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Abstract

This paper characterizes equilibrium asset prices under adaptive, rational and Bayesian learning
schemes in a model where dividends evolve on a binomial lattice. The properties of equilibrium stock
and bond prices under learning are shown to differ significantly compared with prices under full infor-
mation rational expectations. Learning causes the discount factor and risk-neutral probability measure
to become path-dependent and introduces serial correlation and volatility clustering in stock returns.
We also derive conditions under which the expected value and volatility of stock prices will be higher
under learning than under full information. Finally, we derive restrictions on prior beliefs under which
Bayesian and rational learning lead to identical prices and show how the results can be generalized to
more complex settings where dividends follow either multi-state i.i.d. distributions or multi-state Markov

chains.

1. Introduction

Recent studies have recognized the importance of explicitly incorporating learning effects in equilibrium
asset pricing models.! Learning introduces a link between state variables and agents’ beliefs which the
standard assumption of full information rational expectations ignores. This link creates rich dynamics
in the mapping from state variables to agents’ decisions and thus affects market outcomes such as prices
and returns. However, although many alternative learning schemes have appeared in the literature (e.g.,
adaptive boundedly rational, Bayesian or rational), little is known about their properties when applied to
equilibrium asset pricing problems. In fact, the majority of the literature on asset pricing under learning

has been developed in a partial equilibrium setting while general equilibrium effects have not received

*We thank two anonymous referees, Wake Epps, Mordecai Kurz, Albert Marcet, Maurizio Motolese, Karsten Nielsen
and seminar participants at the European meetings of the Econometric Society in Lausanne (August 2001), IGIER Milan,
Université de Montréal, Stanford University, and University of York.

fCorrespondence to: Allan Timmermann, Department of Economics, University of California, San Diego - 9500 Gilman
Drive, La Jolla, CA 92093-0508. Tel: (858) 534-4860; Fax: (858) 534-7040; e-mail: atimmerm@ucsd.edu

!Brennan and Xia (2001), Bullard and Duffy (2001), Timmermann (1993, 1996, 2001), and Veronesi (1999) are among the

contributions on the topic.



nearly as much attention.?

In this paper we show that equilibrium stock and bond prices strongly depend on the nature of the
underlying learning process. Our analysis proceeds in the context of one of the cornerstones of modern
finance, namely the binomial lattice model proposed by Cox, Ross and Rubinstein (1979). This model is
the discrete time equivalent of the geometric Brownian motion process underlying the Black-Scholes model
and has thus been used extensively in finance (see, e.g., Stapleton and Subrahmanyam (1984)). While in
the classical finance literature asset prices are assumed to follow a binomial lattice, we assume instead that
dividends follow a binomial lattice with unknown probability of an up move, 7. In equilibrium, asset prices
are determined endogenously as a function of the evolution in agents’ beliefs and in dividends.

Existing studies can usefully be separated according to whether they use boundedly rational (adaptive)
or fully rational learning schemes and whether agents use Bayesian or non-Bayesian approaches. Along these
lines we compare three learning models, namely Bayesian, rational and adaptive schemes. Bayesian agents
view 7 as a random variable and start with a set of prior beliefs on the probability distribution of 7 that are
updated through Bayes’ rule as new dividend information arrives. Under the two other learning schemes,
7 is viewed as non-random. The adaptive learning model ignores changes in future parameter estimates,
ek, viewed from the present (time t), conditioning instead on the current estimate, ;.3 In contrast, the
forward-looking, ‘rational’ learning scheme accounts for future updates in 7;, acknowledging that although
m is constant, the estimator, 7y1%, is a random variable that is correlated with future dividends. Under
rational learning, asset prices reflect not only the most recent estimate of the parameters, but also all
possible future values that the estimator may take. Current equilibrium prices thus reflect all possible
future probability distributions of the parameter estimates.*

Unfortunately, the need to consider all possible sequences of (path-dependent) predictive distributions
normally makes rational learning models difficult to handle. At best, multi-step predictive densities can be
approximated numerically. The binomial setup provides an ideal vehicle for addressing these concerns. It
generates closed-form expressions for the predictive distribution of future payoffs that allow us to provide
analytical results on the properties of asset prices under learning. Furthermore, the results are easy to
interpret. Agents update their parameter estimates each period noting which state occurred, and intuition
in terms of ‘good’ news (the up-state) and ‘bad’ news (the down-state) applies.

We find that the properties of equilibrium prices on learning paths differ strikingly from the full informa-

%For instance, Lakner (1995) investigates consumption and portfolio choice in a finite horizon model in which agents have
power utility. While asset prices are observable, their drift and the price shocks are not. As a special case, Lakner studies
the case where agents learn by recursive application of Bayes’ rule and derives the optimal portfolio policy using martingale

methods.
3Most of the early literature on asset pricing implication of learning adopted the adaptive, least-squares learning approach,

see e.g. Timmermann (1993), Barsky and De Long (1993), and Barucci (2000). Sargent (1993) contains a number of ap-
plications of boundedly rational learning schemes to finance. Evans and Honkapohja (1995), Kuan and White (1994), and
Marcet and Sargent (1989) proved convergence for parametric least-squares estimators while Chen and White (1998) considered

nonparametric estimators that approximate unknown equilibrium relationships with flexible functions.
4Uncertainty about the future mappings from state variables to decisions is thus explicitly incorporated in agents’ expected

utility maximization problem. Boundedly rational learning rules do not incorporate the effects of future learning on current

asset prices and give agents incentives to engage in trading to exploit future learning effects (Townsend (1978, pp. 485-486)).



tion rational expectations case. For instance, under learning, perceived dividends follow a non-stationary
distribution and the mapping from realized dividends to equilibrium stock prices also becomes time-varying,
even though the true (but unknown) dividend process follows a stationary, homogenous Markov chain. This
means that the risk-neutral probability distribution becomes path dependent. We also show that agents’
probability beliefs under rational learning form a mean-preserving spread relative to the adaptive learning
scheme that ignores the effect of future updating in beliefs. More specifically, the limiting distribution of
asset payoffs under rational learning is no longer log-normal but follows a beta-binomial distribution whose
parameters reflect agents’ current beliefs.

We establish precise links between equilibrium asset prices under the three learning schemes. We show
that asset prices under the rational and Bayesian learning schemes are identical provided the Bayesian
agents have beta priors. Under different priors, the Bayesian learning equilibrium may not be fully rational,
so rationality effectively imposes constraints on the structure of the priors which must reflect the underlying
model as they do in the beta-binomial case. Likewise, asset prices under adaptive learning arise as a special
case of Bayesian learning when agents have degenerate priors that put full weight on the current probability
estimate.

Some papers have considered the equilibrium effects of recursive filtering of hidden state variables.
Brennan and Xia (2001) and Veronesi (1999, 2004) develop continuous time models where the dividend
drift is unobservable and a filtered estimate is used by a representative agent. In Brennan and Xia’s model
there are two lognormally distributed state variables, dividends and non-capital income. Veronesi’s papers
focus on the dividends process but assume that the drift may switch between two values. Timmermann
(1993, 1996) studies the equilibrium effect of adaptive least squares learning on asset prices when agents are
risk neutral. Lewellen and Shanken (2002) propose a simple overlapping generations model for a risk-averse,
Bayesian agent who is learning about the unknown mean of dividends. These papers show that parameter
uncertainty can lead to predictability and excess volatility in equity returns. However, this literature has
not considered the same array of learning schemes that we entertain here so uncertainty remains as to the
characterization and ranking of the effects produced by different assumptions on how investors learn.

A related literature investigates the properties of Bayesian learning schemes under experimentation.
In the context of Bayesian learning, Wieland (2000a, 2000b) finds important differences between myopic
(adaptive) learning schemes—which minimize (maximize) a Bayesian loss (reward) function conditional on
the most recent estimate of the posterior density of some unknown parameters—and fully optimal (rational)
schemes where expectations are taken with respect to future beliefs that change over time. Consistent with
these papers, we find that rational learning schemes lead to very different equilibrium outcomes (asset
prices) relative to myopic-adaptive schemes. Moreover, we also find that Bayesian learning in itself is
neither necessary nor sufficient for full rationality of decisions on a learning path.’

Brandt, Zeng, and Zhang (2004) perform an exercise related to ours that — using numerical methods

applied to a version of the Lucas (1978) asset pricing model — compares the properties of equity risk premia

SWieland also makes it clear that while adaptive policies can easily be characterized in closed-form, rational ones normally re-
quire numerical methods. In this paper, we manage to characterize closed form solutions for asset prices by assuming—consistent

with a number of papers in finance—that dividends follow a binomial lattice.



under Bayesian learning and under various suboptimal learning rules (e.g. over- and under-confidence, c.f.
Abel (2002)). While Bayesian learning does affect risk premia, the suboptimal rules are associated with
stronger effects. While the objective of comparing the effects of alternative learning rules on equilibrium
stock prices is common to this and our paper, there are clearly many important differences. First, by
focusing on the binomial lattice we can derive many analytical results that do not require simulations or
approximations. Second, we study learning in the form of parameter estimation uncertainty while Brandt
et al. (2004) investigate a filtering problem for a Markov switching model. Finally, while Brandt et al.
(2004) compare Bayesian learning to rules from the behavioral finance literature, we limit ourselves to
learning schemes that are not commonly construed as the outcome of behavioral biases.

