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NOMINAL GDP TARGETING WITH
HETEROGENEOUS LABOR SUPPLY

James Bullard* Aarti Singh

Abstract

We study nominal GDP targeting as optimal monetary policy in a
model with a credit market friction following Azariadis, Bullard, Singh
and Suda (2018), henceforth ABSS. As in ABSS, the macroeconomy we
study has considerable income inequality which gives rise to a large pri-
vate sector credit market. Households participating in this market use
non-state contingent nominal contracts (NSCNC). We extend the ABSS
framework to allow for endogenous and heterogeneous household labor
supply among credit market participant households. We show that nom-
inal GDP targeting continues to characterize optimal monetary policy in
this setting. Optimal monetary policy repairs the distortion caused by
the credit market friction and so leaves heterogeneous households supply-
ing their desired amount of labor, a type of “divine coincidence” result.
We also analyze the incomplete markets equilibrium that exists when the
monetary policymaker pursues a suboptimal policy, and show how an ex-
tension to more general preferences can limit the ability of the policymaker
to provide full insurance to households in this setting.
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1 Introduction
1.1 Overview

Recent papers by Sheedy (2014), Koenig (2013), and Azariadis, Bullard, Singh
and Suda (2018), hereafter ABSS, provide analyses of optimal monetary policy
in economies where the key friction is in the credit market in the form of non-
state contingent nominal contracting (NSCNC).! They all show that optimal
policy can be characterized as a version of nominal GDP targeting in that en-
vironment. The monetary policy provides a form of insurance to private sector
credit-using households.

The ABSS model is based on credit-using households with inelastic labor
supply. An open question is whether the optimal monetary policy they isolate
could continue to be characterized as nominal GDP targeting if credit-using
households were allowed to adjust labor supply in response to shocks. In prin-
ciple, these (heterogeneous) households may be able to partially self-insure in
this circumstance, thus altering the nature of the nominal GDP targeting policy
or even rendering it unnecessary. Our goal is to study this issue in this paper.

We construct an extension of the life cycle framework of ABSS to a case
of endogenous (and heterogeneous) labor supply.? In particular, credit-using
households now have homothetic preferences defined over both consumption and
leisure choices. We think this is a step toward realism in models of this type,
but we do not consider this version of the model to be sophisticated enough to
compare to data in a comprehensive way.?

Our main finding is that nominal GDP targeting continues to characterize
the optimal monetary policy in the situation with endogenous and heterogeneous

labor supply. The policy completely repairs the distortion caused by the NSCNC

1We thank two anonymous referees, David Andolfatto, Been-Lon Chen, Yunjong Eo,
Thomas Sargent, Chung-Shu Wu, and seminar participants at Narodowy Bank Polski, Bank
of Korea’s Policy Conference, Academia Sinica, Society for Computational Economics and
Finance and London School of Economics for their constructive input. We are grateful for the
financial support from the Faculty of Arts and Social Sciences, University of Sydney FRSS
grant (Singh). The usual disclaimers apply.

2Sheedy (2014) and Koenig (2013) also consider labor supply in their models. In our model
we have more than two types of agents and so it is not clear how endogenous labor supply
would impinge on the NGDP targeting result in that case.

3We hope to take up the challenge of matching data in future versions of the model.



friction and allows all credit-using households to consume equal amounts at each
date. This is the hallmark of the NGDP targeting policy in this model-—under
this policy credit markets are characterized by “equity share” contracting, which
is optimal when preferences are homothetic. In this respect the findings here
are consistent with the findings of Koenig (2013) and Sheedy (2014).

Our main result is a version of the “divine coincidence” result familiar from
the New Keynesian monetary policy literature.* In our model, there is a single
friction, which is non-state contingent nominal contracting in the credit sector.
Monetary policy can alter the price level to eliminate the distortion arising from
this friction and restore the first-best allocation of resources. Our main result
shows that, in this situation, households are able to choose their optimal level
of labor supply as well, and in fact these heterogeneous labor supply choices
are independent of the aggregate shock in the model. The divine coincidence is
that, by completely mitigating the credit market friction, the monetary policy

also allows for optimal labor supply choices.

1.2 Additional motivation

Aside from the issue of the circumstances under which the NGDP targeting
policy remains optimal in the face of endogenous labor supply in this setting, we
additionally motivate the paper with a contemporary issue in monetary policy.
Since the 2007-2009 financial crisis, the labor force participation rate in the U.S.
has been low and falling.” A key question for monetary policymakers has been
whether the falling labor force participation rate is driven by business cycle
factors, in which case monetary policymakers may want to attempt to increase
the participation rate through monetary policy choices. But an alternative,
and we think more traditional, view is that the labor force participation rate
is driven by demographic factors, in which case policymakers will be unable to
meaningfully change the participation rate via monetary policy. The results in
this paper provide some support for the traditional view.

Figure 1 is the first figure from Erceg and Levin (2014). They suggest, based

4See Blanchard and Gali (2010) and Woodford (2003).

5The literature documenting the fall in the labor force participation rate is growing. See for
example, Aaronson, Cajuner, Fallick, Galbis-Reig, Smith and Wascher (2014), Van Zandweghe
(2012), Daly, Elias, Hobijn and Jorda (2012), Hotchkiss and Rios-Avila (2013) among others.
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Figure 1: The first figure, left panel, from Erceg and Levin (2014). After the
financial crisis and recession of 2007-2009, labor force participation in the U.S.
fell more than its forecast by leading government agencies.

on this evidence from 2004-2013, that labor force participation fell much more
than expected by some government agencies in the aftermath of the financial
crisis and recession of 2007-2009 in the U.S. They construct a New Keynesian
model of monetary policy in which the labor force participation rate would not
be an important cyclical variable in normal times, but which may remain sig-
nificantly depressed following a particularly large macroeconomic shock. They
find that monetary policy may be able to help mitigate an inefficiently low level
of labor force participation.

Figure 2 offers a different take on the same data. This Figure again shows
the U.S. labor force participation rate, the solid line, this time from 1991-2015.
The figure also shows a forecast labor force participation rate due to Aaronson,
Fallick, Figura, Pingle, and Wascher (2006), represented by the dotted line
in the figure. The Aaronson, et al., (2006) model is based importantly on
demographic effects. Their 2006 model successfully predicted the decline in
labor force participation as of the 2013 to 2015 time frame, about 7 to 9 years
in the future.® We think of the Aaronson, et al., (2006) findings as consistent

6Hall and Petrosky-Nadeau (2016), Daly et. al. (2012) among others also attribute declin-
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Figure 2: Labor force participation in the U.S., 1991-2015. The dotted line
represents the forecast made by Aaronson et al (2006) using a model based
largely on demographic factors. The forecast is essentially correct even 7 to 9
years in the future.

with what we see as a “traditional view” in macroeconomics, whereby labor force
participation is an essentially acyclical variable, movements in which would not
be indicative of business cycle developments but would rather reflect longer-run
changes in desired labor supply by the workforce in the economy. These longer-
run movements would then be viewed as largely independent of monetary policy
choices.

In the current paper, we will present a model which is consistent with what
we call the traditional view of labor force participation. In the model, monetary
policy will have an important role to play in ensuring good credit market per-
formance. If this monetary policy is carried out in the optimal manner (which
will turn out to be our version of nominal GDP targeting), then labor supply
choices, while heterogeneous, will indeed be independent of monetary policy and

of the shocks buffeting the economy.”"®

ing labor force participation rates to ongoing secular change in trend. In a recent paper,
Krueger (2016) plots a forecast of the labor force participation rate from 2007 to 2016. That
plot exhibits a declining pattern similar to the one shown in Figure 2.

"Here the phrase “independent of monetary policy” is meant to convey that since the
policymaker is changing the price level in response to aggregate productivity shocks, the
households decide not to change their labor supply in response to the price level movements.

