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Abstract

A key property of the Aiyagari-type heterogeneous-agent models is that the equi-
librium interest rate of public debt lies below the time discount rate. This fundamen-
tal property, however, implies that the Ramsey planner’s fiscal policy may be time-
inconsistent because the forward-looking planner would have a dominant incentive to
issue plenty of debt such that all households are fully self-insured against idiosyncratic
risk. But such a full self-insurance allocation may be paradoxical because, to achieve
it, the optimal labor tax rate may approach 100% and aggregate consumption may
approach zero. This is puzzling from an intuitive perspective because near the point
of full self-insurance the marginal gains of increasing debt should be less than the
marginal costs of financing the debt under distortionary taxes. We show that this
puzzling behavior originates from the assumption that the planner must commit to
future plans at time zero. Under such a full commitment, the Ramsey planner opts
to exploit the low interest cost of borrowing to front-load consumption by sacrificing
future consumption in the long run because future utilities are heavily discounted com-
pared to the inverse of the interest rate on government bonds. We demonstrate our
points analytically using a tractable heterogeneous-agents model featuring non-linear
preferences and a well-defined distribution of household wealth.
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1 Introduction

A signature property of standard heterogeneous-agents models is that the market risk-free
interest rate is lower than the time discount rate (regardless of capital).! This property
emerges because precautionary saving motives under imperfect risk sharing entice agents
to hold an excess amount of liquid assets even if their rate of return is dominated by the
time discount rate, suggesting that a liquidity premium is paid by holding such assets under
borrowing constraints and non-diversifiable risk.

This property, however, has important implications for optimal government policies but
has not been thoroughly investigated or well understood in the existing literature. One
particular implication among them is the existence of an “arbitrage opportunity” for the
Ramsey planner—who can borrow cheaply by issuing debt at the lower interest rate and
roll over the debt indefinitely as long as that interest rate stays below the time discount
rate. Arbitrate will continue until the model converges to an interior Ramsey steady state
(if it exists) where households are fully self-insured by holding a sufficient amount of public
debt. In such an interior Ramsey steady state, agents are no longer borrowing constrained
and the interest rate equals the time discount rate.? In other words, the Ramsey planner
opts to issue plenty of debt such that asset holders (savers) are satiated with savings against

idiosyncratic risks.

But this Ramsey outcome, or intention to issue a sufficiently large stock of government
bonds to enable borrowing-constrained agents to achieve a full self-insurance (FSI) allocation
may be puzzling: This is because intuition tells us that the marginal benefit of reducing
consumption risk must decline with an increasing stock of public debt, while the cost of
financing the debt with distortionary taxes must rise. Therefore, an FSI allocation does not
seem to be optimal.

Yet, consistent with the finding of Chien and Wen (2019), this paper illustrates that an
FSI allocation is indeed a Ramsey outcome even if (i) the implied steady-state labor tax

rate is near 100% in order to support the FSI allocation and (ii) the model’s preferences are

!By “standard” models we mean the class of models similar to that studied by Aiyagari (1994) in which
agents are ex ante identical but ex post heterogenous. Therefore, our paper focuses on this class of models
and does not consider other popular types of models with ex ante heterogenous agents such as the two-class
model of Judd (1985) or the OLG models.

2There may exist two types of Ramsey steady states in general: an interior one and a non-interior one.
If all quantity variables converge to finitely positive values, it is called an interior steady state. It is called
a non-interior steady state if one or more quantity variables (such as aggregate consumption) converge to
Zero.



standard (i.e., non-linear) and the distribution of wealth is not degenerated (in contrast to
the model of Chien and Wen (2019)).

The insight obtained from our analysis is that the FSI Ramsey allocation, driven by the
gap between the interest rate and the time discount rate, is a consequence of the assump-
tion of full commitment by the Ramsey planner at time zero. If the Ramsey planner has
opportunities to readjust policies, or if the objective is to maximize the steady-state welfare
of the competitive equilibrium instead of the dynamic path of welfare at time zero, then an
FSI allocation can be shown to be suboptimal.

This inconsistency in the optimal quantity of public debt between maximizing the steady-
state welfare and the dynamic welfare arises from the fact that the Ramsey planner does not
discount the future when using policies to pick the best competitive steady state of the model,
in contrast to policies that pick the best dynamic path of the competitive equilibrium. In
the former case, the difference between the interest rate and the time discount rate does not
matter, since nothing is discounted in the steady state; but in the latter case this difference
provides an “arbitrage” opportunity for the Ramsey planner to exploit—since the interest
cost of borrowing funds to finance debt is lower than the time discount rate. It is thus
always beneficial to issue plenty of public debt to improve households’ time-zero welfare by
front-loading consumption when the future is discounted at a rate higher than the inverse of
the interest rate, even if this implies that the optimal steady-state tax rate is close to 100%.

In other words, if the Ramsey planner does not abide by their original plans made at
time zero, or if they have the opportunity to readjust their original plans, the planner will
choose to deviate away from the steady-state FSI allocation. This suggests that the optimal
long-run quantity of public debt committed at time zero is not time consistent.

Our contributions in this paper are thus four-fold: First, we prove that when an interior
Ramsey steady state exists and is unique, then it must feature FSI. Second, we show that the
optimal quantity of public debt committed at time zero to support such an FSI allocation
in the long run is time inconsistent, and we conjecture that this feature may be a general
property of standard heterogeneous-agents models.® Third, we also show that a non-interior
Ramsey steady state—featuring zero aggregate consumption—is possible in certain param-
eter spaces, such as when the idiosyncratic income shock is highly persistent. Fourth, we

provide an analytically tractable model to demonstrate our points.

3In representative-agent models without capital, such as the model of Lucas and Stokey (1983), the issue
of time inconsistency does not arise, because in the absence of aggregate uncertainty the equilibrium interest
rate always equals the time discount rate. But the time-inconsistency issue arises in heterogeneous-agents
models because the long-term interest rate is no higher than the time discount rate.



Model tractability is crucial. It is well known that analyzing the Ramsey problem in
heterogeneous-agents models is often technically very challenging because such models are
generally non-tractable due to the curse of the history-dependent distribution of individuals’
wealth. Even when the competitive equilibrium has closed-form solutions, the Ramsey prob-
lem may still be intractable due to possible non-convexities, let alone when the competitive
equilibrium is itself intractable. Without tractability, it is hard to know whether a Ram-
sey steady state exists or not. Consequently, an alternative approach in the literature is to
appeal to numerical solutions under the critical assumption that an interior Ramsey steady
state does exist. But as mentioned above, if the Ramsey planner has a dominant incentive
to achieve an FSI allocation, then an interior Ramsey steady state may not exist if such
an allocation can only be supported by an extremely high debt-to-GDP (debt to domestic
gross product) ratio or by a tax rate arbitrarily close to 100%. So the optimal fiscal policies
drawn from the analysis under the assumed (instead of proven) Ramsey steady state may
be misleading, since they hinge critically on the validity of such an assumption.

To overcome the daunting challenge of model tractability, our paper follows a strand of
the literature that assumes an imperfect risk-sharing technology to render the distribution
of wealth degenerate or partially degenerate. More specifically, in the spirit of Heathcote
and Perri (2018) and Bilbiie and Ragot (2020), we adopt the multiple-member household
metaphor (Lucas (1990)) to allow family members to partially pool their wealth at the
beginning of each period according to their current employment status, regardless of their
employment history. Consequently, every family member belongs to either a high-wealth
group or a low-wealth group in each period. Because idiosyncratic risk for each member’s
employment status is only partially shared under this imperfect risk-sharing arrangement,
precautionary saving motives are well preserved; the equilibrium distribution of wealth is not
fully degenerate; and the competitive-equilibrium interest rate lies below the time discount
rate. In such a model, we provide the necessary and sufficient conditions for an interior
Ramsey steady state to exist and prove that such an interior Ramsey steady state must
feature FSI.

More importantly, we show that the Ramsey planner’s long-run policies to sustain the
FSI allocation are time inconsistent: If the planner has the chance to readjust their policies
or can ignore the transitional dynamics of the competitive equilibrium by focusing only
on the steady-state welfare of the competitive equilibrium, then the FSI allocation is no
longer optimal. In other words, the Ramsey planner has incentives to deviate from the FSI

allocation either when they have the chance to readjust their plans or when they target only



the steady-state welfare instead of maximizing the entire dynamic path of social welfare at

time zero.

1.1 A Brief Literature Review

In the Aiyagari-type heterogeneous-agents framework, several previous works have studied
optimal fiscal policies by maximizing the steady-state welfare of competitive equilibrium,
such as Aiyagari and McGrattan (1998), Flodén (2001), and Azzimonti and Yared (2019).
These studies rely on numerical methods to search for the optimal policy mix. Their results
show that public debt can improve steady-state welfare but that the Ramsey allocation does
not feature FSI. Our study complements this literature in the sense that we explain why
an FSI allocation does not appear to be optimal in these studies by pointing out the time-
inconsistency problem of the Ramsey plan in heterogeneous-agents models. In particular, by
taking into account the entire dynamic path of expected future welfare at time zero, we show
that the Ramsey planner has a dominant incentive to achieve FSI at “all costs” because of
the wedge between the market interest rate and the time discount rate under precaution-
ary saving motives—which is a hallmark feature of the Aiyagari-type heterogeneous-agents
models. Yet, such a dynamic consideration of the Ramsey planner is missing in steady-state
welfare maximization.

It is in fact well documented in the existing literature that optimal policies may look
dramatically different between steady-state welfare analysis and time-zero dynamic welfare
analysis because the former ignores the transition path of the Ramsey allocation. For exam-
ple, Domeij and Heathcote (2004) show that a capital tax could decrease steady-state welfare
but improve welfare during the transition. Rohrs and Winter (2017) find that taking tran-
sitional dynamics into consideration has important implications for government debt policy.
A significant short-run macroeconomic effect of an income tax cut is also demonstrated by
Heathcote (2005). In this regard, our paper contributes to clarifying the issues involved
between steady-state welfare maximization and time-zero dynamic welfare maximization by
pointing out that the culprit is the time-inconsistency problem of the Ramsey plan.

