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Abstract

In this paper we develop asymptotics for tests of equal predictive ability between nested mod-
els when factor-augmented regressions are used to forecast. We provide conditions under which
the estimation of the factors does not affect the asymptotic distributions developed in Clark and
McCracken (2001) and McCracken (2007). This enables researchers to use the existing tabulated
critical values when conducting inference despite the presence of estimated predictors. As an in-
termediate result, we derive the asymptotic properties of the principal components estimator over
recursive windows. We provide simulation evidence on the finite sample effects of factor estimation
and apply the tests to the case of forecasting excess returns to the S&P 500 Composite Index.
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1 Introduction

Factors are now a common, parsimonious approach to incorporating many potential predictors into
a predictive regression model. Examples that estimate factors using a large collection of macroeco-
nomic variables include works by Stock and Watson (2002), who use factors to predict U.S. inflation
and industrial production; Ludvigson and Ng (2009), who use factors to predict bond risk premia;
Hofmann (2009), who uses factors to predict euro-area inflation; Shintani (2005), who uses factors to
predict Japanese inflation; and Ciccarelli and Mojon (2010), who use factors to predict global inflation.
Examples that estimate factors using a large collection of financial variables include works by Stock
and Watson (2003), who use factors to predict a variety of macroeconomic variables; Kelly and Pruitt
(2013), who use factors to predict stock returns; and Andreou, Ghysels, and Kourtellos (2013), who
use factors to predict U.S. real GDP growth.

In many of these examples, the predictive content of the factors is evaluated using pseudo out-
of-sample methods. Specifically, the usefulness of the factors is evaluated by comparing the mean
squared forecast error (MSE) of a model that includes factors with one that does not include fac-
tors. Typically, the comparison is between a baseline autoregressive model and a comparable model
that has been augmented with estimated factors. As such, the models being compared are nested
under the null hypothesis of equal accuracy and the theoretical results in West (1996), based on
non-nested comparisons, may not apply. McCracken (2007) and Clark and McCracken (2001, 2005)
show that, for forecasts from nested models, the distributions of tests for equal forecast accuracy and
encompassing are usually not asymptotically normal or chi-square. For one-step-ahead forecasts from
models with conditionally homoskedastic errors, tables are provided in Clark and McCracken (2001)
and McCracken (2007). For longer horizons or when conditional heteroskedasticity is present, Clark
and McCracken (2012) and Hansen and Timmermann (2015) delineate simulation-based methods for
estimating asymptotically valid critical values.

The existing literature on out-of-sample methods for nested models is largely silent on situations
where generated regressors — and, in particular, factors — are used for forecasting.! In most cases,
the asymptotic distribution of the test of predictive ability is derived assuming that the predictors
are observed and do not themselves need to be estimated prior to forecasting. A related exception
is Cheng and Hansen (2015) who show that Mallows-based model averaging remains asymptotically
valid when factors are used as predictors. Even so, in the context of in-sample methods, generated

regressors have been shown to sometimes affect the asymptotic distribution of a statistic, typically

'Li and Patton (2013) establish the first-order validity of the asymptotics in Clark and McCracken (2001, 2005) when
the dependent variable, not the regressors, is generated. Fosten (2015) considers the non-nested case with estimated
factors.



through the standard errors. Examples include works by Pagan (1984, 1986) and Randles (1982). Of
particular interest here, Gongalves and Perron (2014) prove that in some instances an asymptotic bias
is also introduced when factors are estimated rather than known.

Building on McCracken’s (2007) and Clark and McCracken’s (2001, 2005) results, we examine the
asymptotic and finite sample properties of tests of equal forecast accuracy and encompassing applied
to predictions from nested models when generated factors are used as predictors. Specifically, we
establish conditions under which the asymptotic distributions of the M SE-F and ENC-F tests of
predictive ability continue to hold even when the factors are estimated recursively prior to forecasting.
Throughout we focus on one-step ahead forecasts made by linear regression models estimated by
ordinary least squares (OLS). Our results hold under the null hypothesis of equal predictive ability
as well as under a sequence of local alternatives.

Because our asymptotics depend on the relative size of the number of cross sectional units (IV), the
total number of observations (1), and the number of predictions (P), we provide a collection of Monte
Carlo simulations designed to examine the size and power of the tests as we vary these parameters. In
most of our simulations the presence of estimated factors leads to only minor size distortions, yielding
rejection frequencies akin to those found in the existing literature when the predictors are observed
rather than estimated. Nevertheless, we find that the estimation of factors reduces power relative to
the case where factors are observed. Finally, to illustrate how the tests perform in practical settings,
the paper concludes with a reexamination of factor-based forecasting of excess stock returns.

The rest of the paper is structured as follows. Section 2 introduces notation and describes the setup.
Section 3 provides assumptions and a discussion of these. Section 4 contains our main theoretical
results, including some asymptotic results on the estimation of factors over recursive samples which
may be of independent interest. Section 5 presents Monte Carlo results on the finite sample size
and power of the tests with an emphasis on the degree of distortions induced by factor estimation
error. Section 6 applies the tests to forecasting excess stock returns using a large cross-section of
macroeconomic aggregates and financial data. Finally, Section 7 concludes.

Before we proceed, we define some notation. For any matrix A, we let ||A|| = tr1/2 (A’A) denote

the Frobenius norm and ||4|; = A2 (A’A) the spectral norm. For R = T — P, we let sup, denote

SUPRp<¢<T -



2 Setup and statistics of interest

2.1 Setup

In this paper we compare the predictive ability of a benchmark linear regression model with an
alternative linear model that also includes factors. These additional predictors f; are latent and

denote a vector of r common factors underlying a panel factor model

CEit:Agft+€it,t:1,...,T; t=1,..., N, (1)
or in matrix form
X =FN +e,
where X is an observed data matrix of size T x N, F = (f1,..., fr) is a T x r matrix of factors
factors, A = (A1,...,\n) is a N x r matrix, and e is T x N.

We base our comparison of the two models on their ability to forecast y one step-ahead. To do
so, we divide the total sample of T'= R + P observations into in-sample and out-of-sample portions.
The in-sample observations span 1 to R, whereas the out—of-sample observations span R 4 1 through
T for a total of P one-step-ahead predictions.

For each forecast origin t = R,...,T — 1, we first generate forecasts of y;11 recursively using the

benchmark model by regressing ys11 on the k1 x 1 observed predictor ws for s = 1,...,¢t—1 and hence
?91,t+1 = w:ﬁBtv

where
t—1 —1ia
Bt = (Z wsw;> Z WsYs+1-
s=1 s=1
For the alternative model, forecasts of 3,11 are constructed in two steps. First, we estimate the
latent factors recursively at each forecast origint = R, ...,T—1 by the method of principal components.
More specifically, at each time ¢, we compute an N x 7 matrix of factor loadings defined as A; =
( 5\17)5 S\Nﬂg )I and the corresponding factors collected in the ¢ x r matrix F, = ( f1,t ﬁt ) .
Since estimation takes place recursively over t = R,...,T — 1, we index A; and F} by t. Thus, j‘;t

denotes the st observation on the r x 1vector of factors estimated using data on x;s up to time t.

The principal components estimators are defined as

([\t,ﬁt) = arg gmfn} Ntzz is — N fs)2,



PR,

— = I,.. Under this normalization, we can show that Ft

subject to the normalization condition that

is equal to v/ times the ¢ x 1 eigenvector of the ¢ x ¢ matrix X; X}/ (tN) and A; = XttFt, where we let
r11 ... TI,N
X, = , fort=R,..., T — 1.
txXN
Tt1 oo TN
Thus, 254 Fy = EyV, where V; = diag (14, .. ., 8y), With d14 > @24 > ... > ¥4 > 0 and &;, is the
4t largest eigenvalue of X;t]f,( t. As is well known, the principal components estimator is not consistent

for the true latent factors even under the normalization imposed above. As Bai (2003) and Stock and
Watson (2002) showed, for given ¢, F, is mean square consistent for a rotated version of F, , where

the rotation matrix is defined as follows:

=7 (T) (42, @

Given the estimated factors {f&t s=1,... ,t}, we then regress’ Ys+1 onto ws and fsﬂg to get

forecasts of y;11 of the form
~ 1) FloA ol R
Yo,t+1 = wiby + ft,tat = Zt,t5t7

where
—1l4 9

t—1
G (z ) S o,
s=1 s=1
~ !
with Z,, = (w;,f;t) fors=1,....t—1landt=R,..., T —1.

2.2 Test statistics

The statistics of interest are given by

T—1 ~ ~ ~
ENC-F» — 2ot=R 1441 (:21,t+1 G, 1+1) 3)
and To1 )
_5 (1 -1
wsE-F; — 2=l 1?‘21 ““), (4)
with
T—1
P=P ) s, (5)
t=R

where the forecast errors of the benchmark and alternative models are respectively denoted as:

A~ A~ I
ULt+1 = Yt+1 — Y1t+1 = Yt+1 — wtﬁt

20ur results remain valid when some of the additional predictors in the alternative model are observed as these will
not introduce new terms in the decomposition of the discrepancy between the statistics with known and estimated factors
presented below. We thank a referee for raising this possibility.



and
U p11 = Y1 — P2,001 = Yer1 — 240t
Let w1 ¢4+1 and ug ;41 denote these forecast errors when evaluated at the probability limits of Bt and

& respectively. Finally, we will denote by i ;41 and g1 the analog out-of-sample forecast errors

based on the model where factors are observed, i.e.
. . 'h oA
Ul41 = Yey1 — WPy = U141,

given that? Bt = Bm and
U241 = Yt+1 — Zégt,

where d; is the recursive OLS estimator obtained from regressing y,41 on z, = (w’, f1), for s =
1,...,t—1, ie.

t—1 1y

0y = (Z zsz;> > Zsysir-

s=1 s=1
Note that z; differs from Z;; because it depends on the observed factors f; and not the sample estimates
fs,t~ This creates a discrepancy between i1 and 4 ¢41. Our main goal is to prove the asymptotic
equivalence between the statistics based on ;41 and 7241 and those based on i1 ¢41 and g ¢y1,
which we call ENC-Fy and MSE-F}.

Clark and McCracken (2001) derive the asymptotic distribution of the ENC-F statistic under
the null hypothesis Hy : E (u1t41(u1¢41 — u2¢+1)) = 0 when all predictors are observed — that is,
when both w; and f; are observed. Similarly, McCracken (2007) derives the asymptotic distribution
of the MSE-F statistic under the null hypothesis Hy : E(uit+1 - u%7t+1) = 0 when all predictors
are observed. In the same environment, Inoue and Kilian (2007) derive the asymptotic distribution of
both statistics under a sequence of local alternatives. To prove asymptotic equivalence with estimated
factors, we follow Inoue and Kilian (2007) and maintain that the DGP linking the predictors to the

target variable y takes the form
Yp1 = w0 + fITV20) +uppy = 206 +upr, t=1,...,T, (6)

where we let? § = 67 = (0 T2/ )/. Given (6), our results have implications under both the
null, for which o = 0, and under small deviations from the null for which « # 0. This result justifies

using the usual critical values when testing for equal predictability with estimated factors in the larger,

3By assumption, the benchmark model depends only on the observed regressors w; and therefore there is no discrep-
ancy between 41,441 and iy :+1. This would not be true if estimated factors were also present in the benchmark model.
In this case, extra terms would appear in Lemma 2.1 below. For simplicity, we do not consider this extension here.

1 For simplicity, we omit the index T in 7 . Similarly, we ignore the triangle array notation in equation (6) by omitting
the index T in y¢41,7 and wg41,7-



nesting model. It also suggests that factor estimation error need not lead to any substantial differences
in the power of the test - at least when deviations from the null are small.

The first step in our proof is simply to establish an algebraic relationship between the out-of-sample
test statistics given in (3), (4), and (5) and their analogs based on iy 41 and g 41.

We can write

Z iy 41 (ligp41 — do,t41)
t=R

..2
ENC-F; = ENC-Fy + ENC-Fy <ZQ )

and

T-1

. 2
u27t+1 - Uz,t+1) .

