest of this paper is organized as follows. Section 2 sets up a static dispersed infor-
mation economy with endogenous information choice. Section 3 shows that a decrease in
expected productivity can generate increases in the four measures of uncertainty through
an endogenous increase in attention. Section 4 discusses empirical evidence on the four
measures of uncertainty and attention. Section 5 extends the economy to a dynamic setup,
discusses the challenge posed by the infinite regress problem, and gives an overview of the
computational method. Section 6 calibrates the model. Section 7 compares business cycle
statistics of the four measures of uncertainty and attention between the model and the
data. Section 8 concludes. Proofs and details of the computational method are provided
in Appendix A and B. Extensions and empirical details are provided in Supplementary
Appendix C and D.

2. Model

The economy consists of a continuum of agents, indexed by i ∈ [0, 1]. Each agent produces
a unique intermediate good with labor. A representative final good producer combines
intermediate goods to produce a final good that agents consume. All agents and the
final good producer are price-takers. Aggregate productivity of the final good producer is
unknown to the agents when they make labor input decisions, but agents can pay attention
and acquire information about the aggregate productivity. The economy proceeds in three
stages. Agents make their attention choices in stage 1. Labor input and intermediate
goods production are set in stage 2. Final good production and consumption occur in
stage 2.

Preferences and technologies

Preferences of an agent i are given by

u(ci, ni)− κ zi,

where ci ∈ R+ is final good consumption, ni ∈ R+ is labor, and zi ∈ R+ is agent i’s
attention level. Utility from ci and ni takes a modified Greenwood–Hercowitz–Huffman
(GHH) form:

u(ci, ni) =
1

1− γ

(
max

{
ci −

n1+ν
i

1 + ν
, u

})1−γ
,

where a lower bound u > 0 ensures that preferences are well-defined for all realizations of
consumption after any labor input choice. Parameter ν is the inverse Frisch elasticity of
labor supply. Parameter γ plays a dual role: Besides its traditional role of parameterizing
relative risk aversion over realizations of consumption-labor bundles, it also governs how
agents trade off between attention level zi and real variables ci, ni (in a sense to be made
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clear below).

Each agent produces a unique intermediate good using labor with linear technology qi =
ni, where qi denotes the quantity of intermediate good i. Agents face budget constraint
ci ≤ piqi, where pi is the relative price of intermediate good i using the final good as the
numeraire.

A representative final good producer produces final good Y with intermediate goods {yi}
to maximizes profit Y −

∫
piyi di. The production function of the final good producer is

given by

Y = eθ
(∫

y1−η
i di

) 1
1−η

,

where θ is the aggregate productivity of the final good producer, and η ∈ [0, 1) is the inverse
elasticity of substitution. Aggregate productivity is stochastic and normally distributed
with mean θ̄ and variance σ2:

θ ∼ N (θ̄, σ2).

The key comparative static exercise in this model studies how the economy responds to
changes in θ̄, which captures “fluctuations” in the aggregate economic condition. The
intuition of this exercise carries through to the dynamic model in Section 5, where the
economy responds to changes in expected productivity as a result of productivity shocks
that hit the economy in the past.

Timing and information

The economy proceeds in three stages. In stage 1, agents simultaneously choose attention
zi based on common prior θ ∼ N (θ̄, σ2). In stage 2, each agent receives an idiosyncratic
signal xi about aggregate productivity with precision equal to their attention level zi:

xi = θ +
εi√
zi
, where εi

iid∼ N (0, 1).

Based on signal xi, agent i forms an expectation about the price of their intermediate good
pi, and chooses labor input ni to produce the intermediate good. In stage 3, aggregate
productivity θ and prices {pi} realize. The final good producer combines intermediate
goods to produce the final good. Agents receive the final good as proceeds from selling
intermediate goods, and they consume subject to budget constraints.

Equilibrium definition

An (symmetric) equilibrium is a collection of real number z and functions {n, q, p, c, y, Y },
where ni = n(xi), qi = q(xi), pi = p(xi, θ), ci = c(xi, θ), yi = y(xi, θ), Y = Y (θ), such that
(i) zi optimizes expected utility under agents’ priors over xi, ni, and pi; (ii) ni optimizes
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expected utility under each agent’s conditional expectation over pi given xi; (iii) ci is
optimal, subject to budget constraints given pi; (iv) the final good producer chooses {yi}
to maximize profit given the distribution of prices {pi}; (v) intermediate goods production
{qi} and final good production Y are given by their respective technology; and (vi) prices
{pi} clear all markets: yi = qi, ∀i and Y =

∫
ci di.

Equilibrium characterization

I now characterize the equilibrium. Consider first the final good producer’s profit max-
imization problem in stage 3. The final good producer takes prices {pi} as given and
chooses {yi} to maximize profit. Their profit-maximization problem leads to the standard
CES demand for intermediate goods: pi = e(1−η)θ Y η y−ηi . Given labor input {ni} chosen
by the intermediate goods producers in state 2, market clearing and production feasibility
imply the equilibrium price of intermediate good i can be solved as a function of θ, ni, and
“aggregate labor” N :

pi = eθNηn−ηi , where N :=

(∫
n1−η
i di

) 1
1−η

.

Combining the expression for pi, and household budget constraint, we have

ci = eθNηn1−η
i .

The price of intermediate good pi (relative to the final good) increases in θ because more
of the final good is produced when productivity is high; it increases with N because inter-
mediate goods are complements and good i is more valuable when other agents produce
more; it decreases with ni because the marginal value of an intermediate good is decreasing.
Agents’ consumption ci increases with ni despite a decrease in pi, because the elasticity of
substitution between intermediate goods is greater than 1.

Consider now the labor supply decisions that take place in stage 2. Given signal realiza-
tion xi, each agent forms expectations about price pi based on their expectations about
aggregate productivity θ and other agents’ aggregate labor decisions N . Labor optimality
implies

Ei
[
(1− η)eθNηn−ηi

uc( ci, ni)

Ei[ uc( ci, ni) ]

]
= nνi ,

where Ei[ · ] := E[ · |xi, zi, θ̄] is a shortcut for the rational expectation conditional on xi
given attention zi and expected productivity θ̄. The condition, in words, says that agents
equalize the expected marginal product of labor (weighted by the normalized marginal
utility of consumption) to their marginal disutility of labor.

Finally, consider the attention choice problem agents face in stage 1. Given other agents’
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equilibrium attention z, each agent chooses attention zi to equalize the marginal value of
attention to the marginal cost of attention κ:

∂

∂zi
E
[
u(ci, ni)

∣∣ zi, θ̄ ] = κ,

where each agent chooses attention zi, understanding its effect on signal xi and their labor
input ni = n(xi), as well as their consumption ci = eθNηn1−η

i , which also depends on other
agents’ attention z through aggregate labor N . Labor input function n(·) is evaluated at
the optimal attention level zi as a result of the envelope theorem.

Lemma 1 An equilibrium is characterized by attention z, individual labor input n(xi),
and aggregate labor N(θ) that solve the following fixed-point problem:

∫
u(c(xi, θ), n(xi))

∂

∂z
ϕ(xi, θ|z, θ̄) dxi dθ = κ,

E
[
(1− η)eθN(θ)ηn(xi)

−η uc(c(xi, θ), n(xi))

E
[
uc(c(xi, θ), n(xi))|xi, z

] ∣∣∣xi, z] = n(xi)
ν , ∀xi,

N(θ) =
(∫

n(xi)
1−η di

) 1
1−η

,

where c(xi, θ) = eθN(θ)ηn(xi)
1−η, and ϕ(xi, θ|z, θ̄) is the Gaussian density function of θ, xi

given z and θ̄.

Equilibrium approximation

The fixed-point problem does not have a closed-form solution in general, and therefore I
proceed with an approximation method. The method builds on the standard perturbation
method, but it is modified to address certain issues that emerge from endogenous attention
choice. The approximation starts from formulating a more general sequence of economies
indexed by a perturbation parameter δ that scales the size of the shocks, noises, and the
attention cost in these economies:

θ(δ) = θ̄ + δ θ̂, εi(δ) = δ εi, κ(δ) = δ2κ, where θ̂ = θ − θ̄.

As δ goes to 0, the sequence of economies converges to a deterministic economy with a
vanishing attention cost and no shocks, which can be solved easily.3 On the other hand,
the economy with δ = 1 corresponds to the economy to be approximated. Equilibrium
objects are approximated with Taylor expansion along the sequence of economies with

3I focus on the case where the consumption-labor composite that enters the GHH utility is greater than
the lower bound u when δ = 0. In this case, u is inconsequential for σ small enough.
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respect to δ:

log ni(δ) = n̄+ n̂i δ + · · · , logN(δ) = N̄ + N̂ δ + · · · , log z(δ) = log z̄ + ẑ δ + · · · ,

where n̄ and n̂i denote the zeroth and first-order expansion of log ni(δ) with respect to δ,
and similarly for other variables and higher orders. The scaling of shocks θ̂ and noises εi
is standard for the formulation of perturbation sequences, whereas scaling of the attention
cost is an essential modification to approximate problems with attention choice.The reason
that the marginal cost of attention κ(δ) should be scaled to vanish in order δ2 is because
the marginal value of information is second order: For economies with small shocks, devi-
ation of labor input from its deterministic optimal level has no first-order effect on agents’
payoff, therefore the gain from receiving a more precise signal is second-order. Keeping the
marginal cost at order δ2 as the marginal value of information allows the approximating
sequence starting from δ = 0 to feature an equilibrium information structure that resembles
the one to be approximated at δ = 1.4 The Taylor expansion described above provides an
accurate approximation when the size of shock σ is small.

Similar to the standard perturbation method, the expansions can be characterized by
differentiating equilibrium conditions in Lemma 1 with respect to δ to appropriate orders
and evaluating them at δ = 0. Each order of expansion can be solved recursively as a
linear system given lower-order expansions. Equilibrium objects can be approximated to
arbitrarily high order successively with the corresponding expansions. Further details are
discussed in the Appendix A.

The method contains the quadratic approximation commonly used in the literature as a
special case, and generalizes to higher-order approximations. The method applies not only
to the static economy in this section, but also to the dynamic economy in Section 5, as
well as a large class of dispersed information economies with similar structures.

3. Endogenous fluctuations in attention and uncertainty

I now study how changes in expected productivity θ̄ lead to variations in agents’ atten-
tion level and generate movements in macroeconomic uncertainty, as captured by the four
measures of uncertainty below.

Definition Let Ỹ := log Y and ỹi := log yi. Consider the following four measures of

4Scaling of the attention cost creates a “bifurcation point” at δ = 0. See Judd (1998) for discussion
related to bifurcation in the context of approximating a portfolio choice problem with the perturbation
method.
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uncertainty:

1. Aggregate output volatility :

SD( Ỹ |θ̄) :=
(
E
[ (
Ỹ − E[ Ỹ |θ̄]

)2 ∣∣∣θ̄]) 1
2
.

2.Cross-sectional output dispersion :

Disp( ỹi |θ̄) :=
(∫ (

ỹi −
∫
ỹi
)2
di
) 1

2
.

3. Forecast dispersion :

Disp( Ei[Ỹ ] |θ̄) :=
(∫ (

Ei[Ỹ ]−
∫

Ei[Ỹ ] di
)2) 1

2
.

4. Subjective uncertainty :

SD( Ỹ |xi, θ̄) :=
(
Ei
[ (
Ỹ − Ei[Ỹ ]

)2]) 1
2
, ∀ i.

Each measure corresponds to a different phenomenon studied in the literature, but all are
tightly connected to the notion of “fluctuations in macroeconomic uncertainty” over the
business cycle. Aggregate output volatility captures how strongly aggregate production
responds to aggregate shock θ̂. Cross-sectional output dispersion captures the differences
in outcomes among agents in the economy. Forecast dispersion captures the different
views held by agents about aggregate output based on their dispersed observations of
the aggregate state θ. Subjective uncertainty captures the uncertainty agents face about
aggregate output based on their signal xi given their attention level zi, which is also the
size of the forecast errors agents expect for their own forecasts.

As agents’ attention level varies in response to θ̄, how much attention they pay affects how
much information they receive, as well as how they respond to the information — both
are reflected in the movements in the four measures of uncertainty. In order to isolate
the role of attention in driving fluctuations in uncertainty, I show below that without
endogenous attention responses, expected productivity θ̄ has no effect on the four measures
of uncertainty (up to second-order approximation). After that, I characterize conditions
under which endogenous attention can generate countercyclical movements in measures of
uncertainty in response to θ̄.

Benchmark: An economy with exogenous attention

Consider an economy identical to the one described above, except that agents’ attention
level is fixed at an exogenous level z. Given the exogenous attention level, agents make labor
input choices based on idiosyncratic signals with precision z, and the final good is produced
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as before. The equilibrium of this economy is characterized by the same system in Lemma
1, except that the attention optimality condition is dropped and z is fixed exogenously.
First-order expansion of the system characterizes the expansion of equilibrium objects as
follows:

n̂i = r Ei[θ̂] + s Ei[N̂ ], N̂ =

∫
n̂i di,

where the first equation is a best-response function of n̂i resulting from the labor input
optimality, and the second equation corresponds to the aggregation condition. Parameters
r := 1

η+ν > 0 and s := η
η+ν ∈ [0, 1] depend on the agents’ preferences and technologies,

and characterize the best-response function. Parameter r captures the direct response of
individual labor input to productivity shock θ̂. Parameter s captures how much individual
labor input responds to the endogenous change in aggregate labor N̂ (i.e., parameter s
captures the level of strategic complementarity in this economy). The solution of the
system has the following form:

Lemma 2

n̂i = Λ(z) x̂i, N̂ = Λ(z) θ̂,

where Λ(z) > 0 is an increasing function of z that does not depend on θ̄.

