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Abstract

This paper develops a novel and effective bootstrap method for simulating as-
ymptotic critical values for tests of equal forecast accuracy and encompassing among
many nested models. The bootstrap, which combines elements of fixed regressor and
wild bootstrap methods, is simple to use. We first derive the asymptotic distributions
of tests of equal forecast accuracy and encompassing applied to forecasts from mul-
tiple models that nest the benchmark model — that is, reality check tests applied to
nested models. We then prove the validity of the bootstrap for these tests. Monte
Carlo experiments indicate that our proposed bootstrap has better finite-sample size
and power than other methods designed for comparison of non-nested models. We con-
clude with empirical applications to multiple-model forecasts of commodity prices and
GDP growth.
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1 Introduction

With improvements in computational power, it has become increasingly straightforward to
mine economic and financial datasets for variables that might be useful for forecasting. This
point is made clearly in any number of papers, including Denton (1985), Lo and MacKinlay
(1990), and Hoover and Perez (1999). In light of this data mining, it is clear that the search
itself must be taken into account when trying to validate whether any of the findings are
statistically significant. Various methods exist to manage this multiple testing problem,
including the traditional use of Bonferroni bounds as well as more recent methods involving
g-values (Storey 2002). FEach of these methods has strengths and weaknesses in terms of
applicability to a given situation.

The bootstrap is one particularly tractable method of managing this multiple testing
problem. Specifically, in the context of out-of-sample tests of predictive ability, White
(2000) develops a bootstrap method of constructing an asymptotically valid test of the
null hypothesis that forecasts from a potentially large number of predictive models are as
accurate as those from a baseline model. Since then, some research has extended the
applicability of the results in White (2000). Hansen (2005) shows that normalizing and
re-centering the test statistic in a specific manner can lead to a more accurately sized and
powerful test. Corradi and Swanson (2007) provide important modifications that permit
situations in which parameter estimation error enters the asymptotic distribution.

One thing these existing bootstrap “reality check’s” have in common is the assumption
that the baseline model is non-nested with at least one of the competing models. More
precisely, they require that the (M x 1) vector of out-of-sample averages of the loss differen-
tials (each element of the vector is the average difference in forecast accuracy between the
baseline and a distinct competing model) is asymptotically normal with a positive semi-
definite long-run covariance matrix. Along with additional moment and mixing conditions,
this condition on the long-run covariance matrix is satisfied if at least one of the models is
non-nested with the baseline.

However, in many forecast comparisons, the baseline model is a simpler, nested ver-
sion of all of the competing models. The purpose of such a comparison is to determine
whether the additional predictors associated with the larger models improve forecast accu-
racy relative to the restricted baseline. In general, in asset return applications, economic
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null hypothesis under which all predictive models nest the baseline model of zero expected
return. In macroeconomic applications, it is standard to examine the predictive content
of some variable for output or inflation by comparing a baseline autoregressive model to
alternative models that add in lags of other potential predictors. Examples in the literature
include Cheung, Chinn, and Garcia’s (2005) examination of various exchange rate models,
Goyal and Welch’s (2003, 2008) studies of the predictive content of a variety of business
fundamentals for stock returns, and Stock and Watson’s (1999, 2003) analyses of output
and inflation forecasting models.

In such evaluations of multiple forecasting models that nest the benchmark model, the
results in studies such as White (2000) on the asymptotic and finite-sample properties of
bootstrap-based joint tests of equal forecast accuracy, based on non-nested models, may not
apply. Intuitively, with nested models, the null hypothesis that the restrictions imposed in
the benchmark model are true implies the population errors of all of the competing fore-
casting models are exactly the same. This in turn implies that the population difference
between the competing models’ mean square forecast errors is exactly zero, with zero vari-
ance. As a result, the distribution of a ¢—statistic for equal MSE may be non—standard.
Indeed, Clark and McCracken (2001, 2005) and McCracken (2007) show that, for pairs
of forecasts from nested models, the distributions of tests for equal forecast accuracy are
typically not Normally distributed.

Motivated by the frequency with which researchers compare predictions from a baseline
nested model with many alternative, nesting models, this paper develops a novel, simple
bootstrap that can be used to construct joint tests of equal out-of-sample forecast accu-
racy or forecast encompassing among such forecasts. This new bootstrap allows for both
conditional heteroskedasticity and serial correlation in the forecast errors.

Before proceeding, we should make clear our contribution to the literature on simulation-
based methods for multiple testing. Hansen (2005) notes explicitly that his and the results
in White (2000) do not apply when the baseline model is nested by all of its competitors.
For the case of a small set of nested models, Hubrich and West (2010) propose comparing an
adjusted t-test for equal mean square error (equivalently, a t-test for forecast encompassing)
against the simulated maximum of a set of standard normal random variables. Their ap-
proach is based on the observation of Clark and West (2007) that, while the true asymptotic

distributions of the t-tests are not normally distributed under general conditions, the dis-



tributions can often be reasonably approximated by the standard normal. Inoue and Kilian
(2004) explicitly derive the asymptotic distribution of two tests for equal population-level
out-of-sample predictive ability when the baseline model is nested by many competing mod-
els — both of which we consider here. Our paper extends Inoue and Kilian (2004) in three
dimensions. First, we provide analytics for two more tests. Second, we extend the results in
Inoue and Kilian (2004) to environments that allow for forecast horizons greater than one
period and conditionally heteroskedastic errors. Finally, and most importantly, we develop
a fixed regressor bootstrap method for obtaining asymptotic critical values under the null
of equal accuracy at the population level, and we prove the validity of the bootstrap.

Although our results apply only to a setup that some might see as restrictive — direct,
multi-step (DMS) forecasts from nested models — the list of studies analyzing such forecasts
suggests our results should be useful to many researchers. Recent applications considering
a variety of DMS forecasts from nested linear models include, among others: the studies
cited at the beginning of this section; Hong and Lee (2003); Hubrich (2005); Mark (1995);
Kilian (1999); Butler, Grullon and Weston (2005); Sarno, et al. (2005); Cooper and Gulen
(2006); Guo (2006); Rapach and Wohar (2006); Bruneau, et al. (2007); Rapach and Strauss
(2007); Moench (2008); Billmeier (2009); Chen, et al. (2009); Hendry and Hubrich (2009);
and Molodtsova and Papell (2009).

The remainder proceeds as follows.  After introducing essential notation and the
forecast-based tests considered, Section 2 presents the tests considered and our proposed
bootstrap method. Section 3 derives the asymptotic distributions of the tests and proves
the validity of the bootstrap. Section 4 presents Monte Carlo results on the finite-sample
performance of our proposed bootstrap compared to the methods of White (2000), Hansen
(2005), and Hubrich and West (2010). Section 5 applies our tests to forecasts of commodity

prices and GDP growth in the U.S. Section 6 concludes.

2 A bootstrap for nested model reality checks

After describing essential notation and the forecast test statistics considered, this section

presents our proposed bootstrap algorithm.



2.1 Essential notation

At each forecast origin ¢t = T',...,T + P — 7, we observe the sequence {ys,z.},_;. T-step

ahead forecasts of the scalar yy1., 7 > 1, are generated using a (k x 1,k = ko + kj;;) vector

/
xM,t

of covariates x; = (xf),t, )' that consists of a baseline set of predictors zg; that occur
in each model as well as a vector of additional covariates z;,. The set of predictors z¢
may include lags of y;. Sub-vectors of z; , differentiate the competing unrestricted models.
There therefore exists 27 — 1 unique unrestricted linear regression models that nest the
baseline model within it. Let j = 1, ..., M denote an index of the collection of M < 2Fxr —1
unique models z’;,3; to be compared to the baseline nested model :cgytﬁo.l

At every forecast origin, each of the forecasting models is estimated by OLS, yielding
coefficients ,@’j,t. The 7-step ahead forecast errors for model j are 4 ¢r = (Yrir — m;tﬁ i)
j =0,1,...., M. Because the models are nested, the null hypothesis that the additional

predictors do not provide predictive content implies the population forecast errors w;;, =

(Yt4r — 25, 0;) satisfy ujiir = o t4+r = Uy, for all j =1,..., M.
2.2 Test statistics

We consider a total of four forecast—based tests: two tests of equal forecast accuracy and two
tests for forecast encompassing. In particular, we consider multiple-model variants of the
t-statistic for equal MSE developed by Diebold and Mariano (1995) and West (1996) and
the F-statistic proposed by McCracken (2007). We also consider multiple-model variants
of the t—statistic for encompassing developed in Harvey, Leybourne, and Newbold (1998)
and West (2001) and the variant proposed by Clark and McCracken (2001). Application of
the tests to multiple models involves taking the maximum of test statistics formed for each
alternative model forecast to the benchmark model forecast.

The two tests of equal MSE are based upon the sequence of vectors of loss differentials

T+P—1 ~2

(dl,t+7'> . JM7t+T)', where cij,m = ﬂ%7t+T—@it+T. If we define MSE;=(P — 7+ 1)1 Y, 7
(G=0,1,...M),dj =P -7+ 1) Y Tdjsr = MSEy — MSEj, 44,4,() = (P — 7+
)~ tT=+TP+_zT(dj,t+T - Jj)(dj,twfl - Jj)a %]-dj(—l) = ’?djdj(l)a and (for a kernel K(-) and
truncation parameter L defined later) dedj = ZL_iK(Z/L)’AYdjdj (1), the statistics take the

!Note that while we do not require that M = 2¥77 — 1, we do require that all ky; of the z’s are used in
at least one of the unrestricted models.

uj,t+7'



form

d;
maz. (MSE-t;) = maz (P —71+1)Y2x —2—). (1)
j:lv“'7M ]:177M S
d;d;
(MSE-F}) = (P—7+1)x 4 ) (2)
P Ve R e VL MSE;”

Similarly, the two tests of forecast encompassing are based upon the sequence of vectors
(617154_7—, ...,éM7t+7)l, where ¢j i1, = ﬁ07t+7—(ﬁ07t+7— — ﬂj7t+7—). If we define cj = (P -7+
1 ~~T+P—1 4 A 1 ~T+P—74 N A
1) ! t=T ! cj,t—i—T? f)/cjc]- (l) = (P —T+ 1) ! t:TJrlT(Cjut"FT - Cj)(cj,t+7'*l - Cj), ’.YC]'C]' (_l) =
Yeje, (1), and S'Cjcj = Egz_[K(l/L)”ycjcj (1), the statistics take the form

maz (ENC-t;) = maz (P —71+1)Y2x — ) (3)
=1 M =1, M g
CjC]'
E.
ENC-F};) = P— 1 1), 4
j:ﬂﬁqfﬂM( C-F}) j:ﬂggng(( T+ )XMSEj) (4)

2.3 The bootstrap

Our new, bootstrap-based method of approximating the asymptotically valid critical values
for multiple-model comparisons between nested models is an extension of that discussed in
Clark and McCracken (2009) in the context of pairwise comparisons. Specifically, we use a
variant of the wild fixed regressor bootstrap developed in Goncalves and Kilian (2004) but
adapted to the direct multi-step nature of the forecasts. In this framework the z’s are held
fixed across the artificial samples and the dependent variable is generated using the direct
multi-step equation y;, . = x6’3307T+®;+T, s=1,..,T4+P—r, for a suitably chosen artificial
error term 07, . designed to capture both the presence of conditional heteroskedasticity and
an assumed M A(T — 1) serial correlation structure in the 7-step ahead forecasts. Specif-
ically, we construct the artificial samples and bootstrap critical values using the following
algorithm.?

1. Estimate the parameter vector [j; associated with the unrestricted model that
includes all kj;; predictors using OLS and store the residuals Usyr = Ysyr — mgﬁ i S =
1,..,T+P—r.

2. Using NLLS, estimate an M A(7 — 1) model for the OLS residuals 954, such that
Vstr = Espr +016647—1+...+0r_16541. Let 1, ., s = 1,...,T+ P—7, denote an i.i.d N(0,1)

20ur approach to generating artificial samples of multi-step forecast errors builds on a sampling approach
proposed in Hansen (1996).



sequence of simulated random variables. Define v}, = (14, &s4r+ é177$_1+7«§s+7—1 +..+
éT_1775+1és+1), s=1,..T+P—r.

3. Estimate the parameter vector 3, associated with the restricted model using OLS
and store the fitted values :L'67SB()’T s=1,..,T+ P — 7. Form artificial samples of y;,,
using the fixed regressor structure, yy, . = $6,550,T + 05,

4. Using the artificial data, construct an estimate of the test statistics (e.g., ; :ﬂl”c’?.g}cM(MSE—Fj))
as if this were the original data.

5. Repeat steps 2 — 4 (note, however, that the NLLS estimation of an MA model is not
repeated) a large number of times: j =1,...,N.

6. Reject the null hypothesis, at the a% level, if the test statistic is greater than the
(100 — ) %-ile of the empirical distribution of the simulated test statistics.