8For an extensive discussion of demographic trends and their associated effects on labor
force participation, see Krueger (2016). For a review of some of the recent literature and



2 Environment

2.1 The private sector
2.1.1 Background on symmetry

ABSS work with a stylized general equilibrium life cycle economy with an aggre-
gate shock to productivity growth. This means that the economy has heteroge-
neous households along with an aggregate shock, and therefore that the equilib-
rium includes tracking the asset-holding distribution in the economy. However,
to keep the heterogeneity manageable and the equilibrium calculable based on
closed-form solutions, ABSS made certain “stylized symmetry assumptions.” In
the life cycle model, much depends on the productive capacity of older cohorts,
the suppliers of credit, versus the productive capacity of younger cohorts, the
demanders of credit. The goal is to keep this aspect of the model in balance via
simplifying assumptions. Accordingly, the productivity endowments of credit-
using households are assumed to be perfectly symmetric, peaking in the middle
period of life. In addition, there is no discounting of the future in the preferences
(that is, the discount factor § = 1), which would otherwise tend to favor con-
sumption today over consumption tomorrow.’ Combined with time-separable
log preferences, these assumptions help make the key quantities in the model—
including the net asset positions of all households—Ilinear in the real wage. This
means that the asset-holding distribution can be tracked easily. The equilibrium
real interest rate on consumption loans is then exactly equal to the real output
growth rate each period, even in the stochastic case when the monetary policy
is optimal. Altogether, this creates a particularly tractable framework in which
the intuition behind the nominal GDP targeting policy is brought into clearer
relief.

We will maintain these same stylized symmetry assumptions in this paper

as well.

connections to current monetary policy issues, see Bullard (2014).
9We could add discounting, at the cost of minor complications. It is unnecessary in this
type of model and so we omit it for simplicity.



2.1.2 Cohorts and segmented markets

We now turn to describing the model in more detail. Following ABSS, we use
a life cycle model with segmented markets. Cohorts are collections of identical,
atomistic households entering and later exiting the economy at the same date.
Cohorts are divided into two types, a large group of “credit market participants”
of measure m and a small group of “credit market non-participants” with mea-
sure n, and m +n = 1. In the model population is constant.!® We also refer to
these two groups as “credit users” and “cash users,” respectively. Households
live in discrete time for 7' 4+ 1 periods. Our results will hold for any integer
T > 2, but for the main analysis in this paper we use the value T+ 1 = 241
so that we can interpret results as corresponding to a quarterly model in which
households begin and end economic life with zero assets, starting at age 20, and
continuing until death at age 80. Choosing 7'+ 1 to be an odd number allows
for a convenient and specific peak period for participant productivity endow-
ment profiles. The economy itself continues into the infinite past and into the
infinite future, with discrete time denoted by ¢t. The assets in the economy are
privately-issued nominal debt and currency. Credit market participant house-
holds can hold either of these assets, but in the equilibria we study, they will
only hold only privately-issued nominal debt, which will pay a real rate of return
which is always higher than the real rate of return on holding currency.!! Cash-
using households are excluded from credit markets altogether and only hold
currency. All loan contracts are for one period, are not state-contingent, and
are expressed in nominal terms—we call this the non-state contingent nominal
contracting (NSCNC) friction.

We follow the notational convention that subscript ¢ indicates the cohort
(the “birth date”) and that ¢ in parentheses denotes real time. The exception

to this is the productivity endowment notation.

10For a version of the model with population growth included, see the working paper version
of this paper.
11That is, nominal interest rates will always be positive.



2.1.3 Technology

The technology is a simple extension of the endowment economy idea that “one
unit of labor produces one unit of the good,” but with appropriate adjustments
for productivity endowments e and labor supply 1 — ¢. We denote the level of

TFP as Q (t) . The gross growth rate of @ follows a stochastic process such that
Qt)=At-11)Q(t-1), (1)

where A (¢ — 1,t) is the growth rate of productivity between date t — 1 and date
t. The stochastic process driving the growth rate of productivity is AR (1) with
mean )\,

At t+1) =1 =p)A+pA(t—1,t)+oe(t+1) 2)

where A > 1 is the mean growth rate, serial correlation is p € (0,1), ¢ > 0
is a scale factor, and e (¢) is drawn from a truncated normal distribution with
bounds +b, and where the bounds are set such that the zero lower bound on
the nominal interest rate is not encountered.!?

Aggregate output is given by
Y(t)=Q@)L(t). ®3)

where L (t) = LP (t)+ L"? (t) is the total supply of labor in this economy coming
from both credit market participants LP (¢t) and non-participants L™ (t). The

marginal product of labor is
w(t)=Q(t) (4)
and we conclude that
wt)=At—-1Lt)w(t—1) (5)
as in ABSS. If we denote 1 — ¢ € (0, 1) as the fraction of participant household
time spent working per period, the participant labor input at date ¢ is given by
LP(t) =nleg (1 =€ (1) +e1 (L= b1 (8) + - +er(L— b7 ()] (6)

and the supply of labor by non-participants is simply

L™ (t) = m[T/2]~. (7)

12\We will not address ZLB issues in this paper. However, a version of the nominal GDP
targeting monetary policy can address it when n = 1 as discussed in ABSS.




The aggregate output growth rate is then

Y@ — QMmLE) L(t)
vi-1 _ ot-nic-n ¢y ®

What is L (t) /L (t —1)? Our baseline result is that the leisure choices ¢ are

independent of the A shocks and hence of the wage, so they are constants in this
formula, meaning in particular that various cohorts will make the same leisure
choice at the same stage of the life cycle, represented by ¢; (t) = ;-1 (t — 1),
b1 (t) = £i_2(t—1), and so on. This implies that L (¢) /L(t —1) = 1. We
conclude that we can write
Yqu)A@Lﬂ )
for the equilibria we wish to study. Along the nonstochastic balanced growth
path the gross output growth rate would be A. We will show below that the

real interest rate equals the real output growth rate period-by-period in the

stochastic equilibria we study in Section 3.

2.1.4 Timing protocol

The timing protocol in the credit market is as follows. At any period ¢, partic-
ipant households enter with one-period nominal contracts carrying an interest
rate R™ (¢t — 1,t) that were based on the expected growth rate between period
t — 1 and ¢, that is, Ey_1 [A(t — 1,t)], as well as expected inflation between
period ¢ — 1 and ¢. Nature moves first and draws a value for €(¢) implying a
value of A (t — 1,t), the productivity growth rate between date ¢t — 1 and date
t. The monetary policymaker moves next and chooses a value for its monetary
policy instrument, the price level P (¢). Given these choices, credit-using house-
holds make decisions to consume, supply labor and save via non-state contingent
nominal consumption loan contracts for the following period, carrying a nominal

interest rate R™ (t,t + 1).

2.1.5 Participant households

Credit market participant households enter the economy endowed with a known
sequence of productivity units given by e = {eS}STZO. We assume that this

productivity endowment sequence is hump-shaped and symmetric (that is, eg =
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Figure 3: A schematic productivity endowment profile for credit market partic-
ipant households. The profile is symmetric and peaks in the middle period of
the life cycle. Households are about twice as productive in the middle periods
of economic life as compared to the beginning and end of economic life.

er, ey = er—1, ea = ep—_s...) and that it peaks exactly at the middle period of

life. We use the following profile:
es = [(8) = po + 115 + pos® + pigs® + puys’ (10)

such that f (0) = 0.5, f (60) = 0.8, f(120) =1, f (180) = 0.8, and f (240) = 0.5.
This is a stylized endowment profile which emphasizes that near the beginning
and end of the life cycle productivity is low, while in the middle of the life cycle
it is high. This endowment profile is displayed in Figure 1. The profile is such
that while productivity is relatively low at the beginning and end of economic
life, it is not so low that households choose to supply zero labor in those stages of
their life-cycle. This allows us to restrict attention to interior solutions for labor
supply for the equilibria we study. Participant households sell the productivity
units they are endowed with each period on a labor market at a economy-wide
competitive wage per efficiency unit. Given the nature of the endowment profile,
participant households want to borrow when young and save for later periods
in their life-cycle. Borrowing and lending in the credit market is through one
period NSCNC debt contracts.

Credit market participant households entering the economy at date ¢ with



no asset holdings have preferences given by
T
U= nlne (t+s)+ (1—n)nt (t+s) (11)
s=0

where ¢; (t +s) > 0 is the date ¢t + s real consumption of the household and
Ly (t+s) € (0,1) is the date ¢t + s leisure of the household entering the economy
at date t. Each household has one unit of time in each period of life. The
discount factor 5 =1 and n € (0,1] is the weight on consumption and 1 — 7 is
the weight on leisure in the utility function. The date ¢ participant household is

subject to a sequence of budget constraints expressed in real terms is given by

e () < eow (t) (1 — 4(t) —

(12)

c(t+1) < erw(t+1) (1—b(t+1) + R (t,t+1) Pcé;i)l) _C;((:ﬁ))

(13)
a(t+T)<erw(t+T)1—-L(t+T))+R"(t+T— 1,t+T)M7
(14)

where R™ (t,t+ 1) is the one-period gross nominal rate of return on loans orig-
inated at date ¢t and maturing at date ¢ + 1 in the credit sector of the economy
and P (t) is the price level at date t. The net nominal loan amounts of the
participant cohort ¢ at date ¢ is denoted by a; (), and we interpret negative
values as borrowing.