52 2 =2
MSE—FJ; = MSE—Ff—I-MSE—Ff (AQ - 1>— ) Z U2 41 (U2 41 — Ug t+1
ag g I—R t=R

This decomposition allows us to identify a set of sufficient conditions for the asymptotic equivalence

of the two sets of statistics (based on f and on f, respectively).

Lemma 2.1 Suppose that

a) S g (o1 — diags1)? = op (1).
T—1 .. ~ .
b) > g tizir1 (U241 — ti2er1) = op (1).
T—1 .. . ~
C) D g ey (21 — U2441) = op (1).
d) 62 —5%2=o0p(1).

Then, it follows that ENC-Fy = ENC-Fy 4+ op (1) and MSE-Fy = MSE-Fy +op (1).

The proof of Lemma 2.1 is trivial and therefore omitted. Our next goal is to provide a set of
assumptions such that conditions a) through d) of Lemma 2.1 are verified. An important step in
that direction is to provide bounds on the mean squared factors estimation uncertainty over recursive

samples. But first we need to introduce our assumptions.

3 Assumptions

In this section, we state the assumptions that will be used to establish the asymptotic equivalence of
the test statistics with estimated factors (ENC-F 7 and MSE-F f~) and the analogous statistics with
known factors (ENC-Fy and MSE-Fy). Throughout, we let M be a generic finite constant.

Assumption 1



a) For each s, F || f,]|*® < M, Yr = E(fsf.) = I and A’A is a diagonal matrix with distinct entries

arranged in decreasing order.

b) sup, | 4 2 (fuft = 1) = O (1/VT) .

AJ,\,A - AH =0 <1 /VN > such that Apin (X4) is bounded away from zero and bounded away from

infinity — that is, 0 < a < Apin (Xa) < b < 0o for some constants a and b.

The first part of Assumption 1 a) requires fs to have finite moments of order 16. Although some of
our results could be derived under less stringent moment conditions (for instance, the results in Section
4.1 require only finite second moments), we will rely on these many moments in later parts of our
proofs and therefore we impose this condition from the beginning. The remaining part of Assumption
1 a) is a normalization condition often used in factor analysis. It implies that both the factors and the
factor loadings are orthogonal. See, in particular, Stock and Watson (2002) for a similar assumption
and more recently, Fan, Liao, and Mincheva (2013), Bai and Li (2012), and Bai and Ng (2013). Part
b) of Assumption 1 implies that 71 2?21 fsf. converges to Xy = I, at V/T-rate. This condition
follows under standard mixing conditions on f,; by a maximal inequality for mixing processes. Part c)
of Assumption 1 requires that a nonnegligible fraction of the factor loadings is nonvanishing, implying
that factors are pervasive. We specify the rate at which AITA converges to X, a diagonal matrix given
part a). For simplicity, we treat the factors loadings as fixed, but if the factor loadings were assumed

random, this would be the rate implied by the central limit theorem. See Han and Inoue (2015) for a

similar assumption.
Assumption 2
a) E(ey) =0, Elegy|® < M.

b) There exists a constant m > 0 such that Amin (3e) > m, [|Eell; = Amax (Ze) < M, where ¥, =
E (ece}) .

c) Vs = E(ejes/N) = + Zfil E (eiteis) is such that v, ; = 0 whenever |t — s| > 7 for some 7 < o0,
and |'yt7s| < M for all (¢,s).

. 16
d) For every (t,s), E (\/—N Yoiiq (eireis — E (eiteis))) < M.

16
)<

f) ~ Zw 1T Zsl 1 252 1 lcov (€isy €551, €isy€js,)| < M.

e) For every t, F (H\/lﬁ Zf\;l i€t



Assumption 2 is rather standard in this literature, allowing for weak dependence of e;; across ¢ and
over t. Part b) of Assumption 2 corresponds to the approximate factor model of Chamberlain and
Rothschild (1983), imposing an upper bound on the maximum eigenvalue of the covariance matrix
of e; = (e1r,...,e€ Nt)/. It is satisfied if we assume that e;; is independent across ¢, given the moment
conditions on e;;. However, it does not require cross sectional independence and is implied by the
condition that maxi<j<n Zf\il |E (eiteje)| < M, an assumption used by Bai (2003).

Part ¢) of Assumption 2 allows for serial correlation on e;; but restricts it to be of the moving
average type. This is a stronger assumption than usual. The main reason we impose this assumption
is the need for tight uniform bounds on the time average of the product of the factors estimation error

f‘s,t — H;fs and us41, the error term in the DGP for y. In particular, we need that

t—1 _ 1
-1 s - H, s s =0 =< >
t SZ:; (f it tf ) Us+1 P (@51\/,3)

where 6% p = min (N, R). This in turn is satisfied if

t /-1 2
i3 (St = 0r ),
=1 s=1

which follows under the assumption that v, = 0 whenever [t —s| > 7 for some 7 < oo (but not

sup
t

necessarily if we impose only the more usual weak dependence assumption that 71 ZZSZI 71275 < M).
Part d) of Assumption 2 strengthens Bai’s (2003) Assumption C.5 by requiring 16 instead of 4 finite
moments. Part e) is also a strengthened version of Assumption 3.d) by Gongalves and Perron (2014),
where 16 instead of 2 finite moments are required. The relatively large number of moments we require
is explained by the fact that we use mean square convergence arguments to show the asymptotic
equivalence of our statistics. Since these are a function of squared forecast errors that depend on the
product of estimated factors and regression estimates, the 16 moments assumptions are the result of
an application of Cauchy-Schwarz inequality. Finally, Bai (2009) relies on an assumption similar to
part f) (see, in particular, his Assumption C.4) in the context of the interactive fixed effects model.

Assumptions 3 and 4 are new to the out-of-sample forecasting context.
Assumption 3

2
a) & sup, | 5 S feis|| = Op (1), where B (fye1) = 0.

2
b) 7 31y sup, ‘ﬁ Yami ity (eneis — B (eaeis) use1| = Op (1), where E ((eqeis — E (eneis)) ust1) =
0.
1 t—1 =N 2 _
c) sup, T Y oerq Doing Ai€isusy1|| = Op (1), where E (A\iejsust1) = 0.

8



2
= Op (1), where E ((ejieis — E (ej€is)) z5) =

d) + >0, sup, Hﬁ YIS (eaeis — E (eieis)) 2
0.

2
= Op (1), where E (\je;52L) = 0.

1 t—1 N /
e) Supy H VNT 25:1 i=1 Ai€isZg

Assumption 3 requires that several partial sums be bounded in probability, uniformly in ¢ =
R,...,T. Since the summands have mean zero, this assumption is not very restrictive and is implied
by an application of the functional central limit theorem. For instance, we can verify that Assumptions
3 b) and c) hold under Assumptions 2 d) and e) if we assume that {u;} and {e;} are independent of
each other and w41 is a martingale difference sequence, as we assume in Assumption 5 below.

Our next assumption requires that the partial sums in parts b) and c) of Assumption 3 have 8

finite moments.

Assumption 4

a) For each (I,t), E Hﬁ Zi;ll f\il (eqeis — E (ejeis)) u5+1H8 < M.
b) For each t, F Hﬁ Zi;ll Z-]\il Aieisus+1H8 < M.

Assumption 4 is a strengthening of Assumption 4 of Gongalves and Perron (2014), according to

2 2
WhiCh FE Hﬁ 25:1 Zi\il (eﬂeis - F (eileis)) Us+1 ‘ S M and E Hﬁ 23:1 sz\il )\ieisuSJrlH S M.

A sufficient condition for Assumption 4 is that w41 is i.i.d., given Assumptions 2 d) and e), respectively.

Our assumption on wusy1 is nevertheless weaker, as we assume only that the regression innovation is a

martingale difference sequence. More formally, we impose the following assumption on w4 1.
Assumption 5 F (ui41|F') =0, where F' = o (yp, Y1, - - 5 Xy Xe—1, - -5 26, 241, - - ).

Assumption 5 is analogous to the martingale difference assumption in Bai and Ng (2006) when the

forecasting horizon is 1.
Assumption 6 a) E|z|'* <M, E (uf ) <M forallt=1,...,T.

8
b) LetV (t) =t~! 27;11 ZsUs+1, where E (zsusy1) = 0. Thensup, ||V (t)|| = Op <1/\/T> and E H\/TV (t)H <
M for all t.

o) Let Bo(t) = (7 S wat) L B = (7S 5) L Bo = (Blwwl) ™ ond B -
(B (2424)) ", Then, sup, | Bo ()]] = Op (1), sup, |B ()] = Op (1), sup, || Bo (1) = Bol| = O (1/VT).
and sup, | B (t) — B|| = Op <1/\/T> .



d) P,R — oo such that P/R=0(1).

Assumption 6 imposes conditions on the regressors and errors of the predictability regression model
based on the latent factors. In particular, Assumption 6 a) extends the moment conditions on the
factors assumed in Assumption 1 to the observed regressors w;. In addition, while it requires the
innovations us4+1 to have eight finite moments it permits conditional heteroskedasticity. Parts b) and
c¢) of Assumption 6 imply that sup, Hﬁt — 9” and sup, Hét — (5” are both Op (1/\/T>, which is the
usual rate of convergence. These assumptions are implied by more primitive assumptions that ensure
the application of mixingale-type inequalities. Part d) is implied by the usual rate condition on P and

R according to which limpr_. % =, with 0 <7 < 0.

4 Theory

4.1 Properties of factors over recursive samples

As mentioned earlier, factor models are subject to a fundamental identification problem. In our setup,
this means that factors f~s,t estimated at each forecasting origin ¢ are consistent toward a rotation of the
true factors given by H;fs, where the rotation matrix H; is time-varying. The asymptotic properties
of the rotation matrix H; and its inverse (as well as the inverse of the eigenvalue matrix V;™1) are a
crucial step to proving the asymptotic negligibility of the factors estimation error in the out-of-sample
forecasting context. Lemmas A.5 and A.6 in Appendix A contain these results. These results are
crucial to bounding terms involving the estimated factors in the expansions of our test statistics.
The following theorem establishes the rates of convergence of the estimated factors over recursive

subsamples.
Theorem 4.1 Under Assumptions 1-6,
1 —~T-1]| 7 2 2 2 -
a) 5 2i—r Hft,t - HtftH = Op (1/0%R), where 6% p = min (N, R).

b) sup, {1 > et ’ fsx — Hifs

2} =Op (1/0%R)-

Theorem 4.1 extends Lemma A.1 of Bai (2003) to the out-of-sample context. Just as Bai’s (2003)
result is crucial to proving the asymptotic theory of the method of principal components over one
sample when both N and T are large, Theorem 4.1 is crucial to proving the asymptotic theory of this
estimation method over recursive samples. Part a) of Theorem 4.1 shows that the time average over
the out-of-sample period of the squared deviations between the estimated factor ft,t and the rotated

factor Hyf; converges to zero at rate Op (1/5?\7713), where dy g = min (\/N, \/E) . Part b) shows that

10



the same rate of convergence applies uniformly over t = R,...,T to the time average of the squared

deviations between fs7t and H;f, for each recursive sample estimation period s =1,...,t.

4.2 Asymptotic equivalence

This section’s main contribution is to show that Lemma 2.1 holds under the sequence of local alter-
natives implied by (6). In particular, we verify conditions a) through d), which involve the forecast
eITors 1 141, U2,t+1, U1,t+1 and do 1, and their respective differences.

Given the definitions of 241 and g ¢41, we have that
U 41 — U1 = 22715815 — 2004
Let &, = diag (Iy,, H;). Adding and subtracting appropriately yields
fin g1 — Gogp1 = (Grg — D) @)L (St - 5) +7, (Est - @;—1&) b (G — ) @Y. (T)

The first term in (7) measures the discrepancy between the “ideal” predictors at time ¢, given by
z = (w}, f})', and their estimated version given by %, = (wg, ﬂt),, interacted with the error in
estimating 0 using d¢. The second term in (7) measures the impact of the factor estimation error on
the OLS estimators. The third term in (7) exists only under the alternative and hence captures
the impact of factor estimation error under the alternative. Given our assumption that there are no
generated regressors in the benchmark model, we can write this term as ( ft,t — H; ft>lela/ VT,
given the definition of ¢ implicit in (6).