In terms of solution methodology, it is well known that assuming a simple risk-sharing ar-
rangement (technology) can dramatically simplify heterogeneous-agent models and produce
fruitful research outcomes. A good reference is the work of Lucas (1990), which assumes
that household members belong to a “big representative family” and can share informa-

tion or resources to get around some technical difficulties in solving heterogeneous-agents
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models. Following this spirit, Heathcote and Perri (2018) solve their heterogeneous-agents
model analytically by assuming that agents can reshuffle their asset holdings in the end
of each period so that the wealth distribution is completely degenerate. Similarly, Bilbiie
and Ragot (2020), Challe and Ragot (2011), Challe, Matheron, Ragot, and Rubio-Ramirez
(2017), Sterk and Tenreyro (2018), and Bilbiie (2019), among others, further extend the
idea of Lucas (1990) by assuming a partial risk-sharing technology that allows heterogenous
agents to share their asset holdings according to their types. More specifically, Bilbiie (2019)
designs a tractable heterogeneous-agent New-Keynesian (HANK) model that captures an-
alytically key micro-heterogeneity channels of quantitative-HANK models and uses it for a
full-fledged New-Keynesian macro analysis regarding interest-rate rules, a forward-guidance
puzzle, amplification-multipliers, liquidity traps, and optimal policy. This paper makes a
particular assumption regarding risk-sharing technology to make the model tractable, which
is closely related to our approach. Bilbiie and Ragot (2020) build a tractable general equilib-
rium New Keynesian (NK) model with heterogeneous households where aggregate demand
depends on liquidity, defined as monetary assets used for self-insurance as in the seminal
Bewley model and Wen (2015). They show that price stability is no longer optimal with
household heterogeneity, in particular when households self-insure against idiosyncratic risk
using scarcely available liquid assets. They identify a liquidity-insurance channel for optimal
policy and show that this changes the standard stabilization objectives (of inflation and real
activity) by introducing a linear term in the otherwise standard quadratic objective function
of the central bank, capturing the lack of consumption insurance. To make their model
tractable, the authors also assume a specific risk-sharing technology in the spirit of Lucas
(1990) to render their model tractable. In addition, Le Grand and Ragot (2019) extend this
approach further by assuming that households can form risk-sharing pools according to their
truncated histories of idiosyncratic shocks, and they show that the equilibrium property of
their model approaches the original Aiyagari model in the limit if the truncated history is

long enough.*

Our work is also related to the recent work by Bassetto and Cui (2020), who study optimal
fiscal policies in a heterogeneous-agents environment with endogenous financial constraints
on capital investment. They show that the Ramsey planner opts to supply enough govern-

ment debt to provide public liquidity up to a point where financial constraints are all slack.

4 Assuming quasi-liner utility is an alternative approach to simplify the heterogenous-agents models. For
example, see Wen (2009), Challe and Ragot (2011) and Wen (2015). In addition, Lagos and Wright (2005)
is also a well-known example in the money-search literature.



Similar to the result found by Chien and Wen (2020), these authors show that the optimal
capital tax is zero in the Ramsey steady state, but they do not study the time-inconsistency
issue of such government policies as we do here.

The work by Bhandari, Evans, Golosov, and Sargent (2017) studies the optimal quan-
tity of public debt and optimal lump-sum transfers together with distortionary taxes in an
environment with enforceable private debt contracts. But the intractability of their model
makes it hard to answer our question in hand regarding the distinctive roles of public debt
in mitigating consumption inequality due to uninsurable income risk.

Our model framework is in the class of models pioneered by Aiyagari (1994) in which
infinitely lived agents are ex-ante identical but ex-post heterogenous. But future research
can also study the time-inconsistency problem in ex-ante heterogenous-agent models, such
as the two-class model of Judd (1985) or the overlapping generation models. For example, in
a two-period ex-ante heterogeneous-agent model, Azzimonti and Yared (2017) show that the
Ramsey planner optimally limits the supply of bond such that not all households are slack
in their borrowing constraints—because the Ramsey planner can borrow more cheaply and
hence can relax its budget constraints by keeping some of the agents constrained. Given that
the setup of such models is dramatically different from ours, it is worthwhile to investigate
whether time inconsistency arises in such frameworks in the future.

The rest of the paper is organized as follows: Section 2 sets up the model and defines the
competitive equilibrium. Section 3 solves the Ramsey problem using the primal approach,
proves the existence and uniqueness of the Ramsey steady state, and provides interpreta-
tions on the FSI Ramsey steady-state allocation. Section 4 examines the time-inconsistency

problem of the long-run Ramsey policies. Section 5 concludes.

2 The Model

Firm. Time is discrete and indexed by t = 0,1,2,...,00. A representative firm produces
output according to a linear production technology, Y; = N;, where N, is the aggregate labor
input. The firm hires labor from households by paying a competitive real wage rate wy.

Perfect competition implies
v

=N, =

Government. In each period ¢, the government issues risk-free bonds B;.; and receives

Wy

labor-income tax revenues under a flat tax rate ;. Denote the price of bonds in period ¢ by



(Q¢+1, which pays one unit of consumption goods in period t 4 1; then the risk-free interest

rate is given by 741 = Q) +11. The flow government budget constraint is then given by
Twi Ny + Q1B 2> By (1)

for all t > 0, where the initial level of government bonds By is exogenously given. For

simplicity, the government spending is assumed to be zero.

Households. There is a unit measure of individual households who are subject to an
idiosyncratic employment-status shock in each period, denoted by 6, € {e,u}. The shock
is identically and independently distributed (iid) across individuals and follows a Markov
process. If 6; = e, then individuals can work and receive their labor income; otherwise,
if 6, = u, individuals cannot work and have no labor income. Let 7(e) and m(u) denote
the unconditional probability of employment and unemployment shocks, respectively. By
the law of large numbers, these probability measures also represent the share of employed
or unemployed individuals in total population, respectively. For simplicity, we assume that
7(e) and 7(u) also represent the initial period’s share of employed and unemployed individual
households.

In the spirit of Bilbiie (2019) and Bilbiie and Ragot (2020), we adopt the family metaphor
of Lucas (1990) to simplify our analysis. Each individual household belongs to a big rep-
resentative family. In each representative family, there is a family head who maximizes the
intertemporal welfare of all family members using a utilitarian welfare criterion (all family
members are equally weighted) but who faces some limits to the amount of risk sharing that
it can do. Specifically, in each period after the realization of the idiosyncratic shock to em-
ployment status, the head of family can reshuffle asset holdings among individual households
who have the same current status of employment. However, the family head cannot reshuffle

resources across households with different employment status.

Given that there are only two employment statuses, consequently there will be two groups
of households in every time period: a employed group and an unemployed group. Namely,
each household’s initial wealth in period t takes only two possible values that depend on
the current state of idiosyncratic shock but that are independent of the household’s past
history of employment status. As a result, the consumption and saving choices of individual

households are identical within each group.

Denote the level of consumption, labor supply, and asset holdings (savings) for the em-

ployed households in period ¢ as cf,ng, and ay,,/7(e), respectively; and similarly let cf
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and ay,,/m(u) denote consumption and savings for the unemployed households (who do
not have a job in this period). In such a setup, under the partial risk-sharing technology

the employed households’ initial asset holdings in the beginning of period ¢ are given by

W, where 7(e|e) and 7(e|u) denote the transition probability from employed and

unemployed states to an employed state, respectively. Similarly, the initial asset holdings

for unemployed households are given by W, where 7(ule) and 7(u|u) denote the

transition probability from employed and unemployed states to an unemployed state, respec-

_ lelw _ w(ule)
= e Ad 7(w) = e rae

satisfy 7 (e) + m(u) = 1. This specified wealth-pooling arrangement simplifies the model

tively. Note that the unconditional probabilities 7(e)

dramatically and renders it analytically tractable.

Hence, for t > 1, the household budget constraints for the employed and unemployed

households are given, respectively, by

as(ele) + afm(e|u)

m(e)

agm(ule) + afm(u|u)

—~ ag 1
+winy — ¢ — Qt+1t—+ >0, (2)

m(e)

u

a
—c — Qt+17rt(;1) >0, (3)

7(u)
where w; = (1 — 1) wy is the after-tax wage rate. For the initial period (¢ = 0), the household

budget constraints for the employed and unemployed households are given, respectively, by

a, ~
0 + wong —cg — Q1—— >0 (4)

m(e) me) —

u
Qg

e [
ap
e

ay

—— >0, 5
m(u) — (5)

where % and % are the period-0 initial asset holdings for the employed and unemployed

households, respectively. Note that aj + aj = By. In addition, households are subject to

—Cg—Ql

m(u)

borrowing constraints for all ¢ > 0:

A4y (6)
agyy 2 0. (7)

v
o

Since the labor supply of the unemployed households is zero, the utilitarian welfare criterion
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of the family head is given by

U=> 8" {[u(e) —v(nf)]m(e) +ulc)m(u)}, (8)

where 5 € (0,1) is the time discounting factor, and the utility functions take the standard

form:
1 1
u(c) = . Ucl_" and v(n) = ——n'*7,

where 0 > 0 and v > 0.

Given market prices, {Q:41,W;}52,, and initial asset holdings, {a§, af}, the family head
chooses a sequence of {c{, ¢}, nf, af, 4, a}',1 }52, to maximize (8) subject to (2)-(7). Let 5*¢im(e),
B (u), Esm(e), &ym (u), Bikim(e) and S'kiw(u) be the Lagrangian multipliers associated
with constraints (2)-(7), respectively; the FOCs with respect to cf, ¢, ag, , af,,, and n§ are

given, respectively, by

ui,t = gtev (9>
ug,t = 51?’ (10)
Q& = Bl&m(ele) + &am(ule)] + (11)
Q&' = B[&am(elu) + &ym(ulu)] + &Y, (12)
Une = & Wy (13)

where ug, and uy, denote the marginal utility of consumption for the employed and unem-

e
n,t

ployed households in period ¢; similarly, v¢, denotes the marginal disutility of labor for the

employed households in period ¢.