3 Theoretical results on distributions and bootstrap validity

This section proves the validity of the bootstrap proposed above, after providing further
detail on the econometric environment and deriving the asymptotic distributions of the tests

presented in section 2.2. The proofs are provided in Appendix 1.

3.1 Environment details

We denote the loss associated with the 7-step ahead forecast errors as ait vr = Wter —

x;tﬁ M)Z, j=0,1,..., M. Asindicated above, under the null, the population forecast errors
Ujtir = (Yegr — x;7tﬁj) satisfy w;yr = wopr = wpyr forall j =1,..., M.

The following additional notation will be used. Define the selection matrices J; satis-
fying z;s = Jizs for all j =0,1,..., M. Let H(t) = I T wgusir) = (VT hayr),
Bj(t) = (t_l Zi;Tl $J',8$;',s)_17 Bj = (Emj78$;',s)_17 B(t) = (t_l ZE;TI :Esxls)_lv and B =
(Ezsxl)~!. For H(t) and J; defined above, 02 = Eu?, , and a ((k;—ko) xk, k; = dim(z;5))
matrix A; satisfying A} A; = B=Y2(—JoBoJb + J;B;jJ}) B2, let hjyir = 07 A;BY 2Ry
and Hj(t) = o *A;BY2H(t). 1If we define Vi (D) = Eﬁj,HTﬁ;’HT%, then S;; . =
Vi (0) + Zi:f(%;ﬁj(i) + VI;L;L]-(Z'))- Let W(s) denote a k x 1 vector standard Brown-

ian motion.

To derive the asymptotic distributions of the tests, we need four assumptions.

Assumption 1: The vector of coefficients 3, in each forecasting model j are estimated

recursively by OLS: Bj,t = arg ming, t=1 22;71 (Ytgr — x;7tﬁj)2, j=0,1,..., M.



Assumption 2: (a) Upr = [h} ., vec(xr} — Exay)’] is covariance stationary. (b) EUp, =

0. (¢c) Foralll > 7 —1, Ehyy,h), ,=0. (d) Exzur; < oo and is positive definite. (e) For

;/+T
some r > 8, Uy, is uniformly L" bounded. (f) For some r > d > 2, U4, is strong mixing
with coefficients of size —rd/(r—d). (g) limTﬁooT*IE(ZST:_IT Us+7)(zz:_f Usir) =Q < 00

is positive definite.

Assumption 3: (a) Let K (x) be a continuous kernel such that for all real scalars z, | K (z)| <
1, K(z) = K(—z) and K(0) = 1. (b) For some bandwidth L and constant i € (0,0.5),
L = O(P?). (c) The number of covariance terms [, used to estimate the long-run covariances

Seje; and Sg;q; defined in Section 2.2, satisfies 7 — 1 < [ < .

J

Assumption 4: limpr_.o P/T = Ap € (0, 00).

The assumptions provided here are very similar to those provided in Clark and Mc-
Cracken (2005). We restrict attention to forecasts generated using parameters estimated
recursively by OLS (Assumption 1)® and we do not allow for processes with either unit roots
or time trends (Assumption 2).4 We provide asymptotic results for situations in which the
in-sample and out-of-sample sizes T and P are of the same order (Assumption 4).

Assumption 3 is necessitated by the serial correlation in the multi-step (7-step) forecast
errors — errors from even well-specified models exhibit serial correlation, of an M A(T — 1)
form. Typically, researchers constructing a t-statistic utilizing the squares of these errors
account for serial correlation of at least order 7 — 1 in forming the necessary standard error
estimates. Meese and Rogoff (1988), Groen (1999), and Kilian and Taylor (2003), among
other applications to forecasts from nested models, use kernel-based methods to estimate the

5

relevant long-run covariance.” We therefore impose conditions sufficient to cover applied

practices. Parts (a) and (b) are not particularly controversial. Part (c), however, imposes

3 Assumption 1 could easily be weakened to allow for parameters estimated using a rolling window of
T observations at each forecast origin ¢. Under the rolling scheme, after redefining the I';, ¢ = 1 — 3
appropriately, Theorems 3.1 and 3.2 continue to hold. @ More importantly, Theorems 3.3 and 3.4 also
continue to hold and hence our bootstrap is valid under both the rolling and recursive schemes.

1Our assumptions do, however, allow y; and ; to be stationary differences of trending variables. As to
other technical aspects of Assumption 2, (a) and (d) together ensure that in large samples, sample averages of
the outer product of the predictors will be invertible and hence the least squares estimate will be well defined.
Part (c) enables the use of Markov inequalities when showing certain terms are asymptotically negligible.
Along with (c), (e) and (f) allow us to use results in Hansen (1992) and Davidson (1994) regarding the
weak convergence of partial sums to Brownian motion and that functionals of these partial sums converge
in distribution to stochastic integrals.

>For similar uses of kernel-based methods in analyses of non-nested forecasts, see, for example, Diebold
and Mariano (1995) and West (1996).



the restriction that the known M A(7 — 1) structure of the model errors (from Assumption
2¢) is taken into account when constructing the MSE-t and ENC-¢ statistics discussed in
Section 2. Although Assumption 3 and our theoretical results admit a range of kernel
and bandwidth approaches, in our Monte Carlo experiments and empirical application we
compute the variances required by the MSE-t and ENC-t statistics (for 7 > 1) using the
Newey and West (1987) estimator with a lag length of 1.5 % 7.

3.2 Asymptotic Distributions

Under the null that z;; has no population level predictive power for y;i,, for all j =
1,..., M the population difference in MSEs, E(U%,t i U?,t +.), and the moment condition
Eug ¢4+ (w0 ¢4+ — uj4-) will equal 0. Clark and McCracken (2005) show that for a given j,
MSE-t;, MSE-F};, ENC-t; and ENC-Fj} are bounded in probability. Since the max operator
is continuous and M is finite, we therefore expect the maxima of each of the four statistics to
also be bounded in probability. In contrast, when z; , has predictive power, the population
difference in MSEs, E (U(Z),t o U?,t +-), and the moment condition Eug i, (uo,t+r — Ujt+r)
will be positive for at least one j. In the case where j is known, Clark and McCracken
(2005) show that MSE-t;, MSE-F};, ENC-t; and ENC-F} diverge to positive infinity and
hence each test is consistent. But again, in the present environment with multiple models,
we do not know which model j has predictive content. However, since the max operator is
continuous and M is finite, we expect the maxima of each of the four statistics to also be
consistent regardless of whether we know which model j has predictive content.

For a given j, Clark and McCracken (2005) and McCracken (2007) show that, for 7-step
ahead forecasts, the MSE-F};, MSE-t;, ENC-F};, and ENC-t; statistics converge in distribu-
tion to functions of stochastic integrals of quadratics of Brownian motion, with limiting dis-
tributions that depend on the sample split parameter , the number of exclusion restrictions
k; — ko, and the unknown nuisance parameter Sﬁj By This continues to hold in the pres-
ence of multiple-model comparisons. If we define I'y ; = 11+AP s_1W’(s)JjS,~1j,~1j JidW (s),
Iy = 11+/\P S_QW/(S)JjSEjEjJ],-W(S)dS, and I's j = 11+/\P 5_2W’(5)JjS%ijJ]’-W(s)ds, the
following two theorems provide the asymptotic distributions of the multiple model variants

of these four statistics.

Theorem 3.1: Maintain Assumptions 1,2, and 4. Under the null hypothesis, it follows that:

(a) j:@?fM(MSE_Fj) —d j:nfgf:M(QFLj —T'9 ), and (b) jjllng(ENC_Fj) —q j_nlm:cM(I’l,j).

=1,...,



Theorem 3.2: Maintain Assumptions 1 — 4. Under the null hypothesis, it follows that: (a)

4 _ N TL/2 . /2
j:nﬁ??M(MSE_tJ) —d j:nlszM((FLj 5l'25)/1'37), and (b) j_r?a:UM(ENC—tJ) —4 j:ﬂlﬂb,?.7M(FLj /T35

=1,...,

Theorem 3.1 extends the results in Inoue and Kilian (2004) to environments in which the
model errors are allowed to be not only conditionally heteroskedastic but serially correlated
of an M A(1—1) form. Theorem 3.2 is new and extends the asymptotics for the MSE-t and
ENC-t statistics of Clark and McCracken (2005) to an environment where there are many
nested comparisons. The results in both theorems exploit some asymptotic theory derived
in Clark and McCracken (2005), the rank condition on 2, and a simple application of the
Continuous Mapping Theorem applied to the max functional.

Unfortunately, neither of these theorems provides us with a closed form for the as-
ymptotic distribution of the test statistic and hence tabulating critical values is infeasible.
Simulating critical values may be feasible but will be context-specific due to having to esti-
mate the unknown nuisance parameters Sﬁj By Our simple and novel bootstrap method for
computing asymptotically valid critical values overcomes this problem.

Proving the asymptotic validity of this bootstrap requires a modest strengthening of the

moment conditions on the model residuals.

Assumption 2': (a) Upyr = [hi ., vec(zzi—Exa;)] is covariance stationary. (b) E(egir|estr—j, Ts—j
j>0)=0. (c) Let v = (B, 01,....0, 1), 7 = (B/M,él, ...0,_1)', and define the function
Estr = Estr (%) such that £547(7) = €s4-. In an open neighborhood N around =, there
exists 7 > 8 such that supy < |[sup, ey (Esir(7), VEL (1), 26)[lr < e (d) Exizy < oo

and is positive definite. (e) For some r > d > 2, Uy, is strong mixing with coefficients of

size —rd/(r—d), (f) limr oo T E(X 17 Usir) (17 Ugyr) = Q < 00 is positive definite.

Assumption 2" differs from Assumption 2 in two ways. First, in (b) it emphasizes the
point that the forecast errors, and by implication hy,, form an M A(T—1) process. Second,
in (c) it bounds the second moments not only of hyyr = (€547 +6016547—1+ ... + Or_16541)Ts
but also the functions gy, (v)zs, and Végy,(7)zs for all 4 in an open neighborhood of ~.
These assumptions are primarily used to show that the bootstrap-based artificial samples,
which are a function of the estimated errors &gy, adequately replicate the time series
properties of the original data in large samples. Specifically, we must insure that the

bootstrap analog of hsi, is not only zero mean but has the same long-run variance V.



Such an assumption is not needed for our earlier results since the model forecast errors
U 547, are linear functions of B ; and Assumption 2 already imposes moment conditions on
Uj s+ via moment conditions on hgyr.

In the following let MSE-F, ENC-F7, MSE-t7, and ENC-¢7 denote statistics generated
using the artificial samples from our bootstrap and let =%" and —¢  denote equality and
convergence in distribution with respect to the bootstrap-induced probability measure P*.
Similarly, let I'} i
satisfying I} ; =" I'; j for I'; ; defined in Theorems 3.1 and 3.2.

1 =1 — 3, denote random variables generated using the artificial samples

Theorem 3.3: Maintain Assumptions 1,2’, and 4. (a) maz (MSE-FY}) -4 max (27 ;-

]:17"'7M j:177M
d*
I5,)- (b) ; :nﬁqu(ENC-lﬂ*) - :ﬂﬁqu(F 1)

Theorem 3.4: Maintain Assumptions 1,2/,3, and 4. (a) maz (MSE-t*) =% maz (T} —
j=1,..M J j=1,..M J

B135)/T5./%). (b)  maa (ENC-£7) " maz (If;/T51%).

In Theorems 3.3 and 3.4 we show that our fixed-regressor bootstrap provides an asymp-
totically valid method of estimating the critical values associated with the null of equal
(population-level) forecast accuracy among many nested models. To understand this, note
that nowhere in either Theorem do we make an assumption about whether the null or al-
ternative hypothesis is true. Hence regardless of whether or not the null hypothesis holds,
the bootstrapped critical values are consistent for the appropriate percentiles of the asymp-
totic distributions in Theorems 3.1 and 3.2 associated with the specific statistic being used
for inference. This result follows directly from how we generate the artificial data using
our bootstrap. First, the null is imposed by modeling the conditional mean component
of Y14, as the restricted model 7,3, and hence none of the other predictors z; , exhibit
any predictive content. Second, we insure that all of the predictors are orthogonal to the
pseudo-residuals (and exhibit the appropriate degree of serial correlation and conditional
heteroskedasticity) by using a wild form of the bootstrap based on those residuals estimated
using all of the predictors and not just those in the restricted model.

As we will show in the next section, our fixed regressor bootstrap provides reasonably
sized tests in our Monte Carlo simulations, outperforming other bootstrap-based methods
for estimating the asymptotically valid critical values necessary to test the null of equal

predictive ability among many nested models.
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4 Monte Carlo evidence

We use simulations of multivariate DGPs with some of the features of common finance and
macroeconomic applications to evaluate the finite sample properties of the above approaches
to testing for equal forecast accuracy. In these simulations, the benchmark forecasting
model is a univariate model of the predictand y; the alternative models add combinations
of other variables of interest. The null hypothesis is that, in population, the forecasts are
all equally accurate. The alternative hypothesis is that at least one of the other forecasts is
more accurate than the benchmark. All of the forecasts are generated under the recursive
scheme.

