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Abstract

We investigate a test of conditional predictive ability described in Giacomini and White
(2006; Econometrica). Our main goal is simply to demonstrate existence of the null hypothesis
and, in doing so, clarify just how unlikely it is for this hypothesis to hold. We do so using a simple
example of point forecasting under quadratic loss. We then provide simulation evidence on the size
and power of the test. While the test can be accurately sized we find that power is typically low.
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1 Introduction

Tests of equal forecast accuracy are a now standard procedure in the forecasting literature. Early
advocates include Diebold and Mariano (1995) who show that a t-statistic, based on sample aver-
ages of loss differentials, can be asymptotically normal. Asymptotically valid inference on the mean
of the loss differentials is therefore straightforward. Subsequent work include adaptations to multiple
testing (White 2000), comparisons between nested models (Clark and McCracken 2001, McCracken
2007), cointegrating relationships (Corradi, Olivetti, and Swanson, 2001), forecast breakdowns (Gia-
comini and Rossi, 2009), generated predictors (Goncalves, McCracken, and Perron 2017), generated
predictands (Li and Patton, 2018), and many others.

Amidst many of these extensions is the issue of parameter estimation error. An early advocate of
this issue is West (1996) who delineates conditions under which, when the forecasts include parameter
estimates, not only is the t-statistic asymptotically normal, it is asymptotically standard normal.
Specifically, he shows how to properly account for the effect parameter estimation error has on the
asymptotic variance of the average loss differential.

Parameter estimation error is also a key feature of Giacomini and White (2006, henceforth GW)
but their perspective on the issue is very different. They begin with a question: do we care about
population-level forecast errors v = u(*), which we can never observe, or do we care about finite-
sample-level forecast errors 4 = u(ﬁ) which we do observe? As an example of this perspective,
consider comparing the accuracy of h-step-ahead point forecasts from two parametric models (i =
1,2) under quadratic loss. The bulk of the theoretical literature focuses on a null hypothesis of the
form E(uiHh — u§7t+h) = 0, while GW consider hypotheses of the form E(ﬁiHh - @%,Hh) =0 and
E (ﬁ%t h ﬁg’t +h|%t) = 0. The first of these three hypotheses is a statement about the unconditional
expectation of the population-level loss differential, while the second and third are statements about
the unconditional and conditional (based on a time-t information set ;) expectation of the finite-
sample loss differential.!

In this paper we investigate the test of conditional predictive ability advocated by GW, that
associated with the null hypothesis E(ﬁ%t - ﬁ%’t +h‘%t> = 0.2 Our first goal is to provide a proof-by-
example that the null hypothesis can exist. We do so by delineating a data generating process (DGP)

and parametric forecasting environment in which the null hypothesis holds. This may seem trivial

In GW, the hypotheses are stated more broadly and apply to any well-behaved loss function and are not exclusive
to point forecasts. Even so, for exposition purposes, we will focus on the most common applications in which quadratic
loss is used to evaluate point forecasts.

2The unconditional test of equal predictive ability has been more thoroughly investigated. Examples include Coroneo
and Jacone (2018), Giacomini and Rossi (2010), Rossi and Sekhposyan (2018), Inoue and Rossi (2012), Clark and
McCracken (2013), McCracken (2020), and Zhu and Timmermann (2020).



but there exist no examples in which this null hypothesis can be shown to hold when parameters
are estimated.? In large part this arises because the null hypothesis of equal conditional predictive
ability is extremely narrow and imposes very strong restrictions on the DGP. As shown in GW, given
two sequences of h-step-ahead point forecasts (91 t+n,%24+n) € ¢ and assuming a quadratic loss
function, the null hypothesis requires that the DGP for y satisfies E(yern|St) = 5(J1.4h + J2,64h)-
Zhu and Timmermann (2020) go one step further and show that this relationship is both necessary
and sufficient.

Despite these difficulties, we are able to delineate such a DGP but only for an application in which,
under quadratic loss, a no-change forecast is being compared to one formed using a location model.
We have not been able to establish an example that permits a broader collection of regression models
and it remains unclear if such exist. In particular, Zhu and Timmermann (2020) prove that if one of
the models is not finite order Markov, such as an MA or ARMA model, the null cannot hold.

Having provided an example in which the null can hold, our next goal is to investigate the finite
sample size and power of the test based on two Wald statistics proposed in GW. We find that when
the forecast horizon is 1, the nominal size of the test can be quite good. As the horizon grows, size
distortions arise due to the need to estimate long-run variances. In accordance with the theory, these
size distortions dissipate as the sample size increases.

We then provide an array of results on the finite sample power of the test using the same Wald
statistics. To do so we emphasize the fact that, in the GW framework, the null hypothesis will hold
only if the forecasting agent selects a forecasting method that aligns with the DGP in very specific
ways we discuss later. We find that for most sample sizes and deviations from the null, the actual
power of the test aligns closely with rejection frequencies observed under the null. Reasonable levels
of finite sample power typically arise only when the out-of-sample period is quite large and even then
it rarely exceeds 70%.

The remainder proceeds as follows. Section 2 delineates DGPs and forecasting environments which
satisfies the null hypothesis F (ﬁ%t h a;t +1/S,) = 0. Section 3 provides evidence on the actual size

and power of of tests of the null hypothesis. Section 4 concludes.