Note that in this economy, there are also credit market participant house-
holds that entered the economy at date ¢t — 1. These households have preferences

given by
T—1

Uiy =Y _nlney (t+s)+ (1 —n)Inby (t+s5). (15)
s=0

These households will also have a net asset position which we denote by a;—1 (t — 1),
which indicates the net asset holdings carried into the current period from date
t — 1 by the cohort that entered the economy at date ¢ — 1. Preferences for
participant households that entered the economy at dates ¢t — 2, ...,t — T are

defined analogously, with net asset positions a;_o (¢t — 1), ...,a;—7 (t — 1).

10



From the optimization problem of the participant household born at date
t (cohort t), based on the Euler equation, the non-state contingent nominal

interest rate between date t and t + 1 is given by'3

n -1 a) P(@)
R™ (t,t +1) Et[ct(t—I—l)P(H—l)]' (16)

The E; operator indicates that households use information available as of the
end of period t before the realization of € (¢ + 1) . For cohorts born at date ¢ — 1,
Euler equation implies that the nominal interest rate is given by

cr—1 (1) P(t) }
a1 (t+1)P(E+1)]°

R (t,t+1)"' = E, [ (17)

This would similarly be true for all other households entering the economy at
earlier dates up to date t — T'+ 1. However, in the equilibria we study, it will

turn out that

alt)  aa®)  a-ry(t)
Ct (t —+ 1) o Cit—1 (t + 1) o o Ct—T+1 (t —+ ].)7 (18)

so that these expectations will all be the same and hence (16) suffices to deter-

mine the non-state contingent nominal interest rate.

2.1.6 Non-participant households

The non-participant households are precluded from using the credit market.
They provide a demand for currency in this economy. These households live for
T + 1 periods like the credit market participant households, and we will discuss
them in terms of their stage of life 0,1, 2,...,T. Their productivity endowment
pattern is quite different from credit market participant households. In the
first period of life they are inactive. Thereafter, in odd-dated stages of life,
these households have a productivity endowment v € (0,1). We think of this
as being a low value, and there is no life cycle aspect to it. The cash-using
households entering the economy at date ¢ then supply labor inelastically and
earn income yw (t+ s) for s = 1,3,5,...,7 — 1. In even-dated stages of life,
the non-participant households consume. Their period utility is Ine; (t + s),

s =2,4,6,...,T. The core idea is that these agents work intermittently, carrying

13See Chari and Kehoe (1999) for more details.
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the value of their labor income via currency holdings into the period when they
wish to consume.

The non-participant household problem generates a conventional currency
demand. For brevity, we omit further description of this problem here and refer
readers to ABSS. The cash-using households are motivated by an appeal to the
unbanked sector of the U.S. economy, which has been estimated to be on the

order of 10 to 15 percent of U.S. households.

2.2 Monetary policy

There are no taxes or government expenditures in this model other than what

is described below.

2.2.1 Equilibrium in the cash market

We denote the nominal currency stock issued by the monetary authority as
H (t) . Consideration of the household problem indicates that T'/2 of the cohorts
demand currency and that these cohorts each have income yw (t). The real

demand for currency is given by
R (t) = m [T/2]yw (t). (19)

Equality of supply and demand in the currency market means

;I((tt)) — T2 yw (1) (20)

The central bank chooses the rate of currency creation between any two dates

t—1andt, 0(t—1,t), as
H)=0(t—1,0)H(t-1). (21)
This implies
m(T/2 7w (t) P (£) =0t — LO)m[T/2qw(t— )Pt 1)  (22)

0(t—1,t) = P](z(j)uwz(f)m' (23)

12



The timing protocol implies that P (¢t — 1) ,w (¢t — 1) , and, because nature moves
first, w (¢), are all known to the policy authority at the moment when 6 is chosen.
The choice of 6 will therefore determine P (t) . We conclude that the central bank
can in effect choose the date t price level directly under the assumptions we have
outlined.

We also assume that the revenue from seigniorage is rebated lump-sum to
even-dated cash-using households at each date. Therefore, the level of inflation
has no impact on the real allocations of the non-participant households. This

means that there will be no distortion in the cash sector.!*

2.2.2 The complete markets policy rule

The monetary policymaker uses the ability to set the price level at each date ¢
to establish a fully credible policy rule V¢. This state-contingent policy rule is a
version of the one discussed in ABSS and is given by

R (t,t +1)

Pt+1)= ANt t+1)

P(t). (24)

The term A (¢,¢ 4 1) is the ex post realized rate of productivity growth between
date t and date t + 1, that is, the realization of the growth rate for A observed
at date t + 1. Because € (¢t + 1), the realized value of the shock, appears in the
denominator, this rule calls for countercyclical price level movements. This is a
hallmark of nominal GDP targeting as discussed in Sheedy (2014) and Koenig
(2013).

2.3 Equilibrium

Given the timing assumption, stationary equilibrium can be described as a se-
quence of {R" (¢t —1,t), P (t)};= ., in which households, participant and non-
participant, maximize utility subject to the constraints, markets clear, the mon-
etary policymaker credibly adheres to a given rule which determines P(t) and
earns seigniorage which is rebated to cash-using households. Given this P ()
sequence, the currency market clears. The credit market, which faces a NSCNC

friction, will clear at a gross real interest rate R(t — 1,¢) at every date. We

14 For more details, see ABSS.
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will conjecture and verify that in this equilibrium R (t — 1,t) = A (¢ — 1,t). See
Appendix A for more details.

3 Main result
3.1 Overview

First, we describe the nature of the equilibrium of the economy where the mon-
etary authority implements the policy rule (24). We will focus on the credit
market which features the NSCNC friction.'® In this equilibrium, the price rule
overcomes the friction in the credit market. Each participant household con-
sumes an equity share of the total credit market output at each date. Labor
supply in this case does not depend on the shock, but it is heterogeneous across
different cohorts at each date.

Second, we analyze an extension of the baseline case in which the policy-
maker does not follow the policy rule (24) and instead adheres to a price stability
rule P (t) = 1 V¢t. Credit markets will now be incomplete. In this analysis, for
simplicity, we will focus on the participant households. We analyze the impli-
cations of this policy rule by linearizing the economy around a non-stochastic
steady state. In this case, the labor supply of the participant household will
depend, heterogeneously, on the aggregate shock as households will attempt
to self-insure because the monetary authority is no longer providing full insur-
ance. We also show how consumption no longer has the equity share contracting
feature.

Third, we analyze another extension of the baseline case, this time with more
general preferences than the logarithmic case that formed the basis of our main
result. We use preferences that nest logarithmic preferences as a special case.
We show, analytically, that the monetary authority, despite using the baseline
policy rule (24), can no longer fully insure households against the aggregate

shock.

15The equilibrium in the cash market is described in section 2.2.1.
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3.2 Fully optimal monetary policy

To characterize the equilibrium under optimal monetary policy, we first describe
the consumption and income of all the cohorts of the participant households.
We then turn to labor supply in the next subsection. The detailed steps are
provided in Appendix A. The figures in this section are generated using the
productivity endowment profile (10) described above. In addition, we have set
w(t) =1 for all time periods and n = 0.5.

Consider the problem of a participant household entering the economy at
date ¢ described in Section 2.1.3. The household faces a stochastic optimization
problem with a finite sequence of budget constraints. These sequence of bud-
get constraints can be combined into a single lifetime budget constraint. We
substitute the state-contingent monetary policy rule (24) into the lifetime bud-
get constraint of the participant household. This problem can then be solved
analytically, as is shown in Appendix A.

The solution to the household problem gives a state-contingent plan for

consumption and leisure choices. For consumption, the plan is described by

s—1
c(tts)=|[[AE+dt+i+1)]c(t). (25)

j=0
The state-contingent plan is that the individual’s consumption growth rate is

equal to the realized real output growth rate of the economy. The level of

consumption of date ¢ cohort of participant household is
" T
t)=w(t) =—— E i 26
Ct() w()T+1j:06] ( )

This, like all key quantities in this model, is linear in the real wage w (t) . In the
special case when n = 1 (inelastic labor supply) this expression indicates that
initial consumption is the cohort share (1/ (7T 4 1)) of total real income in the
credit sector of the economy at date ¢, which is w (¢) Zsto es. Other values for
1 make an adjustment for the desirability of leisure.