2.1 Competitive Equilibrium

Definition 1. Given the initial asset holdings (a§,ay), the initial government bonds By =
as + af > 0, and the sequence of policies {Ty, Byy1}i2o, a competitive equilibrium is defined
as the sequences of prices {wy, Qri1}520, aggregate allocations {Cy, N }i2, and individual

allocation plans {cf, ¢}, ng, af, 1, af' 1 }i2o, such that

1. {c, cf,ng, a5, af 152 solves the family head’s problem;

9



2. {N;} solves the representative firm’s problem;

3. the government flow budget constraint holds:
TNt + Q1 Biy1 > Bi;

and

4. all markets clear fort > 0:

By = agy +al, (14)
Nt = Ct7
Nt = 71?71'(6),

Cy = cim(e) + cim(u).

To facilitate our analysis, we make the following assumptions for the rest of this paper.

Assumption 1. 1. The autocorrelation of the idiosyncratic shock process is either zero

or positive: (ele) + m(u|u) > 1.

2. In period 0, employed households have higher initial wealth than unemployed house-

€ u
o )

hOldS, m > W

Assumption 1 ensures that under the wealth-pooling technology, the initial wealth of the

employed households in each period ¢ > 1 should be no less than that of the unemployed

u
g

households. More specifically, if 7(ele) +m(u|u) > 1 and % > . then it must be the case
that a?”(e‘?{a%(e‘“) > “fw("‘e)ﬂfﬂu‘“) for all t > 1 and Y1 o B for ]l ¢ > (). Notice that

e) = w(u m(e) m(u)
a strict equality holds if the idiosyncratic shock is iid; namely, if 7(ele) + m(u|u) = 1 and

Wa(‘z) > %, then it must be true that ag”(dezrt:)?”(e'“) = agw("‘ejrz”)%(“‘“) for all ¢ > 1 and that

f(g > Z%L; for all t > 0. In other words, this assumption rules out the uninteresting case of a
wealth-pooling arrangement such that unemployed households are wealthier than employed

households from time to time; this uninteresting possibility arises if the employment shock
is negatively autocorrelated (i.e., m(e|e) + m(ulu) < 1). Therefore, our analysis focuses only

on the cases where the employment shock is non-negatively autocorrelated.

Proposition 1. Under Assumption 1 and the exogenously given policy By > 0 for all t, the

competitive equilibrium has the following properties:

10



1. For allt > 0, it must be true that ¢ > ¢} and f(*; > iﬁ; > 0. That is, the borrowing

constraints of the employed households are always slack (‘::(S > 0, implying that the

Lagrangian multiplier k§ = 0); depending on the level of By, the borrowing constraints

of the unemployed households may or may not be binding (Z%S >0).

2. The intertemporal price Q11 is determined by

e
c,t c,t

ug Uy
Qi1 = JHW(@W)"’ 1L’E+17r(u|e) . (15)

3. In the steady state, if the asset holdings of the unemployed households are not binding
such that the corresponding multiplier k* = 0, then the competitive equilibrium features

full self-insurance with ¢ = c¢* and Q = 3 (orr = 371).5
Proof. See Appendix A.1. O

Proposition 1 states that if the asset holdings af,; and a,; are both sufficiently large
such that all households’ borrowing constraints are slack, then in the steady state they can
obtain the same level of consumption regardless of their employment status. In this case, the
steady-state market interest rate equals the time discount rate. We refer to this allocation
as a FSI allocation.

In our model, the FSI can be achieved even at a finite level of asset holdings because
of the special risk-sharing technology among family members. Specifically, in any period t,
if the savings of the employed households ay in the last period are sufficiently large, then
W, can be high enough

such that their borrowing constraints are also slack. As a result, household savings (or asset

the period-t initial wealth of the unemployed agents,

demand) are bounded away from infinity even at the point » = 1/8. This property does not
hold in the original Aiyagari model-—where asset demand goes to infinity when the interest
rate equals the time discount rate—because the wealth distribution in that model does not
converge in the absence of the risk-sharing technology assumed in our paper. However, this
assumption is not what gives rise to the time inconsistency of Ramsey policies, as will become
clear shortly.

Obviously, by the asset market-clearing condition (14), FSI is feasible if the supply of

government bonds is sufficiently high. In other words, if FSI is achieved in the competitive

5Throughout this paper, a variable without subscript ¢ is a steady-state value.
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steady state, then the risk-free interest rate r (= 1/@)) must be equal to the time discount
rate =% r = 871, Otherwise it must be true that ¢¢ > ¢* and r < 571,

To make our Ramsey problem interesting, we assume in the rest of the paper that the
initial bond supply By and the initial distribution of household wealth {a§,a{} are such
that the competitive equilibrium (without further policy intervention) does not feature FSI.
Namely, the competitive equilibrium features consumption inequality ¢® > e* and precau-
tionary saving behaviors such that » < 8~!. The central question of our analysis is whether
the Ramsey planner is willing to increase the bond supply to achieve FSI at the extra costs

of distortionary taxes and why.

3 Solving the Ramsey Problem

Note that the competitive equilibrium defined above is in general a function of the path
of government policies {7, Bi+1},—,. Namely, each different path of government policies
corresponds to a different competitive equilibrium. The Ramsey problem is to select a
particular path of government policies such that the corresponding competitive equilibrium
yields the maximum social welfare.

We use the primal approach to solve the Ramsey problem. Under the primal ap-
proach, we first substitute out all market prices and policy variables by using a subset of
the competitive equilibrium’s first-order conditions and then choose the path of allocation,
{cg,ct,ng, a4, a1 122, to maximize social welfare subject to the rest of the equilibrium con-
ditions. The solution under such a primal approach is called a Ramsey allocation/outcome

or a Ramsey plan.

3.1 Conditions to Support a Competitive Equilibrium

To ensure that a Ramsey plan constitutes a competitive equilibrium, we must show first
that all possible allocations in the choice set of the Ramsey planner, {c{, ny, ¢}, a7, , a1 }52
(after substituting out all market prices and policy variables but before solving the Ramsey
maximization problem), constitute a competitive equilibrium. The following proposition
states the conditions for any constructed Ramsey allocation to satisfy in order to constitute

a competitive equilibrium.

Proposition 2. Given the initial asset holdings (a§, afy) and initial government bonds By =

12



af + ag > 0, the sequence {cj,c,ng, a7, ., a1}, can be supported as a competitive equilib-

rium if and only if it satisfies the following conditions:

1. Resource constraints:

nim(e) — cim(e) — cfm(u) >0, Vt > 0.

2. Implementability conditions: fort =0,
ugocom(e) — vy, gngm(e) + Quugpai — uggag = 0,

e u e u e u
uC,OCOﬂ-(u) + Qluc,oa'l — Ue oty = 0,

and, fort >1,

uztcfﬂ(e) - UZ,tan(e) + Qt+1u§7ta§+1 - ui,t laim(ele) + afm(e|u)] = 0,

uztcfﬂ(u) + Qt+1ui,tag+1 - ui,t [aim(ule) + afm(u|u)]

where

Qiiiug, = [Ui,t+177(6|6) + Ug,t+177(u|€)} .

=0,

3. Borrowing constraints and complementary slackness conditions: V¥t > 0,

u
agq > 0,

gt(Cf, C?, Cf—i—la C?—H) 2 07
and
9i(cf, ¢ s G ) = 0,
where the function g; is defined as

u

uc,t

e
uc,t

(4 U € (v
gt(ct> Ces Ct-l—l’ Ct—i—l)

Proof. See Appendix A.2.
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u§7t+17r(e|u) + u37t+17r(u|u) u§7t+17r(e|e) + ug7t+17r(u|e) .

(17)

(18)

(19)

(20)

(21)

(22)

(23)



3.2 Ramsey Allocation

The Ramsey problem under the primal approach can then be represented by the following

maximization problem:

Comax B {[u(e) — v (n))] we) + [ule)] m(u)} (24)
{efici i af 1,012 =0
subject to constraints (16)-(23) listed in Proposition 2.
Before presenting the Ramsey outcome, we first define the Ramsey steady state in our

economy:

Definition 2. Given {By,a§,al}, a Ramsey steady state is a long-run Ramsey allocation
where the variables {Ny, Cy, Biiy, ¢, c,ni} all converge to finite non-negative values. In
addition, a Ramsey steady state is called “interior” if none of the variables converges to
zero; otherwise, the Ramsey steady state is called “non-interior” if one or more of these

variables (such as consumption variables Cy, c§, ci') converge to zero.

7(u)

(ule)

Proposition 3. 1. Under the parameter condition (1 — j3) < 1, an interior Ramsey

steady state exists and it has the following properties:

(a) The allocation features FSI with 0 = a* < a®, ¢ = c*, and r = 371

(b) The optimal taz rate is given by T = (1 — B)=8 € (0,1).

m(ule)
(¢) In addition, if o > 1, then the only possible Ramsey steady state is an interior
steady state.
m(u)

7 (ule)

2. Under the parameter condition (1 — () > 1, either the Ramsey allocation does

not converge or it converges to a non-interior steady state. Moreover, if o > 1, then
the only possible Ramsey steady state is non-interior where aggregate consumption Cy

converges to zero and the optimal tax rate 7, converges to 1.

Proof. See Appendix A.3. O

3.3 Interpretations

The most surprising result in Proposition 3 is that under proper parameter conditions the

Ramsey planner opts to achieve F'SI even at the cost of a possibly very high long-run tax rate:
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Notice that the optimal tax rate 7 is bounded above from 1 if and only if 3 is sufficiently
7 (u)

(ule)

large for any given probability distribution.® So 7 = (1 — 3) can become very close to
100% if 8 is small enough. Also, 7 is increasing in the probability of unemployment and in
the persistence of the idiosyncratic shock, suggesting that a higher ratio of government debt
to gross domestic product (GDP) is needed to provide FSI when the risk of unemployment
is high or the shock is more persistent.