We proceed by summarizing the test statistics and inference approaches considered,
detailing the data generating processes (DGPs), and presenting the size and power of the

tests, for a nominal size of 10% (results for 5% are qualitatively the same).

4.1 Tests and inference approaches

We evaluate the size and power properties of the MSE-F, MSE-t, ENC-F, and ENC-¢
test statistics given in section 2.2. More specifically, we compare these test statistics to
critical values obtained from the fixed regressor bootstrap detailed in section 2.3. Under
our asymptotics, the bootstrapped critical values are asymptotically valid.

For comparison to our suggested approach, we include in the analysis size and power
results for test statistics compared against alternative sources of critical values. Specifically,
we compare the MSE-F' and MSE-t tests to critical values obtained from a non-parametric
bootstrap patterned on White’s (2000) method: we create bootstrap samples of forecast
errors by sampling (with replacement) from the time series of sample forecast errors, and
construct test statistics for each sample draw. However, as noted above and in White (2000),
this procedure is not, in general, asymptotically valid when applied to nested models. While
not established in any existing literature, this non-parametric approach may be valid under
the alternative asymptotics of Giacomini and White (2006), which treat the estimation
sample size T as finite and the forecast sample size P as limiting to co. We include the
method in part for its computational simplicity and in part to examine the potential pitfalls
of using the approach.

In our non-parametric implementation, we follow White (2000) in using the stationary

bootstrap of Politis and Romano (1994) and centering the bootstrap distributions around
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the sample values of the test statistics (specifically, the numerators of the t-statistics). The
stationary bootstrap is parameterized to make the average block length equal to twice the
forecast horizon. As to centering of test statistics, under the non—parametric approach, the
relevant null hypothesis is that the MSE difference (benchmark MSE less alternative model
MSE) is at most 0. Following White (2000), each bootstrap draw of a given test statistic
is re-centered around the corresponding sample test statistic. Bootstrapped critical values
are computed as percentiles of the resulting distributions of re—centered test statistics.

We also include Hansen’s (2005) SPA test (the centered version, SPA.), which modifies
the reality check of White (2000) to improve power when the model set includes some that
forecast poorly. The SPA test is compared against the bootstrap approach of Hansen (2005),
based on the non-parametric sampling we use for the MSE-¢ test.

For the DGPs involving small numbers of models (DGPs 2 and 3), we also provide
results for the testing approach of Hubrich and West (2010). They suggest comparing an
adjusted test for equal MSE — which is the same as the ENC-t test — against critical
values obtained from Monte Carlo simulations of the distribution of the maximum of a set
of correlated normal random variables. The suggestion is based on the observation in Clark
and West (2007) that, while the ENC-t test applied to forecasts from nested models has
a non-standard asymptotic distribution under large T', P asymptotics, critical values from
that distribution are often quite similar to standard normal critical values. Hubrich and
West emphasize that their approach has the advantage of requiring Monte Carlo simulations

of a normal distribution that may be simpler than bootstrap simulations.

4.2 Monte Carlo design

For all DGPs, we generate data using independent draws of innovations from the normal
distribution and the autoregressive structure of the DGP. The initial observations necessi-
tated by the lag structure of each DGP are generated with draws from the unconditional
normal distribution implied by the DGP. We consider forecast horizons (7) of one and four
steps. With quarterly data in mind, we also consider a range of sample sizes (T, P), reflect-
ing those commonly available in practice: 40,80; 40,120; 80,40; 80,80; 80,120; 120,40; and
120,80. In all cases, our reported results are based on 2000 Monte Carlo draws and 499

bootstrap replications.

®For consistency with the rest of our analysis, for multi-step forecasts we compute the HAC variance
that enters the SPA test statistic with the Newey and West (1987) estimator. In re-running a subset of our
experiments with the HAC estimator used by Hansen (2005), we obtained essentially the same results.
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4.2.1 DGP 1

DGP 1 is based loosely on the empirical properties of the change in core U.S. inflation (y;,
where 7 denotes the forecast horizon) and various economic indicators, some persistent and
some not. With this DGP, we examine the properties of tests applied to a large number of
forecasts — 128 — based on combinations of predictors.

In DGP 1, the true model for y;, includes y; and up to one other predictor, x1:

Yerr = —03yr +br1s + Upyr
Uprr = Eqpr if7=1, Wgr =647+ +0.9561 4,1 +09¢147 2+ 084,z if 7 =14
Tig = Vi%it—1 +0ig v, =08-01(4i—-1), i=1,...,7 (5)

E(atvi,t) =0V i, E(v@tvj,t) =0V 7&]
var(eiyr) = 2.0, var(viy) = (1 — ’y%),

where the coefficient b varies across experiments, as indicated below. Note that, for a
forecast horizon of 4 steps, the error term u;y, in the equation for y;;. follows an MA(3)
process.

In DGP 1 experiments, forecasts are generated from models that include all possible
combinations of x1+ and six other (i = 2,...,7) z; variables. The null forecasting model
is

Yt+r = Bo + Byt + vo,t4r- (6)

We consider a total of 127 alternative models, each of which includes a constant, y;, and a

different combination of the x;;, 7 = 1,...,7, variables:
~/ ~ .
Yirr = Bo + Byt + Bij,j,t + Uy, J=1,...,127, (7)
where Zy; ;, contains a unique combination of the z;;, ¢ =1,...,7, variables.

To evaluate the size properties of tests of equal (population-level) forecast accuracy, the
coefficient b is set to 0, such that the benchmark model is the true one and, in population,
forecasts from all of the models are equally accurate. To evaluate power, we set b = 0.4 in
experiments at the 1-step ahead horizon and b = 0.8 in experiments at the 4-step ahead
horizon.” In these power experiments, in population the best forecast model is the one that
includes y; and z1,; other models that include these and other variables will be just as

accurate, in population.

"We obtained qualitatively similar results in power experiments in which the DGP for y,;, included
multiple  variables (specifically, x1,¢, T2,t, and x3,).
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4.2.2 DGP 2

DGP 2 is based on the empirical properties of the quarterly stock return (corresponding
to our predictand y;y,) and predictor (z;;) data of Goyal and Welch (2008). With this
DGP, we examine the properties of tests applied to a modest number of forecasts — 17 —
obtained by adding a different single indicator to each alternative model.

In DGP 2, the true model for y;y, includes a constant and up to one other predictor,

5617152
Yi+rr = 1.0+ bl’Lt + Uptr
Uppr =  Epgr if 7 =1, Uppr = Et4r +0.95e11 71 +0.96¢47—2 + 0.8514 73 ifr=4
var(epyr) = 2.0 (8)
Tip = ViTig—1t Vg, t=1,...,16,

where the coefficient b varies across experiments, as indicated below, and the coefficients ~;,
i=1,...,16, and the variance-covariance matrix of the error terms are set on the basis of
estimates obtained from the Goyal-Welch data. The AR(1) coefficients on the x variables
range from 0.99 to -0.13, with most above 0.95. At the 1-step horizon, the correlations
between wu; and v;; range from 0.04 to -0.8 (across 7). Again, for a forecast horizon of 4
steps, the error term us4, in the equation for y;4, follows an MA(3) process.

In DGP 2 experiments, forecasts are generated from a total of 17 models, similar in form

to those used in such studies as Goyal and Welch (2008). The null forecasting model is

Yerr = Po + ot (9)

The 16 alternative models each include a single z; ;:
Yt+1r = /BO + Bixi,t + Ug t415 1= 17 sy 16. (10)

To evaluate the size properties of tests of equal (population-level) forecast accuracy, the
coefficient b is set to 0, such that the benchmark model is the true one and, in population,
forecasts from all of the models are equally accurate. To evaluate power, we set b = 0.8 in
experiments at the 1-step ahead horizon and b = 2.0 in experiments at the 4-step ahead
horizon. In these power experiments, in population the best forecast model is the one that

includes y; and 1.
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4.2.3 DGP 3

Finally, we also report size and power results for DGP 3, which is the same as DGP 2
except that all of the covariances among the error terms u; and v;; are set to 0. Our
rationale is that, as highlighted in Stambaugh (1999), the combination of (1) a significant
correlation between u; and v;; and (2) high persistence in x;; can lead to significant bias in
the regression estimate of the coefficient on x; ;. The presence of such a bias may adversely
affect the properties of the forecast tests. By setting to 0 the covariances between wu; and

each v; ; in DGP 3, we eliminate such potential distortions.

4.3 Size results

The results in Tables 1 and 2 indicate that tests of equal MSE and forecast encompassing
based on our proposed fixed regressor bootstrap have good size properties in a range of
settings. For example, with DGPs 1 and 3, the empirical size of the MSE-t test based on
our bootstrap critical values averages 10.8 percent (range of 9.1 to 12.3 percent) at the 1-step
horizon and averages 11.3 percent (range of 9.6 to 13.4 percent) at the 4-step horizon. In
the same experiments, the empirical size of the ENC-¢ test compared against fixed regressor
bootstrap critical values averages 9.8 percent (range of 8.9 to 10.7 percent) at the 1-step
horizon and averages 10.4 percent (range of 8.9 to 12.3 percent) at the 4-step horizon. In
most, although not all, cases, the tests of forecast encompassing have slightly lower size
than tests of equal MSE. In broad terms, the F- and t-type tests have comparable size.

With DGP 2, the tests compared against critical values from our proposed bootstrap are
prone to modest over-sizing. For example, in these experiments, the size of the MSE-¢ test
averages 15.0 percent (range of 14.0 to 16.7 percent) at the 1-step horizon and averages 17.0
percent (range of 14.7 to 18.8 percent) at the 4-step horizon. In these DGP 2 experiments,
the rejection rate for the ENC-t test averages 13.1 percent (range of 11.6 to 14.0 percent)
at the 1-step horizon and averages 15.5 percent (range of 13.7 to 16.8 percent, at the 4-step
horizon. As these examples indicate, with DGP 2, the over-sizing is a little greater at the
4-step horizon than the 1-step horizon.

Tests of forecast encompassing (or equality of adjusted MSEs) based on the approach
of Hubrich and West (2010) have reasonable size properties at the 1-step horizon, but not
the 4-step horizon. With DGP 3 and 1-step ahead forecasts, the size of the ENC-t test

compared against critical values obtained by simulating the maximum of normal random
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variables ranges from 5.4 to 9.8 percent. For most T, P settings with DGP 3, the Hubrich-
West approximation yields a slightly to modestly undersized test, consistent with simulation
results in Hubrich and West (2010). But with DGP 2 and 1-step ahead forecasts, the ENC-
t test compared against Hubrich-West critical values can be slightly undersized or slightly
oversized, with a rejection rate ranging from 8.1 to 12.1 percent. At the 4-step horizon, the
Hubrich-West approach yields too high a rejection rate, especially for small P. For example,
with DGP 3, the rejection rate ranges from 16.7 to 35.6 percent. The clear tendency of size
to improve as P increases suggests the over-sizing is due to small-sample imprecision of the
autocorrelation-consistent estimated variance of the normal random variables.®

The results in Tables 1 and 2 also indicate that tests of equal MSE based on critical values
obtained from a non-parametric bootstrap are generally unreliable for the null of equal
accuracy at the population level. Rejection rates based on the non-parametric bootstrap are
systematically too low. In particular, across all three DGPs and the two forecast horizons,
the size of the MSE-t test peaks at 1.2 percent. At the 1-step horizon, the size of the MSE-
F test is modestly better, peaking at 4.2 percent. At the 4-step horizon, the MSE-F test
based on the non-parametric bootstrap is generally undersized for DGPs 1 and 3 but ranges
from modestly undersized to slightly oversized for DGP 2. Consistent with the results in
Hansen (2005), the SPA test is slightly more accurately sized than the MSE-t based on the
non-parametric bootstrap. The biggest improvement occurs at the smallest forecast sample
size, of P = 40. For example, with DGP 2 and 1-step forecasts, the rejection rate of the SPA
test is 8.5 percent, compared to 1.2 percent for the non-parametric version of the MSE-¢
test. At the 4-step horizon, the spike in the rejection rate at P = 40 is large enough to make
the SPA test over-sized: for instance, with DGP 2, the rejection rates of the SPA and MSE-¢
tests are 34.8 and 0.4 percent, respectively. This spike that occurs with a small sample and
a multi-step horizon suggests the problem rests in the autocorrelation-consistent variance

that enters the test statistic.