Our first goal is to show that ZZ:Rl (ligt41 — ﬁ27t+1)2 = op (1). By Assumption 6, sup, H5t — (5” =

Op (1/\/?), whereas

1 T-1 1 T-1 B 2
= e = @enll® = 5 || = Hufi| = 0r (1/0%5)
t=R t=R

by Theorem 4.1. Thus, by an application of the Cauchy-Schwarz inequality, we can show that the sum
of the squared contributions from the first term in (7) is of order Op (1/ 6?\77 r) - This is op (1) given

that N, R — oo. Similarly, we can bound the sum of the squared contributions from the third term by
-1 9 ) ) ) )1 T-1 9
S (e = et a7 20 < sup e P el 5 S [ o = Hefi| = 0 (1/8%)
t=R t=R

given Theorem 4.1. Thus, this term’s contribution is also op (1) given that N, R — oo.

Finally, the sum of squared contributions from the second term is bounded by

2

I

~ 15 21 r=1
TSlzp H(St — (1)27 5tH T tZR Hgt,t
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where 71 Zt ||zt ¢||* = Op (1) under our assumptions. Thus, condition a) in Lemma 2.1 follows if

supy, Hét - ‘I)t_létH =op (1/T), as shown in the next lemma.

Lemma 4.1 Suppose Assumptions 1-6 hold. Then,

wlf- o] o0 (=)

Since Lemma 4.1 implies that sup, Hgt — (I);_létH Op (R62 > = op ( ) this result and the
N, T

above arguments imply that

T-1 )
Z (llg,441 — iiag41)” = Op <5 )ZOP(1)7

t=R
which is condition a) of Lemma 2.1.

Next, we focus on condition b) of Lemma 2.1. Given the definition of iz 11, we can write
ﬁ27t+1 = Yit+1 — zéét = Yit+1 — Z;(S — Z; ((St — 5) = Ut+4+1 — Z; <5t — (5) y

where ui41 = yri1 — 210 given (6). It follows that

T-1 T-1 T-1

. . ~ . ~ / ~

U2 t+1 (U2,t+1 - U2,t+1> = E Ut+1 (U2,t+1 - U2,t+1 2t <5t ) U2,t+1 - u2,t+1) .
t=R t=R t=R

The second term is bounded by

T—1 ) 2 p_q 1/2
2 (515 - 5)‘ |tig,¢41 — U241| < (Z ‘4 (St - 5)‘ ) <Z (t2,t41 — ﬁ2,t+1)2> ;
=R

t=R

T-1

t=R

given the Cauchy-Schwarz inequality. Since the square of the first term is bounded by

e 2 . 21 -1
4 (50=) [ <o VT (5= 0)[[ 5 et
t=R

which is Op (1) under Assumption 6, condition b) is implied by condition a) and the next lemma.

T-1

~+

=R

Lemma 4.2 Suppose Assumptions 1-6 holds. If VT/N — 0, then ZtT:}% U1 (U2 p1 — Uogy1) =
op (1)

Condition c) of Lemma 2.1 can be verified as follows. Adding and subtracting appropriately,

.. ," , / /.-
U141 = Yer1 — WeBy = Yer1 — 20 + 20 — w3y

= w1 +wy (9 - ,Bt) + fi <T71/2a)

12



where § = (¢, (T‘l/Qo/))/. It follows that

T-1 T-1 T—1
U g1 (U1 — U pyr1) = gt (U241 — Uo,41) + wy (9 - ,3,5) (tig, 41 — U244+1) (8)
=R =R =R
T-1
+ > f (T_l/QOZ) (tig,p41 — U2,441) -
t=R
The first term in (8) is op (1) from part b). The second term can be bounded by

T-1 T-1
el |6 = B izasr = tzeal < sup 6= B 3wl iinsr = gl
=R t t=R
1 T_1 1/2 T—1 1/2
< Sup (Hﬁ (9 - Bt) H) (T Z ‘th2> <Z (ti2,t11 — ?12,t+1)2> ;
- =R \t=r
=0r(1) =0p(1) —op(1) by part a)

where we can show that sup, (H\/T (0 - Bt) H> = Op (1) under our assumptions.
Finally, the third term in (8) can be bounded by

= 12 1/2
el <T HftHz) (Z (ﬁz,t+1—ﬂ2,t+1)2> ,

t=R t=R
which is op (1) by part a).

Similarly, condition d) follows from conditions a) and b) since

T-1 T-1 T-1 )

1 1 N . 2 1 . N .

=P (@344, —dipyy) =P N (fgggr —ding1) +2P Y dingq (dogr — dizga1) = Op <P> ;
=R =R =R

and P — oo. The next theorem contains our main theoretical result.

Theorem 4.2 Under Assumptions 1-6, if VT /N — 0 then ENC-Fy = ENC-Fy+op (1) and MSE-
Ff: MSE—Ff+Op(1).

This result justifies using the tabulated asymptotic critical values given in Clark and McCracken
(2001) for the EN C-F statistic and in McCracken (2007) for the M SE-F statistic. The rate restriction
VT /N — 01is the same as the one used by Bai and Ng (2006) to show that factor estimation uncertainty
disappears asymptotically when conducting inference on factor-augmented regression models. In our
context, this rate restriction is used to show that the difference between the out-of-sample test statistics
based on the estimated factors and those based on the latent factors is asymptotically negligible. It is
sufficient for proving our result, but we have been unable to prove that it is necessary. It is certainly

possible that it is stronger than needed.

13



Note that the asymptotic critical values of Clark and McCracken (2001) and McCracken (2007)
are computed assuming conditional homoskedasticity, whereas our asymptotic equivalence result holds
under conditional heteroskedasticity. Without this assumption, a different set of critical values should
be used. Clark and McCracken (2012) have proposed bootstrap critical values to approximate the
asymptotic distribution under conditional heteroskedasticity. Likewise, for the M SE — F' statistic,
Hansen and Timmermann (2015) develop a simulation-based method for estimating asymptotically
valid critical values under conditional heteroskedasticity. It is likely that both of these methods are

valid in this context, but formal proofs are left for future research.

5 Simulations

In this section, we analyze the finite sample behavior of tests of equal predictive ability with estimated

factors. For this purpose, we use a data-generating process similar to the one in Clark and McCracken

(2001):
(5) = (7 o) () = ()
fs 0 0.5 fs—1 Uf,s
for s = 1,...,T, where the vector of errors is i.i.d. N(0,I2) and yo = fo = 0. The value of b will be

set to 0 for the size experiment and 0.3 for the power experiment.’

The panel of variables used to extract the factors is obtained as
Tis = Nifs + o€,

where \; ~ U(0,1), e;s ~ N(0,02), 02 ~ U(0.5,1.5), and o = 1.°

We consider as sample sizes N € {10, 20, 50,100,200} and T € {25, 50, 100, 200}. We report results
for three sample splits: © = % € {0.2,1,2}. The number of replications is set at 100,000.

We test the predictive ability of factors using recursive windows. For each t = R,...,T — 1, we

estimate the parameters of the benchmark model:
Ys+1 = By + B1Ys + U1 s+1,
using data from s = 1,...,¢ — 1, while the factor-augmented model is given by

Ys+1 :90+01y8+af5+u278+1) s = 1)"')t_ ]-7

®We also conducted an experiment with the autoregressive coefficient on ys set to 0 in both the benchmark and
alternative models. This specification is analogous to our empirical specification in the next section, but because the
results were similar, we decided not to report them. They are available from the authors upon request.

SWe have also experimented with errors drawn from a Student distribution with 3 degrees of freedom to check
sensitivity to the strong moment conditions imposed in our assumptions. We also amplified estimation error in the factor
estimates by considering o = 5. Results are qualitatively similar and are available upon request from the authors.
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where we estimate fs with fs,t recursively using data up to time ¢, x;5, ¢ =1,...,N,and s =1,...,t.
We consider the ENC-F 7 and MSE-F 7 statistics. All tests are conducted at the 5% significance level.

The results are reported in Table 1 and in Figures 1 and 2. We report right-tail rejection probabil-
ities using the asymptotic critical values for each statistic for two cases: when the factor is known and
when the factor is estimated. The asymptotic critical values are from Clark and McCracken (2001)
for the ENC-F statistic and McCracken (2007) for the M SE-F statistic. The results for 7 = 0.2
are reported first, followed by m = 1, and w = 2. In each case, we report results in the Table for the
ENC-F and MSE-F, first with the factor assumed known and then with the factor estimated. In
the figures, the known factor case is represented with dotted lines, and the estimated factor case with
solid lines. The ENC' — F statistic is in blue, and the M SE — F statistic is in red with dots. We also
draw a line at the nominal size of 5%.

The size results are reported in the top panel of Table 1 and in Figure 1. While there should be no
effect of changes in IV for the observed factor case, we do see a little variation in the Table, but it is
sufficiently small to be impossible to see in the figure. The main point however, is that, as predicted
by theory, the statistics behave very similarly under the null hypothesis regardless of whether the
factor is estimated or known. We do see some discrepancies for smaller values of N and T. However,
for N > 50 or T' > 100, the size properties are almost identical. Overall, all tests have good size
properties, though there is a tendency to overreject for smaller values of T especially for T' = 25. The
MSE-F statistic tends to be less subject to size distortions than the ENC-F test statistic.

The bottom panel of Table 1 and Figure 2 report power results for the two tests considered. This
panel and figure contain a very important result: despite our asymptotic equivalence result under local
alternatives, estimating the factor reduces power. For example, for N = 50, T' = 50, and m = 0.2,
power of the MSE-F statistic is 41.7% if the factor is known, but 40.3% if the factor is estimated.
This is a general result for all values of IV, T', and w. However, this loss in power is reduced when the
sample size, especially the cross-sectional dimension, increases. Again, for N > 50, the loss of power
is marginal.

Table 1 and Figure 1 also contain other results found in the literature. For example, we see a
power advantage for the ENC-F statistic over the M SE-F statistic (see Clark and McCracken, 2001)
and that power is increasing in P which can be achieved by increasing T for fixed 7 or increasing 7

for fixed T.
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6 Empirical results

In this section, we provide empirical evidence on the predictive content of macroeconomic factors for
the equity premium associated with the S&P 500 Composite Index. Others who have looked into
factor-based prediction of the equity premium include Bai (2010), Cakmakli and van Dijk (2010), and
Batje and Menkhoff (2012). Like us, they use monthly frequency data to investigate whether factor-
based model forecasts are more accurate than just using the historical mean. Unlike us, formal tests
of statistical significance are not necessarily conducted (though to be fair, prior to the current paper
a theoretical justification for doing so did not exist). In addition, in each of these three papers an
in-sample information criterion is used to select the “best” model prior to forecasting — an approach
we do not follow. Instead, we consider a range of possible models each defined by a given permutation
of the current estimated factors.

In our exercise, we construct factors fS,t using a large monthly frequency macroeconomic database
of 134 predictors documented in McCracken and Ng (2015).” This dataset is designed to be repre-
sentative of those most frequently used in the literature on factor-based forecasting and appears to
be similar to those used in the papers cited above. If we let P;;1 denote the value of the stock index
at the close of business on the last business day of month ¢ 4 1, we construct our equity premium as
Yir1 = In(Pry1/P) — rey1, where ryy 1 denotes the 1-month Treasury bill rate.® After transforming
the data to induce stationarity and truncating the dataset to avoid missing values, our dataset spans
1960:03 through 2014:12 for a total of T" = 658 observations.