In other words, to achieve FSI by equalizing the individual consumption levels across the
two types of households, the optimal long-run tax rate may have to approach 100% in the
Ramsey steady state. A high steady-state tax rate implies not only a high debt-to-GDP
ratio but also that steady-state consumption is very low because household labor income is

almost completely taxed away when 7 is near 100%.”

Figure 1 shows the FSI steady-state policies and other endogenous variables in the Ram-
sey allocation as we reduce the time discount factor 5. It shows that as the value of
decreases (from left to right), the implied optimal tax rate 7 (top-left panel) rises from 0%
to nearly 100%); consequently, the aggregate consumption (bottom-left panel) declines toward
zero. This suggests that when households are very impatient, and for a given probability
distribution of the employment shock, in order to achieve FSI the Ramsey planner opts to
impose a very high tax rate in the long run such that the level of steady-state consumption
and hours worked are extremely low. A high tax rate and a low labor supply also imply that
total tax revenues will eventually be zero as well (a maximum is reached around g = 0.925,
see the bottom-right panel); consequently, the optimal quantity of debt to support FSI will
also decrease to zero when [ becomes sufficiently small (top-right panel).

How can such steady-state FSI allocations be optimal? Common sense seems to tell us
that the marginal benefit of reducing consumption risk to achieve FSI must decline with an
increasing stock of public debt (or debt-to-GDP ratio), while the cost of financing the debt
under distortionary taxes must also increase. Therefore, an FSI Ramsey allocation at all
costs seems puzzling.

The fundamental reason for such a counterintuitive result is as follows. Since [ is less

6Notice that if the idiosyncratic shock is not autocorrelated, then ;E(uﬁ) = 1 and hence the parameter

condition, (1 — f) 7:25:\2) = (1 —-p) < 1, is automatically satisfied. Consequently, the Ramsey steady state
must be interior. The intuition is that under shocks with zero autocorrelation it is easy to achieve FSI and
never optimal to impose a 100% tax rate on employed households.

"The fact that the optimal tax rate depends entirely on the discounting factor and employment probability
but not on the curvature of the utility function could be a consequence of the ad hoc wealth-redistribution

technology.
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Figure 1: FSI Steady-State Relationship
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than 1 and the market interest rate is lower than the time discount rate (r < 7'), the
Ramsey planner opts to increase (front-load) household consumption in the short run as
a trade-off for low consumption in the long run. Because the future is heavily discounted
by the high discounting factor compared to the interest rate, in the short run the labor
tax rate can even be negative and the level of public debt can be higher than its steady-
state value so as to stimulate work efforts and enhance risk sharing across households with
different employment states. Consequently, the Ramsey planner has to finance the “sky-
rocketing” debt level (relative to income) incurred during the transition period by increasing

the steady-state tax rate even if this implies low consumption in the long run.

On the other hand, if the parameter condition (1 — () ;EST;) > 1 holds, then there is no
interior Ramsey steady state. Instead, the Ramsey steady state (if it exists) must be non-

interior. Furthermore, if 0 > 1, then the only possible Ramsey steady state is non-interior
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and it features zero consumption lim;_,., C; = 0 and a 100% percent tax rate limy_,,o 77 = 1
in the limit.®

In what follows, we confirm our theoretical results with numerical simulations, which not
only confirm the convergence property of the interior Ramsey allocation but also illustrate
the pattern of optimal transition paths of the Ramsey allocation. Such numerical analyses
are valid because the interior Ramsey steady state has been proved to exist and is unique
under our parameter specifications. Notice that our numerical algorithm does not assume

convergence.

Parameter Values. We set the preference parameters to v = 0 = 2, the time discount-

ing factor to § = 0.96, and the transition probability matrix of (un)employment shocks

__ [ﬁ(um) 7r(e|u)] B [o.95 0.05 ] | (25)

m(ule) wele) | | 0.05 0.95

The transition probability matrix implies that the unconditional probability of employment

and unemployment is m(e) = w(u) = 0.5 and that the shock is highly persistent.’
Ramsey Transition Paths. In Figure 2, we set the initial debt level By to 50% of its

Ramsey steady-state value. The initial values of the individual household wealth are then
given by af = Bym(e|e) and af = Bym(u|e). These initial conditions are consistent with the
requirement that the competitive equilibrium does not feature FSI.

The path of government debt in the figure (panel [2,1]—i.e., 2nd row, 1st column) shows
a jump in the second period and over-shooting of its long-run steady state and then a gradual
decrease toward the interior Ramsey steady state. However, when translating the debt level
into the debt-to-GDP ratio (panel [3,2]), it implies a very high initial level of debt-to-GDP
ratio of 692%; then this ratio jumps even higher, up to 852% in period 1, and then keeps
increasing over time toward its steady-state level of 1000%. Such an enormously high debt-
to-GDP ratio indicates strong incentives for the Ramsey planner to provide self insurance

to the households when the shocks are highly persistent.

8Tt can be shown easily that the same kind of non-interior long-run outcome exists in a representative-
agent model if the interest rate is exogenously given and lies below the time discount rate, which encourages
the household to borrow heavily against future income in order to front-load consumption in the short
run. The key difference here is that the interest rate is endogenous in our general-equilibrium model with
heterogeneous agents and incomplete markets.

9Since our goal is not to simulate a realistic real-world economy, we do not intend to calibrate the model
parameters to match real-world data. Instead, these numerical analyses are meant to demonstrate the
mechanisms behind Proposition 3 and reveal how the economy transits to an FSI Ramsey steady state with
a potentially very high long-run optimal tax rate.
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Meanwhile, the optimal tax (panel [2,2]) jumps up in the first period to a very high rate
of 79 = 61%, but drops immediately down to a large negative value of 71 = —60.5% in the
second period and then gradually increases toward a long-run rate of 7 = 40%. Meanwhile,
the gross interest rate r = Q! (panel [3,1]) starts very high at 237%, jumps down to about
93% (implying a negative net interest rate of —7.24%) and then gradually increases over
time to approach the time discount rate 3~ = 1.04 in the long run.

The path of aggregate consumption (panel [1,1]) shows a clear pattern of front-loading
by jumping up sharply in the second period (period 1) and then gradually decreasing back
to its long-run steady state. The reason that aggregate consumption does not jump up
immediately in the first period to its maximum level is because the level of the initial bond
supply is fixed and only the newly issued bonds can exhibit a sharp jump in the next period.
Consequently, for the government budget to balance, the tax rate cannot decline too much
in the first period, so we see a sharp increase in aggregate consumption only in the second
period, and such a high level of consumption above its long-run value is supported by a
negative tax rate in the same period.

The individual consumption levels for employed and unemployed households also show
big front-loading behavior (panel [1,2]). However, the panel shows a tremendous degree
of consumption inequality during the initial phase of the front-loading period, with em-
ployed households consuming 47% and 26% more in the first two periods than unemployed
households, respectively, despite the existence of a wealth-redistribution technology for risk
sharing. However, the consumption inequality shrinks rapidly along the transition and even-

tually disappears completely in the long run when FSI is achieved.

4 Time Inconsistency

The key reason for the peculiar behavior of the Ramsey steady-state allocation illustrated in
Figure 1—mnamely, the extremely high tax rate and low consumption level when 3 is relatively
small—is that the Ramsey policies are time inconsistent. In this section we address the issue
of time inconsistency in two ways: First, we numerically simulate the transitional Ramsey
dynamics by setting the initial allocation (the total bond supply and asset distribution) to
their respective Ramsey steady-state values and examine whether the Ramsey planner has

incentives to deviate from this initial condition.!® Second, we resolve the Ramsey problem

190ur simulation method is consistent with the Ramsey problem of the theoretical section in the sense that
the planner takes the steady-state asset allocation as given and then resolves a dynamic date-0 optimization
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Figure 2: Ramsey Transition Paths of Benchmark Parameter Values
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Notes: Transition paths in the Ramsey economy (solid lines) and their corresponding steady states (dashed

lines).

by maximizing the steady-state welfare of the competitive equilibrium instead of the time-

zero dynamic welfare of the competitive equilibrium and check if it gives the same Ramsey

allocation as that in the previous analysis.

problem. The Ramsey transitional dynamics would be in general quite different from that of the “timeless”
reoptimization method by King and Wolman (1999) who additionally set the lagged Lagrangian multipliers

(under the recursive approach) to their steady-state values.
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4.1 Numerical Evidence

Scenario 1. Since we know analytically where the Ramsey steady state is, in our numerical
simulation we can set the initial bond supply and asset distribution to be equal to their
respective Ramsey steady-state values. The choice of such initial values is deliberate and
not innocuous: If the Ramsey policy is time consistent, then given that the initial allocation
is already in the Ramsey steady state, the policy should be to let the initial allocation remain
where it is forever without any policy changes. Conversely, if the Ramsey planner opts to
re-adjust its policies temporarily and converge back to the same steady state in the long run,

it is then a clear sign of time inconsistency in the Ramsey plan.

Figure 3 plots the transitional Ramsey path under the benchmark parameter values and
the initial conditions identical to the interior Ramsey steady state. It is interesting to notice
in the figure that the Ramsey planner “dislikes” the initial Ramsey steady-state allocation
and opts to change its policies in the following manner: (i) In the first two periods the
optimal tax rate (panel [2,2]) drops sharply from its long-run value to —18% and —26%,
respectively; it then rises gradually over time back to its original steady-state value of 40%.
(ii) In the meantime, the level of public debt (panel [2,1]) increases from its initial value of 6.7
to a level of 7.1 and then gradually declines back to the original value of 6.7 in the long run.
Also, because labor and total output have increased under the negative tax rate (panel [1,1]),
the public debt-to-GDP ratio (panel [3,2]) drops significantly in the beginning by 13% to
867%, and then converges back gradually to the original long-run value of 1000% over time.
The higher-than-steady-state values of aggregate consumption and individual consumption
in the top row of the figure indicate once again the policy maker’s front-loading behavior
because the Ramsey planner seizes the opportunity of policy change to boost consumption
by reducing the tax rate. The long period of excessively low interest rate below the time
discount rate (panel [3,1]) also entices the Ramsey planner to further boost bond supply
above its steady-state value. However, because total output increases relatively more than
the stock of public debt, the debt-to-GDP ratio falls below its steady-state value during the

entire transition period (panel [3,3]).