The outline of the paper is as follows. The binomial lattice model is introduced in Section 2. Section
3 derives equilibrium asset prices under full information rational expectations. Section 4 introduces the
three learning schemes. Section 5 characterizes equilibrium asset prices on the learning paths and provides
conditions for the existence of an equilibrium. Section 6 provides insights into the effect of rational learning
on the distribution of asset payoffs and uses simulations to quantify the effects of alternative learning
schemes on equilibrium asset returns. Section 7 shows that many of our results and insights can be
generalized to more general stochastic processes, although the basic intuition is better conveyed by the

binomial lattice case. Section 8 concludes and an appendix contains proofs of the main results.

2. The Binomial Lattice Model

Consider an economy with two assets: a single-period, risk-free, zero-coupon bond in zero net supply
trading at time ¢ at a price of B; and earning interest of f; = —In B;. After one period, the bond pays out
a single unit of the consumption good. There is also a stock in unit supply trading at a price, S;. The stock

pays out an infinite stream of dividends { Dy}~ , measured in units of the consumption good. Dividends

evolve on a binomial lattice with dividend growth rates g+ = Dl:@:f - - 1 driven by a Bernoulli process:
gy with prob. =
Jt+k = . e (07 1) (1)
g with prob. 1 — 7

We assume that g, > g; > —1 so dividends are always positive provided Dy > 0, D; € R++.6
Limiting our attention to an arbitrarily large, but finite, number of periods T, the information set

consists of a finite sample space (7 comprising all sequences of Os and 1s of the form

wr = {I{gl=gh}7 Ligy=gn}s o> I{g:r=gh}} .

Ity is a standard zero-one indicator function. Each wp € Qr captures a possible sequence of dividend
growth rates up to time 7. The information available to the representative agent at each point in time
includes only knowledge of present and past dividend levels. Hence, the economy’s information structure

Fr={F4t=0,1,....,T} is a filtration composed of an infinite, nested sequence of o—algebras, F 11 2 F

5%, is the set of non-negative real numbers; R, the set of positive real numbers.



vVt > 0, with F; representing the first ¢t movements of dividends. For given Dy this ensures that the process

{D,g}z;1 is adapted to Fr. Finally the probability measure is given by
Plwr) =7/(1—m)", 2)

where wr € Qr is any state with j high growth and 7" — 5 low growth occurrences.

2.1. The investor’s optimization problem

For a given dividend process, we follow Lucas (1978) and let asset prices be determined in equilibrium by
the representative investor’s first order conditions. There is a single representative agent who is a price
taker and has an infinite horizon. The consumption good, paid out in the form of dividends, is perishable.
Ownership of assets is determined by trading in competitive markets for exchange of the consumption
good, stocks and bonds. In equilibrium the representative consumer holds the existing (unit) supply of the
stock and consumes all of the dividends paid out by the stock (c.f. Lucas (1978, p. 1430)).

Consumer preferences over random consumption sequences are represented by the functional

o

> B u(Cop)F

k=0

E : (3)

where u(-): R — R is a continuously differentiable, strictly increasing, and strictly concave Von-Neumann

1
1+p2

rate of impatience, and E [-|F ] = E[-] denotes the conditional expectation operator. We assume that the

Morgenstern utility function, and C} is real consumption at time t. 5 = 1> p > 0 is the subjective
functional (3) is bounded (although u(-) may be unbounded) but later derive conditions under which this
holds. No assumptions are made on the mapping between the probability distribution used to calculate
E[-|F ] and the information set f ;. In particular, this mapping is allowed to change over time as a function
of past state variables.

Following common practice in the literature, much of our analysis assumes that the representative

investor has constant relative risk aversion preferences:

Gl AL y20
w(Cy) = 7 T (4)
In Gy vy=1

This function is continuously differentiable, strictly increasing, and strictly concave as assumed.

The agent’s holdings of stocks and bonds in period ¢, w; and wf, solve the following problem: Given a
pricing function mapping dividends into asset prices, the state of the economy, D;, and initial asset holdings
wy_, and wi’_l, the agent selects a sequence of consumption plans and (end-of-period) asset holdings,
{Ct+k, Wi s wf +I<:}ZO:0 , to maximize the discounted value of the infinite stream of expected future utilities

(3) subject to the sequence of constraints:

IN

Wi 1 (Stak + Digr) + w0l
Cirp > 0 VE>DO. (5)

b
Ciir + Wi Sevk + Wiy, B



Here {Siyk, Bitr}7, are asset prices consistent with the assumed pricing function. In equilibrium the
consumer holds exactly one unit of the stock and no zero-coupon bonds. Without loss of generality we
can thus introduce a bound @ > 1 on the asset holdings, |wj, | < @ and |Jw}, .| <@ (Vk > 0); so that (5)
defines a compact set. None of these bounds will be binding in equilibrium. Our goal is to characterize

asset prices in a particular class of equilibria (Prescott and Mehra (1980)):

Definition 1 (Stationary Recursive Competitive Equilibrium). A stationary competitive equilibrium
1s defined by:

(i) A stationary pricing function q: Ryy — R — q(Dy) = [Si(Dy) By(Dy)|'— from the current state of

the economy, Dy, to asset prices.
(ii) A continuous value function V: Ryy x R2 — R, V(Dy, wi_q,wl_,).

(iii) A consumption-portfolio choice policy w®: Ry 4 x N2 — %i mazimizing
w(Cr) + BE V(Do wf,uf) IF o

subject to the constraints (5). This maps the state variables relevant to the agent into optimizing
consumption and portfolio decisions, wC(Dy) = [Cy wi @?]). wC(Dy) takes the pricing function q(Dy)

as given.

(iv) C; = Dy, @ =1 and @} = 0, i.e. markets clear.

Given any continuous, strictly positive pricing function ¢: Ry — §R%r +, Prescott and Mehra (1980) show
the existence of a unique, bounded, measurable, and continuous function V(Dy,w; ;,w? ;) under our
continuity and boundedness assumptions on w(.) provided that the conditional c.d.f. of D, is continuous,
and the feasible set of consumption and investment choices is compact and continuous in the state variables.
This value function satisfies the Bellman optimality equation
V(D i wiy) = max {u(Ch) + BE [V(Dis,wi ul) o] }
Cr,wi,wp
Ci 4+ wiS; +wPBy < wi (S; 4+ Dy) +w?

C;>0 wi<w w<w (6)

V(.) generally depends on the assumed pricing function q. Moreover, when u(-) is concave and the budget
constraint convex, V(Dt,wf_l,wf_l) may also be shown to be strictly increasing and (weakly) concave.
Using continuity and concavity of the value function, existence of a recursive competitive equilibrium

follows from standard contraction mapping arguments.”

"It is easy to show that boundedness of the value function follows directly by imposing the condition p > wgs + (1 — 7)g:.



3. Asset Prices under Full Information

To derive the properties of the stationary pricing function g, we use property (iii) of the definition of a
competitive equilibrium. Under full information rational expectations, the investor’s optimization program

implies the first-order conditions

S ~b
u,(Ct)St — ,BE |:8V(Dt+17wt’wt) |Ft:|

owy
8V(Dt+17 wy, UA)?)
) |Fel -
Wy
>From V(Dyg, wi_y, wi_y) = u(wi_1 (S + Dy) + w)_y — Sy — 0} By)+ BE [V (Dyp1, 0, 0})|F¢] subject to

(6), the envelope condition implies

W (C)B, = BE [

OV (Dy,wi_y,wh_) = u/(Cy)(Sy + Dy)
Qwi_y W€ (Dy)
OV (Dy,wi |, wh .
( tawz—lth—l) = 4/ (Cy). ")
awt,1 wC(Dt)

Substituting (7) into the first order conditions, we obtain stock and bond prices

St = E[Qu1(St41+ Diy1) | F, (8)
By = E[Qu1|Fd. 9)

Qi1 = B/ (Cyy1)/u/(Cy) is the representative agent’s marginal rate of substitution between consumption
in period (¢t + 1) and period ¢. Every pricing function (8)-(9) reflects the representative agent’s preferences
through Q1. Under CRRA preferences Q;11 reduces to ﬁ":f,?&)l) =p (Céf)_v or, from the equilibrium
condition, Cyix = Dk, Qir1 = B(1+gr41) - (8)-(9) and Qi+1 = B(1+ ge41)” ) thus constitute the

stationary equilibrium pricing function in Definition 1. Lucas (1978, p. 1435) shows that these pricing

functions are unique (from uniqueness of the stationary recursive equilibrium).
In the full information case where the parameters of the dividend process {7, gn, g} are known to

agents, an explicit solution for asset prices is obtained using the method of undetermined coefficients:

T s
> (58 H(Dt+¢/Dt+i1)17>] Dy = ¥ (m) D (10)

s=1 =1

SET = lim E,
T—o0

The linear homogenous form of the equilibrium pricing function S¥7(f 4, 7) = W (7)D; is a direct implica-

tion of expected utility maximization.® W¥7 denotes the constant pricing kernel. The solution to (10) can

conveniently be stated in terms of the transformed parameters gf = (14+¢;)!™7—1 and g; = (1+g,)' 77— 1:

Proposition 1. Suppose that p > wg; 4+ (1 —m)g/ and that the transversality condition limp_, Et[(ngl
Qi11)St11] = 0 holds. Then the full information rational expectations (FI) stock price, Sf'T, is given by

S{(Dy) = WD, =
¢ (D) " p—g; — g —g})

8Mehra and Prescott (1985, p.152) note that linear homogeneity of the pricing function in dividends is a general property

of constant relative risk aversion preferences.