We construct our forecasting exercises with two goals in mind. First, we want to identify the
factors with the greatest predictive content for the equity premium. Toward this goal we consider

9 As shown later, the

each of the first 8 macroeconomic factors ( flt, e fgt) as potential predictors.

second factor, which loads heavily on interest rate variables, is clearly the strongest predictor.
Second, following Ghysels, Horan, and Moench (2014), we investigate the importance of the “tim-

ing” of the estimated factors. In our reading of the factor-based forecasting literature (not limited to

the papers listed earlier), it is not always clear whether the time ¢ factors are dated using calendar or

data-release time. Note that in equation (6), the dependent variable is associated with time ¢+ 1, while

"We extract the factors using the April 2015 vintage of FRED-MD. Four of the series are dropped to avoid the presence
of missing values. By doing so we can estimate the factors using precisely the same formulas given in the text.

$The 1-month Treasury bill rates are obtained from Kenneth French’s website
(http://mba.tuck.dartmouth.edu/pages/faculty /ken.french/data_library.html).

% As discussed in McCracken and Ng (2015), Factor 1 can be interpreted as a real activity /employment factor. Factor
2 is dominated by interest rate variables. Factor 3 is concentrated on price variables. Factors 4 and 5 are a mix of
housing and interest rate variables. Like Factor 1, Factor 6 concentrates on real activity /employment variables. Factor
7 is associated with stock market variables, while Factor 8 loads heavily on exchange rates.
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the factor is associated with time ¢. Since our dependent variable is observable immediately at the close
of business on the last business day of month ¢ + 1, the distinction between calendar and data-release
time is irrelevant. This is in sharp contrast to the data used to construct the factors. The dataset
used consists of macroeconomic series that are typically released with a 1-month delay. As such, the
factor estimates based on data associated with (say) April 2015 cannot literally be constructed until
May 2015 after the data is released. To evaluate the importance of this distinction, we conduct our
forecasting exercise once estimating the factors fsﬂg such that s and ¢ represent calendar time (i.e., the
data are associated with months s and ¢) and once such that s and ¢ represent data-release time (i.e.
the data is associated with months s — 1 and ¢ — 1).

For all model comparisons, our benchmark model uses the historical mean as the predictor and

hence Model 1 takes the form
Ys41 =B+ ur 541, s=1,...,t—1.
The competing models are similar but add estimated factors and hence take the form
Ysbl = H—i—f;ta—i—ugsﬂ, s=1,...,t—1.

We consider all 28 —1 = 255 permutations of models that include a single lag of at least 1 of the first 8
factors. For each we construct one-step-ahead forecasts and test the null hypotheses of equal predictive
ability at the 5% level using the MSE-F and ENC-F test statistics based on critical values taken
from Clark and McCracken (2001) and McCracken (2007). Note that the appropriate critical values
vary with the number of factors used in the competing model. All models are estimated recursively
by OLS. We consider two out-of-sample periods: 1985:01-2014:12 and 2005:01-2014:12. These imply
sample splits (R, P) equal to (298,360) and (438, 120), respectively.

Rather than report all of the potential pairwise comparisons, for each out-of-sample period and
for each definition of time ¢ (calendar vs. data-release time), we report the results associated with
the 10 best-performing factor-based models. The results are reported in Table 2. The upper panel is
associated with calendar time, while the lower is associated with data-release time. For each of the
four sets of results we list (i) the factors in the model, (ii) the ratio of the factor-model MSE to the
benchmark model MSE, and (iii) the M SE-F and ENC-F statistics. For each pairwise comparison
between the benchmark and competing model, an asterisk is used to denote significance at the 5%
level. This indicator of significance should be treated with care however since it does not account for
the multiple testing problem created by our presentation of 255 pairwise comparisons.

The upper panel of Table 2 suggests the presence of predictability for a variety of factor-based
models. Despite the fact that the gains in forecast accuracy are nominally small, both the M SE-F
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and ENC-F tests indicate significant improvements relative to the benchmark. The predictive content
is largely concentrated in the second factor — a feature also documented in Bai (2010) and Batje and
Menkhoff (2012). Over the shorter, more recent, out-of-sample period the gains in forecast accuracy
are larger than before but still remain modest. Interestingly, it appears that the eighth factor has
become increasingly important for forecasting the equity premium and, in fact, the best 6 models all
include both the second and eighth factor.

All of that said, in the lower panel of Table 2 we find less predictive content, which suggests that
the timing used to estimate factors can play an important role in determining their usefulness for
forecasting. Over the longer out-of-sample period, exactly 6 of the 255 factor-based models have a
nominally smaller MSE than the benchmark (note that the ratio is reported to only two decimals)
and in only two instances is the improvement statistically significant based on either the MSE — F
or ENC — F. Over the shorter out-of-sample period, the evidence of predictability is a bit stronger.
As in the upper panel, the second and eighth factors seem to contain predictive content, providing an
improvement in forecast accuracy of about 2% that is significant at the 5% level regardless of which
test statistic we consider. Unlike the upper panel, the seventh factor shows up in roughly half of the
models and is one of the better predictors over the longer out-of-sample period. The seventh factor,
which loads heavily on stock market variables, shows up in only one model under calendar based
timing.

Overall, it seems the second factor, which loads heavily on interest rates, is the strongest and most
consistent predictor of the equity premium. This is consistent with extensive empirical results in the
literature on the ability of interest rates to forecast stock returns, see for example Hjalmarsson (2010)
for evidence for developed countries. Even so, the eighth factor, which loads heavily on exchange rate
variables, seems to be of increasing importance. Of course, one could certainly argue that the gains
in forecast accuracy are small but, as is common in the financial forecasting literature, even small
statistical improvements in forecast accuracy can provide large economic gains. On a final note, it is
interesting to note that the first factor, which loads heavily on real activity and employment variables,
never appears in Table 2. This is of independent interest since the first factor is the one most often

used in the literature on factor-based forecasting.

7 Conclusion

Factor-based forecasting is increasingly common at central banks and in academic research. The ac-
curacy of these forecasts is sometimes compared with other benchmark models using tests of equal

accuracy and encompassing for nested models developed in Clark and McCracken (2001) and Mc-
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Cracken (2007). In this paper, we establish conditions under which these tests remain asymptotically
valid when the factors are estimated recursively across forecast origins. While some of these condi-
tions are straightforward generalizations of existing theoretical work on factors, others are new and of
independent interest for applications that estimate factors recursively over time.

Simulation evidence supports the theoretical results showing that the size of the tests are typically
near their nominal level despite finite sample estimation error in the factors. Perhaps not surprisingly,
we find that this finite sample estimation error reduces power compared with a hypothetical case in
which the factors can be observed directly. The paper concludes with an empirical application in which
a large macroeconomic dataset is used to construct factors and forecast the equity premium. While
the predictive content is not high, we find significant evidence that the second factor has consistently
exhibited predictive content for the equity premium and that of late, the eighth factor has become

increasingly more relevant.
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A Appendix

This appendix contains two sections. First, we provide several lemmas useful to prove the results in

Section 4, followed by their proofs. Then we prove the results in Section 4.

A.1 Auxiliary lemmas

Our first set of results are instrumental in proving some of the auxiliary lemmas that follow. As in

Bai (2003), we use the following notation:

N N
€ e
Yis = E ( L S> N E ezlezs ) Cl s — N Z (eileis - (eileis)) )

fiNes 1 , f’A’el
S R DM fosAezz

2

Moreover, for t = R, ..., T, we let

Uy T —Ut+1< > ( Szzsus+1>

and note that U; 1 is a martingale difference sequence array with respect to F* given Assumption 5.

Lemma A.1 Under Assumptions 1-6,

2
I 1 Sl su8+1) > = Op (1), where 7, , = & SN | E (eqeis) -

2

ES (S Gasn) ) = O0p (§) , where ¢ = 4 X2 (cacis — B (acis)

2 /A/ s
Zl 1 s 17713Us+1 >=Op (%),Where 77[735 lee _ Z/J{TZ )\ew

e) Supy Zl 1st 17[3 5

f) sup, ( 1301 1”2 1C1,5%5 2) =Opr (%) -

d) Supy ( Zl 1 11‘£l,su8+1>2 = OP (%) ) where gl,s = Ns,i-

2
g) Supy Zl 1”25 177ls s >:OP (%)

Lemma A.2 Under Assumptions 1-6,
1t t—1 4
a) sup, ||} Sy £ (S0 e )| =0 0.
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b) sup, B |2 S50y i (S e )| = 0 ((R)7).
c) sup, E¥ H Zl i <Zs 1™ sus-i-l) H <(%)2> :
d) sup, B H% St i (Zi;ﬁ fl,sus+1> H =0 ((%)2) :

Lemma A.3 Under Assumptions 1-6,

a) + 5 pllthrll® =0p(1).

b) ZtT:R (1 S fss t) AUy = Op (1), where A is any r x (7 + k1) matrix of constants.

)
V)
)

Our next result provides bounds on the norms of A4, Aoy, A3st, and Ay, which are defined

%

) Yin (330, fsCs,t), Ay = Op <

ZH

d) ZtT:R (% S fsnst) AUy = Op <

=

&) YL (A fi6,,) Aty = Op (

by the following equality given in Bai (2003). Specifically, for each t = R,...,T and s = 1,...,t, we

can write

¢ ¢ ¢ t
. B I 1<n - 1<n 1<n ;
fop—Hyfs =V ! P Z Jigvs + P Z J14Grs + 7 Z Jugms + n Z Jie€us | - (9)
I=1 I=1 I=1 =1 .
Ea’;:s,t EAQs,t EA’;;s,t Eg;s,t

Lemma A.4 Under Assumptions 1-6,

a) ¥z Z ||A1tt|| =Op ( ) , whereas for j = 2,3,4, 5 Z HA]tt” (%)

b) sup, - Zs 1 ||A15tH (ﬁ) , whereas for j = 2,3,4, sup; 3 Zs 1144547 = Op (%)

Lemma A.4 and part a) of the following result (which provides uniform bounds on V! over

t=R,...,T) are used to prove Theorem 4.1.

Lemma A.5 Under Assumptions 1-6, we have that (a) sup, Hfft_IH =O0p (1), and (b) sup, |H¢||? =
Op (1), for any ¢ > 0.

Our next result derives the convergence rates of Hy;, H, 1 and 12;1. Given the identification
condition Assumption 1 a), we show that H; converges to Hy; = diag (£1) at rate O (1/dn,r) uniformly
over t = R,...,T. A similar result holds for H, 1 and for f/fl, which converge to H&l and to VO*1 =
Exl at rate O (1/dn r) uniformly over ¢t = R, ..., T, respectively.
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Lemma A.6 Under Assumptions 1-6,
a) sup, ||Hy — Hot|| = sup, HH{1 - H&IH = Op (1/6n.R), where Hyt = diag (£1) and 0 y p = min (\/N, \/ﬁ) .
b) sup, H‘N/t_l - Vo_lH =Op (1/6n,R), where Vo =X > 0.

Next, we provide a result that is auxiliary in proving Lemma 4.1.

Lemma A.7 Under Assumptions 1-6,

1 . -1
a) sup, H% S Als,tUsHH = Op (%) whereas for j = 2,3,4, sup, H% Sl Ajs,tusHH =0Op (ﬁ) .
_1
RN

= 0p (), for j = 2.3, sup, [} S Aoz,

— _1
=or <a%m>'

To prove Lemma 4.1, we need to introduce some additional notation. Let

1 t—1 /
by st [ S A

1 t—1 !
sup, ||} 47 Avea!

t—1 -1 t—1
80 (st V0= S,
s=1 s=1
and note that ysy1 = 2.0 + us41 given (6). Moreover, adding and subtracting appropriately it is also
true that
Ysa1 = 2, D116 — (Zgp — Prs) @16 + Ut
Therefore,
t_l .
0= 5+ BV ()~ Bt Zay(Fey — ®12) @ 6 and 0, =5+ B(1) V (1),
s=1
which implies that
) t—1
0 =@ 0 =BV () - BV () =Bt Zap (Far — izs) O16.
s=1

Thus, we can write

5~ @15, = B (1) bt (V (t) — &,V (t)) + (B’ (t) — 7 'B(t) <I>t_1> V(t)
t—1

“BM) Y Zey (Bay — eze) @16, (10)
s=1

where the first term captures the factors estimation error in the score process and the second term
captures the factor estimation error in the (inverse) Hessian. The third term is equal to

(07

t—1
. - !
—B@t)t! ;1 Zst <fs,t - Htfs) Hi JT’
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given our assumption that there are no generated regressors in the benchmark model. This term
disappears under the null when a = 0 but is present under local alternatives.