Such a significant but transitory deviation from the initial Ramsey steady state via
readjustment of policies clearly indicates that the Ramsey policy is time inconsistent—if
there is any chance to readjust its steady-state policies and break away from its time-zero
commitment, the Ramsey planner will do so in such a way that the original long-run policies

appear to be “incorrect” or too aggressive, which discourages household work efforts and
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Figure 3: Transition Path Starting with Steady-State Wealth Distribution
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consumption. Therefore, the Ramsey planner opts to relax such policies sharply in the
beginning (except for By) so as to stimulate work effort and raise consumption by lowering
the tax rate. Since consumption for the employed and unemployed households does not
rise in the same proportion, the original FSI allocation is broken so that more public debt
is needed to improve self insurance. But since such a change or readjustment in policies
is only a once-and-forever action and the planner knows that it must commit to the new
policies forever, the Ramsey allocation will eventually converge back to the same initial
Ramsey steady state as if no changes have taken place in the long run. In other words, the

readjustment of policies is not a permanent deviation.
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Figure 4: Transition Path with Low
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Scenario 2. Our next experiment is to see what happens to the Ramsey steady state
and the time-inconsistency policy if we reduce the parameter value of 5 from 0.96 to 0.92,
such that households become less patient. As before, we assume that the initial bond supply

and distribution of household wealth are already in the Ramsey steady state.

Figure 4 shows that the transition is different from that in Figure 3. First, as in Figure 3,
the Ramsey planner clearly dislikes its initial allocation and opts to readjust its policies by
sharply reducing its optimal tax rate downward to —0.6 and increasing its new bond supply
to a level of 6.5 (about 812% of GDP).

Second, the steady-state level of public debt is much lower than before (4.64 v.s 6.69)
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and the steady-state tax rate is much higher than before (7 = 80% v.s 40%). Consequently,
the new steady-state levels of work effort and consumption are about 30% lower than before,
thanks to the higher steady-state tax rate to discourage work and consumption.

The reason is that the Ramsey planner opts to be more aggressive in front-loading con-
sumption in the short run, knowing that the value of § is smaller and the interest rate tends
to be much lower than the time discount rate. Hence, to pay for the short-run subsidies
and high debt costs, the new steady-state policy appears too tight and the Ramsey planner
will “regret” it and opt to relax it when it gets the chance, so the planner deviates from its
steady-state policies more sharply than in Figure 3. Consequently, in period 1 consumption
jumps up by more than 120% above the steady-state value for the employed households and
more than 42% for the unemployed households. This enormously high level of consumption
increase in the early phase of the transition is supported by a high level of work effort of the
employed households (89% higher than its steady-state value), thanks to the very negative
labor-income tax rate of 7» = —111% in the short run. In the meantime, the debt level
rises by 42% above its steady state to support risk-sharing between the employed and unem-
ployed household groups. All these short-run stimulating policies to front-load consumption
are paid for by the very high tax rate (7 = 80%) in the long run after FSI is achieved.

Scenario 3. Notice that in the previous episodes, the probability matrix in equation (25)
features a high persistence of shocks such that risk-sharing across employed and unemployed
households is quite difficult—since the wealth-redistribution technology is quite imperfect
when the shock is very persistent. This explains why the optimal debt-to-GDP ratio needs
to be very high to support FSI allocation in the previous examples.

Now we consider another experiment where the unemployment shock becomes much less
persistent with 7 (u|u) = 0.65, which implies m(e|u) = 0.35 and 7(u) = 0.125.

The transition dynamics are shown in Figure 5. Notice the dramatic difference from
the previous cases: First, the transition period is extremely short: Starting from the initial
Ramsey steady-state allocation, the transition (deviation) under policy-readjustment lasts
only about 15 periods in this case in converging back to the same Ramsey steady state, as
opposed to several hundred periods in the previous scenarios. Second, the steady-state level
of tax rate 7 is now very small-—only about 10% as opposed to an earlier 80%—and the
steady-state bond supply is also much lower than before—about 50% lower than before—
since it requires a smaller amount of bonds to support FSI when the shocks are less persistent
and the consumption inequality is less severe. Consequently, the steady-state work effort is
much higher than before (N = 0.9235 v.s 0.6694), which implies that the FSI steady-state
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Figure 5: Transition Path with Lower Unemployed Households
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consumption for both types of households is now also much higher than before.

Again, once getting a chance of readjustment the Ramsey planner “regrets” its steady-
state policies and opts to readjust the tax rate downward initially. Nonetheless, despite the
time-inconsistency problem, the magnitude of the readjustment is very small compared with
the previous cases. The reason is that under zero-correlated or weakly positive-correlated
shocks, the wealth redistribution technology provides a very good channel of risk sharing and
self insurance, such that the need (or room) for the Ramsey planner to use policies to achieve
FSI allocation is much smaller than the cases with highly persistent shocks. Therefore, the

need for readjustment is also smaller.

24



Scenario 4. Our last experiment sets § = 0.999, which is very close to one. As antici-
pated, Figure 6 shows that the incentives for front-loading consumption are much reduced
now when households are extremely patient, such that the Ramsey planner opts to keep
the original steady-state allocation virtually intact with only small changes in policies. For
example, the maximum readjustment of the bond position is only about 0.06% relative to its
steady state, and the readjustment in labor tax is only about 15 basis points. This high pa-
rameter value of § also implies that the gap between the interest rate and the time discount
rate is quite small for the Ramsey planner to take advantage of (the difference is only 0.2
basis points), resulting in a much lower steady-state level of public debt (the steady-state
level of debt is now about 2.2) and a much lower steady-state tax rate (7 = 1%), and such

long-run policies are good enough to support FSI allocation in the long run.

4.2 Steady-State Welfare Analysis

The above analysis shows that the Ramsey planner has a dominating incentive to pursue FSI
allocation even at the costs of extremely high distortionary tax rates. We asked ourselves why
the Ramsey planner must pursue an FSI allocation when the marginal benefit of increasing
debt is diminishing while the marginal cost of distortionary future taxes is rising.

Our answer provided above was that as long as 3 < 1 and r < B~!, the marginal
social cost of borrowing is strictly less than the marginal social benefit of providing self-
insurance. Therefore, the Ramsey planner has incentives to increase bond supply to pursue
FSI allocation and front-load consumption even if this implies a close to 100% tax rate in
the long run to finance the sky-rocketing public debt-to-GDP ratio.

We also pointed out in the above analysis that such a policy is time-inconsistent—that is,
it is optimal only ex ante, but not ex post. Our numerical analysis confirmed this conjecture
by showing that whenever the planner gets the chance to readjust its steady-state policies,
it will do so even if the economy is initially already in the Ramsey steady state; although,
such a deviation is only temporary because of new commitment.

To further support our argument that the Ramsey policies are time-inconsistent, here
we conduct a different kind of analysis by supposing that the Ramsey planner maximizes
only the steady-state welfare of the competitive equilibrium instead of the time-zero present
value of the dynamic path of social welfare. We will see how the Ramsey planner designs its
optimal debt and tax policies in this situation.

To maximize the steady-state welfare of the economy, the Ramsey problem under the
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Figure 6: Transition Path with 3 close to 1
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primal approach becomes:

max  |u(c®) —v (n)]m(e) + u(c")m(u)

{C67cu7ne7ae7au}

subject to
n‘m(e) — c‘m(e) — c'n(u) >0, (26)

uic’m(e) —vinm(e) + aBuim(ele) + ugm(ule)) — us(a‘m(ele) + a“m(e|u)) = 0, (27)
usc'm(u) + a"fuir(ele) + upm(ule)) — ui(a’m(ule) + a“m(ulu)) = 0, (28)
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a* >0, (29)

u €

g(c®, ) = m(ele) + %ﬁ(me) _ %W(du) — m(ulu) > 0, (30)
a'g(ct, ") =0. (31)

Note that this Ramsey problem features no dynamics and that there is no dynamic
consideration for the Ramsey planner. In other words, the “future” is no longer “discounted”
compared to the “present.” We prove that the FSI allocation is not optimal, as shown in the

following Proposition:

Proposition 4. If the Ramsey planner considers only the steady-state welfare of the compet-
itive equilibrium, then an FSI allocation is not optimal. Namely, it is optimal to set c¢® > c*

and to have the borrowing constraint of the unemployed households strictly binding: a* = 0.
Proof. See Appendix A.4. O

The result in Proposition 4 is intuitive. By maximizing only the steady-state welfare
of the competitive economy, the Ramsey planner no longer has the incentive to exploit the
difference between the interest rate and the time discount rate since the time discount rate
is no longer relevant in maximizing the steady-state welfare. Consequently, the issue of
front-loading consumption also becomes irrelevant. In this case, the Ramsey planner does
not choose FSI allocation by equalizing consumption across the employed and unemployed
households—because the cost of doing so by issuing too much debt is too high at the margin
when there is no time discounting. In other words, from the competitive equilibrium’s steady-
state welfare point of view, the marginal benefit of achieving FSI by increasing public debt
is at some point dominated by the marginal cost of distortionary taxation, such that the

Ramsey planner will issue bonds only to a certain level but not all the way to achieve FSI.

5 Conclusion

A signature property of standard infinite-horizon heterogenous-agents models is that the
market interest rate is lower than the time discount rate (regardless of capital). This property
emerges because precautionary saving motives under imperfect risk sharing entice agents to
hold an excess amount of liquid assets even if their rate of return is dominated by the
time discount rate, suggesting a liquidity premium to be paid by holding such assets under

borrowing constraint and non-diversifiable risk.
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This fundamental property of standard heterogeneous-agents models, however, implies
that the Ramsey planner’s fiscal policy may be time inconsistent. This is because the planner
has a dominant incentive to front load consumption until all households are fully self-insured
whenever the interest cost of borrowing is lower than the time discount rate (i.e., r <
$71). But such an intended full self-insurance allocation may be either infeasible or time
inconsistent because, to achieve it, the optimal labor tax rate may approach 100% such that
the Ramsey planner is willing to change its long-run policies ex post when it gets a chance
to do so.