Function Λ(z) captures the responsiveness of the economy to shock θ̂ and signal x̂i in
equilibrium. Responsiveness increases with attention level z because agents respond more
to aggregate variables θ̂ and N̂ when their signals {xi} are more precise. Furthermore,
there is a feedback loop for how strongly agents respond: When agents are more responsive,
endogenous aggregate labor N̂ becomes more responsive to θ̂ as a result, and each agent
becomes even more responsive. The fact that Λ(z) does not depend on θ̄ is a result of the
constant elasticity preference and technology: how much agents respond to a percentage
change in expected productivity does not depend on the level of expected productivity.
This property of the economy highlights movements in the measures of uncertainty as a
sole consequence of changes in attention, as opposed to the inherent properties of preference
and technology.

Lemma 3 In a fixed-attention economy, SD( Ỹ |θ̄), Disp( ỹi |θ̄), Disp( Ei[Ỹ ] |θ̄), and
SD( Ỹ |xi, θ̄) are constant in θ̄ up to second-order approximation.

With an exogenous level of attention z, responsiveness Λ(z) is fixed. Along with ho-
moskedastic shocks and noises, the economy is homoskedastic in expected productivity:
Changes in θ̄ have no effect on any of the four measures of uncertainty in a fixed-attention
economy.

Endogenous response in attention and uncertainty

The economy behaves quite differently when agents choose how much attention to pay
endogenously in response to changes in expected productivity θ̄. Changes in θ̄ induce agents
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to adjust their attention levels, which not only affect the precision of the signals they receive,
but also the agents’ responsiveness to information and shocks. As a result, endogenous
variables in the economy are heteroskedastic in θ̄, despite the fact that all exogenous
shocks are homoskedastic, and preferences and technologies have constant elasticity. How
equilibrium attention changes with expected productivity θ̄ is characterized below:

Lemma 4 Parameter γ determines the equilibrium response of attention z̄(θ̄) to expected
productivity θ̄:

∂

∂θ̄
z̄(θ̄) Q 0 ⇐⇒ γ R 1.

There are two competing forces that determine how equilibrium attention responds to
expected productivity θ̄: an income effect and a substitution effect of expected productivity
on attention. To understand these effects, consider a decrease in expected productivity
θ̄. The substitution effect comes from a decrease in the marginal rate of transformation
between attention and “income” (by “income” I refer to the consumption-labor composite).
When agents expect low productivity, they expect low labor input. When expected labor
input is low, avoiding a 1% mistake in labor input translates into fewer units of income.
As a result, agents have less incentive to pay attention and learn about unknown aggregate
productivity θ. On the other hand, the income effect comes from an increase in the marginal
rate of substitution between attention and income. With low expected productivity, agents
expect a low level of income. When expected income is low, it becomes more valuable to
avoid every unit of income loss due to inattention because the expected marginal utility
of income is high. When γ > 1, the income effect on attention dominates and agents pay
more attention when they expect lower productivity. The assumption that agents have
a GHH preference over consumption and labor separates the income effect on attention
from the income effect on labor. This separation permits countercyclical attention to be
consistent with procyclical labor, as empirically observed in the data.5

Having characterized how equilibrium attention changes in θ̄, I show below that a decrease
in θ̄ can lead to increases in all four measures of uncertainty through endogenous increase
in attention:

Proposition 1 Suppose that γ > 1 (equilibrium attention is decreasing in θ̄), then

∂

∂θ̄
SD( Ỹ |θ̄) < 0.

Moreover, given parameters, there exists a threshold ž ∈ R such that if the equilibrium

5While the GHH preference is important for separating the income effect on attention and labor, the
functional form assumption on attention cost is not essential. In Supplementary Appendix C, I show that
Lemma 4 holds for general convex attention cost functions.
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attention z̄(θ̄) < ž, then

∂

∂θ̄
Disp( ỹi |θ̄) < 0,

∂

∂θ̄
Disp( Ei[Ỹ ] |θ̄) < 0, and

∂

∂θ̄
SD( Ỹ |xi, θ̄) < 0,∀i,

up to second-order approximation. The threshold ž > 0 if r > 1
2 , and ž →∞ as s→ 1.

The proposition states that if attention is countercyclical, a decrease in expected produc-
tivity θ̄ leads to an increase in aggregate output volatility; moreover, it leads to increases
in cross-sectional output dispersion, forecast dispersion, and subjective uncertainty if equi-
librium attention is below a certain threshold ž determined by parameters of the model
(and does not depend on θ̄).

To build intuition, recall that in the fixed-attention economy, an increase in attention
leads to a rise in responsiveness Λ(z). The same is true in the endogenous-attention
economy, where agents pay more attention endogenously in response to a decrease in θ̄.
As the economy becomes more responsive to aggregate shocks, aggregate output volatility
increases accordingly. The three other measures of uncertainty, nevertheless, are affected
by agents’ attention level through two competing channels. On one hand, when agents pay
attention to reduce idiosyncratic noise in signals xi, agents face lower uncertainty about
the exogenous state θ and signal realizations become concentrated around θ (signals are
less dispersed). Lower uncertainty about θ and the reduction in signal dispersion directly
reduce the subjective uncertainty agents face about aggregate output, as well as the cross-
sectional dispersion in forecasts and output. On the other hand, agents are more responsive
to their signals when the signals are precise: agents update their beliefs more, and the same
amount of idiosyncrasy in their information set generates more dispersion in their forecasts
and labor input choices. Moreover, aggregate labor N responds strongly to the exogenous
state θ as agents react with higher responsiveness Λ(z). A strong response of aggregate
labor N not only increases the cross-sectional dispersion in forecasts and output, it also
leads to higher subjective uncertainty about aggregate output among agents, because each
agent faces more uncertainty about other agents’ endogenous response N under dispersed
information.

Which of the two channels dominates is determined by agents’ initial attention level z̄(θ̄)
relative to threshold ž. Threshold ž represents the strength of the second channel, and
depends on how agents respond to exogenous shocks and the endogenous response of the
economy, as captured by derived parameters r and s. To understand why the second chan-
nel dominates when equilibrium attention is below a threshold, note that if equilibrium
attention is low initially, agents face more uncertainty about the exogenous state θ. As
a result, an increase in signal precision leads to more updates in beliefs and higher re-
sponsiveness, and consequently generates more dispersion in forecast and output, as well
as higher subjective uncertainty. If r > 1

2 so that the direct response of aggregate labor
is strong enough, all four measures of uncertainty increase with attention as long as the
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original level of attention is low enough.6 Furthermore, if strategic complementarity s
is high, an increase in responsiveness of each agent triggers all other agents to respond
strongly. As s goes to 1, and an increase in attention always increases the four measures
of uncertainty

Finally, the comovement between aggregate output volatility and subjective uncertainty
about aggregate output highlights the importance of dispersed information. Consider an
economy without dispersed information where all agents receive a common signal x with
precision z. In this economy, changes in precision z always move the two measures of un-
certainty in opposite directions: an increase in z leads to higher output volatility as agents
become more responsive, but always reduces subjective uncertainty about aggregate out-
put. This is because, when sharing a common signal, agents face no uncertainty about
others’ endogenous actions; the only uncertainty agents face is about exogenous state θ,
which reduces as signal precision z increase. By contrast, in a dispersed information econ-
omy, agents to not only face uncertainty about exogenous shocks, but also face uncertainty
about other agents’ endogenous actions (i.e., agents face “strategic uncertainty”). Because
uncertainty about endogenous actions depends on how strongly other agents react, agents
can face higher uncertainty about others’ aggregate response despite the fact that each
agent receives a more precise signal individually.

Discussion

Generality of the results

The key observation about how attention affects the four measures of uncertainty applies
to a general class of “beauty-contest” models characterized by the two reduced-form pa-
rameters r and s, including dispersed information New Keynesian models and models of
financial markets reviewed by Angeletos and Lian (2016). In this class of models, an in-
crease in the precision of idiosyncratic signals increases the four measures of uncertainty
as long as the conditions in Proposition 1 holds, as shown in the Appendix A.

Separating the income effect on attention and risk aversion

Parameter γ plays a dual role of determining agents’ risk aversion and the strength of the
income effect on attention — the former describes how substitutable are income realizations
across different states of the world, whereas the later describes how agents trade off between
their utility from income and their disutility from paying attention. In the appendix, I show
these two considerations can be separated by a preference, á la Epstein and Zin (1989), that
trades off between the disutility of attention and a certainty equivalence of income with
one parameter that governs the strength of the income effect, and a different risk-aversion
parameter that converts risky income into its certainty equivalence.

6The condition r > 1
2

is only needed for subjective uncertainty. The two dispersion measures are always
countercyclical when attention is low. See appendix for detail.
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Endogenous attention can amplify exogenous volatility shocks

The mechanism above is complementary to works that study the effect of exogenous volatil-
ity shocks, such as Bloom (2009) and others. While I focus on exploring how an endogenous
attention choice can transmit first moment shocks to generate fluctuations in second mo-
ment variables, the same mechanism also amplifies the response of the four measures of
uncertainty to exogenous volatility shocks. In Supplementary Appendix C, I show that,
in the fixed-attention economy, the four measures of uncertainty move one to one (in per-
centage terms) with the volatility of aggregate productivity σ, whereas the four measures
of uncertainty move more than one to one with σ in the endogenous-attention economy
under the conditions in Proposition 1. Furthermore, a mechanism that generates fluctua-
tions in uncertainty without exogenous volatility shocks is useful because measurement of
exogenous volatility shocks is tricky. In Supplementary Appendix D, I show the volatil-
ity of aggregate TFP becomes acyclical when TFP is adjusted for utilization á la Fernald
(2014).

4. Empirical evidence on fluctuations in uncertainty and attention

Fluctuations in the four measures of uncertainty and attention have been widely studied
empirically in the literature. Although approaches vary, the countercyclical patterns of the
four measures of uncertainty and attention emerge as prominent features of the data. This
section presents empirical evidence on the four measures of uncertainty and attention that
closely follows the literature, but in a way that connects directly to the qualitative result
in Proposition 1 and the quantitative result in Section 7.

Countercyclical fluctuations in uncertainty

I construct four empirical measures of uncertainty corresponding to the four measures
of uncertainty studied in Section 3. The empirical measures are constructed following
standard procedures in the literature, but with minor modifications so that they map closely
to the model. A short description is provided for each measure, and their fluctuations over
the business cycle are presented below. Detailed descriptions of the data are provided in
Supplementary Appendix D.

1. Aggregate output volatility : To measure aggregate output volatility, I estimate the
conditional heteroskedasticity of quarterly real GDP growth with a EGARCH(1,1)-
ARMA(2,2) model; the result is robust to different GARCH and mean process spec-
ifications. The measure captures how shocks to expected aggregate output feed into
the volatility of aggregate output. The measure is closely related to works that study
countercyclical fluctuations in aggregate volatility; see Jurado et al. (2015), Ilut et al.
(2018), and Adrian et al. (2019), for example. I use the GARCH estimation to con-
struct aggregate output volatility in the data because the estimation does not rely on
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variables that are not in the model, and it allows a direct comparison between data
and model in Section 7. The comparison between data and model views the GARCH
estimation as a pure statistical procedure that captures certain features of the data,
and it allows me to examine whether the model-generated process can replicate such
features. Denote the empirical measure of aggregate output volatility by

S̃Dt(∆Ỹt).

2. Cross-sectional output dispersion: To measure cross-sectional output dispersion, I
calculate the cross-sectional standard deviation of quarterly revenue growth of firms
within sectors for each quarter in the Compustat data, and calculate the revenue-
weighted average dispersion for each quarter. The measure corresponds to the coun-
tercyclical cross-sectional dispersion of output and employment studied in Bloom
et al. (2018), Ilut et al. (2018), and others. Denote the empirical measure of cross-
sectional output dispersion by

D̃ispt(∆ỹi,t).

3. Forecast dispersion about aggregate output : To measure forecast dispersion about
aggregate output, I calculate the cross-sectional standard deviation of one-quarter-
ahead estimates of GDP growth from the Survey of Professional Forecasters (SPF)
in each quarter. Previous works such as Bachmann et al. (2013) and Kozeniauskas
et al. (2018) document the countercyclical fluctuations in forecast dispersion. The
empirical measure of forecast dispersion is denoted by

D̃ispt(f
∆Ỹt
i,t ),

where f∆Ỹt
i,t is the point forecast of each individual forecaster.

4. Subjective uncertainty about aggregate output : To measure subjective uncertainty
about aggregate output, I use the probability-range data in the SPF to construct
the subjective uncertainty agents face when forecasting aggregate output. The sur-
vey asks each forecaster to assign probability weights to different ranges of possible
aggregate output growth. The literature has used this data to study countercyclical
subjective uncertainty; see Bloom (2014) and Fajgelbaum et al. (2017), for example.
Following Engelberg et al. (2009), I fit a parametric distribution to the discrete prob-
ability weights submitted by each forecaster, calculate the standard deviation of the
distribution, and average over forecasters. Let Φi,t(∆Ỹt) denote the fitted distribu-
tion over aggregate output growth for forecaster i at time t. The empirical measure
of subjective uncertainty is defined as

S̃Di,t(∆Ỹt),
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where S̃Di,t(∆Ỹt) is the standard deviation of ∆Ỹt under distribution Φi,t(∆Ỹt).
7

Aggregate output volatility Cross-sectional output dispersion

Forecast dispersion Subjective uncertainty

Figure 1: Aggregate output volatility, cross-sectional output dispersion, forecast dispersion about
aggregate output, and subjective uncertainty about aggregate output. x-axis: time; y-axis: log-
deviation of variables from the long-run average; gray areas indicate NBER recessions.