The following result analyzes each term of 5 — <I>2_1Et.
Lemma A.8 Suppose Assumptions 1-6 hold. Then,
a) sup, HV (t) — o,V (t)H =0Op (ﬁ) .
b) sup, HB( — o 'B(t H =0Op <5?VR> .
s alrol-orh)
d) sup, Ht‘l Zi;i Zot (Fsp — Pr2s) @fléH =0Op (ﬁ]w) )

Our next result is useful to prove Lemma 4.2. Given (7), we can write

T-1 T-1 T-1

.. ~ ~ I &/—1 [ =/ < /—17%
g Uit (o1 — Uopt1) = E U1 (Ze — Prze) Dy <5t - 5) + E U121 4 (5t — 5t>
t=R t=R t=R

T—1
+ Z Ut+1 (Etﬂg — @tzt)' @;_16. (11)
t=R
We analyze each piece separately. The following lemma contains the results.

Lemma A.9 Suppose Assumptions 1-6 hold. If \/T/N — 0, then
a) Z;F:_Rl Ut+1 <2t,t - (IJtZt)/ q);_l (5t — 5) = op (1) .
b) Yid urezy (81— @718) =op (1),
C) 231:_1% Ut+1 (gt,t — CIJtzt)' @;‘15 = op (1) .
A.2 Proofs of auxiliary lemmas

Proof of Lemma A.1. We start with a). Under Assumption 2 c), we can write

t—1 I+T
E Vi,sUs+1 = E Vi,sUs+1;
s=1 s=l—7

where we let v, ; = 0 if min (/,s) < 0 or max (I, s) > t. By Cauchy-Schwarz,

t—1 2 I+ I+7 I+7 47 47
(Z 7l,5u8+1> = < Z Vl,sus-ﬁ-l) < Z f)/l ,8 Z us+1 2T + 1 maX ‘71 s| Z us—i—l <M Z us+17
s=1

s=l—1 s=l—T s=l—T s=l—1 s=l—1
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for some constant M, given Assumption 2 c), implying that

e 2 t 4T ] To1 LT
Slip {Z (Z 71,sus+1> < MS%P( Z Z Us+1> =M= Z Z “s+1 (1)
=1 \s=1

=1 s=l—1 llslT

provided F ( u’ +1) < M, which follows under Assumption 6 a).
Next, consider part b). We have that

1 T 1 2 ’
N Slgp n 5 < NT § E (ezlezs (6zl€zs)) us—f—l)

7T [1& 1 S : r
- Sa(ro (A E S remna) | <or ()

under Assumption 3.b).

For c),
1 t t—1 2 1 t—1 1 N 2
sup n Z <Z ﬁl,susﬂ) = sup ; Z (fllz ~ Z)\ieisuerl)
¢ =1 \s=1 t =1 s=1 " =1
14 t—-1 N 2
< Nsup 22”-](1” ZZA €isUs+1
t =1 VNT =
t t—1 N
T 1 T
< —sup ( Hfl” )Sup Z Azezsus-&-l - OP <) )
N t =1 s=1 i=1 N
=0p(1) :op(l)

given in particular Assumption 3 c).

Finally, for d),

t t—1 2 1 N 2
1 1 1 ,
sup E Z (Z gl,sus+1> = Sup E Z (Z N Z fs)\l-eiluerl)
! I=1 \s=1 t I=1 \s=1" i=1
1< N t—1 2
= sup E (N Z )\;eil Z fsu5+1>
¢ =1 i=1 s=1
1|1 & 2|12 ?
< sup ; N Z )\;eil Z fsus-i-l
t =1 i=1 s=1
T N 2 t—1
= = Me <> su U 0] <> ,
R ; \/7 ; 1€l N tp \/T ; fS s+1 P N
—0p(1) =0p(1)



given Assumptions 2 e) and Assumption 6 b).

Part e) follows exactly as the proof of a) given Assumption 2 ¢) and the fact that F ||z]|* < M by
Assumption 6 a).

Next, consider part f). We have that

2

2 T | =N T
su - = — su eieis — F (eje =0p | —
i 7 o0 23 e~ Bleari) ) | =0r ()

under the analog of Assumption 3 b) with wus1; replaced with 2z, (cf. Assumption 3 d)).

For g),
2 ¢ t—1 N 2
- (130 z( > e <
=1 s=1 =1
1 -1 N 2
< 7Z||fl|| /7 Z)‘ 6152
t =1 s=1 i=1
2
< LS~ A2 I Or (~
- — Ssu 1 Z = -
>~ Nsup n l p 1€is P N 5
=1 s=1 i=1
—0p(1) :oﬁ()

given in particular Assumption 3 e) (the analog of 3 ¢). m

Proof of Lemma A.2. Starting with a), by the Cramer-Rao and Cauchy-Scwharz inequalities,

t t—1 4 t - 4
1 1
szl (Z’Yz,susH) < gZE £ sWs+1
=1 \s=1 I=1 =
. 1/2
1 1/2
< Y (BIAIR) stls1
I=1
L 1/2 L i1 8\ 1/2
< (1xer) (138| Som
=1 = s=1

The first term in parenthesis is bounded given the moment conditions on f;. For the second term, by
the moving average-type assumption on v; ;, we have that for given I,

8 8

47 I+T7
,sWs+1 - Z Vi,sUs+1 27— + 1 Z 7 s+1 <M,
s=l—1 s=l—T

given that |y, .| < M and E (u®,,) < M by Assumptions 2 ¢) and 6 a).
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For part b), following exactly the same steps as for a), we have that

L t—1 L =1, N 8
n Y E sUstl|l = SEIN N > (eaeis — E (eieis)) st
=1 = =1 s=1"" i=1
ARENETY
< <> - sup F||——— (eireis — E (€ireis)) g1
NJ R r<e<r TN =3
which is O ( % ) given Assumption 4 a).
For part c),
L& t—1 4
w130 (L
t—-1 N 4
= SupE Zflfl ZZAGZSUS+1
t s=1 i=1
1 -1 N 4
8
< Sgpng ||fl|| ZZ)‘ezsu8+l
=1 s=1 i=1
8 1/2
1/2 T4 1 t—1 N
< supk <||fl||16) SupE Z Ai€istst1 =0 <
! VNT ==

given Assumptions 1 a) and 4 b).

Finally, for part d), we have that

t t—1 4 t N t—1 4
1 1 1 )
|13 (z 5) S (N Zm > fone
=1 =1 =1 = s=1
4
= N2 SUP Z ||fl”4 Z 1€il Us+1
| X 8\ \ /2 = 8
8
< N2 Sup Z 1 £l \/N;)\ieiz \/Tsz:;fsus-‘rl
4
T2 S\ | X 16\ 1/ e 8\ 1/2
< N2 <SlllpEHle ) Sl;.pE 7\/N iz;)\ieil SljpE ﬁ sz:;fsus_H
given Assumptions 1 a), 2 e) and 6 b). =
Proof of Lemma A.3. For part a), note that by definition of U; r,
2
T Z HUtTH <= Z ||Ut+1H T/R Sup T/ Zzsus+1 =0p(1)

given Assumptions 6 a) and b).
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For part b), it suffices to show that

T t /
E Z( > zm) Al || =0 (1).

t=R =1

Using the triangle and Cauchy-Schwarz inequalities,

T t ! T 1<
£ (130 sme) e < 1l (S} 3 0 bl
t=R =1 t=R =1
1 T T
< Al S0 ST B bl il ]
t=R [=1
1 1/2 1/2
< rAiRtZRlZ;(Enut,Tu?) (B1A2) "
1/2 1/2
< 11 (swiact?) (i) L3

RiZa
= 0(1),

2= 0(1), (i) sy E|fil* = O(1), and (iii) £ XZp it [ = O (1)
(ii) follows by Assumption 1 a) and (iii) follows by Assumption 2 c). Next, we show that (i) follows

provided (i) sup,

under our assumptions. By definition of U 7,

2

—1
Sl;pEHut,T”z < SUPE Ut+1< >< 1/2225“s+1> (T/R)QSQPE Uiy T71/2ZZ5“8+1
s=1
1/2 t—1 N 2
< (T/R) (Sng(U?ﬂ)) sup £ T2 2 :
s=1

4
implying that supp<;<p £ Uy r||> = O (1) since sup, E (ut;1) < M and sup, B HT*1/2 S 2t H <
M under Assumptions 6 a) and b).

For part c), we can write

T ¢
Z ( Zflgl t) Allyr = Zut-l-thT,

t=R

T 11 X ! =
Wi = <t> (tN > > fileaew — E (eileit))) A ( > Zsus+1>
=1 i=1 VT =

is measurable with respect to F*. Thus, E (ut+1Wt7T\f't) = 0 given the martingale difference assump-

where
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tion 5 and it follows that

r (éut—&-lwt,T) = ZT: E (uf W) < (XT: E (uéil)) N (ZT: E (w;fT)> " ~0 (ﬁ) ,

t=R

which suffices to prove the result. Note that

! -1
A T\* 11 < 1«
sng IWerl® = sup <t> E N Z Z fi(eqeir — E(egeqr)) | A ﬁ Z ZslUst1

=1 i=1 s=1
I i1 g\ 1/ 1 N 8\ 1/2
< (3) [sw JE | | Blig 3 fleaen - Bl | 14]

= 0N,

where we have used Assumption 6 b) to bound the first term in the square root parentheses. The

second term can be bounded by

‘ N 8 1/2
1 1
Slip ZZEHleS ﬁz eieit — E (eqeir))
=1 i=1
N 16\ 1/2\ /2
1 1
< sup | o (EHlew) K NZ(eizeit*E(eileit))
t =1 i—1
1/4 1 t 1 N 16\ 1/4
< sup( ZEH]‘"HlG> EZE NZ(eileit_E(eileit))
=1 i=1
16\ 1/4
< (supE|f|*® v isu E 1i(e<e~—E(e<e‘)) =0 L
> lp l N8 7p N 4 i€t il €t - N2 )’

given Assumptions 1 a) and 2 d).

Next, consider part d). By replacing 7, + and Uy 1, we can write

té (1 Zt:fml,t),Aut,T Z ( Zfzfl N ZA elt> Augy < ) (\}T Zzsusﬂ)

=1 t=R

Adding and subtracting appropriately, we can decompose the term above as the sum of two terms,

B () () o ) (55

t=R i=1

_ i (NZA elt> Aut+1< ) (\Fzzsuﬁl)
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We can bound yx; by

T | X
> lueal NZ)\ieit
t=R 1=1

-1
T
Ixall < () | Al sup || - E ZsUs+1
R ¢ \f —

E flfl I, SUP
1 1 & O I & 2\ V2
Op (=T —= 3 =3 Nes
>~ P(\/T) (TtR||ut+1||) NTt:R \/Ni:1 Cit

~o(1)

given Assumptions 1 a) and b), 2 e), and 6 a). For x5, we can write

T
X2 = Z Ut+1X¢,Ts
t=R

T 1N ! =
Xt = (t> (N ;Aieiz‘) A (ﬁ ;ZsUerl)

is measurable with respect to F*. Since £ (ut+1 Xt F t) = 0 given the martingale difference assumption

where

5, it follows that

T T T /2 , 7 1/2 T
Var (Z ut+1Xt,T> Z E ut+1XtT < (Z E (U?H)) (Z E (X?,T)) =0 <N> )
t=R

t=R t=R

=0(VT) —o((#)")

where

T t—1 4
1
Slsz HXt,TH4 = sup ( > < E Ai ezt> (\/T 521 ZsUerl)

1/2
N 8\ 1/

\/1]V Z Ai€it

i=1

IA
—
=
~—
_J;
=
0
-
s
&

— o),

given our assumptions. This proves that || x| = Op ( %}) and concludes the proof of part d).