Other participant cohorts that entered the economy at earlier dates solve a
similar problem to the one faced by a household in the date ¢ cohort, except

that they carry net assets into the period and that they solve a problem with a
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Figure 4: Consumption and labor income by cohort.

shorter horizon. The solution to this problem is similar as shown in Appendix
A.

Due to logarithmic preferences, and other symmetry assumptions made in
the analysis, even the level of consumption is equalized across households. As
a result, when monetary policy is fully optimal, both the level and the growth
rate of consumption for different cohorts are in fact equalized in the credit
sector and therefore each household has an equity share in the output produced.
The proposed monetary policy has completely mitigated the NSCNC friction.
Therefore, under this policy credit markets are characterized by “equity share”
contracting, which is optimal when preferences are homothetic. In this respect
the findings here are consistent with the findings of Koenig (2013) and Sheedy
(2014). Figure 4 shows real labor income and real consumption of the participant
households in the economy by cohort when the price rule is optimal.

In the figure, best interpreted as a cross section, cohorts are arrayed from
youngest to oldest on the horizontal axis. Real labor income by cohort, the
hump-shaped line in the figure, is simply the productivity endowment profile
multiplied by the real wage at date ¢, which we have assumed to be unity here,
and adjusted by the labor supply of the households at each stage of life. Con-
sumption by cohort, in contrast, is a flat line. This indicates that the credit
arrangements in the economy, in conjunction with the monetary policy charac-

terized by the policy rule (24), are allowing the households in the credit sector
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to completely mitigate the NSCNC friction. Consumption and labor income are
both linear in the real wage. As the real wage increases stochastically over time,
the curve representing income in the economy would increase proportionately,
and the flat line representing consumption would increase but remain flat each
period. This is consistent with the idea that households in the credit sector
would split the income produced in that sector equally at each date, but that,
as the technology improves, there would be more output at each date.

A schematic of equilibrium net asset holding is given in Figure 5. This figure
can be viewed as a cross section of net asset holding in the economy at date
t. Cohorts are arrayed along the horizontal axis from youngest to oldest, that
is, those entering the economy in the current period on the left versus those
entering the economy 240 periods in the past on the right. The net asset posi-
tion is on the vertical axis. Cohorts before the peak earning date at the middle
of life are net borrowers and so have negative net asset positions in the figure,
while those after the middle period of life are net lenders. The positive and
negative areas of the S-shaped curve sum to zero. Net asset holding is exactly
zero in the middle period of life due to the symmetry assumptions underly-
ing the model. The peak borrowers are those at period 60 in the life cycle,
which corresponds approximately to age 35; we think of this as schematically
representing households wishing to take on mortgages to move housing services
consumption forward in the life cycle. The peak lenders are those at period
180 in the life cycle, which corresponds approximately to age 65. We think of
this as schematically representing households on the verge of retirement. Net
asset-holding positions are linear in the real wage w (t), which is itself stochastic.
As the real wage rises, the negative and positive net asset positions increase in
proportion to the change in the real wage, in such a way as to keep the positive
and negative areas summing to zero each period.

There is considerable financial wealth inequality in this economy. If the figure
were perfectly triangular, meaning that the two areas were triangles, then 25
percent of the households would hold 75 percent of the financial assets. The

actual figure, while not triangular, is close to this.'®

16For an exploration of the extent to which this type of model can generate income, con-
sumption, and financial wealth inequality relatively close to the U.S. data, see Bullard and
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A final step is to ask whether the conjectured sequence of real rates of re-
turn clears the loan market in each period. In Appendix A we show that this

condition is also met.

3.3 Labor supply in the first best allocation

A key result in this paper is that under the proposed monetary policy rule (24),
the labor supply choices of participant households depend on demographics
alone and are independent of the productivity shock and the real wage. These
households supply labor based on their stage in the life cycle, and so the various
cohorts do offer differing amounts of labor, but those differing amounts are not
dependent on the realization of the shock in any particular period.

Appendix A shows that the leisure choices of a household in cohort ¢ can be

characterized as

1-— n ¢ (t)
now(t)es’

for s =0,1,...,T. If we substitute in the expression (26) for ¢; (t), the real wage

b(t+s) = (27)

cancels and the choices depend on the parameters 1 and e alone. This expression

v = () (H) Xe 2

is given by

DiCecio (2018).
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Figure 6: Time devoted to leisure, the u-shaped curve, and work, the hump-
shaped curve, by cohort. These curves depend on 1 and {es} alone, and not on
the aggregate shock.

Figure 6 illustrates the leisure choices and labor supply by cohort for the
productivity profile (10) with = 0.5. The figure is best viewed as a cross
section. Cohorts are arranged from youngest to oldest along the horizontal
axis as in previous figures. The vertical axis is the fraction of the one unit
time endowment allowed to each household each period which is devoted to
leisure. The hump-shaped line in the figure represents the time each cohort
devotes to market work, while the inverted u-shaped line represents the fraction
of time each cohort spends on leisure. The two lines sum to one for each cohort.
The households that are working the most are the ones at the exact middle
period (=120) of the life cycle, the peak earners, approximately age 50. The
households near the beginning and end of the life cycle devote relatively little
time to market work, only about 20 percent versus the 60 percent devoted by
the peak income earners. We interpret this as representative of the idea that
labor force participation is known to be relatively low near the beginning and
end of the life cycle and relatively high during peak earning years. The leisure
curve reaches relatively high levels in this figure, but not all time is devoted to
leisure even at the beginning and end of the life cycle. This is because we have
restricted attention to interior solutions for the purposes of this paper.

The key difference in Figure 6, the labor supply figure, from those repre-
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senting consumption, labor income, and asset holding, is that labor supply does
not depend on the real wage. We interpret this as being consistent with a tra-
ditional interpretation of labor supply as discussed at the outset of this paper,
in which the labor force participation of households depends most importantly
on demographic factors which are unlikely to be influenced by monetary pol-
icy. In effect, this makes variables like labor force participation acyclical. In
fact, in the economy of this paper, monetary policy is conducted optimally via
the policy rule (24), which, in turn, enables households to make optimal labor
supply choices independently of productivity shocks hitting the economy. One
could view the optimal monetary policy here as allowing households to make
labor supply decisions optimally without having to self-insure by adjusting labor

supply in response to shocks.

4 Two extensions
4.1 Price stability policy and incomplete markets

In this subsection we evaluate how decisions of different participant cohorts,
in particular consumption and labor supply, are impacted when the central
bank does not pursue optimal policy and hence credit markets are incomplete.
To analyze this, we maintain all the assumptions of the baseline model except
that we now consider a monetary policy where the central bank pursues price
stability such that P(t) = 1V ¢. In order the understand the implications of such
a policy on the endogenous decisions of participant households of each cohort,
we linearize the model around the non-stochastic stationary steady state. To
render the variables stationary, we divide them by w(t). Appendix B describes
the linear approximation of a T'+1 = 3 model. Such a linearization can be easily
extended to a T4+ 1 = 241 period model. Note however, to facilitate a linear
approximation of our model, we specify the stochastic process for productivity
growth as

At —1,t) = Xexp(ey). (29)

This does not alter the optimal monetary policy rule specified in equation (24).

We set A = 1.01 and all other calibrated parameter values are same as before.
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The results for the 241 period model are described below.

We first consider the case where households do not value leisure, n = 1. In
Figure 7 we plot the impulse response function for consumption for cohorts 40,
100, 160 and 220 to a positive one standard deviation shock at date 0.!7 Note
that the income of each cohort is scaled by their productivity profile. Cohorts
also enter period 0 with different debt/asset positions, which would be the same
as in the non-stochastic steady state. However, the real interest payments on
these debt/asset holdings at date 0 will be different depending on the stance
of the monetary policy. For instance, if the central bank was conducting an
optimal policy, it would have reduced the price level at date 0 when the positive
shock occurs, thereby increasing the real interest rate. However, in this case as
prices are stable, with higher income, the real interest rate is lower relative to
the case when the central bank pursues optimal monetary policy. This benefits
the borrowers, younger cohorts, but hurts the savers, the older cohorts.

The overall impact on consumption, which is non-stationary, at date 0 for
all the cohorts is plotted in Figure 8.