Figure 1 shows the log deviations of the four measures of uncertainty from their long-run
averages over time, where the NBER recession periods are marked by the gray areas. All
four empirical measures of uncertainty show strongly countercyclical comovement, rising
sharply during recessions and declining during booms. In Proposition 1, these fluctuations
arise endogenously as a result of economic agents paying more attention to macroeconomic
events while getting their information from dispersed sources. Admittedly, the phenomena
presented in Figure 1 do not map exactly to the four measures of uncertainty in the economy
studied in Section 3 — all these fluctuations are intrinsically dynamic phenomena in the
data, whereas the economy studied is placed in a static setup. To bring the model closer
to the data, I extend the economy to a dynamic setup below, and compare business cycle

7For the probability-range data, the SPF asks for fixed-event forecasts of year-over-year GDP growth.
To adjust for seasonality, I control for quarter-of-year fixed effect when constructing the average subjective
uncertainty. The same adjustment is applied to the model-generated data in Section 7 so the series are
comparable.
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statistics calculated from the series in Figure 1 to their counterparts constructed from the
model-generated data in Section 7.

Countercyclical fluctuations in attention

Existing empirical measures of attention to economic events fall into two categories: One
uses proxies for attention to establish qualitative patterns; the other uses forecast survey
data to provide a quantitative but indirect measure of attention.

The empirical finance literature uses internet traffic data as a proxy for the attention of
retail and institutional investors; see Da et al. (2011) and Ben-Rephael et al. (2017), for
example. Following this approach, I provide evidence in Supplementary Appendix D that
people’s attention to economic events is countercyclical. I construct two different proxies
for attention to economic events, using Google search frequency of economic news and
economic terms. Both attention proxies show strong countercyclical fluctuations. Flynn
and Sastry (2021) also provide evidence that firms’ attention to macroeconomic issues
are countercyclical, where attention is proxied by the similarity of words between firms’
regulatory filings and macroeconomics textbooks, using a natural-language-processing al-
gorithm.

For a quantitative yet indirect measure of attention, Coibion and Gorodnichenko (2015)
provide a method to estimate how much professional forecasters update their beliefs about
macroeconomic variables. They show that, during recessions, professional forecasters in
SPF update their expectations about macroeconomic variables with larger Kalman gains.
This finding is consistent with the mechanism proposed by this paper, where agents pay
attention to obtain signals with a higher signal-to-noise ratio during recessions, and use
these signals to update their beliefs about the aggregate economy. The quantitative nature
of the evidence allows a direct comparison between data and model in Section 7. There,
the model generates patterns in forecasts that are similar to those empirically observed in
the forecast survey that indicates countercyclical attention.

5. Dynamic model

Fluctuations in uncertainty and attention are intrinsically dynamic phenomena. I now
extend the model to a dynamic economy, which allows me to compare the four measures
of uncertainty and attention constructed from model simulation directly to that from the
U.S. data.

The dynamic economy consists of the same agents and final good producer as before.
Time lasts from t = 0, · · · ,∞, and each period t splits into three stages in which agents
pay attention, decide labor input, and consume. Each agent observes a new signal about
unknown aggregate productivity in stage 2, where the signal precision depends on their
attention; each agent observes the price of their good in stage 3. Aggregate productivity
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is persistent, and the use of intermediate goods in final good production is affected by id-
iosyncratic shocks. The presence of idiosyncratic shocks introduce additional disturbances
to the prices intermediate goods, which prevent agents from making perfect inference about
the past aggregate productivity from simply observing the price of their good.

Preferences and technologies

The preference of an agent i over consumption, labor, and attention is given by

Ei,0
∞∑
t=0

βt
(
u(ci,t, ni,t)− κ zi,t

)
,

where u(ci,t, ni,t) is given by the same period utility function as in Section 2. Agents
produce intermediate goods using labor in each period with linear technology qi,t = ni,t,
and face period-by-period budget constraints ci,t ≤ pi,tqi,t. I abstract away from capital and
saving to focus on the dynamics generated by changes in agents’ information structures
over the business cycle.

A representative competitive final good producer maximizes profit Yt−
∫
pi,tyi,t with tech-

nology of constant elasticity of substitution 1/η that combines intermediate goods to pro-
duce the final good:

Yt =

(∫ (
eθt+ωi,tyi,t

)1−η) 1
1−η

,

where aggregate productivity θt follows an AR(1) process with persistence ρ,

θt = ρ θt−1 + ωt, ωt
i.i.d.∼ N (0, σ2

ω),

and ωi,t are idiosyncratic productivity shocks for intermediate goods, which are i.i.d. nor-
mal over time and across intermediate goods with common variance σ2

ωi .

Timing and information

Each period t consists of three stages. In stage 1, each agent i chooses attention level
zi,t given their respective information set Fi,t−1, which is to be defined below. In stage 2,
according to each agent’s attention level, agents receive idiosyncratic signals

xi,t = θt +
εi,t√
zi,t

, , where εi
iid∼ N (0, 1).

Agents make labor input decision ni,t after observing xi,t, and the economy proceeds to
stage 3. In stage 3, equilibrium prices {pi,t} realize. Each agent observes the price of their
own product pi,t and consume ci,t subject to budget constraints. To summarize, each agent i
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chooses stochastic processes zi,t, ni,t, ci,t under the following information constraints:

zi,t ∈ Fi,t−1 := σ(xt−1
i , pt−1

i ), ni,t ∈ F ′i,t := σ(xti, p
t−1
i ), ci,t ∈ Fi,t := σ(xti, p

t
i),

where xti, p
t
i denote the histories of respective variables up to time t, and σ(·) denotes the

σ-algebra generated by the respective processes. Without loss of generality, assume that
agents have a common prior θ0 ∼ N (0, σ2

ω) at period t = 0, which is inconsequential for
the stationary properties of the economy.

Finally, in each period t, the final good producer observes {θt, ωi,t, pi,t}, and chooses inter-
mediate goods input {yi,t} to maximize profit.

Definition of equilibrium

An equilibrium consists of processes {zi,t, ni,t, ci,t, qi,t, yi,t, Yt, pi,t} such that (i) zi,t, ni,t,
and ci,t optimize the expected utility for each agent, subject to budget constraints and
information constraints; (ii) given prices {pi,t}, the final good producer chooses {yi,t} to
optimize profit; (iii) production of qi,t, Yt is given by the respective technologies; and (iv)
markets clear for all intermediate goods qi,t = yi,t, ∀i, t, and final good Yt =

∫
cj,t, ∀t.

Equilibrium characterization

Similar to the static setup, in this economy the prices of intermediate goods {pi,t} can be
solved from the final good producer’s profit-maximization problem and market clearing,
given the distribution of labor input {ni,t}:

pi,t = eθt+ωi,tNη
t n
−η
i,t , Nt =

(∫ (
eωi,tni,t

)1−η
) 1

1−η
.

Note the price of an intermediate good, pi,t, depends not only on the aggregate condition
θt and Nt, but also on the realization of idiosyncratic shocks ωi,t. Idiosyncratic shocks ωi,t
shifts the final good producer’s demand for intermediate good i, but it is not directly ob-
served by agent i. The presence of idiosyncratic shocks prevent agents from making perfect
inference about the past realizations of aggregate state {θτ}τ<t. This feature captures the
difficulty for agents to make inference about the aggregate economy based on a small set of
prices they passively observe; it is quantitatively important for the model to match realistic
size of forecast errors in the forecast survey, and allows active learning with endogenous
attention choice to play an important role.

The equilibrium of the economy can be characterized by a system of equations involving
attention zi,t, labor input ni,t, and aggregate labor Nt:
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Lemma 5 An equilibrium solves the following system:

∞∑
τ=t

βτ−tE
[ (
Ui,τ − βκzi,τ+1

)
× 1

2zi,t
(1− ε2i,t)

∣∣∣Fi,t−1

]
= κ,∀i, t,

E
[ ∂

∂ni,t
Ui,t

∣∣∣F ′i,t] = 0,∀i, t,

Nt =
(∫ (

eωi,tni,t

)1−η) 1
1−η

, ∀t,

where Ui,t(θt, Nt, ni,t, ωi,t) := u
(
eθt+ωi,tNη

t n
1−η
i,t , ni,t

)
denotes agent i’s period utility from

consumption and labor in period t.

The first two conditions are necessary for the optimality of attention choice and labor
input. The trade-off resembles that in the static model. The only differences are that (i)
agents now enter each period with different information set Fi,t−1 instead of a common
prior, and (ii) the marginal benefit of attention now depends on the use of information
for all future decisions, which is captured by how an increase in attention zi,t alters the
probability density functions and simplifies to the term 1

2zi,t
(1− ε2i,t). The third condition

aggregates individual labor into aggregate labor, taking into account idiosyncratic shocks
ωi,t for different intermediate goods in the final good producer’s production function.

Due to the idiosyncratic shocks that prevent agents from making perfect inference about
the past aggregate states, the economy contains a feature often referred to as “persistent
dispersed information”, with which agents enter each period with different information set
Fi,t−1, and never reach perfect consensus about the aggregate state. Persistent dispersed
information is important because it allows the model to generate quantitatively plausible
sizes of forecast errors as in the U.S. forecast survey while producing fluctuations in output
and labor consistent with salient business cycle moments of the U.S. economy: without
persistent dispersed information, matching the persistence and volatility of output and
labor will imply an upper bound for the sizes of forecast errors that is much smaller than
that in the U.S. forecast survey, because agents “learn too much” from simply observe the
prices of their good. Persistent dispersed information reconciles the sizes of forecast errors
and other business cycle moments in the data.

While persistent dispersed information is necessary for the model to generate key features
of the data, it poses a challenge known as the “infinite regress problem.” The problem is as
follows: Because agents never observe the aggregate state θt, their actions will in general
depend on the whole history of the signals they received in the past. If agents were to share
a common information set, the history can be succinctly summarized by the conditional
expectation and variance of θt under the Gaussian information structure. However, because
information is dispersed, agents each have different conditional expectations and variances
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of θt. In order to forecast other agents’ equilibrium actions, each agent needs to track
additional state variables to include relevant information from the history of signals. Yet,
this process goes on ad infinitum: Whenever agents track an additional state variable, each
agent needs to track even more state variables to form beliefs about that additional state
variable. In general, agents would not be able to summarize their past information with
a finite number of state variables, and each agent’s equilibrium action will be a nonlinear
function of a whole infinite-dimension history.

Many methods have been proposed to address the infinite regress problem within the frame-
work of linear rational expectation models.8 However, existing methods are constrained to
first-order approximation and miss higher-order dynamics of the economy: In particular,
existing methods cannot capture fluctuations in attention or the four measures of uncer-
tainty, because these fluctuations are intrinsically higher-order properties of the model.
Below I introduce a computational procedure that extends the perturbation method in-
troduced in Section 2 to compute higher-order dynamics of dispersed information models
with an infinite regress problem.

Computational procedure

Similar to the approximation of the static economy, equilibrium objects in the economy
are approximated by Taylor expansions with respect to a sequence of economies scaled by
perturbation parameter δ. For example, the expansion of agent i’s labor input is given
by

ni,t(δ) = n̄+ n̂i,t δ +
1

2
ˆ̂ni,t δ

2 + · · · ,

Different from the static model, however, an equilibrium strategy in a dynamic economy
with an infinite regress problem is now a nonlinear function of the infinite-dimension history
of signals and prices, sti = (xti, p

t−1
i ), and the expansions are multilinear functions of the

history ŝti:
n̂i,t = ns ŝ

t
i, ˆ̂ni,t = ŝti

ᵀ
nss ŝ

t
i + 2nsδ ŝ

t
i + · · ·

In order to solve the expansions numerically, one needs to look for a finite-dimension
approximation. Note that expansions are multilinear in ŝti, which are themselves linear in
shocks and noises ωt, ωi,t, εi,t. An analogy of the spectrum theorem motivates the search
for optimal factors fi,t’s (for a given dimension) in the class of factors with linear dynamics,

8For example, Lorenzoni (2009) truncates the history of signals with a fixed time window; Nimark (2017)
truncates belief hierarchy above a certain order; and Huo and Pedroni (2020) and Huo and Takayama (2015)
show that for a certain class of information structure, the history of signals can actually be summarized by
a finite number of state variables. Huo and Pedroni (2020) and Huo and Takayama (2015) show analytic
solution for cases in which a finite number of state variables exist, and provide a numerical method for
cases where the analytic solution does not apply.
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along with some corresponding multilinear functions Φ’s:

n̂i,t ≈ Φff
(1)
i,t , ˆ̂ni,t ≈ f (2)

i,t

ᵀ
Φff f

(2)
i,t + 2Φfδ f

(2)
i,t + · · · ,

where

f
(m)
i,t+1 = A(m) f

(m)
i,t + C(m)s̄i,t, ∀m = 1, 2, · · ·

The optimal factors for each order of approximation and the corresponding multilinear
functions can be solved recursively: Given the (m−1)th order approximation, consider the
following two-step procedure: (1) For a given factor structure A(m), C(m), simulate the
economy and solve the corresponding multilinear functions Φ’s that minimize the residuals
of the expanded equilibrium conditions; (2) optimize over factor structure A(m), C(m) to
look for the optimal factor structure.