The full information bond price, Bf ', is

(I+g) " +7[(14+g0)" = (1 +g)7"]
T+p

BFI:

> 0. (12)

The proof is given in Appendix A. Since the stock price is homogeneous of degree one in dividends, Sf”/
follows the same binomial lattice {gp, g;, 7} as dividends.’

Notice that while Cox et al. (1979) take the process for the underlying price as exogenous, we derive
the underlying stock price in an equilibrium model. This result can also be related to Stapleton and
Subrahmanyam (1984) who value options in a general equilibrium model where markets are incomplete
and the stock price evolves on a lattice. In contrast to Stapleton and Subrahmanyam, our model assumes
that markets are complete, but —as in their paper—the exogenous lattice process applies to dividends.
Obviously, in both cases preferences affect the equilibrium stock price. Moreover, while in Cox et al.
(1979, p. 232) stock prices follow an exogenous binomial lattice process so that the restriction g; < f < gy,
is necessary and sufficient to rule out the existence of arbitrage opportunities, no such restrictions are
required here. The condition

p>mgy+ (1 —mg (13)

ensures that U7 > 0 and is also necessary and sufficient for convergence of the infinite sum "2, Fy[(T]:_,

Q1+i) Diys] and therefore existence of the equilibrium.

4. Learning Models

Suppose now that agents do not know the true value of the parameter m and instead use the available
sample information on current and past dividends f; to estimate w € II = [0, 1]. Since the seminal papers
by Blume et al. (1982) and Bray and Kreps (1987) boundedly rational and fully rational learning schemes
have been considered in the literature. In boundedly rational or adaptive learning models agents treat their
time-t perception 7; of the unknown 7 as if it were the true parameter value. 7; is recursively updated
over time, as new information arrives. Changes in the perceptions 7; induce non-stationarities in the
equilibrium relationship, but such (ex-post) time-variation is ignored in agents’ decisions.!? In contrast, a
rational learning scheme assumes that agents account for the effect of learning on the equilibrium mapping
between payoff-relevant state variables and prices (c.f. Townsend (1978)). Since recursive updating induces
changes in 71k (k > 0), future estimates of 7 are treated as random variables. Rational learning requires
consistent updating of beliefs on 7 and therefore that Bayes rule be recursively applied.

Under Bayesian learning, agents view 7 as a random variable. A Bayesian learning scheme is neither

necessary nor sufficient for rational learning.'’ Our paper shows that an explicit Bayesian set-up is not

%As in Abel (1988), when v < 1, prices will increase as a function of the proportion of high growth states (), while the

opposite result holds for v > 1. Under logarithmic utility (7 = 1) the asset price is independent of .
"Examples include Bray (1982), Bray and Savin (1986), and Marcet and Sargent (1989).
"Tndeed, Blume and Easley (1982) presented “ (...) a boundedly rational version of Bayesian learning.” (p. 341). Their

agents use a Bayesian decision-theoretic set-up but fail to recognize that the true relationship between prices and states of

nature is intrinsically non-stationary.



necessary to a rational learning model. On the other hand, Bayesian learning per se is not sufficient
to obtain full rationality of the learning process. This is similar to Wieland’s (2000a) notion of myopic
Bayesian decision policies under experimentation. In our binomial lattice set up we derive restrictions on
the priors that ensure that such an equivalence obtains. Although the classical applications of Townsend
(1978) and Frydman (1982) were based on a Bayesian framework, the essence of a rational scheme lies in
agents’ awareness of being on a recursive learning path (see Bray and Kreps (1987, p. 604) for further
discussion). Perhaps surprisingly, it turns out that Bayesian and rational learning give identical equilibrium

prices under a particular choice of the prior in the Bayesian learning scheme.!?

4.1. Adaptive Learning

First consider the learning scheme of a ‘frequentist’ agent that views 7 as non-random but estimates this
parameter recursively through the maximum likelihood rule:
7= %tt (14)
Here n; denotes the number of high growth states recorded up to time ¢, while V; is the total number of
periods. This maximum likelihood estimator, 7y, is a function of the dividend process and is thus itself
a random variable. The key question is whether the agent accounts for parameter estimation uncertainty
and its effect on future asset prices. To show the significance of this point, consider the agent’s forecast of
Dy, 7. If the agent does not know 7 but conditions on the most recent estimate, 7y, the forecast becomes

the simple projection:
PAL DJ o 7 T—j3 ~ _ T ~ ~ \NT—j s
{ tor = 14+ gn) (1+ 1) Dt|Ft77Tt} =\ 77 (1 — 7y) j=0,1,...,T.

Obviously, this scheme is fundamentally misspecified since optimal decisions in the future will be based on
different estimates {ﬁt+k}£:1- Equivalently, this learning scheme relies on an application of the certainty
equivalence principle even though the required conditions (e.g. a quadratic objective function) do not
apply, c.f. Gennotte (1986).

4.2. Rational Learning

We start by adapting the following generic definition from Bray and Kreps (1987, p. 606):

Definition 2 (Rational Learning). In a rational learning model, the sequence of agents’ optimizing

choices and equilibrium market outcomes are derived:

(i) conditional on agents’ use of all available data relevant to make inferences on w € II;

(i1) from a statistical framework of belief formation (and updating) concerning m € 11 that is consistent

with the resulting sequence of equilibrium market outcomes;

12Blume and Easley (1982, p. 341) put it this way: “Fully rational learning would require each trader to take into account

the effect of his learning (...) on equilibrium prices.”



(iii) from recursive Bayesian updating of beliefs using a correctly specified likelihood function for the data,

1.e. incorporating the equilibrium mapping from w € 11 to market outcomes.

We note that (i) is a simple efficiency requirement that all available information is used to make
optimal decisions. (ii) requires that the sequence of equilibrium market outcomes reflects the recursive
belief updating process. It also requires beliefs to account for the mapping from beliefs to market outcomes.
Rational learning thus represents a fixed point in the space of learning strategies (Townsend (1978)). Indeed
(iii) requires the likelihood function for the data to be consistent with the equilibrium mapping from 7 € II
to market outcomes.

In the context of our model rational learning implies that agents recursively update their estimate of ,
¢, using Bayes rule although they need not view 7 as a random variable.!3 They account for estimation

uncertainty in future estimates, 7y, and conditions (i) - (iii) in definition 2 apply so agents forecast
DEL. = E {E [E (Digr|F t47-1, Ti417-1) |Ft+T72>7ATt+T72} ---IFt,th} : (15)

E (‘|F ¢+, Te+x) conditions on future estimates of 7, again assuming that agents use Bayes’ rule to update
the parameter estimates. Under rational learning the entire sequence {7y, 7¢41, ..., Tryr—1} enters the

forecasting problem and future probability beliefs are recognized to be random (Wieland (2000, p. 507)).

4.3. Bayesian Learning

Bayesian agents perceive 7 as a random variable and have prior distributions, p(7), over the values that
m can assume. These prior beliefs are recursively updated into posterior beliefs by applying Bayes’ rule.
The estimator for 7 is chosen to minimize the agent’s loss function which we next derive.!* Define the
optimal value of the infinite stream of expected future utilities derived from consumption of real dividends

and investment under the true but unknown 7 :

~ o0
{Cornlm),ifp(m),afp(m)}~ =a(m) = agmax B
- {Ct+kﬂwt5+kvwf+k}zozo

(16)

> B u(Crn(m)|F o7
k=0

s.t. Copp(m) + Wiy (M) Sphs + WLy, (7) Bk = W51 (1) (Sek + D) + 001 (7).

Then the loss incurred under the consumption-investment plan a = {Cyyx, wy,, wi’ ) IS

L(r,a)=F ) >0

Zﬁku(éwk(ﬁmftﬂf
k=0

ZB’“U(CHMF,:,W
k=0

b b
st. Ceak + Wi pStak + Wi e Bk = wii g1 (St + Dirr) + Wiy g1

This loss function is defined over II x R, x 2 and has values in R, . For a given 7 € II, minimization

of L(m,a) is equivalent to maximization of E [} 5 ﬁku(0t+k)|Ft,7T]. Since L(m,a) is a function of the

13This is a subtle distinction: a rational learner always perceives ;1 (k > 1) as random though 7 itself is treated as a

random variable only in the Bayesian case.
MBlume and Easley (1984) use a similar decision theoretic approach to study convergence of rational learning in general

equilibrium. Implicitly, they identify their rationality requirement with a Bayesian approach.
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conditional expectation under F ¢, the optimal consumption-investment plan at time ¢ is also a function of
F+. The investor chooses a decision rule mapping all possible information sets in F} into an optimal action,
§(F¢) : Ft — Ry x R2. The loss function, L(m, §(F¢)), can then be written as a mapping from IT x A to
R, where A is the space of decision rules.