Now consider the case where households also value leisure so n € (0,1). The
response of deviations of consumption and leisure from their non-stochastic
steady state to a one time, one standard deviation shock in this economy is
plotted in Figure 9. Note that the deviation of consumption from its steady
state value for each cohort is the same whether the agent cares about leisure
or not. However the steady state consumption is different—the economy where
labor supply is inelastic has higher aggregate consumption than an economy with
an elastic labor supply. Therefore the level of consumption for each cohort is
higher/lower in an economy with inelastic labor supply relative the consumption
of that cohort when labor supply is elastic. As a result, the deviation, in absolute
terms, will also be larger when households have an inelastic labor supply. As for
leisure, the younger cohorts enjoy more leisure while the older cohorts devote a
larger fraction of their time to work, see Figure 9, right panel. Note that the

impulse response of consumption and leisure for different cohorts are completely

17"These impulse response functions plot the deviation of consumption of cohort of a par-
ticular age from their respective non-stochastic steady state level to an exogeneous shock at
date 0. They are computed using Dynare.
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Figure 7: The impulse response functions of deviations of consumption from the
non-stochastic steady state for four cohorts to a positive one standard deviation
shock when n = 1.
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Figure 8: Cross-sectional consumption when 77 = 1. The blue line is for the case

when the monetary policy is optimal while the red line is when the monetary
policy stabilizes prices and credit markets are incomplete.

22



c_40 c_100 02 1_40 015 1_100

0.05 0 0.05 0 ——

100 200 300 400 500 100 200 300 400 500 100 200 300 400 500 100 200 300 400 500

c_160 c_220 1_160 1_220

0
0 \/ 01 \/ 0.1
-0.02 -0.02

03 - 0.3
100 200 300 400 500 100 200 300 400 500 100 200 300 400 500 100 200 300 400 500

Figure 9: The impluse response functions of deviations of consumption, left
panel, and leisure, right panel, from the non-stochastic steady state for four
cohorts to a positive one standard deviation shock when n = 0.5.

identical because of the intratemporal condition given in equation (27).

Figure 10 plots the level of consumption and fraction of time devoted to
leisure. Note that since w(t) = 2.74, when there in perfect risk sharing, the
level of consumption (blue line in the left panel) is scaled by 2.74 relative to
Figure 4 but the fraction of time devoted to leisure (blue line in the right panel)
is the same as Figure (6). This analysis makes it clear that a monetary pol-
icy that does not provide optimal risk sharing between debtors and creditors
has both aggregate and distributional implications. The aggregate leisure and
aggregate consumption under price stability is lower relative to an economy
where the central bank pursues optimal policy. In addition, the distribution
of consumption gets distorted relative to the flat consumption across cohorts
and it also distorts labor-leisure choice. For instance as seen in the right panel
of Figure 10, when the shock is positive, the less productive older cohorts are
working harder relative to the cohorts in the middle of the life-cycle that have
higher productivity. This analysis also suggests that in an economy where labor
supply is elastic, the gains from NGDP targeting are somewhat diminished but
like Sheedy (2014), they still remain consequential. However, in this stylized

model it is hard to quantify these gains.
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Figure 10: Cross-sectional consumption, left panel, and the fraction of time
devoted to leisure, right panel, by different cohorts when there is a one time
positive shock. The blue line in each plot is for the case when the monetary
policy is optimal while the red line is when the monetary policy stabilizes prices
and credit markets are incomplete.

4.2 Extended preferences

We now turn to consider the extent to which our main findings depend on the
logarithmic preferences assumption. We find that the logarithmic assumption
is important. The monetary policymaker can provide perfect insurance in the
logarithmic case but only partial insurance in a case with more general prefer-
ences. Our solutions in this section are exact and do not depend on the linear
approximation of the previous section.'®

To answer this question we will restrict attention to the 7'+ 1 = 3 case, but
generalization to the case of larger values for T is straightforward.

For the participant household cohort entering the economy at date ¢, consider

the preferences given by

l1—0o

2 [ct (t+ )"0 (t+ )"

l1—0

(30)

where 77 € (0,1) and 0 > 0. When 0 — 1 and S = 1 Vs, these preferences

collapse to the preferences used for our main result in Section 3. The new element

18 For simplicity, the optimization problem of the non-participant households is the same as
described in Sections 2.1.4 and 2.2.1.
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is a set of shift factors S which are defined as follows:

So=1, (31)
Si=Att+1)7, (32)
Sy =[Nt t+DA(E+1,t+2)". (33)

This definition means that the agent expects that the sequence of S factors will
adjust lifetime utility somewhat each period in the future using a function of
the realized growth rate of the economy defined by a power with the parameter
9. The value of this parameter is based on ¢ and n and is derived below. A
household entering the economy at date t—1 has analogously defined preferences.

We are not making any claims about the realism of the shift factors S. We
merely wish to use these shifters to understand the residual amount of insurance
that would have to be provided to agents to get to the complete markets solution
when the policymaker is following the monetary policy rule (24) in the economy
with more general preferences. Accordingly, in the exercise of this section,
we will always choose the shifter values appropriately in order to obtain the
complete markets solution. In the logarithmic case that we have emphasized
in our main result, it will turn out that all & = 1 which is an indication that
no additional insurance needs to be provided other than that provided by the
monetary policy rule (24). But in other cases the shift factors will be larger
than one, which is an indication that some additional insurance would need to
be provided over and above the amount achieved with the monetary policy rule
(24).

The new timing protocol within a period ¢ is as follows: (1) nature chooses
the shock and therefore a value for the realized growth rate A (¢t — 1,¢), (2) the
policymaker chooses P (t), (3) the shifter values are set, (4) agents solve their
date t problems taking P (t) as given.

Let’s assume the policymaker again uses the monetary policy rule (24). We
can substitute this rule into the budget constraint of the household entering

the economy at date ¢ (see appendix for more details) and therefore write the
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budget constraint for the agent entering the economy at date ¢ as

e (t+1) e (t+2)
Rt,t+1) RtEI+DR(E+1,t+2) —
er[1=b(t+Dwt+1) e[l —4(t+2)]w(t+2)
o[l =6 (B)]w(t) + R(t,t+1) Rt t+ DR+ Lt +2)
(34)

Ct (t) +

where R (t,t + 1) is the gross real rate of interest. We will guess and verify that
R(t,t +1) = A(t,t+ 1) Vt, understanding from the first main result that this is
the complete markets solution for this economy. The issue now is what values do
the shifters S have to take on in order to attain the complete markets solution.
If all the shift factors turn out to be unity, then the monetary policymaker has
provided full insurance with the policy rule (24). If the shift factors are greater
than unity, then the policymaker is providing only partial insurance, and the
shift factors are providing the rest.

We can use the first order conditions for the problem of this agent, along
with the conjecture that R (¢t,t+ 1) = A (¢, + 1) V¢ to obtain (see Appendix for

details):
nw (t) [eo + e1 + eo]

t =
ct (t) L+ d 1 do (35)
where
e [ad (4 1)] 55
Gll:>\(t,t+1)§)\(t,t+1)T [ele] (36)
0
and
dy = Nt t+ DA+ L+ 2)]7 A E+DAE+ L +2)] 7
(1-0)(n—1)
ANEEt+DANE+1L,t4+2)] =
|:62 (’ + )e ( + b + ):| (37)
0

Adding the exponents on A (¢,¢+ 1) in the d; term together and solving for ¢
yields
Y=n(c—-1). (38)

The same value is obtained considering the do term. At this value for 1, all

of the stochastic A terms in d; and dy cancel exactly, leaving only terms not
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involving A :

(1=0)(n—=1)
o

e
4= & 39
=2 (39)
(1—o)(n=1)
dy = |2 (40)

€o

We conclude that this household can choose the value of ¢, (t) given by equation
(35). We also recall the symmetry assumptions of the model which state that,
in the T+ 1 = 3 model, e5 = eq, implying that do = 1. So it is only the d; term
that is not unity in the 7'+ 1 = 3 model under complete markets with extended
preferences.

The special cases of the model can now be seen clearly. The logarithmic
preferences case featured in the main result section of the paper has ¢ — 1. In
that case, ¥ = 0 implying S; and S are both unity, and in addition d; = dy = 1.
In this case we do not need the S terms in order to obtain the complete markets
solution, as the use of the monetary policy rule (24) is sufficient to completely

insure this agent against future shocks.'?

However, when o # 1 we deviate
from the logarithmic case and the terms dy and ds will no longer be equal to
unity and will in fact involve random variables which will require the use of the
S factors to provide the residual amount of insurance to get to the complete
markets solution. The amount of residual insurance that must be provided is
increasing in ¢ > 1 and n € (0,1), as larger values of ¥ = 1 (o — 1) increase
the amount of adjustment made to future period period utility outcomes for the
agent.