Finally, to prove part e), by replacing &, and U 1, we can write

T

N t—1 T
z( > s ) AutT_zftutH( ) (12 (flvDie“> f;) A (;Tz) S fle
i=1 s=1 t=R

t=R =1

0 CEGE )
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is measurable with respect to F*. Since E (ut+1 f{gt’T|F) = 0, we can use the above argument to show
that Var (ZtT:R vt+1gt7T> =0 (%) , given our assumptions. ®
Proof of Lemma A.4. Part a). For j =1,...,4, let

T t
. 1 ;
=5 Z [ Ajeel® with Ajp, = 7 > b
t=R =1

where ¢y 14 =74, G211 = Crp» P30 = My and @y, = & . We consider each term separately. Starting

with the first term,

1T 2 2 1T B e 1 1 LT
Li=5> |52 fume| <520 (tZHfl,tH ) <t273t> <rpE D M =0/T)
t=R |~ 1=1 t=R = = t=1 1=1

Lt To1 /0t o\ [ , I
EZ tCzt <=5 Z(tZHfz,tH ) (tZC%t> STFRZZC%:OP(UN)’
—r \' =1 =1 t=1 I=1

given Assumption 2 d). I3 and I follow similarly using the fact that

PRZth PRZZgH p(1/N).

t=1[1=1

Part b). The proof follows the same argument as part a) and is therefore omitted. m

Proof of Lemma A.5. We start with (a). Recall that V; denotes the eigenvalue matrix of

Xi X{/tN for t = R, ..., T, with its eigenvalues arranged in a non-increasing order: o1 > 024 > ... >
~ 2 ~
y4. Tt follows that V, ! = diag (177t1> where vlt < v2t <...< 27*1. Hence, *1H =tr (V;Q) =
D1y 2 < Tv” , where ¥ is the 7" largest eigenvalue of X;X//tN. Since
- 1
—1 1/2 1, 1/2
sup HV H <r/“sup (v = —_
t t t } it } inf; |Ur,t\

it suffices to show that inf; |0, ] > C > 0 for some constant C, with probability approaching 1. We
use an argument similar to that used by Fan et al. (2013; cf. Lemma C.4). First, note that for
t=R,..., T and s = 1,...,t, x5 = Af, + es, where z, = (215,...,2n,)" is N x 1 and a similar

definition applies to es. This implies that the N x N covariance matrix of x, is equal to
Y =E (zs2)) = AE (fofi) N + E (esel,) = AN + X,

or equivalently, LE = iAA’ + iEe, given that F (fse;s) = 0 (by Assumption 3 a)) and the identifica-
tion condition Assumption 1. Given this assumption, the r x r matrix AN is diagonal with distinct and
positive eigenvalues on the main diagonal. Since A’A and AA’ share the same nonzero eigenvalues, it

follows that AA’ has r nonzero eigenvalues, with the remaining eigenvalues equal to 0. By Proposition
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1 of Fan et al. (2013) (which relies on Weyl’s eigenvalue theorem), and given Assumption 1, we can
then show that for j = 1,...,r, the difference between the ;% eigenvalue of /N and the j** eigenvalue
of AAN'/N is bounded by the maximum eigenvalue of ¥./N; that is,

0 (518 = 3 (WA/N)| < 15l =0 () = o),

given Assumption 2 b). By a second application of Weyl’s Theorem (cf. Fan et al., 2013, Lemma 1),
foreach j=1,...,r,
[0 = A5 (MA/N)| < [|X7X/EN = N3

given that X{X; and X;X] share the same nonzero eigenvalues. Thus,

rp > Ar (NA/N) — || X{ X /tN = NP > Ain (8) /2 — || X7 X /tN = N~

since |\; (X/N) — X\; (A'A/N)| = o (1) and the fact that |[\; (A’A/N) — X; (24)] = o (1). It follows that
inf |5 > Amin (£4) /2 — sup || X; Xy /tN = N7'5]|,
t

and hence it suffices to show that sup, HXt’Xt/tN — N_lZHl =op(1). But ng(f — % = Dq; + Doy +

Dgt + .D4t7 where

A1 1[1¢
Dy, = —|[= f =L | N, Dy==1- €5 — e
1t N<th ) ; 2t N<tsz:1€€5 )7
Al
Dy = N;Z ¢, and Dy = D},
where we recall that E (fsf.) = I, by assumption. It follows that

sup | X/ X /tN = N7'5||, < sup || D[] + sup | D[] + 2sup [ Dl

since [|Al|; < ||A| for any matrix A (see Horn and Johnson, 1985, p. 314). Starting with Dy, we have

() (;Z; (fufi - L«)>

for some constant C. Since T'/R = O (1) by assumption, it follows that sup; || D1:|| = op (1) given that
sup, H% aey (fofl— H = Op (1/\f> = op (1) by Assumption 1. Next, consider Dy;. We have

that

1 < ,
fz (fsfs - Ir)

s=1

? T
sup [ Dye|| = HA/\/NH sup < C.Esup
! — t t

=tr(A’A/N)=0(1)

that for any € > 0,

T T
1
P (supIDal > <) < 3P (1Dl > ) < 5 S E D,
t=R t=R
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thus it suffices to prove that ZtT_R E || Da|* = 0(1). By the definition of the Frobenius norm, ||A|* =

tr (A’A) = Zf\; 1 U for any N x N matrix. Thus, for given t = R, ..., T,

2 N t ot
1 1 1 1
E HD2t||2 = 32 E E (t E (eisejs — E (€isejs) ) e g 2 g E CoU (€45, €js, » €isyCiisy )

3,j=1 s1=1s3=1

T 1 1 1 T T
< w | W 2 7 2 2 leov(emeiacimeis)l |

2,j=1 s1=1s2=1

which implies that

d TV 1 [1 n 1 = —
S EIul < (3) 3 (3 X 7 5 X o ntmscimesn)l | =000 o).
t=R i,7=1 s1=1s2=1

given in particular Assumption 2 f). Finally, for Ds; = D),, we have that

2
1A Pl N t
1D? < H LS g, z z
N|[VN tszlm It
<C

N ¢ 2
1 /T\ 1 1
< C=(=)= — L=
< cR(R)N; 77 2 e

given Assumption 3 a) and the fact that T/R= 0O (1).

Op (;) —op (1),

To prove (b), we prove the result for ¢ = 2 and note that this implies the result for any ¢ > 0 since

9\ 4/2 ) q/2
sup 1" = sup (1) " = (sup ) = 0p 1)

if sup, ”Ht||2 ( ). By definition, for t = R,...,T, H = ‘Zfl (@) (A&A) , implying that
) < || 7 H\ MA|l by the fact that [|A - B|| < ||Al| - | B]l. Thus,
e | EE| A
supHHt||2§supHV;_1H sup || L1 ’ ,
t t t t N

where the first factor is Op (1) given part a) and HA/TAH = O (1) under Assumption 1 c¢). Thus, it

ElF,

2
H = Op (1). By the Cauchy-Schwarz inequality,

suffices to show that sup, ‘

PR 2 t 2 t ) t t
t _ 5 _ ; _ _
| I O VAT I S V%1 I S A RESAVa S VA
s=1 s=1 s=1 s=1
—_——

=r
implying that

. 2
E/F,

sup

T T
<r ()T = o)
s=1

32



since sup, E || fs||* = O (1) by Assumption 1 a). m
Proof of Lemma A.6. For part a), we follow the proof of result (2) in Bai and Ng (2013; cf.
Appendix B, p. 27). In particular, by the definition of H;, we can show that for t = R,..., T,

HiH{ = I, + Cyt + Cat + Csy,

where .

Ci = —% ifs,t (fs,t - Htfs)/, Cy = —% Z (fs,t - Htfs) feH]
s=1

s=1

and

t
1 ! !
Cy = —H, (t Szlfsfs - I,,> H;.

1/2 " 1/2
) (g ral)

N\ /2
) =O0p(1/0NR),

It follows that

f;i j;J _'Ehj;

t

t
1
sup [Cul| < sup (tﬂ
s=1

jii‘_AEhj;

t
1

_.1)2 1 ‘
= r/‘su E

tp<t81

given Theorem 4.1. Similarly,

t 1/2 t
1 1
sup [|Car| < (sgptz HsztH2> (SgptZ’
s=1 s=1

by Theorem 4.1 and the fact that the first factor can be bounded by

N
for — Hifs ) =0p(1/dNR),

1/2

¢ 1/2 T
1 1
(sgp > HsztH2> < sup | 2| (R 2 Hfs||2> =0 (1)
s=1 s=1

given Lemma A.5.b). Finally, for Cs; we have that

t

1

S Sl
s=1

given Assumption 1 b) and the fact that 7/R = O (1). This shows that H H] = I, + Op (1/dn.Rr),

=0p (1/VT)

sup [Csel| < sup HHtIIQSLtlp

where the remainder is uniform over t = R,...,7. We can now follow the argument in Bai and Ng
(2013) to show that H; = Hopt + Op (1/dn,r) uniformly over ¢ = R, ..., T, where Hy is a diagonal
matrix with £1 on the main diagonal. Note that we are not assuming exactly the same identifying
restrictions as Bai and Ng’s (2013) condition PC1. The difference is that we assume that ¥; = I,
instead of assuming that F}F;/t = I, for each ¢. This explains why we get only the rate 1/0y r instead
of 1/(5?\[71%. For part b), note that we can show that

- ANA
Vi=—

+ Op (1/5N,R)
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by exactly the same argument as Bai and Ng (2013, p. 27). Given our Assumption 1 b), we can write
Vi =%A+O0p(1/0xn.R) (12)
uniformly over . Since V,! — ¥t = vt (EA — f/t) 331, it follows that
sup [V = 53| < sup | V| sup |2 — 7| [231]] = 0p (1) Op (1/6,) O (1)

given Lemma A.5 b) and (12). m
Proof of Lemma A.7. Part a). We rely on Lemma A.1. In particular, for j =1,...,4,
1/2

t
sl | (s

2\ 1/2

js,tUs+1

-1
E Gj1,sUs+1
s=1

¢
12 Z (Z ¢j,l,sus+1>

=r

1/2

—_

1
AT

Us+1

[A8)

where we let ¢;; ; be one of {7578, Chs,nhs,fl?s} depending on j = 1,2,3,4. By Lemma A.l.a) through
d), it then follows that

1/2

1
< —
R

V7 |su

sup
t

il,sUs+1

t—1

1

; g Ajs,tus+1
s=1

whereas it is Op <%T\/Jiv) =0 (\/W) for j =2,3,4, given that T/R=0(1).
Part b). The same arguments follow by relying on Lemma A.1 e), f), and g). For the last term
involving A4, ¢, the analogue of Lemma A.l d) when we replace ugyq1 with 2. does not hold because

= Op (1) since E (fsz{) = (E (fsw), B (fsf5)) # 0. Thus,

we need a more refined analysis. Replacing A4, with its definition yields

/

we cannot claim that sup, H NG ES 1 fsz

t—1 N
1
sup t! g Agepzy|| = Slip ¢t E t! E fue (N E A;%) fs7s
s=1 s=1 i=1

t—1
= sup||t™? Z fl,t (;7 Z )\261’[) t Z fszg
; s=1
=1 ; N 1 v
1 Z fii (N Z )\;€u>
=1 =1

< sup |t Z fozs

sup

is bounded under Assumption 6. By adding and subtracting appropriately,

Wheresupth LSl gz
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we can write

sup

IN

sup

v 3|
f ~F )\i@i
z(Nz l

t N
. 1
,1 . - / .
Y (- ) (o o) '
t | X
-1 /
t Zfl <NZ/\ieﬂ> ‘
=1 i=1
The first term can be shown to be Op (1/dn,r) X Op (1/\/ N) given Theorem 4.1 and the fact that

2
T N
PO | A S Nea

second term, given that sup, ||H|| = Op (1), it suffices that

t 1 N t N
o3 a(y3ove)| - (5 ALY
=1 =1 =1 =1

which follows under Assumption 3 e). This concludes the proof of part b). m

+sup | Hel sup

= Op (1) under our assumptions. Thus, this term is Op (1/5?\77]%) . For the

— Op (1/\/TiN),

sup
¢

Proof of Lemma A.8. Part a). Given the equality (9) and the definitions of V (¢) and V (t),

we have that

A = 0
V()= HV (8) = 2> (Bt — Pr2s) st = ( st (fst - Htfs) Usi1 ) ’

s=1

which implies that

sup HV (t) — HV (t)H = sup

t—1
% z:l (fs,t - Htfs) Us+1
1 1 1
g <R> tor <VRN> —or (ﬁ%dN,R) ’

0] -

4 t—1
~ 1
Vt IH Zsup E ZAjs’tuS+1
j=1 ¢ s—1
by Lemmas A.5 and A.7.
Part b). Given the equality A7l — Bl = A1 (B - A) B!, and the fact that sup,

Op (1) and sup, H<I>/ Bt IH < supy H@ IH sup, || B (t)|| = Op (1), it suffices to consider

t—1
BT () =B (4) ) =t (ZapZl, — Przezl ) = Fuy+ For + Fhy,
s=1
where
t—1 t—1
Fro=t1> (Zer — ®r2) (Bag — ©2s) and Fop =71 (Zep — Byzs) 2,0}

s=1 s=1
1
=0 .