4.4 Power results

Broadly, the Monte Carlo results on finite-sample power reflect the size results. For testing
the null of equal forecast accuracy at the population level, power is much better for tests
based on our proposed fixed regressor bootstrap than the non-parametric bootstrap. For a

t-test of forecast encompassing, power based on the Hubrich-West approach to inference is

®In some additional experiments, incorporating pre-whitening in the HAC estimator did not improve size.
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similar to, although generally a bit lower, than power based on the fixed regressor bootstrap.

More specifically, based on critical values from the fixed regressor bootstrap, the powers
of the MSE-F, MSE-t, ENC-F', and ENC-t tests are generally consistent with the patterns
Clark and McCracken (2001, 2005) summarize for pairwise forecast comparisons. The
empirical powers of these tests can be ranked as follows: ENC-F > MSE-F, ENC-t >
MSE-t. MSE-F is often more powerful than ENC-¢, but the ranking of these two tests
varies with 7 and the T, P setting. For example, with 1-step ahead forecasts, DGP 1, and
T, P = 80,80, the powers of the MSE-F', MSE-t, ENC-F', and ENC-t tests are, respectively,
67.0, 43.3, 76.2, and 62.1 percent, respectively. As might be expected, power increases with
the size of the forecast sample. For instance, with 1-step ahead forecasts, DGP 1, and T =
80, the rejection rate of the MSE-F test rises from 48.5 percent at P = 40 to 78.9 percent
at P = 120.

At the 1-step horizon, using the Hubrich and West (2010) approach to simulating critical
values for the ENC-t test yields modestly lower power than does the fixed regressor boot-
strap. For example, in the DGP 3 results, the power of the ENC-t test based on the fixed
regressor bootstrap ranges from 32.2 to 64.9 percent; power based on Hubrich-West critical
values ranges from 30.5 to 58.9 percent. However, at the 4-step horizon, the Hubrich-West
approach yields higher rejection rates than the fixed regressor bootstrap method (for ENC-
t), due to the size distortions of the Hubrich-West approach at the multi-step horizon. For
instance, with DGP 3 and 7 = 4, the power of the ENC-¢ test based on the fixed regressor
bootstrap ranges from 16.6 to 36.7 percent; power based on Hubrich-West critical values
ranges from 35.2 to 48.1 percent.

Rejection rates based on the non-parametric bootstrap are much lower. For the MSE-¢
test, in most cases power is trivial, in the sense that it is below the nominal size of the
test (10 percent). For example, under DGP 1, the rejection rate of the MSE-¢ test ranges
from 0.2 to 6.0 percent (across forecast horizons and sample sizes). Power is quite a bit
higher for the MSE-F' and SPA tests than the MSE-¢ test, but still well below the power of
the tests based on the fixed regressor bootstrap. For example, with 1-step ahead forecasts,
DGP 1, and T, P = 80,80, the powers of the MSE-F' and SPA tests based on the non-
parametric bootstrap are 21.4 and 12.9 percent, respectively, compared to the 6.0 percent
power of the MSE-t test based on the non-parametric bootstrap. Using critical values from

the fixed regressor bootstrap raises the powers of the MSE-F and MSE-¢ tests to 67.0 and

17



43.3 percent, respectively. While power based on the non-parametric bootstrap tends to
be slightly to modestly higher with DGPs 2 and 3 than with DGP 1, the same patterns

prevail.

5 Applications

In this section we illustrate the use of the tests and inference approaches described above
with two applications. In the first, based on Chen, Rogoff, and Rossi (2010), we examine
the predictive content of exchange rates for commodity prices, at a monthly frequency. In
the second, patterned after studies such as Stock and Watson (2003), we apply our tests to
forecasts of quarterly U.S. GDP growth based on a range of potential leading indicators.

More specifically, in the commodity price application, we examine forecasts of monthly
growth in commodity prices from a total of 28 models. Commodity prices are measured with
the spot price for industrials published by the Commodities Research Bureau (CRB). The
null model includes a constant and one lag of growth in commodity prices. The alternative
models add various combinations of a commodity futures price (the CRB index for industrial
commodities) and exchange rates, all in growth rates and lagged one month (and with all
exchange rates relative to the U.S. dollar). Drawing on Chen, Rogoff, and Rossi (2010), we
use exchange rates for a few important commodity economies with relatively long histories
of floating exchange rates (Australia, Canada, and New Zealand), some other industrialized
economies (U.K. and Japan), one index of exchange rates for major U.S. trading partners,
and another index of exchange rates for other important U.S. trading partners. To ensure
some heterogeneity in predictive content, we have deliberately included some exchange rates
(e.g., for Japan and the U.K.) that, based on the conceptual framework of Chen, Rogoff,
and Rossi, should not be expected to have predictive content for commodity prices.

The full set of variables and models for the commodity price application is listed in
Table 5. Appendix 2 provides further descriptions of the data. Our model estimation
sample begins with January 1987, and we examine recursive 1-month ahead forecasts (that
is, our estimation sample expands as forecasting moves forward in time) for 1997 through
2008.

In the GDP application, we examine l-quarter and 4-quarter ahead forecasts of real

GDP growth from 14 models. The null model includes a constant and one lag of GDP
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growth, where GDP growth is measured as (400/7) In(GDP,,/GDP;):

Yirr = bo + brys + Upyr. (11)

Each of 13 alternative models adds in one lag of a (potential) leading indicator z;:

Yt4r = bo + b1yt + baxy + uty~, (12)

where the set of leading indicators includes the change in consumption’s share in GDP
(measured with nominal data), weekly hours worked in manufacturing, building permits,
purchasing manager indexes for supplier delivery times and orders, new claims for unem-
ployment insurance, growth in real stock prices (real price = S&P 500 index/core PCE price
index), the change in the 3-month Treasury bill rate, the change in the 1-year Treasury bond
yield, the change in the 10-year Treasury bond yield, the 3-month to 10-year yield spread,
the 1-year to 10-year yield spread, and the spread between Aaa and Baa corporate bond
yields (from Moody’s).

The full set of variables and models for the GDP growth application is listed in Table 6.
Appendix 2 provides further descriptions of the data. Our model estimation sample begins
with 1961:QQ2, and we examine recursive forecasts for 1985:Q1+7-1 through 2009:Q4.

Tables 5-7 provide the results of the applications. Tables 5 and 6 report RMSE ratios for
each alternative model forecast relative to the benchmark (a number less than 1 indicates
the alternative is more accurate than the benchmark) and p-values for tests of equal MSE
and forecast encompassing, applied on a pairwise basis for each alternative compared to
the benchmark. The models are listed in order of forecast accuracy (most to least accurate
relative to the benchmark model) as measured by RMSE. Table 7 provides p-values of the
reality check tests, along with a listing of the best model identified by each test. We use
9999 replications in computing the bootstrap p-values.

The pairwise forecast comparisons of Table 5 indicate that both exchange rates and the
commodity futures price have predictive content for spot commodity prices: nearly all of
the alternative models forecast commodity prices more accurately — although only slightly
s0, in terms of RMSEs — than the benchmark AR(1). The model with the lowest RMSE
includes the constant and commodity price lag of the benchmark model, the futures price,
and the Australian dollar exchange rate. Ranked by RMSE, the next few models include
various combinations of the futures price, Australian dollar exchange rate, major country

exchange rate index, and other important trading partners exchange rate index. According
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to the pairwise tests based on the fixed regressor bootstrap, more than one-half of the models
are significantly better than the benchmark at the 10 percent significance level. Consistent
with our Monte Carlo evidence, using a non-parametric bootstrap consistently yields higher
p-values and implies fewer models to have predictive content on a pairwise basis.

The reality check results provided in the top panel of Table 7 show that, taking the
search for a best model into account, most of the tests compared against our proposed
bootstrap critical values continue to reject the null of equal forecast accuracy. In particular,
the lowest MSE model remains significantly better than the benchmark: the reality check
version of the MSE-F' test has a fixed regressor bootstrap p-value of 1.6 percent; the reality
check version of the ENC-F test identifies the same model as best and rejects equal accuracy
with a p-value of 4.1 percent. The t-tests for equal MSE and encompassing identify other
models as best, with the reality check version of the MSE-t test indicating the model with
the futures price is significantly more accurate than the benchmark but the ENC-¢ test
failing to reject the null of equal accuracy. Again, consistent with the Monte Carlo results,
p-values are considerably higher with the non-parametric bootstrap than our fixed regressor
approach. Under the non-parametric approach to the reality check, neither MSE-t nor SPA
reject the null of equal accuracy.

The pairwise forecast comparisons of Table 6 show that, at the l-quarter horizon, a
handful of variables have significant predictive content for real GDP growth, while evidence
of predictive content is much weaker at the 4-quarter horizon. At the shorter horizon,
most of the tests based on a fixed regressor bootstrap indicate that five models — the ones
including (in addition to the constant and GDP growth lag of the benchmark), respectively,
the change in the consumption share, growth in building permits, growth in stock prices, the
Baa-Aaa interest rate spread, and the purchasing manager index of new orders — forecast
significantly better than the AR(1) benchmark (using a 10 percent significance level). As
expected, p-values based on the non-parametric bootstrap are considerably higher and yield
weaker evidence of predictive content, with both the MSE-F and MSE-t tests rejecting the
null for just the model including the change in the consumption share.

At the longer horizon, only three models have RMSEs lower than the benchmark, and
only one — the model including growth in building permits — is significantly better ac-
cording to the pairwise tests. However, the ENC-F and ENC-t tests indicate that, at

the population level, stock prices have significant predictive content for GDP growth, even
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though, in this sample, the model yields an RMSE equal to that of the benchmark model.
The ENC-F test yields the same result for the purchasing manager index of new orders.
The reality check test results provided in the second and third panels of Table 7 show
that some of the evidence of predictive content in leading indicators for GDP growth hold
up (using fixed regressor bootstrap p-values) once the search for a best model is taken into
account. As should be expected, the p-values are generally higher for reality check tests
than pairwise tests. But the significance in the pairwise case mostly holds up under the
reality check microscope. In particular, at the 1-quarter horizon, the MSE-F' test continues
to indicate that the consumption share significantly improves forecasts of GDP growth
— using fixed regressor critical values, but not non-parametric critical values. At the 4-
quarter horizon, the reality check p-values of the MSE-F and ENC-F tests are 0.1 and
0.3 percent, respectively, indicating building permits have significant predictive content for
GDP growth even once model search is taken into account. However, the reality check
p-values for MSE-t and ENC-t tests (which generally have lower power than their F-type
counterparts, according to our Monte Carlo results) are above the 10 percent threshold,

failing to reject the null.

6 Conclusion

This paper develops a new bootstrap method for simulating asymptotic critical values for
tests of equal forecast accuracy and encompassing among many nested models. The boot-
strap, which combines elements of fixed regressor and wild bootstrap methods, is simple
to use. We first derive the asymptotic distributions of tests of equal forecast accuracy and
encompassing applied to forecasts from multiple models that nest the benchmark model —
that is, reality check tests applied to nested models. These distributions are non-standard
and involve unknown nuisance parameters. We then prove the validity of the bootstrap for
simulating critical values from these distributions.

Using our new fixed regressor bootstrap, we then conduct a range of Monte Carlo sim-
ulations to examine the finite-sample properties of the tests. These experiments indicate
our proposed bootstrap has good size and power properties, especially in comparison to
the non-parametric methods of White (2000) and Hansen (2005) developed for use with
non-nested models. In the final part of our analysis, we illustrate the use of our tests with

applications to forecasts of commodity prices and GDP growth.
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7 Appendix 1: Proofs

The following additional notation will be used. For any matrix A, let |A| denote the max norm,
let sup, denote supp<i<pip_,, let €211 denote the upper k x k block-diagonal element of €2, and
define both Q;(t) = —J;B;(t)J; + B(t) and Q; = —J;B;J; + B. Define vi,, = (1,4 €s1r +
JUNTISTNEEE S ~+9771775+1€s+1)7 Tipr = (MasrBasr 017 1y 1 Bagr—1+ H0r 17y 1 Bar1), hEy
TSV, ﬁ;rr = sV, HY(T) = ET 1 i) and H*( )= (T~ ZT Th:+-r) More gener-
ally, we let * denote a statistical property, such as convergence in distribution —? , defined with
respect to the bootstrap-induced probability measure P*.

Proof of Theorems 3.1 and 3.2: In both cases, the proof follows almost directly from Theo-
rems 3.1-3.4 in Clark and McCracken (2005) adjusted for a few details. Specifically, for a fixed model
7, if we redefine ﬁj’SJrT as ilSJrq— the algebra follows identically from Clark and McCracken (2005)
and hence we obtain the asymptotic distributions for the pairwise comparisons. That we obtain the
appropriate joint distribution of all M of the pairwise test statistics follows from the rank condition
on  in Assumption 2 and the fact that under our assumptions, Corollary 29.19 of Davidson (1994)
suffices for T—1/2 Z hhl/QfLHT to converge weakly to a standard Brownian motion W(s). The
result then follows from an application of the Continuous Mapping Theorem to the max functional.