2 Existence

In this section we delineate a DGP and forecast environment that satisfies the null hypothesis

E(3 h a% t+h|%t) =0 for all t = R,...,T — h. Before doing so, recall that GW require that a

3GW provide Monte Carlo evidence on size and power by simulating the loss differentials directly rather than delin-
eating a DGP and forecasting environment that would imply those loss differentials.



finite number of observations (R) are used to estimate the parameters. This prevents the parameter
estimates, and subsequent forecast errors, from converging to their population counterparts.* Specifi-
cally, either the estimates depend on a rolling window of observations x such that Bt = B(Tt—Rt1y -, Tt)
or a fixed window of observations such that Bt = B(z1,...,xR). Because of this restriction, the DGP
that we describe is specific to whether the fixed or rolling scheme is used. This means that if the
DGP is designed relative to the fixed (rolling) scheme, then the fixed (rolling) scheme must be used
for forecasting.

Our DGPs are developed based on a simple application in which a no-change forecast is compared
to that from a location model with a single estimated parameter. That is, §1 ;4 = 0, while g2 11n = ¥,
where g = R~} Zi:t_ Rr+1Ys under the rolling scheme and y; = yp for all ¢ under the fixed scheme.

Holding the estimation scheme constant, the following two bullets describe the relevant DGPs.

e Fixed DGP. For t =1, ..., R, set y, = 21, where 1, = €, + Z?;ll Oje¢—; with e, ~ i.3.d.N(0, a?).
Fort=R+1,...,T, set y, = %gjg + .

o Rolling DGP. For t = 1,...,T, y; forms a stationary ARMA(R+h—1,h—1) with autoregressive
parameters o set so that the first h — 1 values are zero (i.e., oy =0 for j = 1,...,h — 1) and the
remaining R values are ﬁ (ie., aj = ﬁ for j = h,...R+h—1). The M A component takes

the form &; + Z;L;ll 6jei—; with &, ~ i.3.d.N (0, a?).

Proposition 2.1 For each DGP and the corresponding parameter estimation scheme,

E(ﬂ%,wh - a%,t+h|%t) = 0.

Proof. In each case the proof is a straightforward application of the observation that for ¢ =
R,...,T — h, the DGP for y satisfies E(ye11|S¢) = 3 (G045 + J2,640). ®

The proposition provides examples in which the null hypothesis holds. And yet it is hard to not feel
that the examples are strange and very unlikely to ever exist in economic data. As an extreme example,
consider a case in which ¢ ;14 and 9 ;15 denote two sequences of month-over-month U.S. PCE-based
inflation forecasts made by the research teams at Morgan Stanley and J.P. Morgan respectively. The
null hypothesis implies that in each period ¢, the conditional mean of month-over-month U.S. PCE-
based inflation is the sample average of their two forecasts. This seems very unlikely and so much so
that it is strange to even consider testing the null hypothesis. In addition, if §3 ;1 denotes the inflation

forecast from Goldman-Sachs, it is logically inconsistent that both E(ﬂ%t h ﬂg’t +h|%t) = 0 and

4As a technical matter, they permit R to vary across forecast origins, but the maximum is bounded from above. For
brevity we assume it is constant.



E (ﬂ%t T agt +1!S,) = 0 hold simultaneously unless the J.P. Morgan and Goldman-Sachs forecasts
are always identical.’

One reaction to this extreme example is that it is perfectly reasonable that the null hypothesis does
not hold. This is true, but then we would want tests to have substantial power to detect deviations
from the null hypothesis. For that reason, in the following section we provide Monte Carlo experiments

designed to characterize the finite sample size and power of two test statistics proposed in GW.

3 Actual Size and Power

In this section we operationalize the examples in the previous section in order to investigate the fi-
nite sample size and power properties of two test statistics proposed by GW. Given a sequence of
loss differentials thJrh = ﬂitJrh — ﬂ%’ﬂrh, t=R,..,T—h =R+ P — 1, the first is a t-statistic of
the form P~1/2 ZtT:_b]g dyin /@& where &2 is a consistent estimate of the long-run variance of dy,p, w?.
Under standard moment and memory conditions on the loss differentials, this t-statistic is asymp-
totically standard normal under the null. For the second, GW note that since the null hypothesis
implies cth is uncorrelated with any observable z € Sy, P~1/2 ;f:—}g a?tJrhzt will also be asymptot-
ically normal under the null. Since z; need not be scalar, they recommend a Wald statistic of the
form (P~1/2 Zth_Jg dysnz)Q (P12 Z?:_Ig dyinz). This statistic is asymptotically chi-square with
dim(z;) degrees of freedom under the null so long as Q) is consistent for the full rank long-run variance
of aZtht, Q. Following the suggestion in GW, we investigate the usefulness of this statistic using
2t = (1, th)' as the test function.

As there are no empirical applications that use the fixed scheme and test this null hypothesis, we
only consider the case in which model parameters are estimated using a rolling window of observations.®
That said, we do report results based on the fixed window DGP. We do so since, in that case, rolling
window estimates of model parameters constitutes a deviation from the null and thus inform us on one
type of deviation from the null hypothesis. We also consider two other deviations from the null. For
the first, the window size used to estimate the parameters (R) does not align with that maintained in

the DGP (R).” For the second, the chosen forecast horizon (h) does not align with that maintained
by the DGP (h).