To get to these results we have conjectured that R (t,t+1) = A (¢, t+1)
Vt is the stochastic general equilibrium. We need to verify this conjecture by

showing that with S; and Sy set appropriately we obtain A (t) = 0.2° We show
the details of this calculation in the Appendix.

19 Another special case is when 7 — 0, which would mean that the household puts vanishingly
little weight on consumption versus leisure in the consumption-leisure bundle. In this case,
the monetary policymaker would again be able to provide perfect insurance through use of
the price level rule.

20Tt may not equal zero since in the general preferences case we have seen that di # 1,
which in principle may prevent the equilibrium real interest rate being equal to the output
growth rate.
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5 Conclusion

We have provided an analysis of a version of nominal GDP targeting as optimal
monetary policy in a model with a credit market friction (NSCNC) following
ABSS. The extension here has been to add elastic labor supply as well as popu-
lation growth. We wanted to study the case of elastic labor supply because, by
giving households another margin on which to adjust to shocks, it is possible
that nominal GDP targeting would no longer characterize optimal monetary
policy as it does in ABSS.

Our main result is that optimal monetary policy is still characterized by a
version of nominal GDP targeting even in the expanded setting of this paper.
This result could be characterized as a “divine coincidence” result—by provid-
ing the optimal monetary policy through countercyclical price level movements,
the monetary authority also allows the heterogeneous households to make op-
timal labor supply decisions. Those decisions do not depend on the aggregate
productivity shock in the model and are instead demographically based.

We have also provided two extensions of the baseline model. In one exten-
sion, we considered the baseline model with a suboptimal monetary policy, and
analyzed the resulting incomplete markets equilibrium. In that case households
do alter their labor supply in response to an aggregate shock in order to partially
insure. In another extension, we considered the baseline model but with more
general preferences. We find that the monetary policymaker can only partially
insure households against the aggregate shock in this case.

The life cycle framework used here is quite flexible and has been widely used
in the literature to study income and wealth inequality, labor supply issues,
as well as consumption and saving. The highly stylized version proposed here
and in ABSS has an important role for monetary policy via a credit market
friction as the centerpiece of the theory, similar to Sheedy (2014) and Koenig
(2013). While the stylized version provides a lot of clarity as to what is going
on in the model and the role for monetary policy, we also think the model is
flexible enough to be taken to the data in a more comprehensive way in future
versions. In addition, we think that the results here could be expanded to

include additional assets, like capital, and also to include idiosyncratic labor
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income risk, as suggested in Werning (2014).
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A Details of model solution when monetary pol-
icy is optimal

The model features heterogeneous households and an aggregate shock, so that
the evolution of the asset-holding distribution in the economy is part of the
description of the equilibrium. This would normally require numerical compu-
tation. However, symmetry, log preferences, and other simplifying assumptions
allow solution by “pencil and paper” methods. In this appendix we outline this
solution in some detail. A key feature of the solution is that the asset-holding
distribution will be linear in the current real wage w (t) , and so will simply shift
up and down with changes in w (¢) . Another key feature of the solution will be
that the stochastic real rate of return on asset-holding will be equal to the sto-
chastic real output growth rate period-by-period. We do not claim uniqueness
of this equilibrium, but we regard the equilibrium we isolate as a natural focal
point for this analysis.?!

We guess-and-verify a solution given a particular price rule for P employed
by the monetary authority.

(1) We first propose the state-contingent policy rule for the price level P.

(2a) We then solve the problem of a household entering the economy at
date t under the proposed policy and determine their state-contingent plan for
consumption and non-state contingent plan for leisure.

(2b) Step 2a also applies for all other households entering the economy at
earlier dates with shorter horizons and asset holdings from the previous period.
We show how these households will adjust their asset holdings as the real wage
evolves.

(3) We then establish that per capita consumption is equal, the optimal
“equity share” contract.

(4) Finally we verify that under the proposed policy rule and the derived
household behavior, the loan market clearing condition is satisfied. This estab-
lishes the equilibrium in the credit sector of the economy.

We will assume interior solutions and verify later.

21See Feng and Hoelle (2017) for a recent discussion and analysis. Typical quantitative-
theoretic applications in the area of stochastic OLG would be unable to address the issues
brought out by the Feng and Hoelle (2017) analysis.
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Step 1. The household entering the economy at date ¢ faces uncertainty
about income over their life cycle because it does not know what the real wage
level is going to be in the future. In addition, these households can borrow and
lend using one period NSCNC debt contracts. The proposed policy rule is such

that it make the price level state contingent and is given by

P(t+1) = mp(t) (41)
for all ¢, with P (0) > 0.
Step 2a.
First consider the optimization problem of the households entering the econ-
omy at date ¢

T

max E Inc; (t+s)+(1—n)Int; (t+ s 42
R T t[;[ﬁ t(t+s)+(1—n)Int (t+ )] (42)

subject to life-time budget constraint

T P(t+s ct(t+s
a(t)+Y ](D(t))sl (t+s)
o=t [[r¢t+5t+5+1)
Jj=0
<eut)[i—6 )+ | EUE) w0 -blEFs) | g
s=1 P(t) . .
[[r¢t+5t+5+1)

j=0
Substitution of the state-contingent policy rule into the budget constraint, along
with the conjectured solution R (t,t+ 1) = A(¢,t + 1) V¢ for these households
yields

T T
)+ | = i (t+5) <w(t)Y e (L—b(t+s). (44)

[[rt+it+i+1) s=0
j=0

Because w (t) is known by the household at the time when this problem is solved,

the uncertainty about future income has been eliminated by the state-contingent
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policy. The household then solves this problem where p is the multiplier on the
life-time budget constraint. The following sequence of first order conditions with

respect to consumption are

=K (45)

[[re+it+i+1)

=0
which implies
s—1
c(t+s)=|[[AE+it+i+1)]ce(t) (47)
=0

The sequence of first order conditions for s = 0,1, ...,T with respect to ¢ are

L—n
= pw (t) e 48
T = e (48)
Using the FOC for first period consumption to substitute out p gives leisure for

s=0,1,...,T

1—n ()
O (t = — 49
t ( + 5) n ow (t) €s ( )
We can then substitute (47) back into the budget constraint, which is
T
(T + e () Sw(t) Y es (L= (t+59)). (50)
s=0
Substituting for leisure gives
. T
ce(t)=w(t) == > ¢ (51)

7=0
We conclude that the choice for ¢; (t), first period consumption depends on
today’s wage w (t) alone. The household has a state-contingent consumption

plan for the future. It is to consume

o (t+s) = ﬁA(t+j,t+j+1) e (t). (52)
§=0
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depending on the realizations of future shocks to the TFP growth rate .
The amount of leisure chosen at date ¢t and in the future depends on where

they are in the life cycle. They are given by

ol +s) = (;ﬂ) (;) éej. (53)

If n = 1 the household will choose no leisure. If n — 0 and ey = er are
small enough, then ¢; (t) and ¢; (t + T) could be larger than one, meaning the
households would supply no labor on those dates. This would violate our inte-
rior solution assumption. We assume ey = ep > 0 and 7 sufficiently large to
maintain interior leisure choices.

This household will carry some real asset position into the next period. The

date t real value of this position is given by

C;((z)) =eo[1 =L ()] w(t) — i (t) o
T
) Z_;)ej T
= |t w0 e [Sa| 69
_ . R . T
7w(t) 60+m Zoe] 7T7—|—1 Zoej (56)
- 1 S
=w(t) _ 0T T _jz_:oej_ 0
Step 2b.

There are also households that entered the economy at date t—1,t—2,--- ,t—
T that would solve a similar problem. These households would have brought
nominal asset holdings a;—1 (t — 1), at—2 (t — 1), ,ar_7 (t) , respectively, into
the current period, and have a shorter remaining horizon in their life cycle. Here
we will show the solution to a household problem for a household that entered
the economy at date t— 1. In particular, we will show that asset holdings a;—1 (t)

continues to be linear in the current real wage w (t) . We will then infer solutions
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for all of the other household problems for households entering the economy at
datest —2,--- ,t —T.