The Bayesian agent’s objective is to choose (F ¢) to minimize the Bayes risk:

5(1;?)IGIAA(7T’ 5(Ft)) = 5(IFlii)IéAEp {EFthr [L(ﬂ-v 5(Ft))]} ’ (17)

where Fp[-] denotes the expectation over the prior p(7) and Ej,|;[] is the expectation over the sample
distribution parameterized by 7 € II. We refer to this solution as the Bayes rule, 67(f ).
D, is a sufficient statistic for the realization of dividends on the sample path, F;, so the objective

simplifies as follows:

A S(F) = Ep{Epy [L(x,6(D:))]}
— / / L(r, 5(Dy))p(Dylm)p(r)dDydr
I JD;

_ L/t/ L(x,8(D,)p(x| De)m(Dy)dDsdr
IIJD;

p(m|Dy) is the posterior distribution of 7w given Dy, and m(D;) is the marginal distribution of Dj.
(17) is a functional optimization problem with control §(D;) € A. Solving this problem is usually a

daunting task but is made easier by the following lemma (c.f. Brown and Purves (1973))

Lemma 1. Solving (17) is equivalent to finding the elements of the (t + 1) x 1 vector a = [ag a1 ... a4

that maximize

N@ﬂﬂ-/LWﬂMﬁWHﬂﬁjﬂ+%ﬂ%Mﬂj—Qme
11

50 G = Sp((l +g))7 (1 + gn)? Do) where 6 = [6((1+ g;)tDo) 6((1+ g)* "2 (1 +gn)Do) ... §((1+gn)tDo)]'.

In practice, the d;s simply solve consumption-investment problems conditional on the posterior distribution
of . Therefore in what follows we simply concentrate on solving the program:
minA? (7, a;) = minE,p, [L(7,a;)] j=0,1,..t
a; aj
Ex p,['] is the expectation taken over the Bayesian posterior distribution of 7. This distribution must be
characterized before asset prices can be derived and requires specifying the agent’s priors.

We follow conventional practice in the Bayesian literature and assume that the agent has a beta prior
with parameters ng and Ny, m ~ beta(ng, No — ng), no, No — ng > 0. The most natural interpretation of
this prior is that the agent has pre-sample information with ng of Ny realizations being ‘up’.'® This prior,
when combined with the Bernoulli dividend process gives a standard setup, c.f. Zellner (1971, page 39)

and ensures that the posterior p(7|Dy) is also a beta distribution:

15The requirements no, No — no > 0 imply that at least one period of high growth and one period of low growth must have

been observed. When ng = Ny — ng = 1 the beta prior becomes uniform.
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Lemma 2. A prior ™ ~ beta(ng, No — ng) implies the following posterior on the binomial lattice:
7|1+ g)" 7 (14 gn)! Do ~ beta(ng + j, No —no +t —j) 5 =0,1,...,t.

The beta(c,d) posterior for 7 incorporates sample information in a simple way: ng is updated to ng + j
by adding the number of high growth realizations between time 0 and ¢, while Ny — ng is updated to

No —no + (t — j), where (¢t — j) is the number of low growth realizations.

5. Equilibrium Asset Prices under Learning

This section derives equilibrium asset prices under the adaptive, rational and Bayesian learning schemes.
As in Brandt et al. (2004) we use a common asset pricing model and vary the learning rules followed by

the representative agent.

5.1. Asset Prices under Adaptive Learning

Suppose that although agents recursively update their current probability estimate, they do not take into
account the effect of future revisions in 7y when computing the current stock price, S;. Uncertainty about
7 is entirely disregarded. Conditional on agents’ current estimate of the proportion of up-states (7;), the

asset price under such an adaptive (AL) learning scheme is'®
o0

S{H(Dy) = ZE (HQt+z‘) Dyys|Fe, 7t
= i=1
= DtZE

D
HQt-H ax ’Ftﬂrt
s=1

=1

= th 1+ [ [ (I+g0)' 7+ =7) (L+a) "

p— gl—ﬂt( 92‘)

As in all adaptive learning models, this formula is generally misspecified (c.f. Bray and Kreps (1987, pp.
599-600)). Only in the limit as ¢ — oo, does it follow from the Mann-Wald theorem that 7; converges to
the true 7 and SPAY/SFT converges to 1.

5.2. Asset Prices under Rational Learning

Under rational learning (RL), agents account for the state dependence of future estimates (7y1) :

00 1— 1— 1—
Dy - Dy 7 2 Dypa\ 7 ~ Dy 7
SRL=N"_—ZL_p < > E o | Brase L. 19

18 For this to be well-defined we assume that p > #¢gj 4+ (1 — #;)g; for all t. Given  and p, this may impose restrictions on

the values taken by 7; on a learning path.
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Et[] is the expectation operator conditional on the period-t estimate, 7;. Future probability beliefs,
Et+1, Et+2,... do not disappear from this expression and have to be accounted for. Since the sequence of
conditional expectations at the nodes t+1, t+2, ..., t+71 implied by the Euler condition under RL depends
on the future states {7;},, T;%,, ...}, the law of iterated expectations can no longer be applied to reduce
(19) since the distributions over which future expectations are computed depend on future information.
On the binomial lattice, the probability distribution under rational learning, E|...Eyys_1[]...], can be
fully characterized. We prove in Appendix A that the compound probability distribution for the number

of up-states occurring between period ¢t and t + s, is given by

D PN s o R TGS (Ve — e+ k)
PRL{ t+s 1 1 s—i 7T,N}—<,> , t=0,...,8 20
Dy =(LHgn)' (L) ™ 7 N ¢ :0<Nt+k) .

where () = =T Z),Z, and H (-) = 1. The updated probability distribution of dividends for period ¢+ s only

depends on the number of up-states between periods t and ¢ + s — 1 and is independent of the specific
path followed on the lattice. Using this result, the equilibrium stock price under rational learning can be
derived by summing the probability-weighted product of the marginal rate of substitution and dividends

across the number of up-states (i) and time (s):

T 5 i—1 s ’L 1 —
= lim {E Dy Z (j) (1 +g;~i)i(1 + gl*)(s—z') [[—o(ne + k) (N +k) } '

T=o0 s=1 1+p i=0 k:O(Nt+k)

These findings lead directly to the stock price under rational learning (RL):

Proposition 2. Suppose that a transversality condition holds

TILH;OEt {Qt+1Et+1 [Qt+2~-Et+Tfl (Qe+1St1) ” =0,

and that p > max{g/, gy} . Then the stock price under rational learning, SEL. s

SPE(Dy) = Uf (7, Ny) - D] = {ZBSZ (1+g5)' (1 +g) P (Di+s|%t7Nt)} . D (21)

= =0

where PRE <D§+S = (1+gn)'(1 —i—gl)s_iDgﬁt,Nt) is given by

s) Z_:o(nt‘Fk) iy I(Nt_nt+k) (22)

PR RN} = L
t

7

The equilibrium bond price under rational learning is

A+g) " +7[(14+gn) "= 1 +g)7"] '

BFE(Dy) = Ey [B(1 + gi41) "] = 14p

Proposition 2 has several implications. First the price-dividend ratio is no longer a constant and depends
on 7y = ng/Ny. Dividend shocks between time ¢ and ¢ + 1 lead to a change in the stock price not only

through the linear relationship, S{** = WFL'D,, but also through revisions to the pricing kernel. Second,

13



while under full information the risk-free rate is constant, on a learning path it changes as a function of the
state variables ny; and N;. High dividend growth raises the risk free rate by raising 7411 above 7. Third,
as the rational learning stock price is a time-varying multiple of dividends, stock prices no longer follow
the dividend lattice {gp, g;, 7}. On a learning path, a recombining, flexible lattice is needed to capture the
stochastic process of equilibrium stock prices. However, the tree is still recombining so that a period of
high growth followed by one of low growth leads to the same stock price as a period of low price growth
followed by one of high price growth. The period [¢,t + 1] (gross) capital gain on the stock index is:

uih [ SRR (14 g w/prob. o

(1+ g41) ELI = GRL(z4, N, 41
i %(1 +¢;) w/prob. (1—m)

where 7, = ﬁ (Nyty + 1) and 74, = %frt. The capital gain is time-varying and depends on n; and
Ny, as well as on the realized state between ¢ and t 4+ 1. Therefore it changes as we move along the lattice
for ex-dividend stock prices. The (local) volatility of the stock price — in this set up, the size of the jump
in price caused by dividend news — changes over time (as N; increases deterministically with t) and as a
function of the underlying cash index.