The procedure is reminiscent of that in Krusell and Smith (1998), but the approaches
differ in subtle ways. The infinite-dimension state problem here comes from both the
time dimension — due to infinite regress (the infinite-dimension history), and the cross-
sectional dimension — due to agents having heterogeneous information and beliefs. The
two-step procedure described above searches for finite-dimension factors that summarize
infinite-dimension histories along the time dimension; this is in contrast to methods that
solve heterogeneous agent models where summarizing cross-sectional distribution is key.9

The complication of cross-sectional heterogeneity, on the other hand, is alleviated by the
perturbation approach due to the multilinear nature of the Taylor expansions and the
Gaussian structure of shocks: expansions of aggregate variables can be solved easily in
closed forms given a factor structure A(m), C(m) and the corresponding multilinear func-
tions Φ’s. This aggregation result is common in linear dispersed information models, which
extends naturally to higher order expansions.

The procedure is similar to existing methods addressing the infinite regress problem in
that sense that it summarizes the infinite dimensional history with finite dimension fac-
tors. The difference is that instead of using factors proposed base on heuristics, as in
Lorenzoni (2009) or Nimark (2017), the procedure here attempts to solve for the opti-
mal factor for a given dimension within a class of factor specifications. In comparison
to Maćkowiak and Wiederholt (2015, 2009) and the computational method in Huo and
Takayama (2015), the procedure here does not conjecture the dynamics of the equilibrium
objects directly, but solves them as multilinear functions of underlying factors with linear
dynamics. This difference is inconsequential for first-order approximation, yet it becomes
crucial for approximation of higher-order dynamics where a good conjecture of equilibrium
stochastic process is not necessarily obvious a priori.

9See, for example, Ahn et al. (2018), Bhandari et al. (2018) and Fernández-Villaverde et al. (2019) for
methods that address cross-sectional heterogeneity.
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6. Calibration

I calibrate the model to target key moments from the U.S. aggregate data and the SPF.
Each period in the model corresponds to a quarter. Agents in the model represent managers
of firms whose forecasts are represented by forecasters in the SPF. Stages 1 and 2 of each
period occur at the beginning of the corresponding quarter, at which point agents pay
attention, receive information, make forecasts and make labor input decisions. Stage 3
occurs at the end of the quarter at which point production of goods realizes and output is
recorded. The equilibrium is approximated to the second order with the method described
above, where computational details are provided in Appendix B.

External parameters

Discount rate β is set at .99 to reflect that events happen at the quarterly frequency.
Elasticity of substitution between intermediate goods 1/η is set at 5 so that the average
markup over the marginal cost of labor is 25% in the steady state. The standard deviation
of idiosyncratic shocks σωi is set at 5.1%, which corresponds to the quarterly standard
deviation of microvolatility shocks in Bloom et al. (2018). Parameter γ plays a dual role of
determining risk aversion and the strength of the income effect on attention, and cannot be
distinguished without departure from the standard preference specification.10 I set γ to 10,
which implies a strong income effect on attention that generates countercyclical attention
choices that are consistent with data.

Internal calibration

The remaining parameters are calibrated internally. Parameters to be calibrated are the
persistence of aggregate productivity process ρ, the standard deviation of aggregate produc-
tivity innovation σω, the convexity of the labor cost ν, and the marginal cost of attention κ.
Parameters ρ, σω, ν are directly linked to the input and output of production. To calibrate
these parameters, I target (i) the persistence of aggregate output, (ii) the (unconditional)
aggregate output volatility, and (iii) the relative volatility of hours to output. The marginal
cost of attention κ is directly linked to the information structure of the economy, which
is reflected in the forecast survey data. To calibrate κ, I target the size of the average
forecast error of aggregate output from the SPF. Let fet := Ỹt −

∫
E′i,t−1[Ỹt] di denote the

one-quarter-ahead average forecast error of aggregate output among forecasters in period
t. The size of the average forecast error ||fet|| is defined as the standard deviation of fet
over time. Table 1 shows the calibrated parameters with targeted moments from the data
and the model.

10Parameter γ affects business cycle moments only through its effect on attention fluctuations. This is
because the level of risk aversion matters, but it only affects the level of labor and output up to second
order approximation; moreover, the model does not contain an intertemporal trade-off because agents live
hand-to-mouth.

24



Table 1: Calibration results

Parameter ρ σω ν 1/
√
z̄(κ)

.86 .002 .07 .002

Moment ρ1 Y
†
t sd Y †t

sd N†t

sd Y †t
||fet||

Data .93 2.1 .91 .46

Model .91 2.1 .91 .47

†: Band-pass filtered with frequency corresponding to 6-32 quarters.

Parameters ν and κ are of special importance. Parameter ν is closely related to the level
of strategic complementarity s = η

η+ν , and κ determines the average attention level. The
calibrated model features a large elasticity of labor supply 1/ν because the volatility of
hours is large relative to output, which leads to a high level of strategic complementarity
in the model. Although the elasticity of labor supply is large if an agent is interpreted as an
individual, it can be rationalized if an agent is interpreted as a collection of manager and a
group of workers, and the elasticity of labor supply captures responses from the extensive
margin á la Rogerson (1988). Under this interpretation, the disutility of labor in the GHH
preference represents the labor-cost function a manager faces, and the consumption-labor
composite corresponds to the profit the manage receives after subtracting labor cost from
revenue. Parameter κ is calibrated to target the size of the average forecast error. The
size of the average forecast error is directly related to the average attention level in the
model: Given the same level of (unconditional) aggregate output volatility, a larger size of
the average forecast error implies a lower attention level on average, which corresponds to
a high attention cost. The last column shows signal precision z̄(κ) instead of attention cost
κ because κ is unit of utils, which does not have meaning per se. As discussed in Section 3,
the level of strategic complementarity and the average attention level are key properties of
the model that determine how fluctuations in attention affect fluctuations in the measures
of uncertainty.

7. Quantitative result

I simulate the dynamics of the calibrated economy to generate business cycle statistics
that capture the fluctuations in uncertainty and attention, and compare these statistics
to corresponding statistics for the U.S. economy to evaluate the quantitative potential of
the mechanism. For fluctuations in the four measures of uncertainty, I calculate aggregate
output volatility, cross-sectional dispersion of output, forecast dispersion about aggregate
output, and subjective uncertainty about aggregate output, as described in Section 4. For
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fluctuations in attention, I compare measures of attention constructed from forecasts in
the model to those from the SPF, following the method provided by Coibion and Gorod-
nichenko (2015).

Fluctuations in uncertainty: Cyclicality

Table 2 compares the cyclicality of the four uncertainty measures generated by the cali-
brated model to corresponding statistics in the data.

Table 2: Cyclicality of measures of uncertainty

S̃Dt(∆Ỹt) D̃ispt(∆ỹi,t) D̃ispt(f
∆Ỹt
i,t ) S̃Di,t(∆Ỹt)

cor(·, Ỹt) Data −.69 −.53 −.58 −.65

Model −.98 −.66 −.65 −.85

Series are band-pass filtered with frequency corresponding to 6-32 quarters.

The calibrated model generates countercyclical comovements in all four uncertainty mea-
sures. Note this result is not a mechanical outcome of the model setup. The model contains
no a priori assumption about how the four uncertainty measures should fluctuate over the
business cycle: Had the target moments taken on different values in the data, the model
would have generated measures of uncertainty with the opposite cyclical patterns. Coun-
tercyclical fluctuations in the four measures of uncertainty is a quantitative result when
key features of the model are pinned down by empirical features of the data in the calibra-
tion. Corroborating the theoretical insight in Section 3, countercyclical attention generates
countercyclical comovements in the measures of uncertainty only because the calibrated
model features a high level of strategic complementarity and a low level of attention on
average, resulting from targeting the volatility in hours and the size of the average forecast
error as discussed in Section 6.

Fluctuations in uncertainty: Levels, magnitudes, and persistence

Table 3 shows the average levels, the magnitudes of fluctuations, and the persistence of
the four measures of uncertainty generated by the model and the corresponding statistics
in the data.
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Table 3: Levels, magnitudes, and persistence of the measures of uncertainty

S̃Dt(∆Ỹt) D̃ispt(∆ỹi,t) D̃ispt(f
∆Ỹt
i,t ) S̃Di,t(∆Ỹt)

avg Data .96 10.8 .22 .41

Model 1.1 7.3 .57 .83

sd† Data .20 .64 .11 .03

Model .05 .01 .03 .01

ρ†1 Data .89 .86 .87 .87

Model .88 .89 .86 .89

†: Band-pass filtered with frequency corresponding to 6-32 quarters.

The calibrated model generates time series for the four measures of uncertainty with lev-
els, magnitudes of fluctuations, and persistence that are roughly consistent with the data,
despite the fact that none of the moments in Table 3 are targeted in the calibration. For
aggregate output volatility, forecast dispersion, and subjective uncertainty, the levels of
uncertainty generated by the model are slightly higher than those observed in the data;
whereas the size of fluctuations in these measures are around 25% to 33% of their counter-
parts in the data at business cycle frequency.

The fluctuations in the cross-sectional dispersion of output are what the model misses the
most. The model generates cross-sectional output dispersion that is slightly lower that in
the data, and the size of fluctuations is a magnitude lower. This should not come as a
surprise, however. In the data, there is tremendous heterogeneity among firms in terms of
their ages, sizes, balance sheets, etc, that affects how they respond to economic conditions.
The model abstracts away from all these heterogeneities and does not feature any inter-
action between agents’ dispersed information and the idiosyncratic productivity shocks.
An exploration of how dispersed information interacts with other types of heterogeneity
in the cross section can potentially generate larger fluctuations in cross-sectional output
dispersion, bringing the model closer to the data.

The model generates persistence in all four measures of uncertainty that is similar to that
in the data. This comes from the fact that fluctuations in the measures of uncertainty
are tightly connected to the fluctuations in aggregate output through the endogenous re-
sponse of attention. Whereas models that feature exogenous volatility shocks often need to
assume persistent dynamics for the volatility process exogenously, the mechanism in this
paper provides a parsimonious way to explain the joint dynamics of the four measures of
uncertainty as integrated phenomena of the business cycle.
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Finally, the magnitudes of fluctuations in the four measures of uncertainty depend on how
much agents’ attention varies over the business cycle, which in turn hinges on the strength
of the income effect on attention in the model. Without deviating from standard preference
assumptions, the income effect on attention is inevitably governed by the same parameter
γ as risk aversion and was set externally at a value commonly used in the literature. I
show below that parameter γ chosen for the calibrated model appears to generate less
fluctuations in attention than that in the SPF, using a measure of attention constructed
from agents’ forecasts over the business cycle. This is consistent with the fact that the four
measures of uncertainty fluctuate less in the model than in the data, and suggests that
a generalization of preferences that separate income effect on attention from risk aversion
(as suggested in Supplementary Appendix C) can be an important direction to understand
the fluctuations in attention and uncertainty.

Fluctuations in attention: Evidence from forecast survey data

Although agents’ attention to aggregate events is not directly observable, how much at-
tention they pay affects their information and beliefs about macroeconomic variables and
leaves traces in forecast survey data. Coibion and Gorodnichenko (2015) show that peo-
ple’s attention level is closely related to the regression coefficient from regressing the aver-
age forecast error on the average forecast revision: When people pay more attention, the
average forecast in each period contains more currently available information about the
economy; therefore, the average forecast error becomes less predictable and is associated
with a smaller regression coefficient. By comparing how the coefficient changes over the
business cycle, we can learn about how people’s attention adjusts to different economic
conditions.

Specifically, let f∆Y
i,t,s := E′i,t−1[∆Ỹt,s] denote agent i’s forecast at period t about aggregate

output growth between period t and period s, and f∆Y
t,s :=

∫
f∆Y
i,t,s di denote the average

forecast among forecasters. The average forecast error and average forecast revision about
aggregate output growth between period t and s are given respectively by

fet,s := ∆Ỹt,s − f∆Y
t,s, and frt,s := f t,s − f t−1,s.

Coibion and Gorodnichenko (2015) consider the following regression:

fet,s = α+ βCG frt,s + residualt,s, ∀t, s,

where they allow coefficient βCG to depend on the time between period t and the closest
NBER recession start date before period t. They show that the coefficient βCG declines after
recessions start and increases as the economy recovers. Moreover, βCG is closely related to
the inverse of the Kalman gain agents use to update their beliefs about aggregate variables
in a dispersed information model, where the decline of coefficient βCG is associated with
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agents receiving idiosyncratic signals about aggregate variables that are more precise (that
is, agents pay more attention to aggregate variables). To make the exercise applicable to
the model-generated data without relying on recession dating, I split the time periods into
periods with output above trend, Ỹ †t > 0, and periods with output below trend, Ỹ †t < 0.
For each group, I calculate βCG as a measure of average attention in the respective time
periods. Table 4 reports the coefficient βCG for periods above and below trend, respectively,
for for the U.S. forecast survey and the model-generated data.

Table 4: Measures of attention from forecast data

Ỹ †t > 0 Ỹ †t < 0

βCG Data .76 .45

Model .77 .67

†: Band-pass filtered with frequency corresponding to 6-32 quarters.

For both the U.S. data and the model, coefficients βCG are smaller when output is low,
and are larger when output is high. This qualitative similarity suggests that agents change
how they update beliefs between good times and bad times in a manner similar to that
of the forecasters in the SPF. Through the length of the model, this pattern indicates
countercyclical fluctuations in attention, consistent with the evidence provided by Coibion
and Gorodnichenko (2015), as well as the countercyclical movements in other attention
proxies discussed in Section 4.

The gap between coefficients βCG of good and bad periods is informative of how much
agents’ attention fluctuates over the business cycle. The gap is smaller in the model than its
empirical counterpart. This suggests that the calibrated model generates less fluctuations
in attention than in the data. This is consistent with the fact that uncertainty measures
also fluctuate less in the model than in the data, and suggests that a stronger income
effect on attention will generate larger fluctuations in attention and all four measures of
uncertainty and bring the model closer to the data.