°In contrast, it is easy to imagine that all three research teams are equally accurate unconditionally and hence
E(ﬁ%,t-&-h - ﬁ?,t+h) =0,j=2,3.

5Unreported simulations that estimate model parameters using a fixed window of observations yield comparable
rejection frequencies and are omitted for brevity.

"In the context of tests of equal unconditional finite-sample predictive ability, these deviations from the null are noted,
but not investigated, by Rossi and Sekhposyan (2019). Inoue and Rossi (2012) consider the issue but from the standpoint
of data snooping. They develop a test that is robust to the choice of R. The choice of R is not treated as a potential
deviation from the null.



The following bullets delineate the remaining elements of our simulation design.

 We use sample sizes in which R, R, and P range across 25, 75, 25, and 175 — similar to those used

in GW. We also consider P = 1000. In each simulation, the total sample size T is R+ P+ h — 1.

« Throughout we set the variance o2 of the primitive shocks e; to 1. Unreported results that
set 02 to 0.1 and 10 are quite similar and excluded for brevity. The MA coefficients are set to

0; = (0.5)7 in all simulations.

o For most results we consider horizons in which h = h and h ranges across 1, 3, and 12. For

power experiments in which h # h we also consider a longer horizon of 24.%

e Under the null, when A = 1 there is no serial correlation in either Jt+1 or Cit+1Zt and hence their
variance is the long-run variance. We therefore construct Q as P! ZZ:J% thQ 1212, and &2 as
P! ZZ;% cif 1 when h = 1. For the longer horizons, we use the Bartlett kernel to estimate w?
and Q (i.e., Newey and West, 1987). The choice of bandwidth has an affect: hence, we experi-
mented with a few, including fixed values of & and a sample-dependent version |[4(P/100)%/9 | +1
(Newey and West, 1994; Andrews and Monihan, 1992).% Since the actual sizes of the tests were

weakly better using the data dependent rule, we use that bandwidth when h>1.

o In all tables, we report results associated with a nominal size of 5%. Unreported results associated

with 1% and 10% levels provide comparable results and are excluded for brevity.
e For the rolling DGP, the initial conditions are set to zero and a burn-in of 10,000 is used.
e In all experiments, the number of replications is 5, 000.

3.1 (-statistic

In Table 1 we provide rejection frequencies associated with the t-statistic version of the test when the
rolling scheme is used in the DGP and in the modeling. Values in bold denote the actual size. All
other values are the actual power since for these, R # R. When h = 1, actual size is quite good for
all sample sizes. As we increase the forecast horizon, the need to estimate long-run variances induces
size distortions especially for the smallest sample sizes P. Even so, it is comforting to see that for
h = 3, the distortions diminish quickly as the sample size increases. At the longest horizon h = 12,

the actual size improves as the sample increases but remains slightly elevated even when P = 1000.

8In unreported results we consider actual size of the test when h = 24. The results were comparable to those for
h = 12 and hence were excluded for brevity.

9Note that when using d; as a test function, h observations are lost when constructing the second test statistic. Hence
when estimating Q, we use the bandwidth [4((P — h)/100)*/°| + 1.



Under the alternative in which R # R, (Table 1, not bold), the actual power is poor, with rejection
frequencies generally well below 25% for all but the largest sample size P. For the largest sample size,
the actual power can be as high as 80% but remains as low as 10% for some permutations of R #* R.
For a fixed value of R, actual power tends to be larger when R is smaller, rather than larger, than R.

In Table 2 we report rejection frequencies when rolling windows are used to estimate model pa-
rameters but the DGP is associated with the fixed scheme. It is therefore the case that all values
represent actual power. For this alternative, actual power is comparable to that in Table 1 except
for the largest sample size where it can be modestly higher. Across all horizons, the actual power is
rarely above 30% unless P = 1000. At the largest sample size, the rejection frequencies approach 75%
but do so only when R is, as we saw in Table 1, much smaller than R. Somewhat oddly, there are
times when the rejection frequencies are u-shaped as P increases for a fixed R. For example, when
h =12, R = 125, and R = 175, the rejection frequencies vary from 18%, 13%, 12%, 14%, to 25% as
P increases from 25, 75, 125, 175, to 1000 respectively.

Tables 3 and 4 report rejection frequencies when we vary h across 1, 3, 12, and 24 for a fixed value
of h =1, 3, 12. Values in bold denote the actual size while those not in bold denote actual power. In
both Tables, R = R but while Table 3 reports results when the rolling DGP is used, Table 4 provides
results when the fixed DGP is used and hence there are types of deviation from the null. Subject to
Monte Carlo variation and rounding, in Table 3 the actual size results align with those in Table 1. In
terms of actual power, both Tables are broadly similar. For all sample sizes less than 1000, rejection
frequencies are rarely higher than 15% with the exception that when R = 25, actual power leaps to
values greater than 90% when h =24 especially when h = 1. As h increases, actual power decreases
monotonically holding P constant when h =24 and R = 25. In Table 3, when P = 1000, actual power
is typically quite poor with rejection frequencies that often align with the actual size. In Table 4, for
which their are two types of deviations from the null, actual power is comparable to that in Table 3

except for the largest sample size where it can be modestly higher.