The description of equilibrium asset prices on a rational learning path is completed by establishing

restrictions on the values taken by 7; which rule out arbitrage opportunities:

Corollary 1. Under the conditions stated in Proposition 2, the following inequalities are sufficient for the
absence of arbitrage opportunities:
LHURL (R N1 14p - LHURL(FE | N1)
WRL(7, N) (I4g1) 7 +7¢ [(14gn) 7-(1491) 7] WRL (7, Ny)

Completeness and absence of arbitrage opportunities are guaranteed by (23), so a unique risk neutral

(I+aq) < (I+gn). (23

measure exists for our model although it will be a function of the entire sequence of probability beliefs.
This can most easily be seen by comparing the value as of period t 4+ 1 of one dollar in period t + 3 when

a high and a low dividend growth state occur. With high growth followed by low growth,

~ -1 ~
[exp(FEFlD] T [exp(fi5(Fia)
1+p o 1+p
(1)~ + B (L) — (tg) ] (L g) ™ + S [(Lhgn) ™ — (L+g) ]

where %ﬁQ = ]7\‘,1‘_*;12 = %ﬁQ. Reversing the sequence (low growth followed by high growth), we get

—1 —
exp(fEE L)) [exp(ffh (R
1+p o 1+p
o) 7+ g 4o 7 —(A+a) ] (Tta) "+ k[t — (A +a) ]

Taking the ratio of these two expressions and defining B = [(1 + g,)”7 — (1 + ¢;) 7], we have

(1 _‘_gl)—2v + ( nt(ni+1) B2+ nt(Nt+2)+(nt+1)(Nt+1)(1 +g)B

Net )N £2) N D) (Ve 12)
— ’I’Lt+l 2 ’I’Lt+1 2Nt+3 —
(1+) 2 + el B2 4 GBI (4 4 g) v

which in general differs from unity. For discounting purposes, the exact sequence of dividend realizations

thus matters.
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5.3. Asset Prices under Bayesian Learning
At time ¢, the optimal decision rule of a Bayesian agent with prior beta(ng, No — ng) solves
Héi_nEﬂDt [L(m, a5)],
where 7| Dy ~ beta(ng + j, No —ng +t — j). From the definition of L(w,a;) this is equivalent to solving the

program:

J 8,5 0057
{Ct+k’wt+k7wt+k}k:0

o0
. .
max Eﬁng {E ZB u(Cg+k)|Dg,7r] }
k=0
) y b o b
sit. Cfy + Wiy Sevk + WY Brvr = wily  (Sevn + Do) +w/y

D} = (14 )" (1 + g)’ Do, (24)

where a; = {C’tj o Wy wf_’ik}k . is the optimal plan conditional on current dividends D] = (14g;)" 7 (1+
gn)’ Dyg. (24) is identical to the _consumption—portfolio problem in Section 2, the only difference lying in
the probability distribution with respect to which the expectation in (24) is taken. Using Lemma 2, asset

prices under Bayesian learning can be characterized as follows:

Proposition 3. Suppose that p > max{g}, g;} and that the Bayesian agent has a beta(ng, No — ng) prior
density on w. Under the transversality condition limp_, o E{’W [(ngl Qt+k> St+T] =0, VY, j, the Bayesian
learning (BL) equilibrium stock price, SP¥, is given by

I'(No + 1)
I'(j + no)L'(t + No — no — j)

1 * * *
v / 1+ g +m (gh - gl*) 7r]‘Jrnofl(l _ 7r)t+Nonojld7T] ,
0 l

sPHD) = Dl =p]. |

p—9; = (g5 —9)

where j is the number of ‘up’ moves in dividends between period 1 and t. The Bayesian learning bond

price, BPY, is (recalling that 7ty = %%)

I+g) " +7[A+gn)7 = (1+g)7]

BPE(Dy) = T,

> 0.

5.4. Relationships Between Asset Prices under Bayesian, Rational, and Adaptive Learning

5.4.1 Bayesian and Rational learning

There is a simple relationship between asset prices under the Bayesian and rational learning schemes.

Recall that on a rational learning path, the stock price is

o0 S
SRL = Di . {ZB’ > (4 g+ gr) PR (Dg%ﬁi’Nt) } ’

s=1 1=0

where the expectation is taken under the RL distribution for future dividends (given 7; and N;). Under

the assumptions of Proposition 3, SP¥ can be written in a similar way based on the Bayesian predictive
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density for future dividends, p(D;4;), calculated as:

p(Diss) = / p(Desslm)p(x|Dy)dr i > 1.
II

where p(D;y;|7) is the predictive distribution of future dividends given 7 and p(7|D;) is the posterior for

m. Using Lemma 2, the following result applies:
Proposition 4. Suppose that p > max(g/,g;) and that the Bayesian agent has a beta(ng, No — ng) prior
density on w. Then the Bayesian learning (BL) equilibrium stock price is given by

(e o] S

SPL(D) - D [z S (46 (14 1) PPDLLL)) o5)

s=1 =0

where PBL(D, = (1+ ¢/)* (1 + gn)'DY) is given by

<S> ['(No +t) Fng+7+ ) I'(No+t+s—mng—j—1)
I'(no + j)

. 26
i T(No —no +t—j) T(No + ¢+ ) (26)

Provided the Bayesian agent has a beta prior, PBL<Dt+S) follows a beta-binomial distribution with para-
meters (s, Ng +t, Ng +t —ng — j) and PRF{D;,} = PBE(D;,,) so the two asset prices are identical:

Proposition 5. Suppose that p > max{g/,g;}. (i) if the Bayesian agent has a beta(ng, No — ng) prior
density on m and Ny = Ng +t, ny = ng + j. Then the rational learning (RL) equilibrium stock and bond

prices are identical to the BL prices:

SPH(Dy) = SFH(Dy)

(i) Under different priors the rational learning and Bayesian learning asset prices will generally differ.

Of course, Bayesian learning induces a beta distribution only if the agent’s prior follows a beta distribution.
With other, non-conjugate types of priors, different posterior and predictive distributions are obtained and
asset prices will be different under the two learning schemes. Two points fundamentally distinguish RL
from BL. The first is the role of the prior under the Bayesian learning model. A rational learner need
not view 7 as random but certainly perceives the estimator ;15 as a random variable. A Bayesian agent
instead adopts a prior over 7 and regards 7 as random. Future dividend information is used to update the
posterior density for .

The second difference is equally fundamental: while the rational learner is extremely smart and ac-
knowledges the effect of updates in his future beliefs on the current price, the Bayesian agent is myopic
and only accounts for his current beliefs - as reflected in the conditional probability distribution for .
It is only to the extent that the posterior distribution is consistent with the data generating process for
dividends that the myopic Bayesian learning scheme will be rational. If the Bayesian learner used, say,

a truncated normal prior on [0, 1], the resulting prices would not be fully rational. Rationality under a
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representative agent’s Bayesian learning scheme hence requires restrictions on the prior distribution which
must be chosen to be consistent with the structure of the model.'”
These differences are deep and represent very different learning mechanisms, so it is surprising that the

two approaches can lead to identical asset prices although of course only under restrictive assumptions.

5.4.2 Bayesian and Adaptive Learning

Asset prices under Bayesian and adaptive learning form a general-to-special relation. Suppose the agent

has a degenerate prior

B 0 otherwise

p(ﬂ) _ { 1 iftr= t_l 2221 I{gizgh}

Then the BL stock price can be written as

st = oy [ [ZBS (1467 (0 + g (j)(l—ms-w] p(x|Dy)dr
s=1 =0

= Dy Y B (+g) T (L+g) @ (1= #)* 'y

s=1 i=0

_ Dt<1+gz*+frt<g;;—gz*>>_

p—9; — 7 (g5 — 97)

Hence SPL(D;) = SAL(Dy) for all dividend levels.'® Adaptive learning can thus be viewed as a special
case of Bayesian learning in which a very particular (infeasible) prior is employed.!® An adaptive learner
effectively conditions on the current estimate of 7; and is systematically surprised by changes to future
values, m;1%. Apart from this special case, Bayesian and adaptive stock prices differ.

While Bayesian learning provides sufficient flexibility to obtain asset prices under adaptive learning as

a special case, the same does not occur for finite ¢ under rational learning. To see this, write S{‘L as:?0

T s i1 s—i—1
. D s g o s—i _on —0 (Ny —n
SflL:Th {Z(—tE:(rL)(l—i—gh)(l—i-gz) » 22k=0 o (M t)}
1

—1
1 + p)s i=0 HZ:() Nt

Clearly for ¢ = 0,1, ..., s
<> o (e + k) [Tt ' (Ve — me + k) # () o Tt (Ve — )
i TZo(Ny + k) i 15— Ve

RL and AL stock prices can therefore not be identical. Another way to characterize such differences is

through the speed of the learning clock used by agents to update their beliefs over time. Rational learning

7On the other hand, our result does not impose restrictions on how ng and Np are selected (other than no # 0,m0 # No).

The proof of Proposition 4 holds irrespective of the exact choice of values for ng, No.
8BBL(D,) = B{L(D:) only when the degenerate prior assigns unit mass to a value of 7 that coincides with the mean of

the beta density.
19This prior is not feasible as #; is a function of future information unknown at time 0. Hence the probability that this

prior is used is zero and this case is only useful to illustrate the formal relationship between BL and RL stock prices.
20The equilibrium risk-free rates do coincide, fF S = fFL In general, rational and adaptive learning schemes imply the same

equilibrium asset prices one-period prior to expiration when future learning effects can be disregarded.
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is obtained when the learning clock is updated every time new information arrives. If beliefs are never
updated (i.e. the updating frequency is infinity and the learning clock has stopped), StAL is obtained.
Apart from the special case of a degenerate prior, under a rational or Bayesian learning scheme, agents’

probability beliefs form a mean-preserving spread relative to adaptive probability beliefs:

Proposition 6. The probability weights assigned to the tails of the binomial lattice are higher under
rational learning than under adaptive learning. Conversely the adaptive learning scheme puts more weight

on the centre of the lattice.

In fact, the Bayesian and rational learning schemes both adopt a Beta distribution over the unknown value
of m. Under rational learning this is obtained as a limiting result as the horizon, T', goes to infinity. To
demonstrate this, Figure 1 plots the probability distribution for the proportion of up-states, using different
values of the forecast horizon (7" = 2, 10, 100, 1000), assuming 7; = 1%. The probability mass in the tails

is always higher under rational than under adaptive learning.