8. Concluding remarks

This paper provides a theory that connects economic agents’ attention choice to four promi-
nent business cycle phenomena related to the fluctuations in macroeconomic uncertainty.
Countercyclical fluctuations in attention turns homoskedastic shocks into heteroskedastic
responses, and generate countercyclical fluctuations in aggregate output volatility, cross-
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sectional output dispersion, forecast dispersion and subjective uncertainty as integrated
phenomena of the business cycle. When calibrated to match basic features of the U.S.
economy, countercyclical attention generates countercyclical fluctuations in all four mea-
sures of uncertainty, consistent with evidence from the data.

In the model, uncertainty rises endogenously as agents pay attention to macroeconomic
events while receiving dispersed information. Exploring the normative aspect of the mech-
anism will be valuable for understanding how macroeconomic policies can mitigate the
surge in macroeconomic uncertainty during economic crises. The model in this paper is
deliberately stylized so that the mechanism can be kept transparent. This is at the cost of
abstracting from other interesting features of the business cycle and left limited room for
analysis of macroeconomic policies. Incorporating these elements will be useful for both a
comprehensive quantitative assessment of the mechanism and an examination of its policy
implication. I leave this for future work.
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A. Derivations and proofs

Proofs of Lemma 1

Rewrite agents’ preference as
1

1− γ
v1−γ
i − κ(zi),

where

vi = max{ci − ν(ni), u}, ν(ni) =
n1+ν
i

1 + ν
, κ(zi) = κzi.

Proof of Lemma 1. The third condition in Lemma 1 results from standard CES algebra.
For the optimality condition of labor ni given a realization of signal xi and attention zi,
substituting ci = eθNηn1−η

i and taking the first order condition with respect to ni gives:

Ei
[(

(1− η)eθNηn−ηi − ν
′(ni)

)
v−γi 1{vi>u}

]
= 0.

Dividing both sides by Ri := Ei[v−γi 1{vi>c}]
1
−γ , and moving ν ′(ni) to the right hand side

gives the second condition in Lemma 1:

Ei

[(
(1− η)eθNηn−ηi

)( vi
Ri

)−γ
1{vi>u}

]
= ν ′(ni), ∀xi.

On the other hand, let U(zi) denote agent i’s value function given attention zi:

V (zi) := max
n(·)

E
[ 1

1− γ

(
max{eθN(θ)ηn(xi)

1−η − ν(n(xi)), u}
)1−γ∣∣∣zi]− κ(zi)

where the equilibrium aggregate labor N(θ) is taken as given.

Optimality of attention choice implies that V ′(zi) = 0. By envelope theorem, V ′(zi) = 0 is
equivalent to∫

1

1− γ

(
max{eθN(θ)ηn(xi)

1−η − ν(n(xi)), u}
)1−γ ∂

∂zi
ϕ(θ, xi|zi) dθdxi − κ′(zi) = 0,

which corresponds to the first condition in Lemma 1.

Proofs of Lemma 2, 3, and 4

Below I first provide details of the perturbation method, and proceed to show Lemma 2,
3, and 4.
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Consider a sequence of economy parameterize by δ such that

θ(δ) = θ̄ + θ̂δ, εi(δ) = εiδ, κ(z, δ) = δ2κ(z),

where

The equilibrium in economy δ is described by the conditions in Lemma 1:

E
[

1

1− γ
vi(δ)

1−γ × 1− ε2i
2z(δ)

∣∣∣z(δ)]− δ2κ(z(δ)) = 0

E
[
vi(δ)

−γ
(

(1− η)eθNηn−ηi − ν
′(ni(δ))

)
1{vi(δ)>u}

∣∣∣xi(δ), z(δ)] = 0,

logN(δ) =
1

1− η
log

(∫
exp((1− η) log ni(δ))

)
where log vi(δ) = log (max{ci(δ)− ν(ni(δ)), u}), and the term

1−ε2i
2z(δ) comes from explicitly

calculate the term ∂
∂zi
ϕ(θ, xi|zi) in Lemma 1:

∂

∂zi
ϕ(θ, xi|zi) =

1− ε2i
2zi

ϕ(θ, xi|zi).

Assume that the equilibrium can be approximated with the following Taylor expansions:

log ni(δ) = n̄+ n̂iδ + δ2(· · · ),
logN(δ) = N̄ + N̂δ + δ2(· · · ),
log z(δ) = log z̄ + ẑδ + δ2(· · · ),

log vi(δ) = v̄ + v̂iδ + δ2(· · · ).

0th order expansion

The 0th order expansions comes from evaluating the equilibrium conditions at δ → 0:

E
[ 1

1− γ
e(1−γ)v̄ × 1− ε2i

2z̄

∣∣∣z̄] = 0,

eθ̄+ηN̄−ηn̄(1− η) = eνn̄

N̄ = n̄

where

v̄ = log
(
eθ̄+ηN̄+(1−η)n̄ − ν(en̄)

)
= log

(ν + η

1 + ν
eθ̄+n̄

)
.
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Conditions above pin down n̄, N̄, v̄, but note that the attention level z̄ is not pinned down
because

E
[ 1

1− γ
e(1−γ)v̄ 1− ε2i

2z̄

∣∣∣z̄] ≡ 0, ∀z̄.

1st order expansion

Differentiate the equilibrium conditions with respect to δ and evaluate at δ → 0 gives:

E
[
e(1−γ)v̄v̂i

1− ε2i
2z̄

− 1

1− γ
e(1−γ)v̄ 1− ε2i

2z̄
ẑ
∣∣∣ z̄ ] = 0, (1)

(ν + η)n̂i = E[ θ̂ + ηN̂ |x̂i], (2)

N̂ =

∫
n̂i (3)

where x̂i = θ + 1√
z̄
εi.

In order to characterize the expansions n̂i, N̂, . . ., write

log ni(δ) = n(xi(δ), δ), logN(δ) = N(θ(δ), δ), log vi(δ) = v(θ(δ), log ni(δ), δ).

Taking derivatives with respect to δ and evaluating at δ → 0 gives

n̂i = nxx̂i + nδ, N̂ = Nθ θ̂ +Nδ, v̂i = vδ + vθθ̂ + vnn̂i,

where x̂i = θ̂ + 1√
z̄
εi.

The coefficients nx,nδ,Nδ,Nθ,vδ,vθ,vn can be solved from the expansion of equilibrium
conditions in eqs. (1) to (3):

nx = Nθ =
rλ(z̄)

1− sλ(z̄)
, (4)

and vθ = 1+ν
η+ν (1 + ηNθ), vn = nδ = Nδ = vδ = 0, where

λ(z̄) :=
σ2

σ2 + 1/z̄
, r :=

1

ν + η
, s :=

η

ν + η
.

As discussed in Section 3, parameters r, s respectively capture the responsiveness to ex-
ogenous shock and the level of strategic complementarity in the economy. Function λ(z̄)
is the Kalman gain given the zeroth order expansion of attention z̄.
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Note that z̄ is not determined by the first order expansion of attention optimality be-
cause

E
[
e(1−γ)v̄v̂i

1− ε2i
2z̄

− 1

1− γ
e(1−γ)v̄ 1− ε2i

2z̄
ẑ
∣∣∣ z̄ ] ≡ 0, ∀z̄.

In order to pin down z̄, expand the optimality condition for attention the second order and
evaluate at δ → 0:

E
[ (

(1− γ)v̂2
i + ˆ̂vi

)
e(1−γ)v̄ 1− ε2i

2z̄

∣∣∣ z̄ ]− 2κ′(z̄) = 0, (5)

where
ˆ̂vi = vnnn̂

2
i + vn ˆ̂ni +

(
vθθθ̂

2 + vδδ + 2vθnθ̂n̂i + 2vθδ θ̂ + 2vnδn̂i
)
.

From direct calculation, vnn = −(1− η)(1 + ν) and vn = 0 as before. The term contained
in the parenthesis above is orthogonal to 1 − ε2i because of the normality and indepen-
dence of εi, θ̂. This observation is useful for derivation below, and is stated as the lemma
below:

Lemma 6 E[(1− ε2i ) εki θ̂h] = 0, ∀k, h ∈ {2m+ 1|m ∈ N} or k = 0.

Substitute the expression for ˆ̂vi back into eq. (5) and use the expression for n̂i in eq. (4),
we obtain an express that pins down z̄:

e(1−γ)v̄ |vnn|
(nx
z̄

)2
− 2κ′(z̄) = 0. (6)

With linear attention cost κ(z) = κ z, we can solve for z̄ explicitly:

z̄ =
1

1− s

(r2e(1−γ)v̄|vnn|
2κ

) 1
2

− 1

σ2

 . (7)

2nd order expansion

Below I solve for the second order expansions of action ˆ̂ni and ˆ̂N , which are jointly deter-
mined with the first order expansion of attention ẑ.

0 = E[ −ˆ̂ni + s ˆ̂N |x̂i] + 2
d

dδ
E[−n̂i + rθ̂ + sN̂ |xi(δ)]

∣∣∣
δ=0
− γ̃ V ar( θ + ηN̂ |x̂i), (8)

ˆ̂N =

∫
ˆ̂ni + (1− η) V ar( n̂i |θ), (9)
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where γ̃ = 2(1+ν)
(η+ν)2

γ − 1, and

d

dδ
E[−n̂i + rθ̂ + sN̂ |xi(δ)]

∣∣∣
δ=0

=
1

2
nx(1− λ(z̄))x̂i ẑ.

The first order expansion of attention ẑ is given by the third order expansion of the attention
optimality condition:

E
[ (

(1− γ)2v̂3
i + 3(1− γ)v̂i ˆ̂vi + ˆ̂̂vi

)
e(1−γ)v̄ 1− ε2i

2z̄

∣∣∣ z̄ ]
+ 3 E

[
− ẑ

(
(1− γ)v̂2

i + ˆ̂vi
)
e(1−γ)v̄ 1− ε2i

2z̄

∣∣∣ z̄ ]− 2κ′′(z̄)z̄ ẑ = 0

By lemma 6,

E
[1− ε2i

2z̄
v̂3
i

∣∣∣ z̄ ] = 0, and E
[1− ε2i

2z̄
v̂i ˆ̂vi

∣∣∣ z̄ ] = 0.

Using eq. (5), the third order expansion of attention optimality reduces to

E
[
ˆ̂̂vie

(1−γ)v̄ 1− ε2i
2z̄

∣∣∣ z̄ ]− 6κ′(z̄) ẑ − 2κ′′(z̄)z̄ ẑ = 0,

where
ˆ̂̂vi = vn ˆ̂̂ni + 3vnn ˆ̂nin̂i + vnnnn̂

3
i + 3vnnθθ̂n̂

2
i + 3vnnN N̂ n̂

2
i + · · · .

Substituting ˆ̂̂vi back, using vn = 0, and using lemma 6 to reduce terms that are orthogonal
to 1− ε2i , we have:

3E
[
vnn ˆ̂nin̂ie

(1−γ)v̄ 1− ε2i
2z̄

∣∣∣ z̄ ]− 6κ′(z̄) ẑ − 2κ′′(z̄)z̄ ẑ = 0. (10)

Note the second order expansion of labor input and aggregate labor are given by:

ˆ̂ni = nxxx̂
2
i + 2nxδx̂i + nδδ − nx

εi

2
√
z̄
ẑ, ˆ̂N = Nθθθ̂

2 + 2Nθδ θ̂ +Nδδ.

Substituting the expression for ˆ̂ni,
ˆ̂N to eq. (8), and equalizing the coefficients in front of

x̂2
i and x̂i gives:

(1− sλ2)nxx = 0, (11)

2(1− sλ)nxδ =
3

2
nx(1− λ(z̄))ẑ. (12)
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Equation (12) implies the LHS of eq. (10) is homogeneous in ẑ, and therefore

ẑ = 0, nxδ = 0.

Moreover, Equation (11) implies nxx = 0. As a result,

ˆ̂Y = Nδδ ∈ R, ˆ̂yi = nδδ ∈ R.

Note that in the static setup studied above, we have ẑ = 0 for a given θ̄, and the effect of θ̄
on attention and measures of uncertainty is derived below as a comparative statics result
on z̄(θ̄). In the dynamic model below, agents’ expected productivity changes with the
realization of past productivity shocks. The first order expansion of attention ẑ (derived
from the third order expansion of attention optimality) picks up the effect of past shocks
on attention, just as z̄(θ̄) picks up the effect of θ̄ on attention in the static model.

Expansions of the four measures of uncertainty

Consider the four measures of uncertainty in the economy indexed by δ :

SD( Ỹ (δ) |θ̄) =
(
E
[ (
Ỹ (δ)− E[ Ỹ (δ) |θ̄]

)2 ∣∣∣θ̄]) 1
2

Disp( ỹi(δ) |θ̄) =
(∫ (

ỹi(δ)−
∫
ỹi(δ)

)2
di
) 1

2

Disp( Ei,δ[Ỹ (δ)] |θ̄) =
(∫ (

Ei,δ[Ỹ (δ)]−
∫

Ei,δ[Ỹ (δ)] di
)2) 1

2

SD( Ỹ (δ) |xi(δ), θ̄) =
(
Ei,δ
[ (
Ỹ (δ)− Ei,δ[Ỹ (δ)]

)2]) 1
2
, ∀ i

where Ei,δ[·] = E[·|xi(δ), z̄(δ), θ̄].