3.2 yZ-statistic

In this section, the simulations parallel those in the previous subsection but now use the y?-statistic-
version of the test with z; = (1, dt)’ as the test function. In Table 5, bolded values indicate that the
test is modestly-to-severely oversized. At the longer horizons, the actual size of the test is typically
poor for the smaller sample sizes, with rejection frequencies as high as 40%. Even so, consistent with
the theory, at all horizons, the actual size generally improves as the sample size increases. In fact,

when P = 1000 and h = 1, the actual size perfectly aligns with the nominal size.



It is worth reiterating that, in Table 5, heteroskedasticity and autocorrelation consistent meth-
ods are being used to estimate the long-run variance of czt+hzt. While this obviously captures the
role of serial correlation in the long-run variance, it also captures the presence of any conditional
heteroskedasticity. This is particularly important given that d; is an element of z. To understand
why, suppose h = 1, let R = R, and consider the second element of P~1/2 ZtT;}% cftHzt. Straightfor-
ward algebra reveals that P—1/2 Zzﬂ;}% thHcit is asymptotically normal with zero mean and variance
Qoy = Ecifﬂcff Since (it+1 = 2e441y¢ and 441 ~ 1.i.d.N(0, 1), we obtain Eczfﬂci% = 16E(e2y2y? |) #
16E(7})E(52 ) = Ed? +1ECZ% and thus dy,; exhibits conditional heteroskedasticity. In unreported
results, akin to those for h = 1 in Table 5, we obtained rejection frequencies ranging from 16% to
19% for P = 1000 when we did not account for conditional heteroskedasticity. These are well above
the corresponding values in the first panel of Table 5 where the actual size aligns perfectly with the
nominal size of the test.

Under the alternative in which R # R, (Table 5, not bold), the actual power remains poor, with
no obvious improvements relative to those observed in Table 1 when using the ¢-statistic. For the
largest sample size, the actual power can be as large as 70% but, again, remains as low as 10% for
some permutations of R # R. For a fixed value of R, actual power continues to be larger when R is
smaller, rather than larger, than R.

Table 6 reports rejection frequencies when the fixed DGP does not align with the rolling window
model. As we saw before, power remains relatively weak with rejection frequencies typically below 25%
for all but the largest sample size. For the largest sample size P = 1000, the actual power improves
to as much as 70%. There is a tendency for actual power to increase as h increases holding (R, P)
constant. For all horizons, actual power again improves as R declines. In addition, we continue to
observe instances in which the rejection frequencies are u-shaped for a fixed value of R, as P increases.

In Table 7, actual power is driven by the fact that h # h while in Table 8 it is also the case that
the DGP is designed for the fixed scheme. One feature of Tables 7 and 8 that differs from Tables 3
and 4 are the missing values when A = 24 and P = 25. These are missing because, when the test
function includes cft, h observations are lost in construction of the x2-statistic. In the extreme case,
there exist only one remaining observation and that is insufficient to construct the test statistic.

Subject to Monte Carlo variation and rounding, the bolded actual size results in Table 7 align
with those in Table 5. In terms of actual power, both Tables 7 and 8 report many instances in which
rejection frequencies are comparable to those under the null. Even so, we again find that when R = 25
and h = 24, there is substantially higher actual power that diminishes as h increases. One major

difference from the results in Tables 3 and 4 arises when & is larger than h. Here we find our first



evidence that using the x2-statistic (rather than the t-statistic) provides a substantial improvement in
actual power. In the second and third panels of both tables we find actual power as high as 90% for
all values of R and all but the smallest value of P. In contrast, when using the t-statistic the rejection

frequencies are closer to 20%.

4 Conclusion

In this paper we have modest goals. The first is simply to provide examples of DGPs and forecasting
environments in which the null of equal conditional predictive ability holds. We are able to do so but
only in very limited and wnusual environments. In one of the two examples the dependent variable
forms an ARMA(R + h — 1,h — 1) with a very unrealistic pattern of coefficients. Nevertheless, the
example is sufficient to prove existence of the null hypothesis which was our goal.

Given these DGPs, we then provide simulation-based evidence on the finite sample size and power
of the proposed statistics used to test the null. We find that the tests can be accurately sized given
large enough samples, especially at shorter horizons. When lagged values of the loss differential are
used as test functions we find that obtaining accurately sized tests also requires properly accounting
for conditional heteroskedasticity when estimating the long-run variance. In all experiments power is
low, and even poor, unless the sample sizes are quite large and even then rejection frequencies rarely