Lemma 1: Maintain Assumptions 1,2, and 4. (a) sup, |T*/%(B;(t)—B;)| = Op(1). Maintain As-

sumptions 1,2’ and 4. (b) T-Y2 17T 2 =% QUPW*(s). (¢) iy (T 2Ry, (T2 H: () —

Dt (d) sup, [TV2H* ()] = Ope (1). () sup, [TV2(H*(8) — H* ()] = op- (1), () 62 =" o2,

Proof of Lemma 1: (a) The proof is given in Lemma A1 of Clark and McCracken (2005).

(b) First note that relative to the bootstrap-induced probability measure P*, h},  is a het-
eroskedastic vector M A(T — 1) sequence with independent, zero mean, Normally distributed incre-
ments. As such it is a L,-bounded k-vector sequence with each element Lo—NED of size —1 on an
a-mixing process of size —r/(r — 2). Second, note that since the increments 7, are i.i.d. N(0,1), we
obtain E*(T~2 YT hy NI V2 3 ki) = (T2 3] hoyr (T2 320 hayr). Finally,
since Assumption 2 implies limp_, o (712 Z 1 o) (T —1/2 Zg 1 hsyr) =P Q11 < 0o, Corollary
29.19 of Davidson (1994) implies T7~1/2 Zt Thi . =* Qi{QW*(S) and the proof is complete.

(c) Given the proof of (b) (notably the delineation of the properties associated with hZ, ),
Theorem 30.14 of Davidson (1994) implies 372~ (T ’1/2i~L;-’:‘t+T)(T1/2FI;(t)) —4"T'1 ;. Note that
the typical drift term associated with a stochastic integral based on correlated increments is zero
because of the 7—lag between E;,t+r and HJ*( ) — that is, B* (h;‘ t+T|H;~‘(t)) =0 for all . A detailed

argument is given in Lemma A1l of Clark and McCracken (2005).
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(d) First note that since T < ¢t < T+ P — 7, sup, |T/2H*(t))| < sup, [T~/2 30" 1P |- The

da*

Continuous Mapping Theorem, Lemma 1 (b), and Assumption 4 then imply sup, |7~/2 307 Lhi | =

SUP1<s<1iAp |Qi{2W* (s)] = Op+(1) and the proof is complete.
R (e) For ease of presentation, we show the result assuming 7 = 2 and hence v7,, = 1, 9Es42 +
01 1€s41 and v}, 5 =1, 06542 + 01, 1€s11. Rearranging terms gives us

t

= -7 t—r1
T1/2(H* (t) - H" (t)) = T_1/2 Zs:l(v:+2 - Us+2)xs = T_1/2 Zszl(ns+2(‘€s+2 - Es-|-2)
+9775+1(gs+1 —&sq1) + (0 — 9)775+1(gs+1 —&sy1) + (0 — 9)775+153+1)xs

If we take a first order Taylor expansion of both €549 and €41, then for some 7549 and 7541 in the
closed cube with opposing vertices ¥ and v we obtain

~ t—T1
TVRH () = H (1) = T2 (042VEs2(Fusa) =) + 00,1 Vet (Fupr) G =)
+(0 = 0)1541 VEst1 (Tos1)F = 7) + (0 = O 18611

and hence

sttlp |T1/2(ﬁ*(t) — H*(t))|

IA

(k + 1) sup |7 12 Mesae Va2 (Tor) T2 = 7))
+0](k +1) sup |7 12 M1 86V (Tos )T - 7))
+o - 0|(k + 1) sup T~ 12 M1 86V (T DI - )

+T?(0 - 0)|sup | 12 L Ms1%sEs 41 -

Assumptions 1 and 2’ suffice for both T/2(5 — ~) and T'/2(6 — 6) to be 0,(1). In addition
since, for large enough samples, Assumption 2’ bounds the second moments of VEy 2(7,,,) and
VES“(WS_H) as well as z, the fact that the 7, are.i.d. N(0,1) then implies T~ 31 1, 02 VEsia(T,40),
-1 ZS L Nsp125VEsi1(Voyq), and T4 ZSTZ_IT Ne41TsEs+1 are all 04.¢+(1). This in turn, (along
with Assumption (4)) implies that sup;|.| of each of the partial sums is o0,-(1) and the proof is

complete.
(f) Straightforward algebra shows that
T+P—T T+P—T1

Er?* = p! Zt - Aj2t+7'_{P 1Zt " Aﬁr
—ert Yy h;’;T o(t) = Q(0)B ™ O JoBor — 2P S i By(0) B (1)

+BO 7Jo[P Z (Qo( ) —Qj (t))xtxé(Q()(t) — Q) (t))Bil(t)]J(SBQT
T+P 'r ~

~2B.pJo[P Z (t(Qo(t) — Q; () zsy J; B;(t) J; H™ (1))

+P~ IZ - Bj(t) Jjaea, J;B; (1) T H* (t)}.

We first show that P~ 777052 —P" o2 If we take a first order Taylor expansion of

072, then for some 7, in the closed cube with opposing vertices 4 and v we obtain 07, =

23



Vit + 207 (V) (007, (WHT)/@W)('? — 7). That P~! ET+P Tvi2_ —P" o2 follows from the fact
that E*(P~1 0 T 02,) = PTUS T 0 =7 02 and limp o VA(PTUETTT0i2,) = 0.
Since Assumptions 1 and 2’ suffice for both P~1 ETJrP "0 (Ve ) (O0f L (Feyr) /07) = Op=(1)
and 4 — v = o0,(1), the proof is complete.

We now must show that each element of the second bracketed right-hand side term is o,+(1).
For brevity we only show the result for the first and third terms. For the first bracketed term
note that since the 7,’s are 7.7.d. zero mean increments, conditional on the observables IAL;";T (Qo(t) —
Q;(t))B~1(t)Jo is a heteroskedastic M A(T — 1) process with finite variance and hence P~* ZT+P i
iLﬁH(QO(t) — Qj(t))B7(t)Jy = o0p(1). Since 50,T = O,(1) the result is complete. For the
third bracketed term, algebra along the lines of that in Clark and McCracken (2005) implies that
P=UY T o BTHE)(Qo(H) = Q; (1)) (Qo(£)— Qs (1)) B (1) Jg = JoB~HQo—Q,] B Jg. Since
BO’T = 0,(1) and JoB~'[Qo — Q;]B~1J} = 0 the proof is complete.

Proof of Theorem 3.3: Given Lemma 1(f), throughout we will ignore the denominator term
65* in both the MSE-F;* and ENC-F}" statistics. In parts (a) and (b) below we focus on the as-
ymptotic distributions for a fixed pairwise comparison between models 0 and j. That we obtain the
appropriate joint distribution of all M of the pairwise test statistics follows from the rank condition
on ) in Assumption 2, Lemma 1(b), and the fact that for each j, each of the statistics have as-
ymptotic representations as functionals of the same standard Brownian motion W*(s). The result

then follows from an application of the Continuous Mapping Theorem to the max functional.
(a) Straightforward algebra implies that for each j,

T (g — R = S T 2R (Qo(t) — Q(6) H (1)
H’*( )( JOBO( )J{)xtngOBo( )JO j—J B ( )J’mtgctJ B ( )J’)H*(
2 TR Qo) — Qi) (H* (1) — H* (1)) + (hiy, — hiy,)
—H"™(t)(~JoBo(t >Joztx;JoBo<t>{a + J; By (t) Ty J; By (1) J)) (H*
(R e — his) (Qo(t) — Qj (1)) (H* () — H* (1)) )

—(0.5)(H*(t) — H*(t))’(—JOBO(t)J()xtx;JOBO(t)J{) + Jij(t)ijxtx;Jij(t)J]’.)(H*(t) — H*(t))}
(13)

)}
(Qo(t) — Q; (1) H*(t)
t) -

(t) — H* (1))

Note that there are 2 bracketed {.} terms in (13). We will show that the first of these has as its limit
217 ; =15 ; where I'} = =4"T;, for I';, i = 1,2, defined in the text. We then show that the remaining

bracketed term is o,«(1).
Proof of bracket 1: Consider the first part of the bracket. Rearranging terms gives us

,TET? 2 Q) <>>H*<t> =2 T R (Qy— Qi) H(t)
+ 8 hE Qo) = Q5(1) ~ (Qu=Q)IH (1)
— 202 ST (7- 1/2h;*t+7><T” A (1) +

T T e (TV(Qu(t) — Q1) — (Qu—Q)}(T2H (1),

where iL;HT and I:I;‘ (t) are the bootstrap equivalents of hj, . and H,(t) defined in section 3.1.
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That o? ZT+P (T _1/2ﬁ9’:t+f)(T1/2fI;(t)) — 0T’} ; follows from Lemma 1 (c). To show that
the remainder term is 0,- (1) note that Lemmas 1 (a) and (d) imply sup, |[T"/2H*(t)| = O,- (1) and
sup, [T2((Qo(t) — Q;(t)) — (Qo — @)))| = Op(1). Since E*(hiy |H*(t), Bo(t), Bj(t)) = 0 for all
t and limr—o Var® (77 200 A ATY2((Qo(t) = Q1) — (Qo — @))HT'2H*(¢))) = 0 the

proof is complete.
Now consider the second part of the bracket. Rearranging terms gives us

T H (8) (= JoBo(t) Jhaew, JoBo(8) T + J; B (t) Jiww) J; By (t)J)) H* (¢)

=Y T H™()(Qo—Q) H*(t)

+ZT+P " H™(t){(=JoBo(t) Jyzex; JoBo(t) Jg + J; B (t) Jjweay J; Bj () J}) — (Qg—Qy) FH*(¢)
o2 S T () HA ()

+ZT+P " H™(t){(—JoBo(t) Jyzex; JoBo(t) Jg + J; B () Jjweay J; Bj(t)J}) — (Qg—Qy) FH*(¢).

That o? ZtT;TP_T f{J’* (t)ﬁj* (t) =4 0®T'; ; follows from the Continuous Mapping Theorem and
Lemma 1 (b). To show that the remaining term is o,- (1) note that by adding and subtracting terms
we obtain

i T H™ (O (=JoBo(t) Jgmi, JoBo(t)Jg + J; B (8) Ty J; By (£)J5) — (Qo—Qy) L H* (t)

t=T
=Yl mmoy—t.2 ottt H O (= Jotm 1 J5bn.t oo 1Ty + JiCm 1 Tibn 1 TjCorT}) = (Qo—Q;) Y H*(8),

where a1, = By, a2 = Bo(t) — By, b1t = B™Y, bay = 242, — B™Y, 1+ = By, and 2 = B;(t) — B;.
If the indices m,n, o0 are all 1 then the remainder term is numerically zero and hence it suffices to
show that for all other permutations of the indices that the elements of the remainder term are
0p+(1). The proofs of each are very similar and hence we show the result for the case when the

indices are all equal to 2. To do so note that

T+P—71
| Z H/* JoagytJébZtJOaQ’tJ(l) -+ JjCQ7tJ‘§b27tJjCQVtJ‘§)H* (t)|
T+P—71
< owir (sup\T“?H*a)\)?(maxsup\Tl/?(&(t) TS it - B7Y)
t ? t

Lemma 1 (d) implies sup, |[T'/2H*(t)| is O+ (1) while Lemma 1 (a) implies max; sup, |T/2(B; (t)—
B;)| is O,(1). Since Assumption 2’ is sufficient for 7= Y7477 |22, — B~1| to be O,(1) the result

follows from the fact that T~ is o(1).
Proof of bracket 2: We must show that each of the five components of the second bracketed term

n (13) are op+(1). The proofs of each are similar and as such we only show the result for the fourth
component. If we take the absolute value of this term we find that

ST — ) (@Qolt) — Q) (1) — H (1) A
< RA(TY2 TP by — i) (sup [Qlt) — QD)) (sup, TV2|H(2) — H* (1)),

Lemma 1(e) implies sup, TV/2|H*(t)—H*(t)| = 0,-(1) while Assumption 2’ suffices for sup, |Qo(t)—

Q;(1)| = Op(1).
The result will follow if 7-1/2 trr — hiy, | = Op«(1). For simplicity we assume, as in

T+P T
b
the proof of Lemma 1(e), that 7 = 2 and hence the forecast errors form an MA(1) process. If we
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then take a Taylor expansion in precisely the same fashion as in the proof of Lemma 1(e) we have

_ T+P—1 . N _ T+P—T . - .
T2 Zt:T hiyr —hiy,l < (K+1T IZ_ |77t+2$tv<5t+2(%+2)|\T1/2(7—’Y)|

T+P—T1 . _ .
+0|(k +1)T Z |77t+133tV5t+1(7t+1)|‘Tl/Z(’Y -7

. T+P—T1 e - ~
+6 - 6|k + )T Z |77t+1$tV€t+1(’Yt+1)||T1/2(’Y =l
T+P T
+|T1/2(9 9 |T 1 Z |nt+1mt€t+1|'