Since the four measures of uncertainty share a similar structure, let U(δ) denote the four
measures of uncertainty above generically. A measure of uncertainty U(δ) has the following
form:

U(δ) =

(∫ (
f(δ)−

∫
f(δ)ϕ(θ, δ)

)2

ϕ(θ, δ)

) 1
2

,

where f(δ) ∈ {Ỹ (δ), ỹi(δ),Ei,δ[Ỹ (δ)]} such that f(δ) = f̄ + f̂ δ + 1
2

ˆ̂fδ2 + · · · , and ϕ(θ, δ) is
either a probability density over which expectations E,Ei,δ are taken over, or simply the
an uniform distribution over the cross section i ∈ [0, 1].
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From direct calculation, the 0th, 1st and 2nd order expansion of U(δ) are given by:

Ū =

(∫ (
f̄ −

∫
f̄ ϕ(θ, 0)

)2

ϕ(θ, 0)

) 1
2

= 0, (13)

Û =

(∫ (
f̂ −

∫
f̂ ϕ(θ, 0)

)2

ϕ(θ, 0)

) 1
2

, (14)

ˆ̂U =
1

Û

∫ (
f̂ −

∫
f̂ ϕ(θ, 0)

)(
ˆ̂f −

∫
ˆ̂f ϕ(θ, 0)− d

dδ

∫
f̂ ϕ(θ, δ)

∣∣∣
δ=0

)
ϕ(θ, 0). (15)

Because ẑ = 0, we have

ˆ̂Y, ˆ̂yi,
d2

dδ2
Ei,δ[Ỹ (δ)]

∣∣∣
δ=0
∈ R,

and

d

dδ
E[Ŷ |θ̄]

∣∣∣
δ=0

=
d

dδ

∫
ŷi di

∣∣∣
δ=0

=
d

dδ

∫ (
d

dδ
Ei,δ[Ỹ (δ)]

∣∣∣
δ=0

)
di
∣∣∣
δ=0

=
d

dδ
Ei,δ[Ŷ ]

∣∣∣
δ=0

= 0.

As a result, the term ˆ̂f −
∫ ˆ̂f ϕ(θ, 0) − d

dδ

∫
f̂ ϕ(θ, δ)

∣∣
δ=0

in eq. (15) equals to zero, and
ˆ̂U = 0 for all four measures of uncertainty. The second order approximations of the four
measures of uncertainty can simply be calculated from eq. (14):

SD(Ỹ |θ̄) ≈
(
1 + Λ(z̄)

)
σ, (16)

Disp(ỹi|θ̄) ≈ Λ(z̄)
1√
z̄
, (17)

Disp(Ei[Ỹ ]|θ̄) ≈
(
1 + Λ(z̄)

)
λ(z̄)

1√
z̄
, (18)

SD(Ỹ |xi, θ̄) ≈
(
1 + Λ(z̄)

)√
1− λ(z̄) σ, ∀i. (19)

With the results derived above, Lemma 2-4 follows immediately.

Proof of Lemma 2. In a fixed-attention economy, the equilibrium is characterized by eqs. (2)
to (3) with an exogenous signal precision z. The first order expansion is given by

n̂i = nx x̂i, N̂ = Nθ θ̂,
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where nx,Nθ correspond to the function Λ(z) in Lemma 2 and is given by eq. (4)

Λ(z) := nx = Nθ =
rλ(z)

1− sλ(z)
> 0. (20)

The function Λ(z) does not depend on θ̄, and it is increasing in λ(z), which is an increasing
function of z.

Proof of Lemma 3. In a fixed-attention economy, the second order approximations of the
four measures of uncertainty are given by eqs. (16) to (19), with z̄ replaced by an exogenous
level of attention z. Since Λ(z) does not depend on θ̄, the four measures of of uncertainty
are constant in θ̄ up to second-order approximation.

Proof of Lemma 4. From eq. (7), attention z̄ is decreasing in v̄ if and only if γ > 1. Because
v̄ is increase in θ̄, the statement in Lemma 4 follows.

Proofs of Proposition 1

Given γ > 1, Lemma 4 implies ∂
∂θ̄
z̄(θ̄) < 0.

The following lemma characterize how the four uncertainty measures depend on z̄:

Lemma 7 The four uncertainty measures depends on z̄ as follows: Aggregate output
volatility

SD(Ỹ |θ̄) ≈
(
1 + Λ(z̄)

)
σ

is increasing in z̄. Cross-sectional output dispersion and forecast dispersion of aggregate
output

Disp(ỹi|θ̄) ≈ Λ(z̄)
1√
z̄

and Disp(Ei[Ỹ ]|θ̄) ≈
(
1 + Λ(z̄)

)
λ(z̄)

1√
z̄

are hump-shaped functions of z̄, which equal zero if z̄ = 0 , strictly positive if z̄ ∈ (0,∞),
and go to zero as z̄ →∞. Subjective uncertainty about aggregate output

SD(Ỹ |xi, θ̄) ≈
(
1 + Λ(z̄)

)√
1− λ(z̄) σ

is either decreasing or hump-shaped in z̄. The measure equals to σ if z̄ = 0, and goes to 0
as z̄ →∞. It is a hump-shaped function if and only if r > 1

2 .

Proof of Lemma 7. The fact that aggregate output volatility is increasing in z̄ follows di-
rectly from that Λ(z̄) is increasing in z̄.

To characterize how the other three measures of uncertainty depends on z̄, let ζ(λ) denote
the inverse function of λ(z), which maps a given level of Kalman gain λ ∈ [0, 1] to signal
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precision z:

ζ(λ) :=
λ

(1− λ)σ2
. (21)

Let dy(λ) denote the cross-sectional output dispersion as a function of λ:

dy(λ) := Λ(ζ(λ))
1√
ζ(λ)

.

The following condition characterizes dy(λ):

∂

∂λ
dy(λ) > 0 ⇐⇒ gy(λ) < s,

where

gy(λ) :=
2λ− 1

λ
.

Since gy(0) = −∞, gy(1) = 1 and gy(λ) is increasing, there exists

λdy := inf {λ|gy(λ) > s} ∈ (0, 1),

dy(λ) has a single peak at λdy . Moreover, as s→ 1, λdy → 1 and z(λdy)→∞.

Similarly, let fd(λ) denote the forecast dispersion as a function of λ:

fd(λ) :=
(
1 + Λ(ζ(λ))

)
λ

1√
ζ(λ)

.

The following condition characterizes how fd(λ) depends on z̄:

∂

∂λ
fd(λ) > 0 ⇐⇒

0 < λ < 1
2 ,

1
2 ≤ λ < 1, gd(λ) < s, hd(λ) < r.

where

gd(λ) :=
4λ− 3

2λ2 − λ
, hd(λ) :=

(2λ− 1)(sλ− 1)2

λ(2sλ2 − (4 + s)λ+ 3)
.

Since gd(0) = −∞, gd(1) = 1, and gd(λ) is increasing in λ, there exists

ufd := inf {λ |gd(λ) > s} ∈ (0, 1).
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From direct calculation, hd(
1
2) = 0, hd(ufd) =∞ and ∀λ ∈ (1

2 , ufd),

h′d(λ) > 0 if hd(λ) > r > s.

As a result, there exists

λfd := inf {λ |hd(λ) > r, λ < ufd} ∈ (0, 1),

such that fd(λ) has a single peak at λfd . Moreover, because

hd(λ) > r > s =⇒ λ >
1

2− s
,

the infimum λfd → 1 as s→ 1.

Finally, let fu(λ) denote the subjective uncertainty as a function of λ:

fu(λ) :=
(
1 + Λ(ζ(λ))

)√
1− λ σ.

The following condition characterize how fu(λ) depends on λ:

∂

∂λ
fu(λ) > 0 ⇐⇒ gu(λ) < s, hu(λ) < r,

where

gu(λ) :=
3λ− 2

λ2
, hu(λ) :=

(sλ− 1)2

λ(sλ− 3) + 2
.

Because gu(0) = −∞, gu(1) = 1, and gu(λ) is increasing in λ, there exists

ufu := inf {λ |gu(λ) > s} ∈ (0, 1).

From direct calculation, hu(ufu) =∞, and ∀λ ∈ [0, ufu),

h′d(λ) > 0 if hd(λ) > r > s.

As a result, there exists

λfu := inf {λ |hu(λ) > r, λ < ufu},

such that fu(λ) has a single peak at λfu .

Moreover, because

hu(λ) > r > s =⇒ λ > 2− 1

s
,
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the infimum λfu → 1 as s→ 1.

Finally, because hu(0) = 1
2 , we have r > 1

2 ⇐⇒ λfu > 0.

Proof of Proposition 1. Let λ̌ = min{λdy , λfd , λfu}, and define ž := ζ(λ̌). where ζ(λ) is the
inverse function of λ(z) given by eq. (21). The statement of Proposition 1 follows lemma
7.

Dynamic model

Below I derive equilibrium conditions for the dynamic economy provided in Lemma 5,
and then I derive a system of equations (the expansion of equilibrium conditions) that
characterize the first and second order Taylor expansions of the equilibrium objects. The
system is then solved by the computational procedure described in Section 5 and Appendix
B.

Proofs of Lemma 5

Let Sti be the collection of possible history of signals and prices agent i receive up to the
beginning of period t, and write sti for typical element of Sti

sti := {xti, p̃ti}, ∀t ≥ 1

where p̃i,t = θt+η logNt+ωi,t is a transformation of pi,t that contains the same information.
Let S′ti be a collection of s′ti, which denote the history up to period t without the price
signal xi,t: s

′t
i := {st−1

i , xi,t},∀t ≥ 0.

A strategy (zi, ni) is a sequence of mappings {zi,t, ni,t}∞t=0 such that

zi,t : St−1
i → R+, ni,t : S′

t
i → R+.

Rewrite agents’ period payoff as U(θ,N, n, ω) := u(c(θ,N, n, ω), n), the variance of noise
as σ2(z) := 1

z , and the attention cost κ(z) := κ z.

Proof. A strategy {nt, zt}∞t=0 is an equilibrium only if, for all ñ, z̃ ∈ R+ and after any
history sti:

∞∑
τ=t

βs−t
∫
U(θτ , Nτ , nτ (s′

τ
i ), ωi,τ )− βκ(zτ+1(sτi )) dΦ(θτ , ωτi , s

τ
i |st−1

i , zt)− κ(zt(s
t−1
i ))

≥
∞∑
τ=t

βs−t
∫
U(θτ , Nτ , nτ (s′

τ
i ), ωi,τ )− βκ(zτ+1(sτi )) dΦ(θτ , ωτi , s

τ
i |st−1

i , {zt−1, z̃})− κ(z̃)
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and

∞∑
τ=t

βs−t
∫
U(θτ , Nτ , nτ (s′

τ
i ), ωi,τ )− βκ(zτ+1(sτi )) dΦ(θτ , ωτi , s

τ
i |s′

t
i, z

t)

≥
∞∑
τ=t

βs−t
∫
U(θτ , Nτ , ñ, ωi,τ )− βκ(zτ+1(sτi )) dΦ(θτ , ωτi , s

τ
i |s′

t
i, z

t)

where

Nt =

(∫ (
eωi,t nt(s

′t
i)
)1−η

dΦ(ωi,t, s
′t
i|θt, zt)

) 1
1−η
∈ σ(θt).

The following two first order condition follows

∂

∂z̃

( ∞∑
τ=t

βs−t
∫
U(θτ , Nτ , ni,s, ωi,τ )− βκ(zi,τ+1) dΦ(θτ , ωτi , s

τ
i |st−1

i , {zt−1, z̃})− κ(z̃)

)∣∣∣∣
z̃=zi,t

= 0,

∂

∂ñ

(∫
U(θt, Nt, ñ, ωi,t) dΦ(θt, ωti |s′

t
i, z

t)

) ∣∣∣∣
ñ=ni,t

= 0.

The F.O.C. with respect to ñ gives the second condition in Lemma 5.

For the F.O.C. with respect to z̃, let ϕ(·|·) denote the density of Φ(·|·), then

∂

∂z̃
ϕ(θτ , ωτi , s

τ
i |st−1

i , {zt−1, z̃})

=
∂

∂z̃
ϕ(hi,t+1|z̃, st−1

i , θt, ωti)

τ∏
l=t+1

ϕ(hi,l+1|z̃li, hli, θl, ωli) ϕ(θτ , ωτi |st−1
i , {zt−1, z̃})

=
∂

∂z̃
ϕ(xi,t|z̃, θt)

τ∏
l=t+1

ϕ(xi,l|zi,l, θl) ϕ(θτ , ωτi |st−1
i , {zt−1, z̃}).

Taking derivative and evaluating at z̃ = zi,t gives

∂

∂z̃
ϕ(xi,t|z̃, θt)

∣∣∣
z̃=zi,t

=
∂

∂z̃
φ

(
xi,t − θt
σ(z̃)

) ∣∣∣
z̃=zi,t

=
σ′(zi,t)

σ(zi,t)
(ε2i,t − 1)ϕ(xi,t|zi,t, θt),

where φ(·) denotes the density of standard normal. As a result,

∂

∂z̃
ϕ(θτ , ωτi , s

τ
i |st−1

i , {zt−1, z̃})
∣∣∣∣
z̃=zi,t

=
σ′(zi,t)

σ(zi,t)
(ε2i,t − 1)ϕ(θτ , ωτi , s

τ
i |st−1

i , zt),
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and the F.O.C. for z̃ is given by

∞∑
τ=t

βs−t
∫
σ′(zi,t)

σ(zi,t)
(ε2i,t − 1)

(
U(θτ , Nτ , ni,s, ωi,τ )− βκ(zi,τ+1)

)
dΦ(θτ , ωτi , s

τ+1
i |st−1

i , zti) = κ′(zi,t).