rise above 70%.
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Tables

Table 1: Rolling DGP and Rolling Model, t-statistic

h=1 h=3 h =12
P P P

R R 25 75 125 175 1000 25 75 125 175 1000 25 75 125 175 1000
25 25 | 0.05 0.06 0.05 0.05 0.05| 0.12 0.09 0.08 0.07 0.07 | 0.17 0.10 0.09 0.08 o0.07
75| 0.11 0.10 0.08 008 0.07 | 018 0.14 0.11 0.10 0.07 | 0.20 0.15 0.12 0.11 0.09
125 | 0.13 0.14 0.13 0.12 0.10 | 0.22 020 0.16 0.15 0.10 | 0.23 0.20 0.17 0.16 0.12
175 | 0.14 0.18 0.16 014 0.12 | 0.24 023 0.21 0.18 0.12 0.25 024 020 019 0.15
75 25| 0.07 0.09 010 015 049 | 012 0.14 0.16 020 0.53 | 0.18 0.15 0.18 0.20 0.50
75 | 0.06 0.05 0.05 0.04 0.05| 0.13 0.10 0.08 0.08 0.06 | 0.17 0.11 0.09 0.08 0.08
125 | 0.0 0.0v 0.06 007 0.05 | 015 011 0.09 0.10 0.06 | 0.18 0.14 011 0.09 0.08
175 | 0.08 0.08 0.09 0.08 0.07 | 017 014 013 0.12 0.08 | 020 0.16 0.15 0.13 0.08
125 25| 0.0 0.10 0.3 017 068 | 013 015 020 024 071 | 0.19 0.18 020 0.23 0.66
75 | 0.06 0.06 0.0r o008 014 | 013 0.10 0.0 0.10 0.16 | 0.17 0.12 011 0.12 0.17
125 | 0.06 0.05 0.05 0.05 0.05 | 0.14 0.10 0.09 0.08 0.06 | 0.19 0.11 0.09 0.10 o0.07
175 | 0.07 0.07 0.0r 0.05 0.05 | 015 o0.11 0.10 0.09 o0.07 | 0.19 0.13 012 0.11 0.08
175 25| 007 010 014 020 077 | 013 015 019 025 080 | 019 018 021 026 0.74
75| 0.06 0.06 0.07r 008 019 | 014 0.10 0.10 0.11 0.23 | 0.18 0.12 0.12 0.13 0.25
125 | 0.07 0.06 0.05 0.06 0.09 | 0.14 o0.10 0.09 0.10 0.11 | 0.19 0.13 011 0.10 0.12
175 | 0.07 0.06 0.05 0.06 0.05 | 0.14 0.10 0.08 0.07 0.06 | 0.19 0.13 0.10 0.08 0.07

Notes: R is the window size used to generate the time series, R is the window size used to estimate the model parameters before generating
a forecast, h is the forecast horizon, and P is the number of forecast periods. Each entry in the table represents the fraction of replications
where the null hypothesis was rejected at the 5% level using the standard normal critical values of a two-sided test for a given R, R, h, and
P. Bolded rows indicate when the null hypothesis holds (i.e., when R = R) The test statistic takes the form of the t-statistic described in
the first paragraph of section 3.

Table 2: Fixed DGP and Rolling Model, t-statistic

h=1 h=3 h=12
P P P
R R| 2 75 125 175 1000 | 25 75 125 175 1000 | 25 75 125 175 1000
25 25 | 0.06 0.08 011 014 054|013 013 016 020 057 | 020 0.17 019 023 0.56
75 [ 0.07 008 011 0.4 042 | 015 0.3 017 019 044 | 021 0.18 0.8 022 0.46
125 | 0.07 011 013 016 042 [0.16 016 0.18 020 044 | 022 021 021 023 046
175 | 0.07 011 0.5 018 044 | 017 018 019 022 047 | 022 021 024 025 048
75 25 | 0.07 0.2 015 019 063 | 013 018 020 025 067 | 020 021 022 027 0.66
75| 0.06 0.05 0.06 006 025|013 010 010 010 030 | 019 013 012 012 0.32
125 | 0.05 006 006 007 022 013 010 010 010 025|019 0.14 012 012 027
175 | 0.06 007 0.6 007 022|014 010 010 011 025|019 015 013 013 026
125 25 | 0.07 012 017 023 069 | 0.14 017 024 028 071 [ 020 020 026 030 0.70
75 | 0.06 0.09 009 010 029 | 013 011 013 014 032|018 015 016 0.16 0.35
125 | 0.06 006 005 006 0.17 |013 009 009 009 020 |017 012 011 011 021
175 | 0.06  0.05 0.6 0.05 0.4 | 013 009 009 009 017 | 018 013 011 011 020
175 25| 007 012 0.8 025 072 | 014 018 025 032 075 | 020 020 025 033 0.74
75 | 0.06 0.07 009 011 030 | 013 011 013 014 035|018 014 015 0.18 0.36
125 | 0.06 0.07 008 0.08 020 013 011 010 011 024|018 013 012 014 025
175 | 0.06 0.05 005 0.05 0.3 | 013 008 009 008 015|018 012 012 011 0.18

Notes: See notes to Table 1. No values are bolded, because the null hypothesis does not hold for any entry.
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Table 3: Rolling DGP and Rolling Model, t-statistic (alternating iz)

h=1 h=3 h=12

P P P
h 25 75 125 175 1000 25 75 125 175 1000 25 75 125 175 1000
25 1| 0.06 0.05 0.04 0.05 0.05]| 016 013 015 0.16 048 | 020 0.16 0.18 0.19 0.55
3
2