6. Properties of Asset Prices under Learning

This section explores properties of asset prices and returns under learning. Given the equivalence between
equilibrium asset prices under rational and Bayesian learning under the assumptions of Proposition 5, we
focus on rational learning results.?! Because of its boundedly rational foundations, we disregard adaptive
learning.

Properties of asset prices and returns under rational learning crucially depend on the mapping from
agents’ beliefs, 7, to stock prices. We first establish conditions for monotonicity and convexity of this

mapping:
Proposition 7. Under the assumptions of Proposition 2, the rational learning price-dividend ratio,
TN =8 (L4 67) (1 +g7) 7 PG, s),
s=1 =0

s a nondecreasing and conver function of T = J’\L,—’ft when v < 1. For v > 1 the pricing function is a

decreasing and convex function of T.

Figure 2 illustrates this result when = = 0.6. The other parameters are Ny = 100, g, = +6%, g = —4%,
p = 6%. The coefficient of relative risk aversion is either 0.5 or 1.5.
6.1. Serial Correlation and Volatility Clustering

Even when dividend shocks are i.i.d., equilibrium stock returns under learning will in general be serially

correlated and heteroskedastic. Serial correlation in both the level of returns and in squared asset returns

2'However, Section 6.3 shows that many of the theoretical findings in Sections 6.1-6.2 continue to apply to AL and BL under
non-conjugate priors. It is straightforward to prove that W5~ (7¢, Nt) is increasing in 7, when v < 1, decreasing in 7 when
~v > 1, independent of 7; when v = 1. Therefore, the results of Proposition 8 on serial correlation and volatility clustering

follow more generally.
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is commonly found in empirical studies, c.f. Lo and MacKinlay (1988) and Bollerslev et. al. (1992).

Proposition 8 relates these properties to learning effects. To state the result we define the continuously

Sty1+Dip1 )

compounded rate of return on the stock between time ¢ and t + 1 as 441 = In ( 5,

Proposition 8. When dividends evolve on a binomial lattice, the rate of return and the squared rate
of return will be serially uncorrelated under full information rational expectations. However, in general
returns will have a non-zero correlation under learning. Furthermore, if C’ov[rﬁé,rﬁL] >0 and E [’I“E’_L;]
and E[r{*] have the same sign, then Cov [(rft4)?, (rftl)?] > 0 for s > 1.

The condition that E[rft] and E[r/**] have the same sign is equivalent to requiring that s cannot be too
large. Otherwise 75 could be so different from 7, that the expected stock return could change sign. When
serial correlation in returns is attributed to learning, this suggests that we can also expect to find volatility
clustering in returns.

In the presence of serial correlation in the estimator, 7;, a monotone W% (7, N,) is sufficient to produce
serial correlation. In contrast, the heteroskedasticity induced by learning relies on the convexity of the RL
price-dividend ratio: The larger is 7¢, the larger will be the effect on the asset price of a shock to dividends
through its effect on W1 (7, N).

6.2. Fxcess Volatility

A number of empirical studies have found stock prices to be excessively volatile compared to a full infor-
mation rational expectations benchmark (see Shiller (1981) and Leroy and Porter (1981)). Provided agents
are less risk averse than under log-utility (7 < 1), we can show that rational learning generates higher
return volatility than under full information:%?

Proposition 9. When 0 < v < 1 the expected stock price under rational learning will exceed the

expected stock price under full information:
E[S{*] > B[S{].

Furthermore, the variance of stock returns under rational learning exceeds the variance of stock returns

under full information rational expectations:
Var(rf®) > Var(rf1).

When v = 1, S = S} and the moments are identical since the price-dividend ratio is independent of 7.
When ~ > 1 no general ranking can be established. A negative covariance between ¥/ (#,) and D; lowers
the expected stock price, but the strict convexity of /¥ (#,) increases the average stock price. Likewise, the
negative covariance between WX (#;) and D; leads to lower volatility while the additional price variation
induced by the dependence of the price-dividend ratio on 7; tends to increase it. That learning leads
to higher volatility for low levels of risk aversion is encouraging in the light of the general finding that
excessive degrees of risk aversion are required to explain movements in asset prices, c.f. Grossman and
Shiller (1981).

22The variance expressions in Proposition 9 consider stock returns since in our model stock prices are nonstationary.
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6.3. Simulation Results

To study the quantitative implications of different learning schemes for the properties of equilibrium asset
returns, we perform a simulation exercise with parameters calibrated to match real dividend data on
Standard & Poors companies, adjusted to account for inflation as measured by the CPI (see Shiller (2000)
for data sources). We supplement these data with value-weighted index returns and 3-month T-bill returns
from CRSP. The data are aggregated to obtain real quarterly series spanning the period 1950:1 - 2003:1V, a
total of 216 observations.?3 We calibrate the fundamental (dividend) process to g, = +1.7%, ¢ = —1.5%,
m = 0.565. These parameters imply a maximum annualized real growth rate of 7% and a minimum growth
rate of -5.9% — both plausible values. The annualized real mean growth rate is 1.2% and its volatility is
3.2%, both set to match the sample moments of our real dividend series for 1950-2003. To avoid biases in
our simulation results, we set g = ng/No = 1/2, where 1950:1 is the initial time period (time 0). This
implies relatively strong learning in the immediate post-WWII period. We set p = 3.5% per annum and
use 5000 independent simulations of the 216-quarter path for real dividends, stock prices, and interest rates
and report sample statistics averaged across simulations.

To investigate the importance of the restriction on the prior in Proposition 5 and assess the quantitative
implications across RL and BL schemes, Table 1 considers a third case, Bayesian learning when the prior
is non-conjugate. In particular, we assume that the Bayesian learner initially has a truncated normal (over
(0,1)) prior density on 7, with initial parameters y, = ng/No and 02 = ng(No — no)/[(No + 1) Ng]. Since
the problem in this case does not admit closed forms for the posterior distribution and must be handled
through numerical integration, we proceed to recursively update the posterior and calculate the predictive
density of future growth rates.

Table 1 reports sample means and standard deviations for real stock returns, excess stock returns, and
real short-term (3-month) interest rates over our sample. The data display all the typical features that are
well known in the asset pricing literature: high mean excess returns (5.6% per year), low real interest rates
(1.5%), highly volatile excess stock returns (14.9%) and stable interest rates (1.3% annualized volatility).2*
There is evidence of both persistence and volatility clustering in stock returns, as shown by the Ljung-Box
statistics in the first row of the table. To evaluate this, we follow Lo and MacKinlay (1988) and compute
variance ratios — i.e. the ratio between the variance of g—period stock returns and ¢ times the variance of
annual returns — for ¢ = 2, ...,5. For ¢ = 2 the variance ratio is approximately one (1.04), but as ¢ grows
the ratio declines (e.g. at ¢ = 5 the variance ratio is 0.92), indicating the presence of mean-reversion in
long-horizon stock returns. Second, we report OLS estimates and R? coefficients in long-horizon predictive

regressions of the type proposed by Campbell and Shiller (1988):

(ress — 714;) = alg) + blg) - n(dy,) + €,

q
=1

J

ZFor brevity we do not test for or model the presence of structural breaks in fundamentals and simply start our simulations
after WWIL. In the presence of an oil shock-related break (as in Timmermann (2001)) in the 1970s, the volatility and risk

premia induced by learning may be higher than what is reported here.
24The 5.6% mean excess stock returns is heavily influenced by the inclusion of the 2000-2003 period and is closer to the

higher estimate in excess of 6% reported by Mehra and Prescott when based on the sample 1950-1999.
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where 7“,{ is the short-term real interest rate and dy; is the dividend yield. Consistent with the literature,

we find that both b(g) and R2(g) are monotonically increasing in the horizon, ¢. For instance, while
b(2) = 0.17, R%(2) = 0.08, b(5) = 0.26, R2(5) = 0.19. This indicates predictability of long-horizon returns
from the log-dividend yield.

Table 1 compares the quantitative properties of equilibrium stock and bond returns under alternative
choices of v and different learning schemes. Since Propositions 7 and 9 focus on the case where v < 1, we
start by considering v = 0.5 and then increase v to 0.9, and 1.5.2° In the absence of learning (under FI),
stock returns are i.i.d. and the lattice model fails to generate a plausible risk premium, serial correlation,
volatility clustering and sufficiently volatile stock returns. In addition, the interest rate is too high and
counterfactually constant.26 Conversely, when v = 0.5, the rational learning model generates very plausible
asset prices with a mean excess return of 2.3%, volatility close to the 15% implied by the data, serial
correlation patterns that approximately match the data (with variance ratios close to one for ¢ = 2 and
significantly below one for ¢ = 5) and ARCH effects. Furthermore, the dividend yield predicts long-horizon
returns with R%2—values close to those estimated from the data. One aspect of the data that is missed
by the RL model is the (average) level of the price-dividend ratio, that is overestimated.?” Finally, Table
1 reveals interesting information on the differences among learning schemes. AL generates price effects

that are qualitatively similar, but weaker than RL. This is explained by the fact that treating ¥?l

as a
random variable and integrating over the infinite sequence of its future values generates stronger volatility,
predictability, and ARCH effects. Both under AL and RL, the resulting price-dividend ratio is too high,
however, and the equilibrium short interest rate is both too high and insufficiently volatile (although
learning effects lower it). The same qualitative finding applies to BL under non-conjugate priors. In this
case learning generates stock returns whose mean is closer to the sample estimate. However, this learning
scheme implies too strong predictability in real stock returns, with high dividend yields predicting negative
long-run returns, and regression coefficients whose magnitude decline in g—features that are at odds with
the empirical evidence.