This is puzzling from an intuitive perspective because near the point of full self-insurance,
the marginal gains of increasing debt should be less than the marginal costs to finance the
debt under distortionary taxes. We argue in this paper that this seemingly puzzling behavior
of the Ramsey planner achieving full self-insurance in the long run at “all costs” originates
from the assumption that the planner must commit to any future plans at time zero. Under
such a full commitment, the Ramsey planner opts to exploit the low interest cost of borrowing
to front load consumption by sacrificing future consumption in the long run because future
utilities are heavily discounted compared to the inverse of the interest rate on government
bonds.

We demonstrate our points both analytically and numerically using a tractable infinite-
horizon heterogeneous-agents model featuring non-linear preferences and a well-defined dis-
tribution of household wealth. We also use both numerical simulations and steady-state
welfare analysis to show that the Ramsey polices are time-inconsistent, such that the plan-
ner opts to deviate from its long-run policies whenever it gets a chance or if it does not need

to discount the future according to the household time discounting factor.
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A Appendix

A.1 Proof of Proposition 1
A.1.1 Proof of af ; >0

First, it is impossible for both af = 0 and af = 0 if B, > 0, since it violates the asset
market-clearing condition.
Second, if 7(e|e )+7r(u|u) > 1 and % > %, then it must be true that W >

W and t*; :?EZ; for all £ > 0; namely, the period-t initial wealth of employed

households is no less than that of unemployed households, and the newly accumulated wealth
of the employed households is greater than that of the unemployed households. This can be
seen by the following steps:

(i) Given m(ele) + m(ulu) > 1, then can be rewritten as

ay >a;‘

m(e) ~ m(u)

€ u

S tle) + mulu) ~ 1) 2 =L fr(ula) - 1+ (el
which together with 7(e) = % and 7(u) = % implies
o —@Wue a; Wuu—wﬂeu
L [atle) - Zntule)| = 2 wtul) - Zatelu).

where the equality holds if w(e|e) + 7(u|u) = 1. By rearranging terms in the equation above,

we obtain
agm(ele) + ajm(e|u) - asm(ule) + afm(ulu)

m(e) - m(u)

which means that in every period t > 0, if % > (u then it must be true that % >
agm(ule)+apm(ulu)
w(u) :

(i) Suppose that the employed households are no poorer than the unemployed households
afm(ele)+alm(e|u) > afﬂ(u|e)+at“7r(u|u)> which

m(e) = w(u)

together with their higher labor income suggests that the employed agents must have higher

in the beginning of each period t > 0 (namely,

consumption, ¢f > c;'. Moreover, in order to smooth consumption, the employed households
have precautionary saving motives to self-insure against the positive possibility of switching

to an unemployed state in the future; as a result, the employed households also have higher

: . 04 a1
savings: 5 > 203

Given the discussions above, it must be true that ¢ > ¢} and 7:(2 L > Zt(z t > 0 if (a)
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m(ele) + m(ulu) > 1, (b) % > % and (c¢) B; > 0 for all ¢ > 0. In other words, k{ = 0 and
ki > 0 for all £.

A.1.2 Proof of Equation (15)

Equation (11) together with ¢ = 0 gives equation (15).

A.1.3 Proof of Full Self-Insurance

Suppose k¢ = k" = 0 in the steady state, then equations (11) and (12) imply

& m(ele) + S m(ule)

& w(elu) + Sm(ulu)’

which can be rewritten as

&\’ & _
(5_“) m(elu) + cu (m(ulu) — 7(ele)) — m(ule) = 0.

The equation above has one positive root and one negative root. The positive root implies

&' = £°, which suggests ¢® = ¢*. The negative root violates the requirement that both ¢* > 0

and ¢® > 0. Given that ¢® = ¢*, equation (15) implies ) = ( in the steady state.

A.2 Proof of Proposition 2
A.2.1 The “If” Part:

Given the initial value of By as well as the allocation {cf,ny, ¢}, a7, ', }72, a competitive
equilibrium can be constructed by using the two conditions in Proposition 2 and by following

the steps below that uniquely back up the sequences of the other variables.

1. Aggregate Cy and Ny are chosen to satisfy
Nt = nfﬂ-(e)7

Cy = dn(e) + cfn(u).

2. w; is set to 1.
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We first state the Ramsey FOCs. Denote %1, A,
as the Lagrangian multipliers for conditions (16)-(23), respectively. For all ¢ > 0, the FOCs

3. 7; is chosen to satisfy

4

:@t = (1 —Tt).

£

4. Q¢4 is chosen to satisfy the Euler equation
Qt+1Ui,t = 5(Ui,t+17r(6|6) + ug7t+17r(u|e)).
5. Biyq is pinned down by the asset market-clearing condition
By = ag, +ay.

6. The following constraints are satisfied:

(33)

(a) By plugging equations (32) and (33) into household budget constraints we can

obtain the implementability conditions displayed in equations (17), (18), (19),

and (20).

(b) The resource constraint can be rewritten as equation (16).

(c) To satisfy the households” FOCs (12) and borrowing constraints for unemployed

households, we have listed equations (21), (22) and (23) as constraints in Propo-

sition 2.

7. Finally, it is straightforward to verify that the implementability condition together

with the resource constraint implies the government budget constraint.

A.2.2 The “Only If’ Part:

competitive-equilibrium conditions.

A.3 Proof of Proposition 3

A.3.1 Ramsey FOCs

34
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of the Ramsey problem with respect to ng, a7, ;, and a,; are given, respectively, by

)‘f(ui,t—klﬂ-(de) + ué‘,t+17r(u|e)) =

and

[ [ [ e [
Upt T Ay (Un,t + Unn,tnt)

=y, fort >0

At eam(ele) + Afpug,qm(ule), fort >0

)\f(u§7t+17r(e|e) + ug,t+177(u|e)) = )\t-i-luc t+177(u|u) + )\t-i-luc t+17r(6|u)

respectively.

+Ut + Utg(cta cts Ct+1> Ct+1)>

(34)

(35)

(36)

For all ¢t > 1, the FOCs of the Ramsey problem with respect to ¢f and ¢}’ are given,

respectively, by

and

(Uit
+A_1azu cctﬂ-(6| ) +

+ALaiu cctﬂ-(6| )+ Bv

0,

(g,

+Afa5u cctﬂ-(u‘ ) + pu t8u+ t 1 8“ —|—ﬁa:§‘+1v

0.

— pe)m(e) + Aj(ug, + ug, ) m(e) — Aug, ,(ag
Nfuge (aim(ule) + af'm(ufu))

+ Au 2ctct (u) —
dg dg
302_‘_ t— 8t1

+ Bag v

— ) (u) + Xiﬂiﬂf( ) + A ug m(ule)

89:5 1

m(ele) + ajm(elu))

3agt
ta e

3 99

L ocy

+ ajv

+a,v

U
t

3
t—

t

1

3

-1

0911
ocs

89:5—1
c

(37)

(38)

For t = 0, the FOCs of the Ramsey problem with respect to ¢{ and cjj are given, respectively,

by

(Ui 0
+A6

0,

— po)m(e) + )‘S(uio + uic OCS) ( ) —

Uie,ocgﬁ(u) - )‘Oucco ag + 6 08 c
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+ Baiv,

3 dg0

e _ e [
)\OUCC,OGO

0 ¢



and

990 dgo

(ufp = po)m(u) + MpuLgm(w) + Bui 5 + Baivl = 0
Note that
% B (O
dcy B u§7t+17r(e|u)—|—uzc‘7t+17r(u|u)’
99 L uic,t
dcg B Ui,t+177(6|€) + “g7t+177(“‘6) ’
0911 _ u?,t_lu?cﬂ(uw ui,t_luﬁc,ﬂ(uk)
o (ugymelu) + utm(ulu))®  (ugmlele) +uttym(ule))®
0911 _ U?,t_luic,ﬂ(du) uit_luith(de)
o (ugymlelu) +utym(ulu))’  (ugm(ele) +ulym(ule))”

A.3.2 Existence of FSI Interior Ramsey Steady State

By the following steps, we conjecture and verify that under the parameter condition (1 —

B)= < 1, there exists an FSI interior Ramsey steady state featuring (i) ¢¢ = ¢* > 0, (i)

7 (ule)

a® > a" =0, (iii) v} = 0, and (iv) Q = B.

1. When ¢¢ = ¢ and v} = 0, the steady-state version of the Ramsey FOCs with respect

to a® and a* can be rewritten as
i = Aqam(ele) + Am(ule),

A= A (ulu) + A m(elu),

where the second equation utilizes the fact that g(c, %, ¢, c*) = 0 if ¢® = ¢*. These

two equations imply A® = A\".

2. When ¢¢ = ¢, v! =0, and a* = 0, the FOC with respect to ¢! is given by

(ug — p)m(u) + XNugm(u) + Naug, m(ule)

Jg dg-1
299 2
+Bv et +v Do

=0,
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and the FOC with respect to ¢ is given by

(ug = p)m(e) + X (ug + ucec?)m(e) — Augea®

dg g1
Aatul m(ele) + Nu c'm(u vi=Z 4+ 02 = 0.
XU m(ele) + Nt e () + Bt + 2
Note that under ¢ = ¢*, we have
dg _ug. _ Og
oct — we  Oct’
991 um(ulu) | uge m(ule)
= — + ,
Oct ug ug
991 g (e|u) | ugm(ele)
= — + .
Oce ug ug

In the steady state, combining the above two FOCs together with ¢¢ = ¢* leads to
ug + XNug(l — o) = p,

which, together with the FOC with respect to vy :
o+ XU +) = g

solves for A° and p in the Ramsey steady state. The value of v? can then be solved by
using the FOC with respect to cf.
3. Finally, the optimal long-run tax rate 7 can be solved by the following steps:

(a) @ = [ by equation (15).
(b) The condition (20) is simplified to a®m(ule) — c“m(u) = 0, which implies

(c¢) The resource condition (16) gives n® = ¢/ (e).