0.07 0.06 0.05 0.06 005 | 0.11 0.09 0.09 0.08 0.07 | 013 0.09 0.07r 0.08 0.08
0.09 o0.10 0.11 012 031 | 0.15 0.12 0.11 0.12 0.22 | 0.17 0.10 0.08 0.08 0.07
241034 072 091 097 100 | 024 040 054 067 1.00 | 019 0.15 0.15 0.17 043

75 1| 0.06 0.06 0.05 0.05 0.04]| 019 016 013 014 023 | 023 0.19 017 0.16 0.29
3008 005 005 005 006 014 0.09 0.07 0.08 0.07 | 016 0.09 0.08 0.08 0.06

12| 0.09 0.06 0.06 006 007 | 015 0.10 0.08 0.07 0.08 |0.17 0.11 0.09 0.08 0.07

24 | 009 0.07 0.07 o007 010 | 014 0.11 009 009 012 | 019 013 0.10 0.09 0.10

125 1| 0.07 0.06 0.05 0.05 0.05| 020 016 015 013 0.16 | 025 020 0.18 0.18 0.23
3008 006 005 006 005 |0.13 0.09 0.08 0.08 0.06 | 017 0.10 0.09 0.09 0.06

12| 0.08 0.06 0.06 006 005 | 014 0.10 0.08 0.07 0.06 |0.18 0.11 0.10 0.09 0.07

24 | 0.09 0.07 0.06 0.06 0.06 015 0.11 0.09 0.09 0.08 | 019 0.13 0.11 0.10 0.08

175 1| 0.06 0.06 0.05 0.05 0.05]| 019 018 0.16 015 0.15 | 025 0.22 022 019 0.19
3008 006 006 005 005 |0.15 0.10 0.08 0.08 0.07 | 018 0.11 0.09 0.08 0.07

12 |1 0.09 006 005 006 005 | 014 0.10 0.08 0.08 0.07 |0.18 0.12 0.10 0.09 0.07

24 | 009 007 006 006 006 | 014 011 009 0.08 0.07 | 019 013 0.10 0.09 0.09

Notes: R is the window size, h is the forecast horizon used to generate the time series, R is the forecast horizon used in the forecasts, and
P is the number of forecast periods. Each entry in the table represents the fraction of replications where the null hypothesis was rejected
at the 5% level using the standard normal critical values of a two-sided test for a given R, h, h and P. Bolded values indicate when the

null hypothesis holds (i.e., when h = h). The test statistic takes the form of the t-statistic described in the first paragraph of section 3.

Table 4: Fixed DGP and Rolling Model, t-statistic (alternating h)

P P P
h| 25 75 125 175 1000 25 75 125 175 1000 25 75 125 175 1000
25 1|006 008 011 014 055 | 0.17 0.16 020 023 048 | 024 0.21 0.27 0.29 0.50
3
2

0.07r 0.09 0.12 0.16 0.7 | 013 0.12 0.16 0.20 0.57 | 0.16 0.14 0.15 0.19 048
0.13 0.15 0.20 0.24 068 | 018 0.18 0.21 0.25 066 | 019 0.17 0.19 0.23 0.58
24 1075 090 096 098 1.00 | 0.46 0.57 0.69 0.77 094 | 0.23 0.23 0.27 033 0.70

75 1]005 006 006 007 025|020 0.17 015 0.15 030 | 026 022 020 020 0.35
3007 006 006 008 027|012 0.10 0.09 0.10 030 | 0.16 0.11 0.10 0.09 0.26

12 | 0.08 0.07 0.07 0.08 029 | 0.14 0.10 0.09 0.10 031 | 0.17 0.13 0.12 0.12 0.32

24 1 0.08 0.09 0.10 0.11 035 | 0.14 0.12 0.12 013 036 | 0.18 0.15 0.13 0.14 0.36

125 1|006 006 006 006 017 | 020 0.16 0.17 0.16 024 | 025 0.23 022 020 0.29
3007 006 007 0.07 016 | 014 0.09 0.08 0.09 020 016 0.11 0.10 0.10 0.18

12 | 0.08 0.06 0.06 0.07 0.19 | 0.13 0.10 0.09 0.09 0.20 | 0.18 0.12 0.11 0.11 0.21

24 | 0.08 0.07r 0.08 0.08 019 | 014 0.10 0.10 0.10 0.21 | 0.19 0.14 0.12 0.12 0.24

175 11005 0.05 005 006 021|018 017 0.16 021 0.08 | 026 022 022 022 0.25
3007 006 006 006 012 |0.13 0.09 0.08 0.08 0.15 |0.16 0.11 0.10 0.09 0.14

12 | 0.08 0.06 0.06 0.06 0.12 | 013 0.10 0.08 0.08 0.16 | 0.17 0.12 0.11 0.11 0.18

24 | 0.08 0.06 0.05 0.07 0.14 | 0.14 0.10 0.09 0.09 0.18 | 0.19 0.13 0.12 0.11 0.18