Panels A and B of Table 1 also illustrate the effect of raising «. Interestingly—and consistent with
Guidolin’s (2005) results for the RL scheme—under learning, stock return volatility, mean returns, and the
Ljung-Box statistics capturing serial correlation and volatility clustering follow a U-shape when plotted
against v, with minimum values at v = 1, the log-utility case. When v = 1, asset prices under FI and

under learning coincide.?® Across values of v and across learning schemes, the case that best matches the

#Propositions 3-5 imply that the equilibrium price exists for p > max(g;, gi). Under our calibration, 0.035/4 = 0.0088 >
max(g;, gr) = g = (1.017)' ™7 — 1 fails for v < 0.5; 0.0088 > max(g},g;) = g; = (0.985)' "7 — 1 fails for v > 1.5. Therefore
we restrict our simulations to the range v € [0.5, 1.5]. Notice also that for v = 1, Propositions 3-5 imply that the stock price

under learning is identical to the price under FI. Hence we do not use the log-utility case in our simulations.
26Departures from unit variance ratios, zero Ljung-Box statistics, and zero predictability is explained by small sample effects.
2TThis explains why the predictability regression coefficients in columns 12 and 14 of the table are much larger under RL

than in the data: since RL over-estimates the price-dividend ratios, it also generates too small dividend yields.
Z8However, mean stock returns as well as short-term interest rates are monotonically increasing in . The intuition for why RL

and AL mean excess returns increase as -y goes from 1 to 0.5 is that as we approach risk-neutrality, the intertemporal elasticity
of substitution (1/7) becomes larger and the equilibrium interest rate declines towards p, while the convexity of learning pricing

kernels makes upward revisions of the estimated # more important (in terms of pricing effects) than downward revisions, so
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data is rational learning and v = 1/2.

An estimate of v = 1/2 may appear to be well below values required to resolve the equity premium
puzzle. Although most available econometric estimates of v tend to exceed one-half, this value is not
inconsistent with estimates reported in studies such as Hansen and Singleton (1982, 1983) or Ferson and
Constantinides (1991). Furthermore, the bulk of the econometric evidence comes from models based on a
representative agent who is assumed to know the stationary stochastic process for asset payoffs and so the
estimates depend on the validity of this assumption. This is important since, in the presence of learning,
the representative agent’s beliefs are themselves subject to time-variation and the investor perceives a non-
stationary process for asset payoffs. It is not clear how methodologies could be developed to account for
such non-stationarities, although Table 1 indicates that this may be an important issue. Intuition suggests
that, in the presence of learning,  controls two types of behavior: (i) agents’ aversion to consumption
risk, as in standard models solved under FI; (ii) the sensitivity of equilibrium asset prices with respect to
revisions in the predictive distribution of w. While the first effect is monotonically increasing in +, the
second is monotonically decreasing in . This explains the U-shaped pattern in the mapping from - into
the equity premium, return predictability and ARCH effects.??

The ability of learning models to modify standard results on what a plausible value for ~ is can be
understood in the following simple method of moment framework based on Campbell et al. (1997, pp.
306-307). Under the assumption of homoskedastic and joint normally distributed dividend growth rates
(g9¢) and asset returns, the unconditional mean of the riskless rate and the equity risk premium are given
by:

*Var|g]

2
Elry — 7’{] = yCou[rs, g, (27)

Elrf] = ~mp- +vE[g]

where the equity premium expression ignores a Jensen’s inequality term. As the frequency of movements
on the binomial tree increases, the joint distribution of returns under FI converges to a bivariate Gaussian
distribution (see Cox et al. (1979)). Equation (27) can therefore be expected to capture the moments
of asset returns with high accuracy under FI, while it should only be viewed as a rough but informative
approximation under learning. Using 8 = (1 + 0.035)"! = 0.966 on an annualized basis, (27) can be
evaluated using the moments for real dividend growth and stock returns implied by the available time series.
In our data, we have E[g;] = 0.01216, Var[g;] = 0.00097, Cov[r, g:] = 0.00079, and Var[r;] = 0.014509.
Small risk aversion coefficients, e.g. v = 0.5, generate a plausible risk-free rate but much too low an equity

premium, while a value of v as high as 71 is required to generate the 5.6% equity premium found in our

that mean stock returns increase compared to the FI case. The result is a considerably higher equity premium than under FI,

see Guidolin (2005).
29We thank an anonymous referee for drawing our attention to this implication of our results. An expanding literature

has obtained results consistent with the notion that many asset pricing phenomena may be explained at relatively low levels
of risk aversion. For instance, David (2004) illustrates that although a declining v reduces the required compensation for
consumption risk, it also makes agents more aggressive (based on erroneous but credible models of the economy), increases

trading risk, and hence can raise the equity premium.
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data—although the resulting riskless rate becomes negative. For intermediate values of v (in the range
4-10), small positive equity premia (e.g. 0.8% for v = 10) and interest rates below 10% per annum can be
generated under FI.

We next argue heuristically why assuming that the representative investor is on a learning path may
generate estimates of v smaller than what is typically reported in the literature. Using the simulations
underlying the RL results in Table 1, we calculate sample averages of the perceived moments E[g:], Var|g:],
Covlrt, gt], and Var[r] under RL. In other words, at each step on our simulation paths, we calculate the
predictive density of dividend growth rates and stock returns using (20). We then average these perceptions
over time and across simulations, obtaining ERL [g:] = 0.01216, Var RBE [g¢] = 0.01025, while Cov RE [rt, gt]
and Var RL [r:] depend on the assumed level of . For v = 0.5 we have Cov RL [, g¢] = 0.02464, Var
RL[r,] = 0.01593, so (27) implies an equity premium of 1.3%, a plausible mean stock return of 5.2%, and
a short-term interest rate of 3.9%. Although these values do not perfectly match the sample moments,
~v = 0.5 appears to adequately trade off several competing moments. Rational learning effects magnify the
perception of the riskiness of the fundamental process and the perception of a high degree of correlation
between the real dividend growth rate and stock returns since the price-dividend ratio W is increasing

in 7y for v < 1.

7. Extensions of the Model

Since the seminal paper by Cox et al. (1979), the binomial lattice has played a key role in the development
of finance theory. However, it is of interest to see whether our analysis applies to a more general setup
where the dividend growth rate can take more than two values at each point in time or the state transitions
are allowed to follow a Markov process. Sections 7.1 - 7.2 show that the result that BL and RL equilibrium
asset prices are identical under restrictions on the choice of the prior generalizes both to multi-state and to
Markovian processes. Section 7.3 discusses the limitations arising from our assumption of a representative
investor and points to ways in which our analysis may carry over to environments with heterogeneous

investors.

7.1. Generalization to a Multinomial Lattice

First, we show that relaxing the assumption that g;; can only take two possible values is not important for
our result on the equivalence of BL and RL asset prices under restrictions on the choice of the (conjugate)
priors. Suppose that V¢ > 1, g; can take K > 2 possible values, {g1, g2, ..., gx } with probabilities {71, 7o,
..., Ti } such that 25:1 m = 1, i.e. the probability distribution is defined over the K simplex. In this case
gt is drawn from a multinomial distribution with K possible outcomes. Furthermore, assume that under
BL the investor has a Dirichlet prior with parameters {ni o, n20, ..., nxo}, nko > 0, k = 1,..., K, such
that nxo = No — Zsz_ll N4.0°

K-1 ) T (Np)

K

nkyofl

p<7T1,7T2,...,7TK n170,n270,...,N0— Z nk,0 =—r =, H Ty, .
k=1 L (0) k=1
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The Dirichlet prior is simply a vector generalization of the beta distribution. Once again, the most natural
interpretation is that the agent has pre-sample information with ny ¢ realizations of the dividend growth
rate, gr, k = 1, ..., K, where Ny is the total number of pre-sample observations. Since the Dirichlet prior
is conjugate for multinomial distributions, the resulting posterior for p(mq, mo, ..., Tx|F¢) is also Dirichlet
with parameters {ni o+ X1+, noo+Xoy, ..., No+t— Zf;ll N0 — Zf;ll Xt }, where X}, 4 is a counter that
measures the number of realizations of the dividend growth rate that ‘fall’ in the k—th cell, k = 1,..., K
(see Zellner (1971) for a proof).