Characterization of expansion sequence

Similar to the static economy, I approximate the equilibrium of the dynamic economy with
perturbation around the deterministic steady state. Specifically, consider a sequence of
economy parameterized by δ such that

ωt(δ) = δωt, ωi,t(δ) = δωi,t, εi,t(δ) = δεi,t, κ(δ) = δ2κ,

The equilibrium “actions” (labor input and aggregate labor) are approximated by Taylor
expansion up to the second order:

log ni,t(δ) = n̄+ n̂i,t δ +
1

2
ˆ̂ni,t δ

2 + · · · , logNt(δ) = N̄ + N̂t δ +
1

2
ˆ̂Nt δ

2 + · · · ,

and, as in the static model, the first and second order approximation of actions are accom-
panied by the zeroth and first order expansion of attention choices:

log zi,t(δ) = log z̄ + ẑi,t δ + · · · .

Taking derivatives of the equilibrium conditions in Lemme 5 with respect to δ to cor-
responding orders and evaluate at δ = 0 gives the systems that characterize the Taylor
expansions of equilibrium objects.

1st order expansion

As in the static problem, expanding the attention optimality condition to the second order,
and expanding the optimality condition of labor choice and the aggregation condition to
the first order gives:

Lemma 8

∞∑
τ=t

βs−tE
[

ˆ̂Ui,τ ×
1

2z̄
(1− ε2i,t)

∣∣∣F̄i,t−1

]
− 2κ = 0,

E
[
Ûn,i,t

∣∣F̄ ′i,t] = 0,

N̂t =

∫
n̂i,t.
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where

Ûn,i,t = ∇Ūn


θt
N̂t

n̂i,t
ωi,t

 , ˆ̂Ui,t = ∇Ū


0
ˆ̂Nt

ˆ̂ni,t
0

+ (θt N̂t n̂i,t ωi,t)H̄(U)


θt
N̂t

n̂i,t
ωi,t

 .

As before, Ūn = 0 and ˆ̂Nt ⊥ εi,t implies the first order expansions of actions n̂i,t and N̂t

are jointly characterized with the zeroth order expansion of attention z̄.

2nd order expansion

In order to characterize the second order expansion of actions, ˆ̂ni,t and ˆ̂ni,t, and the first
order expansion of attention ẑi,t, expand the optimality condition of attention to the third
order and the other two conditions to the second order:

Lemma 9

∞∑
τ=t

βτ−tE
[
U

(3)
i,τ ×

1

2z̄
(1− ε2i,t)

∣∣∣F̄i,t−1

]
− 6κẑi,t = 0,

E
[ ˆ̂Un,i,t

∣∣F̄ ′i,t]+ 2
d

dδ
E
[
Ûn,i,t

∣∣F ′i,t(δ)]∣∣∣
δ=0

= 0,

ˆ̂Nt = (1− η)

∫ (
n̂i,t −

∫
n̂i,t

)2

+

∫
ˆ̂ni,t,

where direct calculation gives

E
[
U

(3)
i,τ (1− ε2i,t)

∣∣ F̄i,t−1

]
= E

[(
3Ûn,i,t ˆ̂ni,τ + n̂2

i,τ

(
3Ūnnθθτ + 3ŪnnN N̂τ + Ūnnnn̂i,τ

))
(1− ε2i,t)

∣∣ F̄i,t−1

]
.

Therefore, the second order expansions of actions ˆ̂ni,t and ˆ̂Nt are jointly characterized with
the first order expansion of attention ẑi,t by the system above.

Using the notation defined above, s′ti = {xti, p∗i
t−1}, and let φ(s′i,t(δ)|θt, δ) denote the density

function of s′i,t conditional on θt, we have

Lemma 10 Consider a generic random variable ξt such that ξt ∈ σ(θt), then

d

dδ
E[ ξt |F ′i,t(δ)]

∣∣∣
δ=0

=

t∑
τ=0

Cov
(
ξt,

d
dδφ(s′i,t−τ (δ)|θt−τ , δ)

∣∣
δ=0

φ(s̄′i,t−τ |θt−τ , 0)

∣∣∣F̄ ′i,t)
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where φ(s′i,t(δ)|θt, δ) denote the conditional density of signals s′i,t(δ) conditional on θt in
the δ-economy.

Proof. Rewrite the expectation as integral over probability density, we have

d

dδ
E[ξt|F ′i,t(δ)] =

∫
θt
ξ(θt)

d

dδ
φ(θt|s′ti(δ), δ). (22)

Bayes rule implies

φ(θt|s′ti(δ), δ) =
φ(s′ti(δ)|θt, δ)φ(θt|s′t−1

i (δ), δ)∫
θ̃t φ(s′ti(δ)|θ̃t, δ)φ(θ̃t|s′t−1

i (δ), δ)
.

Taking derivative with respect to δ, we have

d
dδφ(θt|s′ti(δ), δ)
φ(θt|s′ti(δ), δ)

=
d
dδφ(s′i,t(δ)|θt, δ)
φ(s′i,t|θt, δ)

− E
[ d
dδφ(s′i,t(δ)|θt, δ)
φ(s′i,t|θt, δ)

∣∣∣F ′i,t(δ)]
+

d
dδφ(θt|s′i

t−1(δ), δ)

φ(θt|s′i
t−1(δ), δ)

− E
[ d
dδφ(θt|s′i

t−1(δ), δ)

φ(θt|s′i
t−1(δ), δ)

∣∣∣F ′i,t(δ)].
Therefore, eq. (22) can be written as

d

dδ
E[ξt|F ′i,t(δ)] = Cov

(
ξt,

d
dδφ(s′i,t(δ)|θt, δ)
φ(s′i,t(δ)|θt, δ)

∣∣∣F ′i,t(δ))+ Cov
(
ξt,

d
dδφ(θt|s′i

t−1(δ), δ)

φ(θt|s′i
t−1(δ), δ)

∣∣∣F ′i,t(δ)).
Iterate backward, we have

d

dδ
E[ξt|F ′i,t(δ)] =

t∑
τ=0

Cov
(
ξt,

d
dδφ(s′i,t−τ (δ)|θt, δ)
φ(s′i,t−τ (δ)|θt, δ)

∣∣∣F ′i,t(δ)).
Finally, because θtt−τ+1 ⊥ s̄′i,t−τ (δ)

∣∣
θt−τ

, we have

φ(s̄′i,t−τ (δ)|θt, δ) = φ(s̄′i,t−τ (δ)|θt−τ , δ),

and the lemma follows from evaluating the expression at δ = 0.

It is useful to clarify the expression in lemma 10. Note that s′i,t−τ (δ), τ ≥ 0 are signals in
the information set F ′i,t(δ) that agent i condition on when formation expectations, whereas
θt is a running variable integrated over the probability density function. Therefore, give

45



any path of realizations of shocks {θ∗t−τ , ε∗i,t−τ , ω∗i,t−τ}, we have

s′
∗
i,t−τ (δ) =

 δθ∗t−τ +
δε∗i,t−τ√
z∗i,t−τ (δ)

δθ∗t−τ−1 + η logN(δθ∗t−τ−1, δ) + δω∗i,t−τ−1,


and

d
dδφ(s′∗i,t−τ (δ)|θt, δ)
φ(s′∗i,t−τ (δ)|θt, δ)

∣∣∣∣
δ=0

=
−z̄
2

(
x∗t−τ − θt−τ

)
(θ∗t−τ − θt−τ )ẑ∗i,t−τ

+
−η

2σ2
ωi

(
p∗t−τ−1 − (θt−τ−1 + ηN̂t−τ−1)

)
( ˆ̂N∗t−τ−1 − ˆ̂Nt−τ−1).

B. Computational method

Taylor expansion of the equilibrium objects log ni,t and log zi,t gives the following:

n̂i,t = nsŝ
t
i + nδ, z̄i,t = z̄,

ˆ̂ni,t = ŝti
ᵀ
nssŝ

t
i + 2nsδ ŝ

t
i + nδδ + ns ˆ̂si,t, ẑi,t = zsŝ

t
i

Because derivatives ns,nss, etc, are multilinear, spectral theory motivates the search for a
finite dimensional approximation with linear factors:

ñ
(1)
i,t = Φn

ff
(1)
i,t + Φn

δ , z̃
(0)
i,t = Φz,

ñ
(2)
i,t = f

(2)
i,t

ᵀ
Φn
fff

(2)
i,t + 2Φn

fδf
(2)
i,t + Φn

δδ + Φn
ff

(1,1)
i,t , z̃

(1)
i,t = Φz

ff
(2)
i,t + Φz

δ

where Φn
f ,Φ

n
ff , etc, are finite dimension multilinear functions and f (1), f (2), f (1,1) are linear

factors give by

f
(1)
i,t+1 = A(1) f

(1)
i,t + C(1)ŝi,t,

f
(2)
i,t+1 = A(2) f

(2)
i,t + C(2)ŝi,t, f

(1,1)
i,t+1 = A(1) f

(1,1)
i,t + C(1) ˆ̂si,t

for some A(1), C(1) and A(2), C(2). The goal of the computational procedure is to solve for
multilinear functions Φ’s and factor dynamics A’s an C’s that minimizes the expansion of
equilibrium conditions characterized in Lemma 8 and Lemma 9.
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Using the aggregation conditions

N
(1)
t =

∫
n

(1)
i,t , N

(2)
t =

∫
n

(2)
i,t + (1− η)

∫ (
n

(1)
i,t −

∫
n

(1)
i,t

)2

,

the optimality conditions in Lemma 8 and Lemma 9, respectively for the first and second
order, can be expressed as

0 = E[G(1)(ñ
(1)
i,t , z̃

(0)
i,t )|F̄i,t],

0 = E[G(2)(ñ
(2)
i,t , z̃

(1)
i,t , ñ

(1)
i,t , z̃

(0)
i,t )|F̄i,t],

where G(1)(·), G(2)(·) are multilinear functions that depends on partial derivatives of agents’
preferences and technology, evaluated at the steady state.

Computational procedure

I solve for Φ(m) and A(m), C(m) successively for each order of approximation m. Specifically,

given the (m− 1)th order approximation {ñ(k)
i,t , z̃

(k−1)
i,t },∀k ≤ m− 1, consider the following

two-step procedure:

Outer loop:

(i) Fix a dimension n for the factors f
(m)
i,t , and specify matrices

A(m) ∈ Rn×n, C(m) ∈ Rn×|s|

such that the process f
(m)
i,t is stable.

(ii) Given factor specifications A(m), C(m), solve for coefficients Φ∗(m)’s that minimize
sum of squared residuals of equilibrium conditions, R(A(m), C(m),Φ(m)), with the
procedure described below in the inner loop.

(iii) Solve for A(m), C(m) that minimize R(A(m), C(m),Φ∗(m)).

Inner loop:

(i) For any given A(m), C(m), simulate {ωt, εi,t}Tt=0. Construct factors f
(m)
i,t :

f
(m)
i,t+1 = A(m) f

(m)
i,t + C(m) s̄i,t, f

(m)
i,0 = 0.
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(ii) Find multilinear functions Φ(m)’s to minimize the sum of squares residuals

R(A(m), C(m),Φ(m)) :=
T∑
t=0

residual
(m)
i,t ,

where
residual

(m)
i,t = E[G(m)(ñ

(m)
i,t , z̃

(m−1)
i,t , {ñ(k)

i,t , z̃
(k−1)
i,t }k≤m−1)|F̄i,t],

and

ñ
(2)
i,t = Φ(m)

n (f
(m)
i,t , {f (k,l)

i,t }k+l=m), Φ(m−1)
z (f

(m−1)
i,t , {f (k,l)

i,t }k+l=m−1).
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C. Supplementary Appendix: Extensions

General attention cost

The zeroth order expansion of attention z̄(θ) is characterized by eq. (6) in Appendix A for
a general attention cost κ(z):

e(1−γ)v̄ |vnn|
(nx
z̄

)2
− 2κ′(z̄) = 0.

Write v̄ = v̄(θ̄) and z̄ = z̄(θ̄), use the expression for nx, and totally differentiate with
respect to θ̄

z̄′(θ̄) =
r2σ4

(
σ2z̄(θ̄) + 1

)
(1− γ)|vnn|e(1−γ)v̄v̄′(θ̄)

2
(
r2σ6e(1−γ)v̄ |vnn|+ (sλ− 1)2

(
σ2z̄(θ̄) + 1

)3
κ′′(z̄(θ̄))

) ,
where v̄′(θ̄) > 0. It follows that if κ′′(·) > 0, then

z̄′(θ̄) < 0 ⇐⇒ γ > 1.

Attention choice amplifies exogenous changes in volatility σ

I show below that endogenous attention amplifies the economy’s response to exogenous
changes in σ. To study the effect of a changes in σ, consider a slightly different formulation
of signal structure and attention cost: an agent receives signal

xi = θ + εi, εi
iid∼ N (0,

σ2

zi
), with attention cost κ zi.

Compared to the specification in the main text, the formulation here makes sure that
given by exerting the same level of disutility κ zi, an agent receives the same amount of
information, as measured by the ratio of variance reduction (which is the same as entropy
reduction given the Gaussian structure). This change does not affect any of the analysis in
the main text because it is only a normalization of the cost function when σ2 is fixed.

With this specification, equilibrium attention and responsiveness of the economy is still
given by eq. (7) in Appendix A and eq. (20)

z̄(σ) =
1

1− s

(r2e(1−γ)v̄|vnn|
2κ

) 1
2

− 1

σ2

 , Λ(z̄(σ)) =
rλ(z̄(σ))

1− sλ(z̄(σ))
,
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except that the formula of Kalman gain λ(z) is now given by

λ(z) =
1

1 + 1
z

.