Assumptions 1 and 2’ suffice for both T%/2(5 — ~) and T/2(6 — ) to be O,(1). Since, for large
enough samples, Assumption 2’ bounds the second moments of V&, 42(7;,5), VEi+1(T;,1), and x4,
that 7, , is distributed 4.i.d. N(0, 1) implies 7~ ZT+P TMegomt Vet (Fego)|, T71 ZTHD TN Vet Fega)|,

and 71 ZT+P "N 1@ are all Oy (1), and the proof is complete.
(b) Straightforward algebra implies that for each 7,

T (U — W) = e AR (Qo(t) — Qs(1) H* (1)}

— ZT+P T {H/*( )( JoBo(t)Jél‘tJiéJoBo(t)Jo + JOBO(t)Jéxtx;Jij (t)JJ/)H* (t)}
30 AR (Qo(t) — Q(8) (H* (1) — H*(1))
+(hiy = hinn) (Qolt) — Q; (1) H* (1)

—H"(£)(—JoBo(t) Joweay Jo Bo(£)Jg + Jo Bo(t) Jwew; J; By (4).J7) (H* (t) — H* (1))
( (t

—H™(£)(—Jo By t)JOa:ta:tJoBo )JO+JB( Tt Jo Bo(t)Jy) (H* (£) — H*(1))

)
+(ib}k+f ht+7)l< o(t) = Q; (1)) (H*(t) — H*(t)) )
—(H*(t) = H*(t)) (= JoBo(t) Jyze}Jo Bo(t) Jg + JoBo(t) JomayJ; B (t).J}) (H*(t) — H*(t))}-( )
1

Note that there are 3 bracketed {.} terms in (14). We will show that the first of these has as its
limit I'] ; where T'] ; =4" Ty, for Ty ; defined in the text. We then show that the remaining two
bracketed terms are o, (1).

Proof of bracket 1: This term is identical to the first component of the first bracketed term in

the proof of Theorem 3.3 (a) (multiplied by 1/2) and hence the result is immediate.

Proof of bracket 2: We must show that this term is o,+(1). Note however, that this term is
nearly identical to that in equation (13) from the proof of Theorem 3.3 (a) and hence nearly identical
arguments show that

t”TP T H"™ (t)(—JoBo(t) Jywsx} Jo Bo(t)Jy + JoBo(t) Jyweaw) J; B (t) J1) H* (¢)
= ?+TP T H/*( )(-JoBoJ(l)BilJOB(]J(’) + JoBoJ(I)BilJJBjJJ/)H* (t) + op+ (1)

The result then follows since —.JoBoJ{ B~ JoBoJ}, + JoBoJéB’ljijJj’. =0.

Proof of bracket 3: We must show that each of the six components of the third bracketed term

n (14) are op-(1). However, these terms are nearly identical to those in the second bracketed term
from the proof of Theorem 3.3 (a) and hence the proofs are omitted for brevity.
Proof of Theorem 3.4: In parts (a) and (b) below we focus on the asymptotic distributions for a

fixed pairwise comparison between models 0 and j. That we obtain the appropriate joint distribution
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of all M of the pairwise test statistics follows from the rank condition on €2 in Assumption 2’, Lemma
1(b), and the fact that for each j, each of the statistics have asymptotic representations as functionals
of the same standard Brownian motion W*(s). The result then follows from an application of the
Continuous Mapping Theorem to the max functional.

(a) Given Theorem 3.3 (a) and the Continuous Mapping Theorem it suffices to show that, for
each j, PY__ ;K (I/M)y5,,(1) =% 40'T;; where T%; =7 T3 for I's; defined in the text.
Before doing so it is convenient to redefine the two bracketed terms terms from (13) used in the

main decomposition of the loss differential in Theorem 3.3(a) (absent the summations, but keeping
the brackets) as

(ﬁ‘62t+7' - ’EL;,QtJrT) = {QAT,t - A;,t} + 2{Bit + B;,t + B;,t + BZ,t + Bg,t}‘
With this in mind, if we ignore the finite sample difference between P and P — 7 + 1, we obtain
l e ! T+P—T (~x o . *
PZl:JK(Z/M)’Ydd]( ) = Zl ’K(Z/M) Zt:T—i—l ( 02t+7' - 72t+7—)(u02t I+7 uj,2t—l+-r)
l TH+P—1 4% *
:4{Zl=_iK(l/M) t=T+1 A A 1,t— l}

HAS_ KM other cross products of A} ,, A% ,, B; B3B3, B4 . B2,

. * * * * * * *
with Al,tfh A2,t7l7 Bl,tfl7B2,tfl’B3,tflvB4,tfl7B5,t7l}'

(15)

In the remainder we show that the bracketed term converges to o times I's; =4" Ty ; and that each

of the cross product terms are each o,+(1).
Proof of bracket 1: Straightforward algebra implies that

r T Ax* *
Zl:—jK(l/M) tT+TP+l A Alt 1=

ot Y K(1/M) zf*ﬁf <T1/2H;'<t>>E Byt (TY2HE (- 1))

ot S K(/M) S 2T (0(Qo(8)=Q5 (1) — (Qu—Qu)E™hi-hil - (Qy—Q) H" (t — 1)
+H()((Qo(t)— QJ( ) = (Qo=Qi)) (Wi hi™ 1y = By hi’y )(Qy=Q) H* (¢ — 1)

+H™ (£)((Qo(t)—Q;(2)) — (Qo—Qj*))(h?+rhi* ter = BT b ) (Qo(t = 1)=Q5(t — 1)) — (Qo—Qy))H* (t — 1)
+H ()(Q)— Qa)(h?+fhi* e — B TR h Q= Q) H (8 — 1)

+H()(Qy=Qy) (hiyhi™ yyr = E"hy, 1y’ l+r)((QO(t*l)*Qj(t*l))*(Qo*Qj))H*(t*l)

+HH (£)(Q—Qi) E™hiy byl (Qo(t — 1)— Q*g(t*l) (Qy—Q;))H"(t —1)

HH()((Qo(t = )=Q;(t = 1)) = (Qu=Qy))E hiy b’y ((Qo(t = 1)=Q;(t = 1)) = (Qy—Q;)) H" (¢t = 1)},

where H*(t) is the bootstrap equivalent of H(t) defined in section 3.1. Since [ is finite, the Contin-
uous Mapping Theorem and Lemma 1(b) imply

T+P—1 F7/% * 7 % 7 * 7% * *
42 K (/M) Zt:TH (TY2H (O)E* R gy 1y (TV2H (8= 1) = 0T .

We must now show that each element of the second bracketed right-hand side term in (15)
is 0p+(1). The proof of each is similar and as such we provide the result for the first and fourth

elements.
For the first, after taking the absolute value we obtain

|Z K(/M)Y fj H(1)((Qo(t) = Q; (1) = (Qy —Q; NE™ hyyr iy (Qy —Q)H" (t—1)]
< 2T—1/2 Ik (sng”Q H* (1))*(1Q, —Q; (sup T2 1(Qy (1) — Q; (1) — (Qy —Q; ))x

1 T+P—1
(max (777>, ., |E" hiyr hilisr D).
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Lemmas 1(a) and (d) imply both sup, T/2|H*(t)| = O, (1) and sup, T"/2|(Qo(t) —Q; (t)) — (Qo —

Q)| = O,(1). Since for each |I| < I, Assumption 2’ is sufficient for 7! E?;TPJ:ZT |E*hi byl | to

be O,(1) the result follows from the fact that T-1/2 = o(1).
For the fourth term note that after rearranging terms we obtain

S KA ST Q- Q) (i K — BB b (@ Q) (1)
+

_ 7 1/22;_2 W) 32 TR 1)(Qy- @) TR (1)(Qy - @))%

(Tﬁl/QveC(h’L—T :E*—H-T _E*hr-i-‘r :/—l-‘rT))'

Recall that by Lemma 1 (b), T'/2H*(t) =* Q}{2W*(S) Moreover, note that conditional on the

observables, h,  h;*

Ve —E*hi by, forms aheteroskedastic L?-bounded M A(7—1) process with

increments that are uncorrelated with H*(¢) and H*(t — [). Hence conditional on the observables

and for each |I| < I, Theorem 30.14 of Davidson (1994) suffices for ZZ#:;(TI/QH*/U —D)(Qo —

Q;) ® TV2H (£)(Qo — Q) (T~ 2vec(hi, h* ;. — E*hi hi' ;) = Ope(1). The result follows

since T~'/2 = 0(1) and K(z) < 1 for all z.

Proof of bracket 2: We must show each of the remaining cross-products of A7, 43 ,, and B},
with AT, ;, A5, ;, and B}, , (alli=1,...,5) in (15) are o, (1). The proofs of each are similar and
as such we only show the result for that associated with the cross-product of A7, and B}, ,. If we
take the absolute value of this term we find that

| e K /M) ST R Qo) = Qi) H () (R _y s — hi_yy,)'

(Qogt—n qufm(H*(H) H*(t 1)) )

<RSI T i — B 1R ) (supy [Qo(t) — Q4 (1)) (sup, TV H*(t) — H*(1)]) %
(sup, TV/2|H*(1)]).

Lemma 1(e) implies sup, T*/2|H*(t) — H*(t)| = 0,-(1) while Lemmas 1(a) and (d) imply both

sup, [Qo(t) — Q;(t)| = Oy(1) and (sup, T"/*|H*(t)]) = Oy (1).

The result will follow if 7-/2 /4777 [hz,  — ki, ||hf, .| = Op-(1). For simplicity we assume,
as in the proof of Lemma 1(e), that 7 = 2 and hence the forecast errors form an M A(1) process.
If we then take a Taylor expansion in precisely the same fashion as in the proof of Lemma 1(e) we
have

T+P—1 .
- 12 Z =T ‘h‘t+7 ht+'r||ht+‘r

T+P—T1 . - « .
(k+1)T Z |77t+2$tV5t+2(’Yt+2)‘|ht+f||T1/2('Y =)l
_ T+P-7 ~ _ " ~
+Ho|(k +1)T Z _ |77t+1$tV5t+1(7t+1)‘|ht+7||T1/2(’Y =)
T+P—T1 . . " 5
HO =01k + DT mga @ Vs Ty 1R 1T (5 =)

HTH2(O - )T Zt:T M1 71| [his .|

IN
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Assumptions 1 and 2’ suffice for both T'/2(3 — ) and Tl/z(g — 0) to be Op(1). Since, for
large enough samples, Assumption 2’ bounds the second moments of V&, 2(7;,2), VEry1(Fip1)s
and x, that 7, . is distributed i.i.d. N(0, 1) implies that 7"~ 1 ZT+P TNome VErro (Vepa)||hipals

T+P— T+P— *
T e Ve T el and T30 00 esamecea || are all Oy (1), and
the proof is complete.
(b) Given Theorem 3.3 (b) and the Continuous Mapping Theorem it suffices to show that, for

each 7, le K(l/M)ye.;(1) — @ 4I‘* ; where I'; ; =4" T3 ; for T'3 ; defined in the text. Before
doing so it is convement to redefine the three bracketed terms terms from (14) used in the main
decomposition of the product of the forecast error from the baseline model with the difference in
the baseline and model j forecast errors in Theorem 3.3 (b) (absent the summations, but keeping
the brackets) as

as,t+r<ﬁ3,t+r - ﬁ;,tJrT) = {Aik,t} + {B:} + {Cik,t + C;,t + C;,t + sz,t + C;,t + Cék,t}
With this in mind, if we ignore the finite sample difference between P and P — 7 + 1, we obtain
7 A
P Zl,:*i K(Z/M)ch ](l)
l TH+P—7 ~x ~ ok A~k ok ok
= Ez;_i K(/M),~ =17+ Yo t+‘r(u0 t+r uj,t+'r)u(],t7l+7—(u(),tflJrT - Uj,tfur)

= (T K/M) ST AL AT, ) (16)

l T+P—1 - .
+> - K(/M) > —r { other cross products of A7 ,, Bf,CY,,C5 ,,C3 ,,Cx 1,C5 1,C5 4
: * * * * * * * *
with Al,t—l’Bt—l7cl,t—l’CQ,t—l7C3,t—l704,t—l705,t—l’06,t—l}'

In the remainder we show that the bracketed term converges to o times I3, =4" T3 ; and that each

of the cross product terms are each o,-(1).

Proof of bracket 1: This term is identical to that in the proof of Theorem 3.4 (a) and hence the

result is immediate.