By the triangle inequality and Theorem 4.1,

t—1 i—1
1F2ll < 783 N2 — @af? = 1|
s=1 s=1

fs,t - Htfs
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For F5, note that

t—1 0
Fop =11 S — @) 20 = 1/ :
* 2 (o= Bz zdi= | P (Foa = HS) 20

s=1

where fs,t - Htfs = ‘Zﬁil (Als,t + A2s,t + A3s,t + A4s,t)- ThUS,

-1
For =V ! <t_1 Z (At + Aogt + Azsy + Assy) Zé) P,

s=1

which given Lemma A.7 is bounded in norm by

1 t—1
n D Ajsizl
s=1

=Op (;) +0p (\/Jl%iN) +0p <\/11;»TV) +0p <6?V1R> ;

4
sup | ] < sup [V, | sup ] 3 sup
j=1

which is Op (3%
Part c). We have that

V()] < sup |V (2) = @ (5| + sup |4 sup [V (1)

sup
t

where sup, ||V (t)|| = Op <1/\/T> given Assumption 6 b).
Part d). Since there are no factors in the benchmark model, we can write

-1 t—1
Y Far (o — @02, O 0 =70 Zo (for — Hy fs)/ I (17%),

s=1 s=1

where we have used the local-to-zero parametrization of the DGP given in (6). It follows that
t—1 ) .
t_l Z 23,2& (fs,t - Htfs) Hfl (T_1/205>
s=1
t—1 )
Y (foe = )
s=1
t—1 1/2 t—1
sup |H; || 771/ |lo | sup (tl > Hmﬁ) sup (t1 >
' ! s=1 t s=1
-1

sup
t

< sup||H Y| T ||a] sup
t t

IN

f;,t - Htfs

2) 1/2

Proof of Lemma A.9. Part a). Given that 6, — d = B (t) V (), we can write

T-1 T—1
S et Goo — ®iz) @ (& _ 5) = 3" Ui Gug — Bez) B B (1) V(1) = Ap + A,
t=R t=R
where
T-1 T—1
Ar = g (B — ®02) "BV (1), and Ay = > e (g — 1z) (B B () — ®f,'B) V (1) .
t=R t=R
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Let B = (E (z:2.)) " and note that by Assumption 6, sup, || B (t) — B|| = Op (1/ﬁ> . By the triangle
and Cauchy-Schwarz inequalities,

T—1
Aol < Juepa| 12 — @zl | @7 B (1) — @4, B [V (1)
t=R

T 1/2 T
_ _ 1 1 B
sup | @' B (t) — @ B| sup VT (T ZUfH) (T > Nz - q’tthQ>
t—1 =1

— or () or (L) omon (1) o (f) o (1),

if VT/N — 0, where we have used Theorem 4.1 to bound %2?21 |20 — ®2)|%, and where (1)
sup, [ @1 B (£) - B B|| = Op (1/6x,1), (2) sup IV ()| = Op (1/VT), (3) + X1y udyy = Op (1)

hold under our assumptions. To see (1), note that

1/2

IN

sup |®; "B (t) — o, 'B|| < sup @1 — @0, sup||B ()] + sup @0 sup||B () - B

= 0p(1/3n2) +0p (1/VT) = Op (1/3n1),

given Assumption 6 and the fact that sup, HCID;l — ‘P&l H is bounded by sup; HH[l — (;tl H, which is

Op (1/6n7) by Lemma A.6; (2) and (3) follow easily under Assumption 6. For A, note that given
~ /

that Z;; — @12 = <0’, <ft7t — Htft) ) and @ = diag (I, Hot), with Ho = diag (£1), we can write

~ !
(214 — ®y20) ®;'B = (ft,t - Htft) HyC,

where C' is a r x (r 4+ k1) submatrix of B containing its last 7 rows. It follows that

-1 , -1 .
Ay = ;{Ut—‘rl (ftt - Htft) HyCV (t) = \/1? t:ZR <ft’t — Htft> HgtC(\/TV (t) Ut+1),

EZ/{LT

where we note that U; 7 is a martingale difference sequence array with respect to F* given Assumption

5. Given the decomposition (9), we can write
fio — Hify = Vot (Ares + Aope + Asey + Agry) + (f/fl - V(fl) (Arge + Aopp + Aspp + Aary)

which implies that we can decompose A; into the sum of Ay 1 and A; 2 with

T—1
1 _
Al = — (Aygs + Agpy + Asy + Agey) Vi Ho ClUy 1,
VT =,
| T i ,
Ao = — (Avgg + Aggy + Asey + Agey)’ (Vfl - V(fl) HoCUy 1.
VT =
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We can prove that [Aiz] = Op <5\2/T> = op (1) if VT/N — 0, given that sup, Hf/{l — VOAH =
N,T

Op (ﬁ) by Lemma A.6; that ZtT:_]% |4 6)* = Op (5%) forall j =1,...,4 by Lemma A4 a),
NT
and given that %Z’sz |Usr||> = Op (1) by Lemma A.3 a). So, we concentrate on A; ;. We can

decompose
4

A11=R1+Ra+R3+ Ry EZRj
j=1

with obvious definitions. Let ¢y, =4, $211 = G4y P34 = My, and ¢y, = ;4. Given the definition

of Aji4 for j =1,...,4, we can write
I ; 1 ¢ 1 /-
Ao =5 2 fuadjie = Hog Y fisjue+3 D (Fue = Houhi) &0 (13)
1=1 1=1 1=1
which implies that
1 21 / _1 iy QLI ! -1 _
Rj = Nia ; (t lZ; fzqf)j,l,t) Vo Cut,T‘l‘ﬁ ;% n lz; (fl,t - HOtfl) $jtVo  HotCUrr = Rij+Raj,

where we have used the fact that V is diagonal under our assumptions and Hy = diag (£1) to
write H(’]tVO’*lHot = VO*1 when defining R1;. By Lemma A.3, we can conclude that Ri; = Op (%),

whereas R1; = Op (ﬁ) for j = 2,3,4. For Raj, note that

t

‘1 > (flt - HOtfl>/ Pt

T
_ 1
IRell < VTVg lHSl;PHHOtHfZHUt,TH
t=R =1

o\ 1/2

25" (o Houht) 0y

=1

1 T 1/2 1 T
< \/THVO_IHSlipHHOtH (TZHULTHQ> TZ
t=R =R

Lt 5\ /2 | 1/2 A 1/2
< \/THVO_IHSIipHHOtH (Sgpt;Hﬁ,t_HOtle> (TZHUt,THQ) (mzz¢§zt) :

t=R t=1 1=1
Note that ﬁZ?:l Zszl Vzt = O(1/T) under Assumption 2 c), whereas ﬁZthl Zszl qbil,t =
Op (1/N) for j = 2,3, and 4 under Assumptions 2 d) and e). Moreover,

t t
1 ~ 2 1 - 2
sup & E Hfz,t—HOtle = Supy E Hfu—Htfl-l'(Ht—HOt)sz
=1 =1

t T
1 z 2 1
2 {sgptE (Vi = e+ sup 12— Hol? :||fl||2}
I=1 =1

= Op (1/6%r) +Op (1/8%,r) = Op (1/0%r) ,

IN

by Lemma A.6 and Theorem 4.1. Since 7 ZtT:R |Us7]|* = Op (1) by Lemma A.3 a), it follows that

1 )
[Rasll = Op (5> when j = 1,
NT
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whereas for j > 2,
VT
[Rojll =Op | ——= | »

which is Op <\/N> if Sy =T and Op (‘F> if S y7 = V/N. Thus, A1 = Op <ﬁ> +Op <§) —

p (1) if VT /N — 0, which concludes part a).
Part b). Given the decomposition of &; — ®,~18; in (10), we can write

T—

p—l

=R

~+

where

T-1
B =Y wnz, @ B o (V1) - oV (1), By
t=R

Z ut-i-lztt <

— B (1) o 1>V(t),

and
T—1 t—1
DI IO DENCAEE JENE /)
t=R s=1

We can easily show that By = Op (%) = op (1) if VT/N — 0, given in particular Lemma A.8 b)
and c). For By, note that we can show that under our assumptions,

T—1
Bi = 1By, (V (t) — &,V (t )) +Op (f) =C+0p (f) .
t=R

&, ! with B®,,! +
(B (¢) ot — B@&l), where we note that ®,,' = ®p;. The extra terms can be shown to be Op <@>

2
5NT

This follows by first replacing Z; ; with ®;2; + (Z;+ — ®:2¢) and then replacing B (¢)

by applying Theorem 4.1 and Lemma A.8. Notice that we can write

t—1
¢! Z (gs,t - @tzs) Us+1

0
= B < D (fst Htfs) Us+1 )
_ < Ok1><7' >V}/ 12 <t_1ZAjS tuerl)

~

V) -V () =

T’XT‘
N——
=J

With this notation,
T—1 4 t—1
€= unrBe VY (rl zAjS,tuSH) —ciice
t=R j=1 s=1

where

T—1 4 t—1
C1 = Z w112, BOo JVy Z (t_l Z Ajs,tus+1>
t=R 7=1 s=1
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and

T-1 4 t—1
=) w12 (BPo:J) ( vy ) > (t—l S Ajs,tuerl) :
t=R 7j=1 s=1

We can easily show that Co = Op ( ‘F) by the usual inequalities, given Lemmas A.6 b) and A.7 a)

2
§NT

and b). Consider C;. We have that ¢; = 3% j=15;j, where

T-1 -1
S_] = Z Ut—‘,—lZ;\IIOt <t1 ZAjs,tus—i—l) y where \I/()t B(I)QtJV_
t=R =

Given the definition of Aj,¢, by adding and subtracting appropriately (see (13) with s = t), we can
write §; = 81 + Sz, where

Sy = Z ugy12,Vor Hop Z Zfz¢]7l7sus+1
s=1 [=1

and
1l g

It follows that

T-1 t t—1
1 1 .
Sltlplszjl < SUPH\I’OtH* E IIumztllsup ?E (fl,t_HOtfl> E Bj1 sUst1
t R =1 s=1

1/2 1/2

= Lt ) e 2
< swlal 5 3 s (atlp > | e = Houti| ) w5 (Z qu,z,susH)
= = = S=

By Lemma A.7, the last factor is Op (1) when j = 1, which implies that sup; |Ss;| = Op (1/0n7) for
this value of j. For j = 2,3, and 4, Lemma A.l implies that the last factor is Op («/T/N), which
implies that sup; |So;| = Op (1/dnT) Op (w/T/N) = op (1) if VT /N — 0. Hence, we conclude that