Notes: See notes to Table 3. No values are bolded, because the null hypothesis does not hold for any entry.
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Table 5: Rolling DGP and Rolling Model, Wald-statistic

h=1 h=3 h=12

P P P
R R 25 75 125 175 1000 25 75 125 175 1000 25 75 125 175 1000
25 25 | 0.11 0.08 0.08 0.07 0.05| 0.24 0.15 0.15 0.13 0.09 | 0.37 0.16 0.12 0.11 0.09
75| 015 011 009 009 008 | 030 020 017 015 0.11 | 041 021 017 0.15 0.11
125 | 0.17 0.14 013 012 012 | 032 024 021 018 0.16 | 043 025 020 0.18 0.18
175 | 0.17 0.17 0.16 0.15 0.14 | 033 026 024 022 019 | 042 027 025 022 0.21
75 25| 012 010 011 013 040 | 0.23 020 020 021 046 | 038 017 017 019 041
75 | 0.11 0.08 0.07 0.06 0.05 | 0.25 0.16 0.13 0.13 0.08 | 0.40 0.16 0.13 0.12 0.08
125 | 0.11  0.09 0.08 0.0r 0.06 | 0.26 0.17 0.15 013 0.09 | 041 0.18 0.15 0.13 0.09
175 | 0.12 0.11 0.09 009 0.06 | 028 0.19 0.17 0.15 0.09 | 041 020 0.17 0.15 0.10
125 25| 012 010 012 014 058 | 0.24 019 021 023 063 | 038 019 018 021 0.57
75| 011 0.08 0.08 008 011 | 0.26 0.17 015 0.14 0.16 | 040 0.18 0.15 0.14 0.16
125 | 0.11 0.07 0.07 0.06 0.05 | 0.26 0.16 0.14 0.12 0.08 | 0.40 0.17 0.14 0.12 0.09
175 | 0.12 0.08 0.08 0.07 0.05 | 027 016 014 0.13 0.09 | 040 019 0.15 0.13 0.09
175 25| 012 011 013 0.16 067 | 023 020 021 023 072 | 038 019 0.20 0.22 0.66
75| 011 0.08 0.08 008 014 | 026 0.15 0.15 0.14 020 | 040 0.18 0.15 0.14 0.21
125 | 0.11 0.08 0.08 0.07 008 | 025 017 0.14 014 0.12 | 041 018 0.14 0.13 0.12
175 | 0.11 0.08 0.07 0.07 0.05 | 0.25 0.17 0.13 0.12 0.09 | 0.41 0.18 0.14 0.13 0.08

Notes: See notes to Table 1. The test statistic takes the form of the Wald-statistic described in the first paragraph of section 3. Consequently,
x2(2) critical values are used for inference (as opposed to the standard normal critical values used in Table 1). Note that h observations were
lost because the test function includes an h-lagged loss differential.

Table 6: Fixed DGP and Rolling Model, Wald-statistic

h=1 h=3 h =12
P P P
R R | 25 75 125 175 1000 25 75 125 175 1000 25 75 125 175 1000
25 25012 010 0.11 0.13 048 | 025 0.18 0.19 022 055 | 040 0.21 020 0.23 0.53

75 |1 0.12 0.10 0.11 0.13 036 | 0.28 0.21 0.20 0.20 040 | 042 0.23 0.22 0.21 043

125 | 0.13 0.11 0.13 0.15 038 | 0.27 0.20 0.20 0.22 043 | 041 024 024 023 043

175 | 0.12 0.12 0.14 0.16 039 | 0.28 0.21 0.22 0.22 043 | 044 0.25 0.25 025 045

75 251011 0.13 0.15 0.16 057 | 0.23 0.21 023 024 062 | 038 0.22 021 0.22 0.59
75 | 0.11 0.08 0.08 0.0r 020 | 025 0.16 0.15 015 0.26 | 040 0.18 0.15 0.15 0.27

125 | 0.12 0.09 0.08 0.07r 0.18 | 027 0.15 0.15 0.13 0.22 | 040 0.18 0.16 0.15 0.24

175 | 0.11 0.08 0.08 0.08 0.18 | 026 0.16 0.15 0.14 0.23 | 041 0.18 0.17 0.16 0.25

125 251012 0.12 0.15 019 059 | 023 020 025 027 067 | 037 020 0.23 025 0.64
75 | 0.11 0.09 0.11 0.10 0.24 | 024 0.17 0.18 0.17 029 | 039 0.18 0.17 0.15 0.30

125 | 0.11 0.07 0.07 0.07 0.13 | 025 0.15 0.15 0.13 0.19 [ 039 0.17 0.14 0.14 0.19

175 | 0.11 0.07r 0.07r 0.07 0.11 | 0.26 0.15 0.14 0.12 0.15 | 0.39 0.18 0.15 0.14 0.19

175 25| 0.11 0.12 0.15 020 062 | 023 020 026 029 069 | 038 0.20 0.22 0.27 0.66
75 1 0.12 0.08 0.09 0.09 023|024 0.17 0.16 0.17 031 | 039 0.18 0.16 0.17 0.29

125 | 0.12 0.09 0.08 0.09 0.17 | 025 0.16 0.16 0.16 0.21 | 0.40 0.17 0.17 0.15 0.21

175 | 0.11 0.07r 0.07r 0.06 0.11 | 0.25 0.15 0.14 0.13 0.14 | 0.40 0.19 0.14 0.13 0.16