The household entering the economy at date ¢t — 1 solve this problem at date

T
max Et[z [Mlnc1 (t+s—1)+ 1 —n)Inl;_q (t+s—1)]

{eer(ths—1), 1 (t+s—1},

subject to life-time budget constraint

T
Pt+s—1 c_1(t+s—1
a0+ 3 | Hp )
=2 [[rt+5t+5+1)
=0

T
<erw (t) (1= Lbioa (1)) P (t;é) 1) esw (t oo D=l (t+5-1))
622 [[aGt+it+i+1)
§=0
R (t—1Lt)a1(t—1)

0 (58)

In this “remaining lifetime” budget constraint, we can see from section 2a
that the nominal value of a;—1 (t — 1) is
. I
a1 (t—1)=P(t—1Dw(t—1) eo—mzej . (59)

Jj=0

We can therefore find the value of R™ (¢t —1,t) a;—1 (t — 1) as

T

R (=100 ar 1 (t—1) = R*(t—1,0) P(t = Dw (t — 1) |eo — Tiﬁzej .
=0

(60)

We can use the policy rule P (t) = %P (t — 1) and the law of motion for
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w (t) to simplify the RHS as

PHAE—1,) w(t) 1 <
=R"(t—1,t — j 61
(t-1LY) Rr(t—1,t) A(t—11t) | T+1jz=:063 (61)
1 T
Therefore the entire real-valued term is given by
R"(t—1,t)a;_; (t—1) | 1 <
—Lt)az_1 (T —
=w(t - ; 63
P(t) ’U)() €o T+1j2::0€] ( )
[ T

T 1

=w (¢) T+160_T+1jz=;€j . (64)

Since w (t) and P (t) are known at date ¢ when the consumption-saving decision
is made, these decisions are linear in w (t) .
We now substitute the policy rule into the rest of the budget constraint to

obtain

s—1

[[rt+ht+i+1)
j=0

i -1 (t+s—1)
s=1

T T

T 1
< w(t) Ees(l—ﬁt,l(t+s—1))+T+1eo—T+1E ej | . (65)
s=1 j=1

Let’s now turn to the FOC for this problem. We have for s = 1, ..., T with

respect to consumption are

n 1%
= 66
ci—1(t+s—1) -1 (66)
[ ¢+5t+5i+1)
§=0
which implies
ca(t+s)= [ E+ht+i+D)| e (@) (67)

Jj=0
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The following sequence of first order conditions for s = 1,...,T with respect to

{ are

&-1(1t_+—1) = pw (t) es (68)

We combine each of these with the corresponding FOC for consumption to give
the following choices for leisure for s = 1,...,T

1—nc-1(t)

b (b= 1) = =20 e,

(69)

We can now substitute back into the "remaining life" budget constraint.

This yields

T

ermr (1) = w () 7y | Do) - (70)

=0

This is linear in w (¢) . This household would then have a desired asset position:

U — e () (1= i () - a0+ DA O
B n—1c1(t) 7 T 1 &
=ecw(t) {1+nelw(t)}—nct1(t)+w(t) T+160—T+1jz::lej ,

1 T 1 <
:elw(t)—gct,l(t)—l—w(t) T—&—leO_T—i—l;ej ,

1 n a T -
= t) — Zw(t) =—— s t — il
eyw (t) 77w()T+1 eo+s;e +w () | e T+1;16J

T T
1 T 1

= w(t - s _ )
w(t) |er Ti1 €0+32216 + T+1€0 T+1;€J

1 T
:w(t)m 60+617szzzej

For all other households at date t who entered the economy at date ¢t — 2,¢ —
3,..t — T, consumption and assets at date ¢ will also be linear in w(t).

Step 3.
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As already seen, date ¢ consumption is equalized among participant house-

holds. The consumption amounts are, for j =0,1...T
" T
s (0 = w0 7 e (72)

Step 4.
To show that the asset market clears at the conjectured real rate which
equals the growth rate of productivity, first consider the asset market clearing

condition

T-1
Z At—gs (t) =0
s=0

Consider the T'4+1 = 3 period case for simplicity where the asset market clearing
condition is given by

a1 (t)+a; (t) =0 (73)

which is
ar—1 () + {eow (t) [1 — £, (¢)] — e (1)} = 0. (74)

The term a;—1 (t) can be written as

a1 () =R(t—1,)ar_y (t—1) (75)
+{ew ()1 =Ly (1)) — -1 (D)} (76)

The term a;—; (¢t — 1) must be
a1 (t—1)=ew(t—1)[1—-Cl1(t—1)]—ci1 (¢ —1). (77)
Thus the entire expression is
a1 (t) +a; () =
Rit—1,t){eow(t—1)[1 —le1 (t—1D)] — i1 (t—1)}

H{aw®) 1=t @] = (D)}
+{eow () [1 =L ()] =t ()} = 0. (78)
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Substituting out leisure and rearranging gives
1
R(t—1,t) {egw (t—1)— —ci—1 (t — 1)}
n
1
+ {elw (t) — —ct—1 (t)}
n
1
+ {eow (t) — 5ct (t)} =0. (79)
The term ¢;_1 (t) can be written as
a1 (t)=R(t—-11)c-1(t-1).

In our conjectured solution

nw (t) [eo + e1 + €3]

u(t) = ratrel (50)
and
i (t—1) = nw (t—1) [Zo +e1 + e2] (81)
so that
MNE—18) e (t—1) = T DleoFetes] (82)

3
Substituting the consumption and imposing the symmetry of endowment such

that eg = eg, the asset market for the 3 period economy clears at the conjectured

real interest rate.

B Linearization

Consider a T+ 1 = 3 version of the model with P(¢) = 1 V¢. In this economy, at
any date t,there are 3 generations alive: the agents born at date ¢ who have 3
periods to live, agents born at date ¢ — 1 and have 2 periods to live and finally
the old who were born at date t — 2 who have only one period to live. Looking

at the problem of each cohort alive at date ¢.

B.1 Agent born at date ¢

Preferences

Ut = nlnct(t) + (1 — 7’}) 1n€t(t) + Et [UIHCt(t + 1) + (1 - ’I]) lnét(t + 1)]
+ Er[nlncy(t +2) + (1 —n) Inly(t + 2)]
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such that each period, s = 0, 1,2, budget constraint is
ce(t) 4+ ar(t) = eqw(t)(1 — £(t)) (83)

cat+ D) +a(t+1)=eqw(t+1)(1—4(t+1)) + R(t, t + 1)ac(t) (84)
c(t+2)=ew(t+2)(1—4(t+2)+RE+1,t+2)ar(t +1) (85)

Note that the timing is such that R(¢,¢ + 1) is determined at date ¢ and
R(t+ 1,t+2) at date ¢t + 1.

Suppose the wage growth process is given by

w(t) = At —1,H)w(t —1) (86)
At —1,t) = Aexp(e(t))

Given these log preferences, we know at any point, for s = 0,1, 2 the leisure

choice is given by
(I—n)a(t+s)
nesw(t + s)

We can substitute out leisure from the budget constraint so that we can write

gt(t =+ 8) =

them simply as

ce(t) = n (eqw(t) — ar(t)) (87)
c(t+1) =nleqw(t + 1) + R(t, t + 1)a(t) — ar(t + 1)) (88)
ct(t+2) =nleew(t +2)+ R(t+1,t +2)a,(t + 1)] (89)

The two Euler equations are

() E, Lt(tlﬂ)] — R(t,t+1)" (90)
E, {Zgi;ﬂ =R(t+1,t+2)7! (91)

B.2 Agent born at date ¢t — 1

Preferences
Ui=nlng1()+(1—n)Inb_1(t)+E: nInc—1(t+ 1)+ (1 —n)Inb;—1(t + 1)].

Substituting out leisure, we get

41



ct—1(t) =nlerw(t) + Rt — 1,t)a—1(t — 1) — ar—1(t)], (92)

and

co1(t+1) =y [esw(t + 1)] + R(t,t + Dag_1(t)]. (93)

For these agents, they enter the period with assets and hence the gross return
on these assets is given by R(t—1,¢)a;—1(t —1). They also choose choose a;_1(t)
at date t. Their Euler equation can be written as

1

08 o

} =R(t,t+1)7" (94)
Note, asset market clearing condition at date t is
at_l(t) + at(t) =0 (95)

B.3 Agent born at date ¢t — 2

Preferences

Ut = nln Ct_g(t) + (1 — 7’]) hlft_g(t)
where
croa(t) = exw(t)(1 — bi_o(t)) + R(t — 1, )as_a(t — 1) (96)

ci—2(t) = nleaw(t) + R(t — 1,t)ar—2(t — 1)].

There is no future uncertainty for these agents. They consume all their endow-
ments and the assets that they brought in this period. Even the interest rate is

predetermined at date t.