4
C1=) Sij+op(l)
j=1

where we can write

. _ t—1 ¢ . :
with sj141 = w1212 and Zj = Vo Hyy (%) %25:1 j=1 f1®; 1 sus+1. Noting that Zj is a func-
tion of o (2, 2¢—1,..;Ut,Ut—1,..-;€t €-1,...) and that this information set is identical to F! =

0 (Zty 2t—1y -+ 3 Yty Yt—1s - - - ; Xty Xi—1,-- ), given that y11 = 210 + w1 and that Xy = Afy + e, it
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follows that F (5j7t+1|f¢) = 0 by Assumption 5. Thus,

T-1 T-1
1

Var (Slj) = Z E (3?7754_1) — ﬁ Z E |:(’U¢+1Z£th)2:|
t=R

A
3 =
g

B [usa2fl” 12500°]

1 N 1/2 12 1 12§ T-1 N 1/2
< 25 3 (Bllusaz]') " (B1Zal*) " < 2 <sng |th||4> 7o (Elueazi]) ™
t=R
We can check that sup, E || Z;|* = Op (1) and sup, E || Z;||* = Op ((T/N)2) for j = 2,3,4 by Lemma
A.2. Since E |lugs12)|* < M by Assumption 6, it follows that Var (S15) is equal to O (1/T) when
j=1and O(1/N) when j = 2,3, or 4. This shows that S;; = op (1) and concludes the proof that
Bi = op (1) . Finally, we show that B3 = op (1). This term can be written as

t—1

T-1
fal ~ !
By = - Z ut+121/€,tB (tye! Z Zst (fs,t - Htf5> Hfl
t=R

s=1

Nia

By adding an subtracting appropriately, we can show that

-1 t—1 ) . N /T
B3 = — Z ut+1Z£B®(]tt_1 Zzs (fs,t _ Htfs) Hé—IT + OP <52> '
=R s=1 T N,T

By using the decomposition for f&t — H.fs, the leading term of Bs is asymptotically equal to

T-1 t—1
B . @
- Z Ut 112 BPoy <t ! Z zs (A1 + ...+ A4s,t)/> Vo ' Hy, 17
t=R g

We can then use the triangle inequality and Lemma A.7 b) to bound this term by a term of order

Op (\/T/é?VT> = op (1) given the rate restriction v/T'/N — 0. This completes the proof of part b).

s=1

Part c). We can write

T-1

Z U1 (B — Prz) @10

t=R

T-1 ) . N
= ) uwn (ft,t - Htft) H{™' ——=

P VT

T-1

!/

T-1
~ / 1 o ~ / 1 1
= Upt1 (ft,t — Htft) Hy, JT + ;utﬂ (ft,t - Htft) (H, ' — Hgy, ) T

vl

The second term can be bounded by Op (\/T/(S?VT> = op (1) if VT/N — 0 by using the same
arguments as those used in part a) of this lemma to show that A4y = op (1). Similarly, we can prove

that the first term is op (1) by relying on the same arguments as those used in part a) to show that

A1 =op(1). m
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A.3 Proof of results in Section 4

Proof of Theorem 4.1. Part a). By (9), it follows that

= T )
P Z Hft,t - HtftH =P Z H‘/}_l (A + Agiy + Az + A4t,t)“
=R t=R

~ 9 1 T-1 ) 1 T-1 ) 1 T-1 ) 1 T-1 )
<asup ||V, 5 20 el + 5 D sl + 5 D sl + 5 D l1dueel
t=R t=R t=R t=R

~ 2
where sup, HVfl H = Op (1) by Lemma A.5. The result now follows by Lemma A.4.a), which shows

that the first term inside the parentheses is Op (1/T"), whereas the remaining terms are Op (1/N).

Part b). The proof follows exactly the same reasoning as part a), given Lemma A.4.b). =

Proof of Lemma 4.1. The proof is immediate given Lemma A.8. m
Proof of Lemma 4.2. The proof is immediate given (11) and Lemma A.9. =

Proof of Theorem 4.2. The proof follows from Lemma 2.1, given Lemmas 4.1 and 4.2 and the

arguments described in the main text. m
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Table 1. Size and power for MSE-F and ENC-F (%)

n=0.2 n=1 n=2
T N ENC-F(f) ENC-F(fA)  MSE-F(f) MSE-F(fA)  [ENC-F(f) ENC-F(fA)  MSE-F(f) MSE-F(fA)  [ENC-F(f) ENC-F(fA)  MSE-F(f) MSE-F(fA)
10 11.8 11.4 10.1 9.9 9.6 9.2 6.7 6.8 10.0 9.4 5.8 6.1
20 11.9 11.6 10.2 10.0 9.6 9.3 6.8 6.7 9.9 9.7 5.8 5.9
25 50 11.9 11.8 10.2 10.2 9.7 9.6 6.8 6.8 10.1 10.0 5.7 5.8
100 11.7 11.8 10.1 10.0 9.6 9.6 6.7 6.8 10.0 9.9 5.7 5.7
200 12.1 12.1 10.3 10.4 9.7 9.6 6.8 6.8 10.0 10.0 5.8 5.8
10 8.4 8.3 7.8 7.8 7.0 6.8 6.0 5.9 7.2 6.9 5.2 5.4
b=0 20 8.5 8.6 8.0 8.1 7.1 7.1 5.9 6.0 7.3 7.2 5.3 5.4
(size) 50 50 8.3 8.4 7.8 7.9 7.1 7.0 6.0 5.9 7.2 7.0 5.2 5.2
100 8.4 8.4 7.9 7.8 7.0 6.9 5.9 5.9 7.2 7.2 5.2 5.2
200 8.3 8.4 7.7 7.8 6.9 6.9 5.9 5.9 7.1 7.1 5.1 5.1
10 6.6 6.6 6.7 6.6 6.0 5.9 5.5 5.5 5.9 5.8 5.2 5.2
20 6.7 6.7 6.7 6.7 6.0 6.0 5.5 5.5 5.9 5.9 5.1 5.1
100 50 6.8 6.7 6.8 6.8 6.0 5.9 5.5 5.4 5.9 5.9 5.1 5.1
100 6.7 6.7 6.7 6.7 6.0 6.0 5.6 5.6 5.9 5.9 5.2 5.2
200 6.8 6.8 6.7 6.8 6.0 6.1 5.6 5.6 6.0 6.0 5.2 5.2
10 5.9 5.9 6.1 6.1 5.4 5.4 5.3 5.3 5.2 5.1 5.0 4.9
20 6.1 6.0 6.2 6.2 5.4 5.5 5.3 5.3 5.2 5.3 5.0 5.1
200 50 6.0 6.0 6.1 6.2 5.4 5.5 5.3 5.3 5.3 5.3 5.0 5.0
100 5.9 6.0 6.2 6.1 5.5 5.5 5.2 5.3 5.3 5.3 5.0 5.0
200 6.0 6.0 6.2 6.3 5.5 5.5 5.3 5.2 5.4 5.4 5.1 5.1
10 35.7 28.7 29.0 23.7 38.0 28.8 28.7 22.0 37.3 27.9 27.1 20.8
20 35.6 321 29.2 26.3 37.9 329 28.5 25.1 37.1 32.0 27.0 23.5
25 50 35.8 34.4 28.8 27.7 38.0 36.0 28.7 27.4 37.3 35.3 27.2 26.0
100 35.9 35.1 29.1 28.6 37.7 36.8 28.4 27.7 37.1 36.2 27.0 26.3
200 35.7 35.3 28.9 28.7 37.9 37.5 28.6 28.3 37.3 36.7 27.2 26.7
10 51.4 413 415 33.8 60.7 47.4 48.8 38.3 61.9 47.9 51.0 39.7
20 51.3 46.3 41.3 37.5 60.7 54.2 48.9 43.9 61.7 54.9 51.0 45.6
50 51.5 49.5 41.4 40.0 60.7 58.2 49.0 47.0 61.9 59.1 51.2 48.9
b=0.3 50 100 51.4 50.3 41.4 40.6 60.8 59.5 49.0 48.0 61.8 60.5 51.2 50.1
(power) 200 51.6 51.1 41.6 41.2 60.7 59.9 48.7 48.2 61.7 61.1 51.0 50.4
10 73.6 62.9 58.0 49.9 88.0 76.5 74.4 63.5 89.1 77.3 79.7 68.0
20 73.6 68.6 58.1 54.0 87.6 82.6 74.1 69.2 88.8 83.8 79.2 74.1
50 73.3 71.5 57.6 56.2 88.0 86.1 74.1 72.2 89.1 87.3 79.5 77.5
100 100 73.4 72.4 57.8 56.9 87.9 87.0 74.2 73.3 88.9 88.1 79.4 78.4
200 73.7 73.3 58.1 57.8 87.9 87.4 74.2 73.7 89.0 88.5 79.3 78.9
10 92.2 85.3 74.8 67.6 99.2 96.1 92.2 85.7 99.5 96.8 96.0 90.6
20 92.2 89.2 74.6 71.3 99.1 98.2 92.2 89.4 99.5 98.7 95.9 93.8
50 92.2 91.1 74.7 73.4 99.2 98.9 92.1 91.1 99.4 99.2 95.9 95.3
200 100 92.2 91.6 74.7 74.0 99.1 99.0 92.0 91.6 99.5 99.3 95.8 95.5
200 92.2 91.9 74.5 74.2 99.2 99.1 92.1 91.8 99.4 99.4 95.8 95.6



Table 2: Factor-based forecasting of the equity premium

Calendar time

1985:01 - 2014:12 2005:01 - 2014:12

Model  Ratio MSE-F ENC-F Model  Ratio MSE-F ENC-F
2 0.98 5.52% 7.14* 2,8 0.95 5.73% 5.49%*
2,6 0.99 4.82%* 6.21%* 2,6, 8 0.96 5.51% 4.87*
2,8 0.99 4.71%* 8.05%* 2,5, 8 0.96 5.46* 5.41*
2,6, 8 0.99 4.22% 7.21* 2,5,6,8 0.96 5.26%* 4.79*
2,4 0.99 3.56* 5.99* 2,4, 8 0.96 4.66* 3.47*
2,3 0.99 3.42%* 7.43* 2,4,5,8 0.96 4.45%* 3.39*
2,4, 8 0.99 3.28% 6.89* 2 0.97 4.33* 4.21%*
2,7 0.99 3.15%* 6.88%* 2,5 0.97 3.99% 4.11%*
2,3,6 0.99 3.12%* 6.58%* 2,6 0.97 3.86* 3.50*
2,3,8 0.99 2.97* 8.32% 2,4,6,8 0.97 3.56%* 2.86*

Data-release time
1985:01 - 2014:12 2005:01 - 2014:12

Model  Ratio MSE-F ENC-F Model  Ratio MSE-F ENC-F
2,7 0.99 2.47* 3.08%* 2,8 0.98 2.51% 2.17*
2,6, 7 1.00 1.51 2.69 2,4, 8 0.98 2.36* 2.48*
2 1.00 147  2.25* 2,7, 8 0.98 2.21% 1.79*
2,7, 8 1.00 0.94 2.77 2,4,7,8 0.98 2.15% 2.09%*
2,6 1.00 0.07 1.87 2 0.98 2.03* 1.77%
2,6,7,8 1.00 0.07 2.41 2,4 0.98 1.83* 2.05*
7 1.00 -0.09 0.80 2,7 0.99 1.68%* 1.38%*
2,3, 7 1.00 -0.10 2.50 2,4,7 0.99 1.58 1.66%*
2,4, 7 1.00 -0.13 2.28 2,3,8 0.99 1.26 1.90*
2,8 1.00 -0.15 1.95 2,3,4,8 0.99 1.17 2.21%*

Note: The table reports empirical evidence regarding the use of factor-based models for pre-
dicting the equity premium at the one-month horizon. Only the top 10 models, by MSE, are
reported. The top panel uses factors estimates dated by calendar time while the lower panel
uses factor estimates dated by data-release time. Model denotes which factors are included in
a given model. Ratio denotes MSE(factor)/MSE(benchmark). An asterisk next to the values
of the MSE-F and ENC-F denote significant at the 5% level.