Proof of bracket 2: We must show each of the remaining cross-products of A7, By, and C},
with A7, ;, By ;, and C}, ; (alli =1,...,6) in (16) are 0, (1). Nearly all of these cross products
are identical to those from the proof of Theorem 3.4 (a). The only ones that are distinct are those
that contain B} (or B} ;). As such we will only show the result for the cross product of B; with
Aitfl. If we take the absolute value of this term we find that

| KM ST R (Qolt— 1) — Qg — D) H(t — 1)x
o'+ (t)(—JQBQ(t)JO{L'tZCtJoBo( )JO + JoBo(t)Jéxt.’I)‘%Jij (t)JJI)H* (t)|

<(T *1/;)21_[k4(8up T2 H*(t)])3(sup, |Qo(t) — Q;(t)]) X
( U T | = JoBo(t) Jywea, JoBo(t) J + JoBo(t) Jhwea; J; B () J))).

Since Assumption 2’ suffices for

T+P—1
Ty gl = JoBo(t) Jowry JoBo(t) Jg + JoBo(t) Jyzew; ;B () Jj] = Op- (1)

and Lemmas 1(a) and (d) imply both sup, [Qo(t) — Q;(t)| = O,(1) and sup, T/2|H*(t)| = O,-(1)

the result follows from the fact that T-'/2 = o(1).
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8 Appendix 2: Data

All data were obtained from the FAME database of the Federal Reserve Board of Governors.

The tables below describe each series, in some cases using the acronym PCE to denote

personal consumption expenditures. As indicated in the text, the data from the commodity

price application are monthly, with the commodity price series constructed as averages of

weekly data (from Tuesday of each week) and the exchange rates obtained as monthly

averages of daily data. In the case of the GDP application, the series on GDP, nominal

PCE, nominal GDP, and the PCE price index ex food and energy are source quarterly

data; for all other series, the quarterly data were constructed as within-quarter averages of

source monthly data. The transformations to changes or growth rates were applied to the

quarterly levels.

Data for commodity price application

variable description

CRB spot CRB index of spot prices, raw industrials

CRB futures | CRB index of futures prices, raw industrials

XR-AUS spot exchange rate, Australia (U.S. §)

XR-CAN spot exchange rate, Canada (U.S. §)

XR-JAP spot exchange rate, Japan (U.S. §)

XR-NZ spot exchange rate, New Zealand (U.S. §)

XR-UK spot exchange rate, U.K. (U.S. §)

XR major major currencies dollar index

XR other other important trading partners dollar index

Data for GDP application

variable description
GDP GDP, chain dollar
C/Y nominal PCE/nominal GDP
Hours average weekly hours of production workers in manufacturing
Unemp. claims initial claims for unemployment insurance
Permits new privately-owned housing units authorized, single-family
PMI orders Purchasing Managers Index (manuf.) of supplier deliveries
PMI deliveries Purchasing Managers Index (manuf.) of new orders
S&P 500 S&P index of 500 common stocks/PCE price index ex food and energy
3-month Treasury | 3-month Treasury bill rate (secondary market)
1-year Treasury Yield on U.S. Treasury securities, 1-year constant maturity
10-year Treasury | Yield on U.S. Treasury securities, 10-year constant maturity
AAA Moody’s yield on Aaa corporate bonds
BAA Moody’s yield on Baa corporate bonds
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Table 1: Monte Carlo Results on Size, 1-Step Horizon
(nominal size = 10%)

DGP 1
source of T=40 | T=40 | T=80 | T=80 | T=80 | T=120 | T=120
statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F' | fixed regressor | 0.125 | 0.121 | 0.105 | 0.120 | 0.115 0.118 0.113
MSE-t fixed regressor 0.108 0.110 0.113 | 0.111 0.104 0.123 0.112
ENC-F' | fixed regressor | 0.118 | 0.105 | 0.093 | 0.115 | 0.104 0.104 0.104
ENC-t | fixed regressor | 0.099 | 0.104 | 0.097 | 0.100 | 0.093 0.104 0.104
MSE-F' | non-parametric | 0.002 0.000 0.012 | 0.004 | 0.005 0.023 0.009
MSE-t | non-parametric | 0.001 | 0.000 | 0.004 | 0.005 | 0.002 0.009 0.005
SPA non-parametric | 0.005 0.000 0.025 | 0.009 0.005 0.044 0.013
DGP 2
source of T=40 | T=40 | T=80 | T=80 | T=80 | T'=120 | T=120
statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F | fixed regressor 0.161 0.145 0.125 | 0.159 0.148 0.120 0.126
MSE-t | fixed regressor | 0.148 | 0.142 | 0.167 | 0.146 | 0.140 0.159 0.147
ENC-F | fixed regressor | 0.138 | 0.147 | 0.102 | 0.125 | 0.132 0.100 0.109
ENC-t | fixed regressor | 0.134 | 0.126 | 0.140 | 0.138 | 0.128 0.137 0.116
MSE-F' | non-parametric | 0.009 | 0.007 | 0.022 | 0.023 | 0.014 0.042 0.028
MSE-t non-parametric | 0.001 0.002 0.004 | 0.004 | 0.004 0.012 0.005
SPA non-parametric | 0.011 0.005 0.058 | 0.024 | 0.014 0.085 0.033
ENC-t | Hubrich-West 0.096 | 0.081 | 0.121 | 0.093 | 0.084 0.116 0.085
DGP 3
source of T=40 | T=40 | T=80 | T=80 | T=80 | T=120 | T=120
statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F' | fixed regressor | 0.100 | 0.113 | 0.102 | 0.114 | 0.101 0.096 0.094
MSE-t | fixed regressor | 0.096 | 0.102 | 0.123 | 0.097 | 0.091 0.121 0.103
ENC-F | fixed regressor | 0.095 | 0.101 | 0.079 | 0.099 | 0.112 0.089 0.081
ENC-t | fixed regressor | 0.090 | 0.096 | 0.100 | 0.097 | 0.089 0.107 0.095
MSE-F | non-parametric | 0.011 0.008 0.021 | 0.011 0.009 0.035 0.017
MSE-t | non-parametric | 0.000 | 0.000 | 0.004 | 0.002 | 0.002 0.005 0.002
SPA non-parametric | 0.003 | 0.001 0.044 | 0.009 | 0.008 0.048 0.016
ENC-t | Hubrich-West 0.066 | 0.067 | 0.092 | 0.072 | 0.054 0.098 0.072
Notes:

1. The data generating processes are defined in equations (5) and (8). In all of these experiments, the coefficient b in the

DGPs is set to 0, such that, in population, all of the models are equally accurate.

2. For each artificial data set, forecasts of y;4 . (where 7 denotes the forecast horizon) are formed recursively using estimates
of the forecasting equations described in section 4.2. These forecasts are then used to form the indicated test statistics, given

in section 2.2. T and P refer to the number of in—sample observations and 1-step ahead forecasts, respectively.

3. In each Monte Carlo replication, the simulated test statistics are compared against bootstrapped critical values, using a

significance level of 10%. Sections 2.3 and 4.1 describe the bootstrap procedures.
4. The number of Monte Carlo simulations is 2000; the number of bootstrap draws is 499.
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Table 2: Monte Carlo Results on Size, 4-Step Horizon
(nominal size = 10%)

DGP 1
source of T=40 | T=40 | T=80 | T=80 | T=80 | T=120 | T=120
statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F' | fixed regressor | 0.135 | 0.115 | 0.119 | 0.135 | 0.119 0.116 0.104
MSE-t fixed regressor 0.115 0.113 0.133 | 0.120 0.114 0.134 0.096
ENC-F' | fixed regressor | 0.127 | 0.124 | 0.119 | 0.120 | 0.108 0.117 0.107
ENC-t | fixed regressor | 0.115 | 0.111 | 0.123 | 0.109 | 0.103 0.118 0.094
MSE-F' | non-parametric | 0.012 0.002 0.061 | 0.019 0.009 0.072 0.025
MSE-t | non-parametric | 0.002 | 0.001 | 0.007 | 0.001 | 0.001 0.014 0.003
SPA non-parametric | 0.027 | 0.009 0.190 | 0.056 0.019 0.221 0.054
DGP 2
source of T=40 | T=40 | T=80 | T=80 | T=80 | T'=120 | T=120
statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F | fixed regressor 0.208 0.199 0.201 | 0.181 0.178 0.144 0.166
MSE-t | fixed regressor | 0.188 | 0.175 | 0.167 | 0.163 | 0.176 0.147 0.171
ENC-F | fixed regressor | 0.162 | 0.145 | 0.157 | 0.144 | 0.146 0.115 0.136
ENC-t | fixed regressor | 0.164 | 0.163 | 0.150 | 0.143 | 0.168 0.137 0.158
MSE-F' | non-parametric | 0.054 | 0.030 | 0.130 | 0.066 | 0.050 0.127 0.074
MSE-t non-parametric | 0.000 0.001 0.005 | 0.002 0.001 0.004 0.004
SPA non-parametric | 0.110 0.052 0.334 | 0.137 | 0.081 0.348 0.177
ENC-t | Hubrich-West 0.290 | 0.227 | 0.423 | 0.261 | 0.230 0.413 0.276
DGP 3
source of T=40 | T=40 | T=80 | T=80 | T=80 | T=120 | T=120
statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F' | fixed regressor | 0.115 | 0.114 | 0.120 | 0.125 | 0.104 0.103 0.110
MSE-t | fixed regressor | 0.096 | 0.116 | 0.118 | 0.100 | 0.109 0.114 0.107
ENC-F | fixed regressor | 0.106 | 0.109 | 0.114 | 0.114 | 0.107 0.086 0.103
ENC-t | fixed regressor | 0.093 | 0.101 | 0.104 | 0.089 | 0.099 0.105 0.098
MSE-F' | non-parametric | 0.030 | 0.018 | 0.088 | 0.048 | 0.026 0.098 0.059
MSE-t | non-parametric | 0.000 | 0.000 | 0.004 | 0.001 | 0.001 0.002 0.001
SPA non-parametric | 0.044 | 0.019 | 0.258 | 0.077 | 0.039 0.288 0.113
ENC-t | Hubrich-West 0.207 | 0.167 | 0.335 | 0.193 | 0.169 0.356 0.220

Notes:

1. See the notes to Table 1.
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Table 3: Monte Carlo Results on Power, 1-Step Horizon
(nominal size = 10%)

DGP 1
source of T=40 | T=40 | T=80 | T=80 | T=80 | T=120 | T=120
statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F | fixed regressor | 0.613 | 0.748 | 0.485 | 0.670 | 0.789 0.531 0.714
MSE-t | fixed regressor | 0.438 | 0.606 | 0.292 | 0.433 | 0.573 0.279 0.421
ENC-F | fixed regressor | 0.643 | 0.768 | 0.547 | 0.762 | 0.860 0.634 0.829
ENC-t | fixed regressor | 0.579 | 0.738 | 0.367 | 0.621 | 0.798 0.383 0.645
MSE-F' | non-parametric | 0.056 0.102 0.097 | 0.141 0.214 0.141 0.215
MSE-t | non-parametric | 0.011 | 0.030 | 0.026 | 0.037 | 0.060 0.038 0.059

SPA non-parametric | 0.061 | 0.095 | 0.119 | 0.099 | 0.129 0.138 0.139
DGP 2
source of T=40 | T=40 | T=80 | T=80 | T=80 | T'=120 | T=120

statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 P=80
MSE-F' | fixed regressor | 0.706 | 0.821 | 0.567 | 0.763 | 0.871 0.642 0.822
MSE-t fixed regressor 0.510 0.668 0.388 | 0.554 0.679 0.370 0.567
ENC-F | fixed regressor 0.758 0.883 0.617 | 0.844 0.938 0.722 0.902
ENC-t | fixed regressor | 0.672 | 0.824 | 0.452 | 0.701 0.863 0.460 0.735
MSE-F | non-parametric | 0.108 0.191 0.110 | 0.194 0.286 0.152 0.247
MSE-t non-parametric | 0.040 0.065 0.043 | 0.083 0.145 0.070 0.136
SPA non-parametric | 0.104 | 0.142 0.188 | 0.201 0.235 0.232 0.273
ENC-t Hubrich-West 0.598 0.770 0.429 | 0.645 0.804 0.440 0.670
DGP 3
source of T=40 | T=40 | T=80 | T=80 | T=80 | T=120 | T=120
statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F | fixed regressor 0.445 0.594 0.381 | 0.554 0.678 0.439 0.616
MSE-t | fixed regressor | 0.336 | 0.469 | 0.285 | 0.394 | 0.515 0.284 0.414
ENC-F | fixed regressor | 0.455 | 0.595 | 0.412 | 0.578 | 0.717 0.481 0.654
ENC-t | fixed regressor | 0.404 | 0.569 | 0.322 | 0.502 | 0.649 0.357 0.554
MSE-F' | non-parametric | 0.088 0.170 0.105 | 0.194 | 0.290 0.158 0.248
MSE-t non-parametric | 0.017 0.036 0.026 | 0.060 0.087 0.049 0.098
SPA non-parametric | 0.045 | 0.075 | 0.125 | 0.120 | 0.150 0.174 0.189
ENC-t Hubrich-West 0.353 0.520 0.305 | 0.451 0.589 0.337 0.508
Notes:

1. The data generating processes are defined in equations (5) and (8). In all of these experiments, the coefficient b in the
DGPs is set to the non-zero values given in section 4.2, such that, in population, the most accurate model is one of the

alternatives.
2. See the notes to Table 1.
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Table 4: Monte Carlo Results on Power, 4-Step Horizon
(nominal size = 10%)
DGP 1
source of T=40 | T=40 | T=80 | T=80 | T=80 | T=120 | T=120
statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F' | fixed regressor | 0.404 | 0.452 | 0.333 | 0.436 | 0.526 0.379 0.476
MSE-t | fixed regressor | 0.256 | 0.301 0.193 | 0.239 | 0.313 0.201 0.251
ENC-F' | fixed regressor 0.450 0.499 0.360 | 0.495 0.604 0.408 0.552
ENC-¢ fixed regressor 0.281 0.373 0.202 | 0.280 0.401 0.203 0.312
MSE-F' | non-parametric | 0.066 0.059 0.127 | 0.104 | 0.121 0.166 0.163
MSE-t non-parametric | 0.004 | 0.002 0.017 | 0.011 0.015 0.022 0.013

SPA non-parametric | 0.092 0.064 0.264 | 0.131 0.120 0.314 0.182
DGP 2
source of T=40 | T=40 | T=80 | T=80 | T=80 | T'=120 | T=120

statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F' | fixed regressor | 0.607 | 0.707 | 0.529 | 0.627 | 0.747 0.515 0.661
MSE-t | fixed regressor | 0.430 | 0.520 | 0.276 | 0.384 | 0.494 0.255 0.377
ENC-F | fixed regressor | 0.584 | 0.708 | 0.505 | 0.637 | 0.779 0.535 0.712
ENC-t | fixed regressor | 0.438 | 0.595 | 0.266 | 0.433 | 0.618 0.264 0.456
MSE-F' | non-parametric | 0.180 | 0.184 | 0.220 | 0.212 | 0.236 0.239 0.231
MSE-t non-parametric | 0.005 0.004 0.015 | 0.015 0.018 0.017 0.025
SPA non-parametric | 0.290 | 0.228 | 0.508 | 0.331 | 0.300 0.506 0.377
ENC-t | Hubrich-West 0.627 | 0.699 | 0.637 | 0.635 | 0.718 0.626 0.652
DGP 3
source of T=40 | T=40 | T=80 | T=80 | T=80 | T=120 | T=120
statistic | critical values P=80 | P=120 | P=40 | P=80 | P=120 | P=40 | P=80
MSE-F' | fixed regressor | 0.328 | 0.412 | 0.298 | 0.397 | 0.490 0.305 0.436
MSE-t | fixed regressor | 0.206 | 0.287 | 0.173 | 0.227 | 0.301 0.176 0.263
ENC-F | fixed regressor | 0.320 | 0.406 | 0.294 | 0.383 | 0.513 0.311 0.462
ENC-t | fixed regressor | 0.200 | 0.309 | 0.166 | 0.241 | 0.367 0.185 0.302
MSE-F | non-parametric | 0.081 0.100 0.172 | 0.138 0.177 0.195 0.191
MSE-t | non-parametric | 0.001 | 0.001 | 0.005 | 0.003 | 0.006 0.008 0.007
SPA non-parametric | 0.116 | 0.088 | 0.350 | 0.170 | 0.147 0.384 0.244
ENC-t | Hubrich-West 0.352 | 0.415 | 0.481 | 0.391 | 0.465 0.479 0.446

Notes:

1. The data generating processes are defined in equations (5) and (8). In all of these experiments, the coefficient b in the
DGPs is set to the non-zero values given in section 4.2, such that, in population, the most accurate model is one of the
alternatives.

2. See the notes to Table 1.
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Table 5: Pairwise Tests of Equal Accuracy for Monthly Commodity Prices
(1-Month Forecast Horizon)

Bootstrap p—values
alternative model RMSE(alt.)/ | MSE-F | MSE-t | ENC-F | ENC-t | MSE-F' | MSE-t
variables RMSE(null) | fix. reg. | fix. reg. | fix. reg. | fix. reg. | non-par. | non-par.
CRB futures, XR-AUS 0.970 0.004 0.010 0.007 0.022 0.048 0.075
XR-AUS, XR-major, XR-~other 0.974 0.004 0.010 0.009 0.026 0.046 0.068
XR-AUS, XR-other 0.975 0.005 0.014 0.009 0.025 0.050 0.072
CRB futures, XR-other 0.976 0.003 0.005 0.012 0.026 0.022 0.046
XR-AUS 0.977 0.008 0.016 0.010 0.018 0.046 0.070
CRB futures, XR-CAN 0.980 0.011 0.013 0.021 0.033 0.069 0.093
CRB futures 0.981 0.009 0.006 0.019 0.022 0.018 0.048
CRB futures, XR-JAP 0.981 0.010 0.017 0.027 0.054 0.055 0.084
CRB futures, XR-NZ 0.982 0.010 0.012 0.025 0.036 0.056 0.099
CRB futures, XR-major 0.983 0.012 0.008 0.030 0.033 0.028 0.061
XR-NZ, XR-AUS, XR-CAN 0.983 0.024 0.036 0.035 0.057 0.127 0.142
CRB futures, XR-UK 0.984 0.016 0.020 0.031 0.049 0.059 0.098
CRB futures, all 7 XR’s 0.989 0.037 0.040 0.064 0.089 0.254 0.262
XR-CAN, XR-other 0.991 0.043 0.049 0.068 0.074 0.158 0.166
XR-~CAN, XR-major, XR-other 0.992 0.049 0.055 0.085 0.094 0.186 0.184
XR-~NZ, XR-other 0.993 0.042 0.032 0.081 0.061 0.125 0.173
XR-JAP, XR-major, XR-other 0.993 0.072 0.087 0.130 0.177 0.238 0.240
XR-other 0.993 0.032 0.015 0.071 0.034 0.039 0.063
XR-JAP, XR-other 0.994 0.071 0.068 0.126 0.126 0.159 0.172
XR-CAN 0.995 0.084 0.102 0.095 0.096 0.222 0.229
XR-~NZ, XR-major, XR-other 0.995 0.064 0.053 0.116 0.087 0.217 0.249
XR-UK, XR-other 0.997 0.114 0.118 0.166 0.161 0.272 0.283
XR-NZ 0.998 0.107 0.102 0.131 0.108 0.317 0.330
XR-major 1.001 0.410 0.691 0.534 0.768 0.866 0.912
XR-JAP 1.002 0.353 0.331 0.400 0.389 0.614 0.616
XR-UK 1.003 0.801 0.483 0.704 0.473 0.721 0.755
XR-UK, XR-major, XR-other 1.009 0.682 0.439 0.544 0.478 0.744 0.783

Notes:

1. As described in section 5, monthly forecasts of the growth rate of commodity prices in period t + 1 are generated from a
null model that includes a constant and growth in prices in period t and alternative models that include the baseline model
variables and the period t values of the growth rates of the futures price and various exchange rates. The table lists the
additional variables included in each alternative model. Forecasts from January 1997 to December 2008 are obtained from
models estimated with a data sample starting in January 1987.
2. This table provides pairwise tests of equal forecast accuracy. For each alternative model, the table reports the ratio of
the alternative model’s RMSE to the null model’s forecast RMSE and bootstrapped p-values for the null hypothesis of equal
accuracy, for the test statistics indicated in the columns. Sections 2.3 and 4.1 describe the bootstrap procedures. The RMSE
of the null model is 2.408 (the predictand is defined as 100 times the log change in the price level).
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Table 6: Pairwise Tests of Equal Accuracy for GDP

Bootstrap p—values
alternative model RMSE(alt.)/ | MSE-F | MSE-t | ENC-F | ENC-t | MSE-F | MSE-t
variables RMSE(null) | fix. reg. | fix. reg. | fix. reg. | fix. reg. | non-par. | non-par.
1-quarter horizon
A(C]Y) 0.921 0.000 0.011 0.000 0.003 0.079 0.047
A ln Permits 0.930 0.000 0.026 0.000 0.002 0.106 0.090
Aln S&P 500 0.941 0.000 0.044 0.000 0.004 0.173 0.146
Spread, Baa — Aaa 0.982 0.017 0.079 0.023 0.079 0.185 0.163
PMI orders 0.987 0.041 0.169 0.000 0.002 0.437 0.435
Unemp. claims 0.997 0.126 0.139 0.164 0.153 0.268 0.298
A 3-month Treasury 0.997 0.140 0.084 0.246 0.132 0.167 0.177
A 1l-year Treasury 1.002 0.455 0.772 0.614 0.858 0.934 0.929
Hours 1.002 0.331 0.602 0.523 0.729 0.846 0.896
PMI deliveries 1.004 0.796 0.809 0.824 0.799 0.891 0.907
A 10-year Treasury 1.008 0.645 0.614 0.738 0.639 0.884 0.898
Spread, 10y — 3m 1.108 0.998 0.991 0.913 0.568 0.999 1.000
Spread, 10y — 1y 1.206 1.000 1.000 0.973 0.686 1.000 1.000
4-quarter horizon
Aln Permits 0.843 0.000 0.043 0.000 0.015 0.010 0.092
Hours 0.992 0.147 0.167 0.135 0.163 0.432 0.444
A(CY) 0.998 0.216 0.195 0.239 0.165 0.293 0.304
Aln S&P 500 1.000 0.283 0.277 0.000 0.011 0.597 0.596
Unemp. claims 1.001 0.371 0.367 0.341 0.337 0.593 0.590
PMI orders 1.004 0.317 0.255 0.026 0.104 0.559 0.557
Spread, Baa — Aaa 1.005 0.398 0.780 0.498 0.831 0.866 0.935
PMI deliveries 1.010 0.790 0.420 0.116 0.294 0.655 0.657
A 3-month Treasury 1.027 0.951 0.737 0.946 0.683 0.997 0.927
A 1-year Treasury 1.030 0.960 0.813 0.937 0.672 0.992 0.965
A 10-year Treasury 1.055 0.967 0.944 0.867 0.641 0.964 0.993
Spread, 10y — 3m 1.233 0.998 0.986 0.296 0.346 0.993 0.998
Spread, 10y — ly 1.387 1.000 0.996 0.752 0.607 1.000 1.000
Notes:

1. As described in section 5, quarterly forecasts of GDP growth in period t+ 7 are generated from a null model that includes
a constant and GDP growth in period ¢ and alternative models that include the baseline model variables and the period t
value of one additional predictor, listed in the table. Forecasts from 1985:Q147-1 through 2009:Q4 are obtained from models
estimated with a data sample starting in 1961:Q2.

2. This table provides pairwise tests of equal forecast accuracy. For each alternative model, the table reports the ratio
of the alternative model’s RMSE to the null model’s forecast RMSE and bootstrapped p-values for the null hypothesis of
equal accuracy, for the test statistics indicated in the columns. Sections 2.3 and 4.1 describe the bootstrap procedures. The
RMSE of the null model is 2.275 at the 1-quarter horizon and 1.832 at the 4-quarter horizon (the predictand is defined as
(400/7) In(GDPy4 - /GDPy)).
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Table 7: Reality Check (Best Model) Tests of Equal Accuracy

\ MSE-F \ MSE-t \ ENC-F \ ENC-t

1-month ahead commodity price forecasts
variables in best model | CRB futures, CRB CRB futures, | XR-AUS, XR-major,

XR-AUS futures XR-AUS XR-other
fix. reg. p-value 0.016 0.060 0.041 0.178
non-par. p-value 0.080 0.274 NA NA
SPA p-value NA 0.245 NA NA
Hubrich-West p-value NA NA NA 0.238
1-quarter ahead GDP forecasts
variables in best model A(C)Y) A(C/Y) Aln S&P 500 Aln Permits
fix. reg. p-value 0.000 0.137 0.000 0.047
non-par. p-value 0.242 0.427 NA NA
SPA p-value NA 0.321 NA NA
Hubrich-West p-value NA NA NA 0.040
4-quarter ahead GDP forecasts

variables in best model | Aln Permits | Aln Permits | Aln Permits Aln S&P 500
fix. reg. p-value 0.001 0.377 0.003 0.298
non-par. p-value 0.011 0.846 NA NA
SPA p-value NA 0.523 NA NA
Hubrich-West p-value NA NA NA 0.224

Notes:

1. See the notes to Tables 5 and 6. The variables in the best models (the model that maximizes each test statistic) are given

in the top rows of each panel.

2. The table reports p-values for various tests of the null that, in population, all of alternative models are as accurate as the

null model (for each application).
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