It follows immediately that an increase in σ leads to an increase in attention:

∂

∂σ
z̄(σ) > 0.

Similar to eqs. (16) to (19), the four measures of uncertainty are now approximated
by:

SD(Ỹ |θ̄) ≈
(
1 + Λ(z̄)

)
σ (23)

Disp(ỹi) ≈ Λ(z̄)
σ√
z̄

(24)

Disp(E[Ỹ |θ̄, xi]) ≈
(
1 + Λ(z̄)

)
λ
σ√
z̄

(25)

SD(Ỹ |θ̄, xi) ≈
(
1 + Λ(z̄)

)√
(1− λ(z))σ. (26)

From equation eqs. (23) to (26) in Appendix A, we can see that if attention z̄ is fixed, an
increase in σ directly leads to proportional increases in the four measures of uncertainty
(that is, the elasticities of the four uncertainty measures with respect to σ would be one).
With attention responding endogenously, an increase in σ leads to an increase in atten-
tion z̄(σ), and amplifies changes in the four measures of uncertainty under the conditions
characterized in Lemma 7 in Appendix A:

Lemma 11 If z̄(σ) < ž, then

d

d log σ
log
(
1 + Λ(z̄)

)
σ > 1,

d

d log σ
log

σ√
z̄
> 1,

d

d log σ
log
(
1 + Λ(z̄)

)
λ
σ√
z̄
> 1, and

d

d log σ
log
(
1 + Λ(z̄)

)√
(1− λ(z))σ > 1.

Separating income effect on attention from risk aversion

I show below that income effect on attention and risk aversion can be separated by gen-
eralizing the preference in Section 2 in the manner of Epstein and Zin (1989). Under the
generalized preference, income effect on attention governs how equilibrium attention to θ̄,
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where as risk aversion has no effect on z̄(θ̄).

Consider agents choosing consumption, labor, and attention choice under preference

1

1− ψ
V1−ψ
i − κ(zi), where Vi = E[v1−γ

i ]
1

1−γ

and vi = max{ci − ν(ni), u}, ν(ni) =
n1+ν
i

1+ν , and κ(zi) = κzi. Parameter γ governs how
different realizations of consumption-labor composite vi translate into its certainty equiva-
lence Vi, whereas ψ governs how agents trade off the certainty equivalence Vi with attention
cost. In particular, when ψ = γ, the preference here coincide to that in Section 2.

Solving consumption ci as a function of ni, N, θ as in section 2, agents’ optimization problem
is given by:

max
zi,n(xi)

1

1− ψ
V1−ψ
i − κ(zi).

Point-wise optimization for each realization of xi implies first order conditions with respect
to n(xi) that is identical to that in Lemma 1:

Ei
[(

(1− η)eθNηn−ηi − ν
′(ni)

)
v−γi 1{vi>u}

]
= 0.

Similarly, optimality of attention choice is given by:

1

1− γ
Vγ−ψi

∫
v1−γ
i

∂

∂zi
ϕ(θ, xi|zi) dθdxi − κ′(zi) = 0.

Similar to the derivation in Appendix A, the zeroth order approximation of attention z̄ is
pinned down by the second order expansion with respect to δ:

e(γ−ψ)v̄ E
[ (

(1− γ)v̂2
i + ˆ̂vi

)
e(1−γ)v̄ 1− ε2i

2z̄

∣∣∣ z̄ ]− 2κ′(z̄) = 0,

where v̄, v̂i, ˆ̂vi are the same as in Appendix A. Using lemma 6 to simplify the expression,
we have the following condition that characterize z̄:

e(1−ψ)v̄ |vnn|
(nx
z̄

)2
− 2κ′(z̄) = 0.

It follows immediately that how z̄ changes with θ̄ depends only on ψ and not γ.

To understand the result, note that risk aversion affects agents’ payoff through the term
(1 − γ)v̂2

i , but since attention has no first order effect on agent’s payoff (i.e., vn = 0), γ
does not affect agents’ attention choice up to second order approximation.
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D. Supplementary Appendix: Empirical details

Data description

Empirical evidence provided in the main text and the supporting evidence below comes
from four data sources.

First, aggregate output, hours, and TFP (with and without utilization-adjustment) series
come from John Fernald’s website (https://www.johnfernald.net/TFP), where series are
adjusted as described in Fernald (2014).

Second, firm level revenue data is constructed from Compustat (Capital IQ-North Amer-
ica). The data set provides standardized balance sheet information for over 80,000 publicly
traded companies at quarterly frequency.

Third, the U.S. forecast survey data comes from the SPF (https://www.philadelphiafed.org/
surveys-and-data/real-time-data-research/survey-of-professional-forecasters). SPF is a sur-
vey of professional forecasters currently run by the Federal Reserve Bank of Philadelphia.
SPF conducts quarterly survey around the end of the second month in the quarter with
around 40 forecasters. It provides forecaster-level data, in which forecasters report forecasts
for outcomes in the current and next four quarters, typically about the level of the variable
in each quarter. Besides asking forecasters for point estimates of economic variables, SPF
also asks forecasters to report probabilistic forecasts for fixed-event year-over-year per-
centage changes in the GDP growth (that is, in each quarter, the SPF asks forecasters to
provide forecasts about the GDP growth between two years). The SPF provides intervals
of possible GDP growth and asks respondents to report their subjective probabilities that
the variable of interest will take a value in each interval.

Finally, Google Trend data set (https://trends.google.com/) provides query share of any
group of terms relative to the total amount of queries on Google in a period of time,
with the maximum query share in that period normalized to a hundred. Query share
of search terms are assigned into different categories using a natural-language-processing
algorithm by Google. The categories include Art & Entertainment, Business & Industry,
Food, Travel, etc.

Sample selection and variable construction

I describe below the construction of the four measures of uncertainty reported in Figure 1,
Table 2, and Table 3.

1. Aggregate output volatility, S̃Dt(∆Ỹt), is measured as the conditional heteroskedas-
ticity of quarterly real GDP growth with a univariate EGARCH(1,1)-ARMA(2,2)
model.

2. Cross-sectional output dispersion D̃ispt(∆ỹi,t), is calculated using the Compustat
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data. I restrict the sample to U.S. firms, excluding firms in the financial and utility
sector because these sectors are heavily regulated. I also exclude firms (1) with
negative sales, (2) with acquisitions of size larger than 5% of its asset value, and (3)
of history less than 10 quarters. To construct dispersion of revenue-growth within
each sector, I use four-digit SIC code to define a sector, and exclude sectors with less
than 5 firms and sectors that appear in less than 10 quarters. I construct quarterly
real revenue growth for each firm in the sample as:

∆ỹi,t =
ỹi,t − ỹi,t−1

(ỹi,t + ỹi,t−1)/2
,

where ỹi,t denotes the real revenue of firm i at time t, and real revenue is deflated by
the GDP deflator from NIPA. I calculate the standard deviation of revenue growth
across firms within each sector with 90% winsorization. I control for quarter-of-year
fixed effect for each sector to adjust for seasonality, and calculate D̃ispt(∆ỹi,t) as
the average standard deviation of revenue growth, where the average is taken across
sectors and weighted by the total revenue of each sector in period t.

3. Forecast dispersion about aggregate output, D̃ispt(f
∆Ỹt
i,t ), is calculated using the SPF

data from 1969Q1 to 2020Q2. For each time period t and forecaster i, I calculate the
forecast of real GDP growth as

f∆Ỹt
i,t = log(f

Ỹt+1

i,t /f Ỹti,t ),

where f Ỹsi,t denotes forecaster i’s time t forecast of real GDP for time period s. The

forecast dispersion, D̃ispt(f
∆Ỹt
i,t ), is calculated as the standard deviation of f∆Ỹt

i,t for
each period across forecasters with 90% winsorization.

4. Subjective uncertainty about aggregate output, S̃Di,t(∆Ỹt), is calculated using the
SPF probability-range data from 1992Q1 to 2020Q2.11 Although the data exists for
a longer time period, the SPF made major changes to the real GDP growth intervals
in the survey before 1992Q1 and after 2020Q2. I restrict the sample to the periods
within these two dates in order to avoid being affected by changes in the conduct
of the survey. I fit a Beta distribution with parameter a, b and support [l, r] to the
response of each forecaster in each period. Specifically, let {tk}nk=1 denote the end
points of intervals specified by the SPF where t1 = −∞ and tn = ∞, and Fi,t(tl)
denote the empirical CDF provided by forecaster i. I look for for parameters ai,t, bi,t

11The data exists since 1968Q4, however, the Federal Reserve Bank of Philadelphia took over the survey
only since 1992Q1. I use data starting from 1992Q1 for data quality reason.
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and bounds li,t, ri,t that solves

min
ai,t>1,bi,t>1,li,t,ri,t

n∑
k=1

(
Beta(tk, ai,t, bi,t, li,t, ri,t)− Fi,t(ti,t)

)2
,

such that 
li,t = inf Supp(Fi,t), if inf Supp(Fi,t) > −∞
li,t > lmin, if inf Supp(Fi,t) = −∞,
ri,t = sup Supp(Fi,t), if sup Supp(Fi,t) <∞
ri,t < rmax, if sup Supp(Fi,t) =∞,

where lmin and rmax some bounds on the support. In other words, if a forecaster put
positive probability on the unbounded intervals provided by the SPF, I estimate finite
bounds li,t and ri,t with limit lmin and rmax; otherwise, I take the support provided by
the forecaster as the support for the Beta distribution. I assume that lmin (rmax) are
3% below (above) the upper (lower) bound of the end intervals specified by the SPF.
Given ai,t, bi,t, li,t, ri,t, I calculate the standard deviation of the fitted distribution for
each forecaster i in period t, and construct a time series from taking averages of
the standard deviations in each period t. Finally, since the survey asks forecasters
to predict the same year-over-year GDP growth in different quarters throughout the
year, the timing of survey introduce seasonal variations in the average of the standard
deviations of the fitted distributions. To control for the effect due to the timing of
survey, I regress the series on quarter-of-the-year dummies, and take the residuals as
the measure of the measure of subjective uncertainty.

I now describe the construction of two measures of attention using the Google Trend data
for Figure 2 and Figure 3, and a measure of attention using the SPF for Table 4.

5. For the first proxy of attention to macroeconomic events, I calculate the Google
search share of 30 major U.S. media, such as CNN, Fox News, etc, as given by the
Pew Research Center.12. The data is available at monthly frequency since 2004. To
focus on searches related to economic issues, I restrict the sample to searches under
the “Business and Industrial” category: some examples of queries that contains the
term ”CNN” are “CNN Dow Jones,” “CNN premarket,” and more recently, “CNN
coronavirus” and “CNN stimulus check.” I sum the query shares of all 30 media and
construct the measure as the log of total query shares, controlling for month-of-year
fixed effect.

6. For the second proxy of attention to macroeconomic events, I calculate the Google

12The list can be found at https://www.pewresearch.org/fact-tank/2020/01/24/qa-how-pew-research-
center-evaluated-americans-trust-in-30-news-sources/
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search share of a group of words classified as “economic words” in the textual-
analytics literature,13 including terms such as “bank,” “unemployment,” and “gold.”
I sum the query shares of all words on the list and construct the measure as the log
of total query shares, controlling for month-of-year fixed effect.

7. To estimate the coefficient βCG as a measure of attention, I use the SPF data from
1969Q1 to 2020Q2 to construct forecast error and forecast revision with horizon 1 to
4 quarters in each period for each forecaster as described in Section 7.

Supporting evidence: Countercyclical attention

Figure 2 shows the search share of major news media in the Business and Industrial cate-
gory. Searches for news increases by 100% during the past two recessions — the pandemic
crisis in 2020 and financial crisis in 2008. This finding indicates that during recessions, peo-
ple endogenous choose to shift their focus to economic issues that concern the economy as a
whole and is consistent with the model implication that attention is countercyclical.

Figure 2: Google search share of 30 major U.S. media in the Business and Industrial category
increases by 100% during the past two recessions. x-axis: time; y-axis: log Google search share,
demean.

Figure 3 shows the Google search share of the group of words classified as “economic
words” in the textual-analytics literature. This measure reflect household’s concern about
economic issues more broadly, which reflects both their information demand about macroe-
conomic condition and information demand for idiosyncratic purpose. The measure is
countercyclical and suggests that the demand for economic information is higher during
recessions.

13See Da et al. (2015) for a description of the construction of the list of words.
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Figure 3: x-axis: time; y-axis: log-deviation of Google search share of “economic words” con-
structed following Da et al.(2015); gray area indicates NBER recessions.

Supporting evidence: TFP volatility with utilization adjustment

I construct aggregate TFP volatility as the conditional heteroskedasticity of quarterly TFP
growth with a univariate EGARCH(1,1)-ARMA(2,2) model, and similarly for utilization-
adjusted TFP series.

Figure 4 plots the conditional volatility of TFP with and without utilization adjustment.
Both series are estimated conditional volatility from a EGARCH(1,1)-ARMA(2,2) model,
except that the red line comes from the unadjusted TFP series and the green line comes
from the utilization-adjusted TFP, both from Fernald (2014)’s data set.
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Figure 4: Conditional heteroskedasticity of TFP estimated. Red line: TFP without utilization
adjustment; green line: TFP with utilization adjustment. Both series are from Fernald (2014)’s
data set., estimated with EGARCH(1,1)-ARMA(2,2) and robust to different GARCH specifications.
x-axis: time; y-axis: log-deviation of variables from the long-run average; gray area indicates NBER
recessions.

When both series are band-pass filtered at business cycle frequency, the conditional volatil-
ity of TFP without adjust has a correlation of -.61 with output. On the other hand, the
utilization-adjusted series has a correlation of -.06 with output.
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