(d) Given @ = 8 and B = af, the government budget constraint becomes

™r(e) = (1 — B)a®,
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m(u)

which together with n°m(e) = ¢® and a® = ¢ Sty implies
1— 1—
L0=B . =) )
ner(e) c® 7(ule)

(e) Given equation (32), 7 must be less than 1 since v¢ > 0 and ut > 0. Hence, for
the Ramsey steady state to be interior, it requires a restriction on the parameter

values satisfying

(1-5)

4. We can verify that this steady-state allocation satisfies all Ramsey FOCs since the rest
of the constraints, (21), (22) and (23), are trivially satisfied.

A.3.3 Uniqueness of FSI Interior Ramsey Steady State

We now prove that this FSI interior Ramsey steady state is unique—i.e., there cannot exist
an interior Ramsey steady state featuring consumption inequality or partial self-insurance—
provided that the additional parameter restriction for the elasticity of intertemporal sub-

stitution ¢ > 1 is satisfied. We will also prove in the next subsection that a non-interior

Ramsey steady state is impossible if (1 — B);(Eﬁi) <lando >1.
We prove this by contradiction. Suppose this is not true such that ¢¢ > ¢*; then given
that the borrowing constraint for the unemployed households must be strictly binding with

a* =0 and v} > 0, we can consider the following arguments:

1. From the Ramsey FOC with respect to n¢, we know that for a steady state to exist,
the growth rate of A\{ and p; have to be the same. Denote their steady state growth
rate by g5 and g,, respectively.

2. The FOCs with respect to a® and a" give

ul A A¢
1< 2 = n(ele) + ZEm(ule) = gin(ele) + g3 Em(ule) < g¥(ulu) + g5 Ton(elu), (39)
c t t

where g5 and g} denote the growth rate of Ay and A}, respectively. We can show that

g5 = g4 by considering each of the following cases:
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(a) Suppose g§ < g%, then i—i — 00. Equation (39) becomes

u

ug & u
nlele) + “onlule) = ginele) + gi5tn(ule)
t

C
= 00 < gym(ulu),

which is impossible.
(b) Suppose g5 > g¥, so the FOC with respect to ¢* (under v* = 0, a* = 0, and
am(ule) = c*m(u)) becomes

Uy + Gy U + N[ UeC = Gli—1 44,

which implies
o i Hi—1

+g )\)\e lue+u .t —gu)\e

u
A
As t — oo, the left-hand side is negative and the right-hand side is positive, a

contradiction.

(c) Then, it must be true that ¢g§ = g¥.

3. Equation (39) can be rewritten as
A ¢
(3 = 1) mtude) < (55 = 1) el

which implies A{ > A}. In addition, equation (39) implies that

(2 - 0855 ) m(ule) = (5~ ()

(&
uC

(40)

Under v? = 0, a* = 0, and a°m(ule) = c“w(u), the FOC with respect to ¢ can be
rewritten as
e e, e e u 71-(,LL) 7T(6|6) e e
U, + Atuc(l - U) = e + UgC 7T(U|€) 7T(€) (g)\ - 1))‘15—17 (41)

and the FOC with respect to ¢* can be rewritten as

up + A_ug(l — o) = pp — Nue + Aj_jug.
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Now, with the above three equations, consider the following cases:

(a) The growth rates satisfy g5 = g% = 1. Without growth, A® must converge. Equa-
tion (40) then implies \“ué = A°u?. The difference between equation (41) and
equation (42) gives

(ug —ug) + A°(1 — o) (ug — ug) = 0,

which implies u¢ = v and this leads to a contradiction. Notice that this result

holds for all possible values of o.

(b) The growth rates satisfy g5 = g% > 1. The sum of FOCs with respect to ¢ and

c” can be written as

usm(e) —!—ucﬂ(u) i )e\t us(1 —o)m(e) +u(1 — o)m(u)
>\t 1 )\t—l
Hi )\u U € ot ﬂ-(u) S
. — u7ru +UC7TU +uccc 71'669_]--
1 e e g A =)

Since under positive growth Ay _; — 0o, then the above equation becomes

gruc(l —o)m(e) +ug(l — o)m(u)

u
He—1 t—1

m(u)

— m—1 _  u e u e u e _1
Iu >\§_1 9Ix )\f_lucﬂ-(u) + ucﬂ-(u> + U ﬁ(u|e)ﬂ-(e|e)(g>‘ )7
which together with (40) implies
gauc(l —o)m(e) +ug(l — o)m(u)
— ,Ut—l P u>\g—1 e u u_? _ u>‘g—1
= Gu )\f_ < 9x )\5_1 + UL ﬂ-(u) (ug gx )\5_1)

_ ul A
- guﬁzww(u)( M) e
t—1 Ue

> ) (- g3 ) (- ),

where the last two inequalities utilize the facts that (i) g, % /\e — >0 and (i) & < 1.

Now consider the parameter value o > 1; the above inequality is simplified to the
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following two possible relationships:

u

A
0 < gsuirm(e) < —gﬁ)\—iuiﬂ(u) <0, ifo > 1,
t

or0 < 0ifo>1;

and

u

)\u
0 > (u— gt t_l)(l—a):O, if 0 =1,

—Yx
e e
Ug )‘t—l

or)0 > 0ifo=1;

both of which are self-contradictions.

To summarize, the previous subsection A.3.2 proves that under the parameter condition

(1— ﬁ)f(gﬁ) < 1, there is an interior steady state featuring FSI. This current subsection

A.3.3 further proves that if 0 > 1, then there cannot exist any other interior Ramsey steady

states that feature imperfect insurance. Hence, the FSI interior Ramsey steady state exists
m(w)
m(ule)

and is the only possible interior steady state if (1 — f3) < 1 and o > 1. However, there

may exist Ramsey steady states that are non-interior; for this we now turn.

A.3.4 Non-Interior Ramsey Steady State

In this subsection, we further prove that (i) under the parameter restrictions (1— ) ”(“)) <1

and o > 1, the only possible Ramsey steady state is interior; and (ii) if (1 — 5) ﬂ?fjfi) > 1 and
o > 1, then the only possible Ramsey steady state is non-interior. The proof proceeds by

considering all possible situations of a non-interior Ramsey steady state.

Case 1 Consider a non-interior steady-state allocation where (i) lim; o ¢f = ¢© > 0 and
(ii) limy_, o ¢} = 0. The resource constraint then implies that ¢© = lim;_ o, ¢f = limy_,oo nf =
n® > 0. We show by the following steps that this allocation is not optimal and must be ruled

out.
1. This allocation implies the following:

(a) Given that lim; o ¢f > 0 and lim;_, ¢}’ = 0, we can assume aj = 0 without loss

of generality. By the implementability condition of unemployed agents, we have
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= af 7:5?1'5)’ so afy — 0. Hence, B; — 0 according to the asset market clearing

condition.

(b) The asset value Qy41af, ; has to converge in the limit, otherwise the implementabil-

ity condition of employed agents is violated, making this allocation infeasible. By

equation (15) and ¢} = af 7:51(1'5), the limit of Q11a5,, is given by

5 0 ifo<1
tliglo Qui1a;, = u—gw(u) tliglo(cﬁﬂ)l_” = %w(u) ifo=1, (43)
00 ifo>1

which imply that case 1 is feasible only if 0 < 1. Since the parameter restriction

requires o > 1, in what follows we only need to consider the case where o = 1

and limy_,oo Q105 = u%ﬂ(u)

(c) As t — oo, the implementability condition of employe agents then becomes

(1= Bynn(e) = 2 m(w),

which together with 7 = (1 — Z—”) implies that 7, — 7 < 0.

2. Now, we show that this allocation violates the Ramsey FOCs and hence cannot be a

Ramsey allocation. There are two possibilities: p; either converges or diverges.

(a) Consider the case where p; — 00.

i. In the limit, the Ramsey FOC with respect to n{ in equation (34) becomes
lim = = (1 + V)Urem

which implies that A{ — oo.

e m(ule)

ii. Given v} >0,v? =0, a =0, ¢ = a ) and o = 1, the Ramsey FOC with

respect to ¢f can be rewritten as

[ [ (& [ U
Uey + ( t—1 )‘t) Uee tCt
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which can be further transformed to

1 <1 B Af_l) @ wlu) mlele) p 1

N X ) Salule) wle) | A ug,

where we have utilized the fact that % = —1. As t — oo, the equation

c,t

above becomes

¢ i oo C¥ 1 e
0= lim (1 - d=n) e dd ) mlele) o 1y
t=00 AY ¢ m(ule) m(e) oo Afug, ¢

which leads to a contradiction.
(b) Consider the case where puy — p < o0o.
i. The Ramsey FOC with respect to n{ in equation (34) implies A\f — \° < oo

and in the limit becomes

v (L X (1 +7)) = p. (44)

ii. Given v} >0,v2=0,a"=0,0=1and ¢ = af’iﬂi), the Ramsey FOC with

respect to ¢f can be rewritten as

ui,t + ( f—l - )‘f) uic’tcgﬂ'(uk) 71'(6) = [,
which in the limit can be simplified to
us = . (45)

iii. Combing equations (44) and (45) gives

Q

(S 1 <1
ug_1+)\e(1+7) 7

which implies 7 = 1— Z—’Z > 0, a contradiction to the property of this allocation

c

shown in step 1 where 7 < 0.

Case 2 Consider the allocation where (i) ¢f = ¢} > 0 in transition for a finite period of

time ¢ > 0 but (ii) limy_,o ¢f = limy,o ¢} = 0. Clearly, in this allocation, lim; ., n{ = 0 by
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the resource constraint. Now, we show that this allocation violates the Ramsey FOCs and

hence cannot be an optimal allocation.