Notes: See notes to Table 5. No values are bolded, because the null hypothesis does not hold for any entry.
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Table 7: Rolling DGP and Rolling Model, Wald-statistic (alternating ?z)

h=1 h=3 h =12

P P P
h 25 75 125 175 1000 25 75 125 175 1000 25 75 125 175 1000
25 1| 0.11 0.08 0.07 0.07 0.06 | 048 078 091 096 1.00 | 0.54 083 094 098 1.00
3
2

0.15 0.11 0.10 0.08 0.07 | 0.25 0.16 0.14 0.13 0.09 | 022 0.15 0.15 0.13 0.29
0.24 0.0 0.11 010 026 | 034 0.15 0.11 0.12 0.18 | 0.37 0.15 0.12 0.11 0.08
24 0.50 0.78 091 1.00 0.31  0.39 0.53 1.00 0.18 0.15 0.16 0.34

75 1]011 0.08 0.07 0.06 0.05 | 054 087 09 099 1.00 | 0.60 0.89 097 099 1.00
3016 010 010 0.08 0.06 |0.26 0.17 0.14 0.12 0.09 | 024 0.17 0.18 0.18 0.41

12| 025 0.09 0.08 008 007 | 036 0.16 0.12 011 008 |0.41 0.17 0.14 0.12 0.09

24 0.11  0.08 0.08 0.09 0.18 0.13 0.11 0.10 0.20 0.15 0.12 0.10

125 1| 0.11 0.08 0.07 0.07 0.06 | 0566 089 097 099 1.00 | 0.61 091 098 099 1.00
3017 009 0.09 0.08 006 |0.26 0.16 0.13 0.13 0.09 | 026 0.18 020 0.18 045

12| 0.25 0.10 0.09 008 006 | 036 0.15 0.12 011 0.09 |0.39 0.17 0.14 0.13 0.09

24 0.11 0.09 0.08 0.06 0.16 0.13 0.12 0.09 0.20 0.15 0.12 0.09

175 1| 0.12 0.08 0.07 0.06 0.05| 058 090 097 099 1.00 | 0.62 092 098 099 1.00
3|01 010 0.09 0.07 0.07 026 0.16 0.13 0.12 0.08 | 0.25 0.19 019 021 047

12| 0.24 0.10 0.09 0.07 006 | 037 0.14 0.13 0.11 0.08 | 0.40 0.17 0.14 0.13 0.08

24 0.10 0.10 0.08 0.05 0.17 0.13 0.10 0.07 0.20 0.15 0.13 0.09

Notes: See notes to Table 3. The test statistic takes the form of the Wald-statistic described in the first paragraph of section 3. Con-
sequently, x2(2) critical values are used for inference (as opposed to the standard normal critical values used in Table 1). Note that h
observations were lost because the test function includes an h-lagged loss differential. The loss of these observations implies there are
insufficient observations to construct the Wald-statistic when P = 25 and h = 24.

Table 8: Fixed DGP and Rolling Model, Wald-statistic (alternating &)

P P P
h| 25 75 125 175 1000 | 25 75 125 175 1000 | 25 75 125 175 1000
25 11012 0.09 011 014 048 | 051 0.82 094 098 1.00 | 0.56 0.87 096 0.99 1.00
3
2

0.17 0.13 0.14 0.16 054 | 024 0.18 0.20 0.21 054 | 0.25 0.20 0.23 0.27 0.70
0.25 0.13 0.17 0.19 061 | 036 0.18 0.19 0.23 059 | 039 0.20 0.19 0.22 0.53
24 0.51 0.78 0.90 1.00 0.34 0.44 0.57 0.92 0.24 022 0.26 0.67

75 1]011 0.09 008 007 021 | 056 087 09 098 1.00 | 0.60 0.90 097 099 1.00
3016 010 0.09 0.09 022|024 016 0.15 0.14 026 | 025 019 0.20 0.22 0.61

12| 025 0.10 0.10 0.09 0.23 | 037 0.15 0.13 0.12 0.26 | 040 0.19 0.15 0.14 0.27

24 0.12 0.10 0.10 0.27 0.18 0.14 0.13 0.30 0.20 0.16 0.16 0.30

125 11012 0.08 0.07 007 013 | 055 090 097 099 1.00 | 0.64 091 097 099 1.00
3015 0.10 0.09 0.09 014 | 026 0.15 0.14 0.13 0.18 | 026 0.20 0.22 0.22 0.57

12 |1 025 0.10 0.09 0.08 0.15 | 036 0.15 0.12 0.12 0.17 | 041 0.17 0.14 0.13 0.20

24 0.11  0.09 0.09 0.15 0.18 0.13 0.12 0.18 021 0.16 0.13 0.19

175 1011 0.08 0.07 0.07 010 | 059 090 097 099 1.00 | 0.62 091 098 0.99 1.00
3016 011 0.08 0.09 0.11 | 025 0.15 0.14 0.12 0.14 | 026 0.20 0.21 0.21 0.58

12 | 0.25 0.10 0.08 0.08 0.10 | 038 0.15 0.12 0.11 0.14 | 042 0.18 0.14 0.13 0.16

24 0.11 0.08 0.08 0.12 0.16 0.13 0.11 0.14 0.20 0.14 0.14 0.17

Notes: See notes to Table 7. No values are bolded, because the null hypothesis does not hold for any entry.
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