B.4 Relevant date t equations

¢ (t) B, rti 1)] =R(t,t+1)"" (97)

thl(t)Et |:Ct_1(1t-|-1):| = R(t,t + 1)_1 (98)
_(I=n)al)

bl = %)
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bq(t) = erw(®) (100)

_ (A=n)ca()
li_o(t) nesw(®) (101)
ce(t) = eqw(t)(1 — £(t)) — ar(t) (102)

ceo1(t) = erw(t)(1 — b1 (t) + R(t — 1, 0)ae_1(t — 1) —as_1(t)  (103)

Croa(t) = exw(t)(1 — l_s(t)) + R(t — 1, E)ar_o(t — 1) (104)

ar(t) + ar_1(t) = 0 (105)

B.5 Solving the model using linearization

1. Re-define stationary variables with a hat, Z(¢) = z+(t)/w(t) and re-write the

relevant date ¢ equations

O g ey = D (106)
R v emvyrro] LR U L
() = (1_7;720““) (108)

G (t) = W (109)

lia(t) = (1_7;):;2(’5) (110)

E(t) = eo(1 — £,(8)) — au(t) (111)
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w(t—1)

Ga(t) = en(l = ba(0) + RO = 1010 = )= s

—aa(t) (112)

wit-1)

ét_g(t) = 62(1 — et_g(t)) + R(t — 1,t)&t_2(t — 1) ’LU(t)

(113)

ay(t) + dy1(t) = 0.

2. Compute the steady state of the stationary variables. To simplify nota-
tion, ¢, refers to the young, agents in the first period of their life, ¢,, refers to
the middle-aged, people in the second period of life and finally ¢, refers to the
old, agents in the final period of their life:

é;:éfn:éj;:g(eo—l—el—i—eg) (114)
(L-mn)é,

=2 115

” e (115)

Y = m 116
nex (116)
1— ok
[ ) L (117)
ne2
ar=eo(l—103)—¢& (118)
ar =e (1 —0) — ¢+ R xap « A7 (119)

3. Linear approximation of the stationary variables from their steady state

Note that Em = (ém,t - é;kn)/éjn

em(+1) =&, —e(+1) =R =0 (120)

Go(+1) = Em —e(+1) — R

0 (121)
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b, =&, (122)

U = m (123)

ly =Gy (124)

ey = —eolily —ata, (125)

& G = —er b5 0 + R;dz [R(=1) +ay(~1) — €| —a5,am  (126)
G0 = —ealily + R;&r" {R(—l) +am(—1) — e} (127)

A% o~ Ak~
Ay Ay + G O, = 0.

C Extended preferences
C.1 First order conditions

In this appendix, we show the calculations leading to the solution for ¥ from
the first order conditions for a household entering the economy at date ¢ and
using the more general preference specification discussed in the text.

The first order conditions for today’s choice variables are, for ¢; (t)
o [ec 060 ] om0 e = (128)
and for 4 (t)

So [ct (t)" ¢, (t)“"} e (1) (1—n) b ()" = peow (¢). (129)

These can be combined to obtain

ty=2=1al) (130)
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and similarly we can obtain

Cl=n o (t+ 1)
L(t+1) = 0 ewlil) ) (131)
and ( )
l—n c(t+2
L (t+2)= 717 Hu(ii2) i+ (132)

Now substitute the leisure choices in the first order conditions for consumption

and simplify to obtain

(1=n)(—0) 1-7
—o|l-n 1 1-n 1
Soce (1) 7 | —— — = 133
oee (1) [ n eow(t)] 77[ n eow(t)] s (133)
and
(1-n)(—0) 1—n
o |1— 1 1— 1
SO X Lol | EVIE S (VI
n o erw(t+1) n ew(t+1) R(t,t+1)
(134)
where p is a Lagrange multiplier, and similarly for ¢; (¢t 4+ 2) . Combining these
yields
S (t—|—1) (=o)(n=1)
7 |erw [
t+1)= t —1R t,t+1 - 7 , 135
) =alt [gre.ce ] |20 (135)
and similarly
A-o)(n-1)
(42 =@ |22R1 4 DR+ 1t +2) Pew] T
! - So S1 ’ ’ eow(t)

(136)
We can now substitute these terms back into the budget constraint to obtain

an expression for first period consumption that has the following form:

eiw(t+1 esw(t+2
(t) = 1 |eow (t) + Plz(t,(t+1)) + R(t,t+21)1§(t+)l,t+2)} (137)
“ N 14+dy +ds
where e oy nt)
1 1-o |eqw (t + 3
d=(S1)°" R(t,t+1) | ————= 138
L= (0)F R )T [0 (139
and
(t+2) (-o)(n=1)
1 1—0o o
dy = (S5)7 [R(Lt+ 1) R(t+1,t+2)] 7 [eiijw(t)} (139)
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We will now use this expression for first period consumption to deduce the
required value of the exponent ¥ that appears in the definitions of the S terms.
An aspect of the complete markets solution is that this agent will be able to
choose ¢; (t) without reference to future uncertainty, since the agent is fully
insured against that uncertainty under complete markets. We are also con-
jecturing, but have not yet completely verified, that the solution occurs at
R(t,t+1) = A(t,t + 1) Vt. If we substitute in the conjectured value for the
gross real interest rate R (¢,t+ 1) and use the law of motion for the real wage,

we can rewrite the expression for first period consumption as

nw (t) [eo + e1 + e2)

t) = 140
e (t) Lt d T d (140)
where
0 1—o )\(t t—l—l) (1702’“’71)
dy =Xt t+1)7 At t+1) 7 [el] (141)
€0
and
dy = NEE+DNE+1,E+2)]7 MG E+DAE+1L,E+2)] 7
(A-0)(n—=1)
t,t+1 t+1,t+2 4
[62)\(, + DA+ 1,t+ )] (142)
€o

This is the expression displayed in the text.

C.2 Asset market equilibrium

To get to these results we have conjectured that R (¢,t + 1) = A (¢,t + 1) Vt is the
real interest rate in this stochastic equilibrium. We need to verify this conjecture
by showing that with S; and S, set appropriately we obtain A (t) = 0.22 This
means

a1 (t) +a(t) =0 (143)

which is
ar—1 (t) + {eow (£) [L — 4 (£)] — e (£)} = 0. (144)

22Tt may not equal zero since in the general preferences case we have seen that dy # 1,
which in principle may prevent the equilibrium real interest rate being equal to the output
growth rate.

47



The term a;—1 () can be written as

a1 () = R(t—1,8)ar_y (t— 1) (145)
+{erw @) [1 = L1 ()] — i1 (1)} (146)

The term a;—1 (¢t — 1) must be
a1 (t—1)=ew(t—1)[1 -l (t—1)] —cio1(t—1). (147)

Thus the entire expression is

ar—1 (t) + as (t) =
R(t—1,6) {eow (t = 1) [1— sy (t=1)] — 11 (£ — 1)}
Fleaw @)1 =l (t)] —ca (B}
+ {eow (t) [1 = €¢ ()] —ce (1)} = 0. (148)

Substituting out leisure and rearranging gives
1
R(t—1,1) {eow (t—1)— 5015_1 (t— 1)}
1
+ {elw (t) — —ct—1 (t)}

Ui

1

+ {eow t)——c (t)} =0. (149)
n

The term ¢;—1 (t) can be written as

Ct—1 (t) = Ct_—1 (t - 1) (150)

(A-o)(n-1)
{SlR(tl’t)}i{elw(t)) ]

eow (t —1

— i1 (t=1)[Z] (151)

where Z is the bracketed term in the first line. Note that Z is familiar. In fact,

Z

15~ dy. (152)

Now use the conjectured solution R (¢,t + 1) = A (¢,t+ 1) V¢ to obtain

nw (t) [eo + e1 + €3]

t p—
c(t) 1+dy +ds

, (153)
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and
nw (t —1)[eo + e1 + ea]
1+di +do

o (t—1) = (154)

so that

nw (t) [eo + e1 + e2]
1+dy +dy

We note that with ey = ez by symmetry, setting the appropriate values for S;

](1—0)(71—1)/0

AMt—1,8) 1 (t—1) =

(155)

means dy = 1, while d; = [e1/eg # 1. Using this information and
the conjecture R (t,t + 1) = A (t,t 4+ 1) Vt along with the appropriate values for

S; as well as symmetry we can write

w(t){eOW)}

2+d;
ru{a- |50 0 )
1

ey +e1+ e

+’U)(t){€0— 2+d1

} =0. (156)

This expression is equal to zero regardless of the value of d;. It is also equal to
zero in the special case of log preferences.

We conclude that R (¢,t + 1) = A (¢,t 4+ 1) V¢ is the real interest rate.
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