1. The Ramsey FOC with respect to n{ is given by

6

)\6

He
)\e ’

_I—,Unt(]' +7)

which together with vy, , — 0 implies ££ — 0 and Af — oo since p; > 0.
’ t

2. Given that ¢f = ¢ > 0 for a certain period of time ¢ > 0, we know that v/ = 0and
gi(cf, ¢, cfq, cfpq) = 0 starting from time ¢. Beyond period ¢, the Ramsey FOCs with

respect to ay,; can be rewritten as

u >\6
1 = lr(ulu) + Zx(e|u),
Al Al

which together with A\{ — oo implies A}’ — co. In addition, the equation above can be

VRWer A
( t+1) ( t+1) 7T(€|U) -1 t+17r(u|u) < 7T(€|'U¢),

t+1

rewritten as

where the last inequality utilizes the fact that t“ > 1. Similarly, by using the fact

that t“ > 1, the Ramsey FOCs with respect to atJrl can be rewritten as

A\ (A A
( t+1) ( t+1) (U| ) -1 t+171’(€|e) < 7T(U|€)-
)\te e )\6

t+1

Multiplying the above two equations gives

>\t+1 t+1 1
AN ’

which leads to a contradiction since /\t“ > 1 and t“ > 1. Hence, case 2 cannot satisfy
all of the Ramsey FOCs.

Case 3 Consider the allocation where (i) ¢f > ¢} > 0 for all t < oo and (ii) lim; o ¢f =

lim; o ¢} = 0. We show through the following steps that this allocation is both feasible and

m(u)
m(ule)
> 1 and o > 1, this non-interior steady state could exist and is the

optimal if and only if (1 — 8)=5 > 1 and ¢ > 1. In other words, under the parameter

7 (u)
7 (ule)

restrictions (1 — 3)
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only possible Ramsey steady state.

1. This allocation implies the following:

(a) limy,oo n§ = 0 by the resource constraint.

(b) In order to induce lim; o, ¢f = lim;_, o, nf = 0, the tax rate 7, must converge to 1.
Otherwise, it violates the households” FOCs.

(c) Given that ¢ > ¢} > 0 for t < oo and ay = 0, by the implementability condition

of the unemployed agents, we have ¢} = ay 7;57;“‘;); so limy_,, ¢ = 0 implies af — 0.

Hence, B; — 0 according to the asset market-clearing condition.
(d) The implementability condition of the employed agents is reduced to

V¢
eim(e) — 22Lnem(e) + Quraf,, — agm(ele) = 0,
c,t

which is satisfied in the limit given that Q11 Bi1 = Qupaf,; — 0and limy_,o ¢f =
limy o u—nt = 0.
(e) The borrowing constraints and complementary slackness conditions of the Ramsey

problem are trivially satisfied.

So far we have shown that this non-interior steady-state allocation can satisfy all

constraints of the Ramsey planner problem.

2. Now, we further show that this allocation satisfies all of the Ramsey FOCs by properly

choosing convergent properties of the Ramsey multipliers:

(a) Given that ¢f > ¢ > 0 for ¢ < co and that a¥ = 0, it must be true that v} > 0
and v} = 0 for all ¢ < oco.
(b) Let py — oo, AY — oo, and K—: — 0; the Ramsey FOC with respect to n§ in

equation (34) is satisfied in the limit as ¢t — oo:

lim 2% = (144) lim o2, = 0.

t—o00 f t—o00

e m(ule)

(c) Given v} >0, v? =0, a* =0, and ¢ = a¢ ~uy » the Ramsey FOC with respect to

¢y can be rewritten as

ugy (1AL = 0)) + (Mg — A7) gt
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which can be further transformed to

1 N 1_)‘5—1 o m(ele) zﬂll—l—l 1’
oX¢ A ) gl —m(ulu)  Aug, o o

where we have utilized the fact that 7(e) = % and 7(u) = %

As t — oo, the equation above becomes

(1 ~ lim Aij) lim < — 7TT“‘“)(l Leonoly, (46)

t—oo \¢ ) t—oo ¢f m(ele) o o

where the inequality on the right-hand side holds because m(ele) + m(u|u) > 1.
Hence, the above equation can be satisfied only if ¢ > 1. We then have two

subcases to consider:

i. 0 > 1. Equation (46) can be satisfied if /\igl and Zl both converge to finite
t t

positive (less than 1) constants.
ii. 0 = 1. Equation (46) can be satisfied if lim;_, % =1 and j—%;” converges to
t t

a finite positive value.

Hence, both subcases above are possible and do not lead to contradictions.

(d) Under the conditions that v} > 0, v2 = 0, a* = 0, and ¢* = a?=4< | the Ramsey

m(u)

FOC with respect to ¢} is simplified to
Uey + AUy + N1 G ey = it

which can be rewritten as

e
LN X1
e e u T ye \e u
1 A Ue t AF A Ue t
. . A6 . . . .
Since lim;_, o % v u% = 0, in the limit the equation above becomes
t 't—1 Te,t

e
)\g uc,t

t—00 N Ugy

(47)

We then have two subcases to consider:

i. 0 > 1. Equation (47) can be satisfied if /\e converges to a finite positive
t—1

constant. From 2(c), we know that Zi’t

c,t

also converges to a finite positive
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U
constant given the convergence of °t.

€
Ct

ii. 0 = 1. Equation (47) can be satisfied if both /\i‘? and il converge to finite
t—1 t

positive values.
Hence, both subcases above are possible and do not lead to contradictions.

(e) The FOCs of af,; and af,, in equations (35) and (36) can be rewritten, respec-

tively, as
U? A€ AU
m(ele) + = m(ule) = tm(ele) + SE(ule), (48)
Ue t+1 t t
uicL \u \é Ul + U3 Ce’ Cu’ ct ’Cu
m(ele)+ - (ule) = 2w (u]u) + 25 (e u) + - 19(c, 6 i tH). (49)
e >\U >\U U, , €
Uet+1 t t t Uep11

) TAE ) T \U ) ZU e
't t t t t
converge to finite positive constants. Hence, equation (48) is satisfied. In addition,

Given o > 1 and from 2(c) and 2(d), we know that Zut Mo Ao M apg 2 g))

e u e u . . . .
gi(cg, ¢ty e 115 Cf +1) also converges to a finite positive constant according to its
v +vg(cf el cfy1iciin)

is chosen
)‘tuuz,t+1

definition, so equation (49) can be satisfied if lim;_,,

to be a finite constant; which is possible and does not lead to contradictions.

3. Finally, under the parameter restriction ¢ > 1, we prove that case 3 is possible only if
(1- B2 > 1,

(a) From the proof of case 3 above, recall that for t < oo, ¢ > ¢ > 0, a}f = 0,

e m(ule)

cy = ajg and ay = B,. In addition, as t — oo we have af — 0, B; — 0,73 — 1,
m(u) ? ) )

0 < limyoo & < 1, and limyo ¢f = limysoon§ = limy o ¢ = 0. Also, notice
t
that since Z—t approaches a positive constant in the limit, the growth rates of
t

. . .. . cs . ct
consumption must be equal in the limit: lim; o, —5+ = limy o0
t t

(b) For t < oo, equation (15) implies

(O Ugyiq ()
Qi1 =8 —r(ele) + ——m(ule)| > B——, (50)
uc,t c,t uc,t

where the inequality comes from the facts that ug ,,; < ug, ; and 7(e|e)+7(ule) =
1.

(c) By the government budget constraint and equation (50), we have the following

inequality:

Ug i1
mngm(e) = By — Qi1 By < By — B ; By,

e
c,t
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which together with B; = af = ¢} 7:27&72) implies the following inequalities:

U Ce -0 Cu
7 < Ct 1—p (4 1) (W) for t < oo;
ném(e) s ct | m(ule)

lim 7 < lim G (1 — S lim <Ct+1) CHI) m(u) , for t — oo.

t—oo t—o0 nfﬂ'(e) t—00 cy cy 7r(u|e)
. . C? . . C§+1 . C;‘+1
Given that lim;_ () <1, limy oo s = 1, and limy_, e limy_, oo e the

equation above then becomes

1—0
. Ciy1 7(u)
b= (“ﬁtlf?o( i ) >w<u|e>‘

l1-0o
. . . . e c§
Since consumption declines overtime, we have Cf £ > 1 and consequently (%) >
t+1 t
(u)

1 if ¢ > 1. Hence, the equation above leads to the inequality 1 < (1 — f) o)
Namely, case 3 is possible only if 1 < (1 — 8) =% provided that o > 1.

(ule)”

In short, we can conclude that (i) if the parameter requirements (1 — ﬁ)f(gﬁ) < 1 and

o > 1 are satisfied, then the interior FSI steady state is the only possible Ramsey steady
state, and (ii) if (1 —3)=“L > 1 and ¢ > 1, then the non-interior steady state in case 3 is

7 (ule)

not only feasible but also the only possible Ramsey steady state.

A.4 Proof of Proposition 4

We first state the Ramsey FOCs. Denote p, \¢, A%, v!, v?, and v3 as the Lagrangian multi-
pliers for conditions (26)-(31), respectively. The Ramsey FOCs with respect to ng, a7, ,, and
ay,, become

XB(uim(ele) + uim(ule)) = X uinm(ele) + Nuim(ule), (51)

NeB(utm(ele) + utm(ule)) = Nulr(u|u) + XNulr(e|lu) — vt —v3g(cf, c*). (52)

Consider a Ramsey steady state featuring full self-insurance; that is, a* > 0 or v' = 0,
¢ =c* and g(c%, c*) = 0. Then, the FOC with respect to a® is simplified as

A(B — m(ele)) = A'm(ule),
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which implies
AY B —m(ele)
—=——"° <1
Ae 1 —m(ele) < (53)

However, the Ramsey FOC with respect to a" becomes
A(B = m(ulu)) = A (elu),

which implies
A1 —
XLl
A B —m(ufu)

thus contradicting with equation (53). Hence, ¢ = ¢* cannot be the outcome of this Ramsey

problem, which maximizes the steady-state welfare of the competitive equilibrium.
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