If the probabilities {71, 72, ..., Tx } were known, the FI equilibrium asset prices could be found, subject
to standard transversality conditions and provided that p > Zle Trg; (where gf = (1+ )7 = 1), as

follows:

DtZEt
s=1

Similarly, the equilibrium risk-free rate in this setting is:

o) s K K *
HQtH Dy ] _ th(1+p)—s Z [Wk (1 _i_gk)l—v] — M (28)

K *
Ditia s=1 =1 k=1 P = D k1 TkI},

Zf:l me(1+gK)
1+p '

B = E [B(1+g:11) 7] = (29)

Clearly, (28)-(29) reduce to (11)-(12) in the special case where K = 2 and the dividend growth rate evolves
on a binomial lattice. BL asset prices are then obtained as an extension of Proposition 3. Under a similar

set of assumptions (including a Dirichlet prior), SP is given by

1 _
StBL _ / / / + Zk 1 ﬂ-kgk H ﬂ_Zk,O'FXk,t 1d7‘(’1 dro - ... - d?TK,
Hk 1T (nog) 0 p— Yhey RO} k=1

while the bond price is given by

1l 1K - K A -
1 v _ 1 v
BtBL = / / it M1 49%) p(m1, 72, .., T |Dy)dmy - dmg - ... - dig = 2=t Tt (140%) .
1+p L+p

Here 7y, ¢ = %ﬁ“’ and we used that p(71, 72, ..., Tk |F ¢) is also Dirichlet so E[mi|F ¢] = fol TEp(TE|F ¢)dmy,

= 7+ (see Gelman et al. (1995)). p(mg|F ) is the marginal distribution of 7y, derived from p(7y, ma, ..., T |F ¢)

and

(1+g1)"
Bf;L = // /7r1 g1) p(m1, T2, oo, TR |F¢)dmy - dmg - ... - dr g +

1+ -7
i +// /WK %) p(m1, T2, o, T |F¢)dmy - dmg - .. - dT g

- (U+g9)” 7/
= T+ ) A Wlp(ﬁ1‘f_t)d71’1+...+

1+gr)7 !
L0 [ ol o)
0
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As for the RL asset prices, equation (20) is easily generalized to:3°

D K—-1
PRL{ 55 = (L4 g1) " (14 g2) ™2 x o x (14 g )* k=t Yoo | ffl,t,-.-,ﬁK,taNt}

X151 N\ 77X s—1 ) K-l X, -1 _ .
( : )Hi_la (v o+ ) IS O ) T ™ 0 = G i )
X oo Xk 1 L e (N, +1) ‘

In fact, the compound probability of a particular path of states between periods t + 1 and t + s equals

1720 0 A Xt N 41— Xpag)
[0 (N +1)

where ijri{a, b} is again the selection operator that takes the value a if the growth rate equals g (k =

I

1,..., K) at time t 4 4, and otherwise equals b. (N; + i — X}, +4;) increases by unity each time the growth
rate differs from gg, so all paths with the same number of occurrences of the k—th state between periods
t + 1 and ¢t 4+ s have the same probability. Equation (30) follows since there are ( Xl,s,...,sXK_l,s) different
paths so the states characterized by growth rates {gi1, g2, ..., g} occur {X1 4, Xos, ..., s — Zf;ll Xk}
times between ¢ + 1 and ¢ + s. Equation (30) simplifies to (20) when K = 2.

Subject to a transversality condition and p > max{g;}, the stock price under rational learning is now

M(s)
ZFZG (X155 00 Xis) P (Do | 1ty s Frcs Ni) 3 - Dy

where M (s) is the number of possible end-node values for fundamentals after s steps on a K —state multino-

mial tree, and
K

* _ *\ X7
Gm,s(XfLs’ "'7X}?,s) = kHI(l +gp) ke m=1,..,M(s)

corresponds to the s-step intertemporal marginal rate of substitution under the vector of states {X 1sr X2,
5 — Zsz_ll ngs} given by the m-th combination.3! At this point, it is tedious but straightforward to
extend Proposition 5 to show that SPL = SFX and BPF = Bf**. The BL stock price,

SBL — ZﬁSZG (X1g,mms XKS// /Hk - nko)ﬁ ol

K
y _ I (S) H ﬂ_z{k 4+ X
[lea T (Xk,t + Xl?}s) k=1

Mdry - dmg ... dri y - Dy

s

301 . .
n this notation
(Xl,s ,,,,, XK-1,s

) is the multinomial coefficient:

s!
X160 X0 ol X6l (s — Son )t Xis)!

It is easy to show for multinomial distributions that the optimal (maximum likelihood) estimator of 7}, is the sample frequency,

thus justifying the RL construction in (30).
31Tor instance, for K = 3 and s = 2, a trinomial lattice implies that M (2) = 6 and, say, G35 = (1+g7)(1+g3) corresponds

to the sequence {X77, X3%,2 — Zizl Xt ={1,1,0}.
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requires evaluating integrals of the form

T (N F (t X +XT
= (No) — +5) / / / nk0+ it s~ dﬂ'l-dﬂ'g...'dﬂ'[(.
Hk:l r (TL]{;’[)) Hk:l Xk: ,t + Xm 0

1 nk 0+ Xkt + X570 —
Then [, fo fo Hk 1T
of a multivariate beta dlstribution, which can be re-written as:

[liei T (nk:,o + Xpt + Xl??s)

d7r1 dmg...-drg (m=1,...,M(s)) can be recognized as the kernel

I'(No+t+s)
The quantity
K m
T (No) T (t+s) [liea T (nme + Xkt + Xk,s)
T T 00) T, T (X + X7 T (No+t+s)

K m
B < s ) T (Np +t) [li=a T (nm«: + Xt + Xk,s> 31)
Xl s? XIT? 1,s

Hf:l T (ng0 + Xp.e) I'(No+1t+s)
is the probability distribution of a Dirichlet multinomial mixture with parameters {s,n1,0+ X1+ + X1, ...,

nio0+ Xkt + Xk,s}, which we refer to as PBL(Dyyy | 14,y TK ¢, Nt) . The RL price is therefore given by
Zﬁs Z Gr o(X16y ey Xig s )PPE (Dys | 1ty oo Trcty Ni) ¢ - Dy

Clearly, StBL = StRL if and only if PBL (Dy,, | Ty, Tit, N) = PR (Dy .y | ity e, T, Nt) VM. Com-
paring (30) to (31) follows the lines of the proof of Proposition 5 and amounts to showing that

K-—1
X1.s—1 . Xo s—1 . — . Xps—1 _ .
ITi= (g +0)[L2 (nag +Z)---Hf:oz k=t TR N — S gy +4)
TT7=0 (Ve +14)
K
I'(No+t) k=D (nozs + Xit + X;?L)
TT/ey T (k0 + X ['(No+t+s) ‘

Once again this turns out to hold for all possible combinations of states, m = 1, ..., M(s), so

BRL — BBL — >y fr;;t(l + gk)ﬂ‘
+p

Finally, notice that our finding that under conjugate Dirichlet priors, equilibrium asset prices under
RL and BL coincide when fundamentals follow a multinomial tree has — at least as an approximation —
some additional degree of generality. From Chamberlain (1987) we know that any generic identically and
independently distributed random variable {g;44} with distribution function F, over a support Z, C Z
can be approximated arbitrarily well by a multinomial distribution, in the sense that for any measurable
function h : Z — R such that [||h]|-dF < oo there exists a multinomial probability measure G whose
support is a finite subset of Z and [h-dF = [ h-dG. Insofar as the process of the fundamentals growth
rate is i.i.d., it follows that an appropriately selected multinomial process can represent such a process.
This implies that RL and BL equilibrium prices are identical when Bayesian investors maintain a particular

(conjugate) prior.
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7.2. Generalization to First-Order Markov Dynamics

Many papers in the asset pricing literature have stressed the need to produce realistic equilibrium asset
price and return processes when fundamentals follow smooth, i.i.d. processes (see e.g. Abel, 2002). So far
we have shown that, under conjugate priors and when dividends follow a multinomial process, RL and BL
asset prices coincide. Given the ability of multinomial processes to approximate other stochastic processes,
this result is quite general. Still, the assumption of i.i.d. increments to dividends is quite restrictive and
authors such as Mehra and Prescott (1985) have used first-order Markov processes. We therefore next show
how some of our findings on RL and BL prices can be extended to this important case. After introducing
details of the dividend process, we derive BL: and RL equilibrium prices and then show that choices of the
BL prior exist under which the two sets of prices coincide. To keep notations simple, we investigate the
case with two states (K = 2), as in Sections 2-6.

Suppose that dividends evolve on a lattice but now let the probability of a high (low) growth rate
between ¢ and ¢ + 1, g¢+1, depend on the growth rate between ¢t — 1 and ¢, g¢. In particular, assume that

dividends follow a stationary, irreducible first-order Markov process for which P{gi11|F ¢} = P{gi+1|9¢}:
with prob. mpp if gt = gp
g . .
with prob. 1 —my if g = g;

= Thh, T € (0,1). 32
G { with prob. 1 — mpp if g = gp wny € (0,1) (32)
g

with prob. 7y if g: = ¢;

We collect the transition probabilities in a matrix P:

P=

Thh 1 —Thn ]
L—my '
The information set continues to consist of the finite sample space (7 comprising all sequences of Os and
1s:
wr = {I{gi=gn}> Lga=gn}> - Lgr=gn} } -

Sample information can be organized in a frequency count matrix Fr with generic element f;;7 =
Zszl Lig=g; .91 1=gi}> ©J =‘high’, ‘low’, that keeps track of the number of transitions between the states.
Under BL, assume that the investor has a matrix beta prior on the unknown matrix P:

p(PINg) = 01 1 e,

[T—1 T (nij0) i=t;h j=1,n
where Ny is another 2 x 2 matrix with generic element n;;o > 0 Vi,j =‘high’, ‘low’ (h,l) and Nog =
Zi:l,h > =1, TVij,0- Once again, the natural interpretation of this prior is that the investor has pre-sample
information with n;; o realizations of dividend growth rate transitions from g; to g;, where Ny is the total
number of such pre-sample observations. Since the matrix Beta prior is conjugate for problems of transition
matrix estimation of first-order Markov chains, the resulting posterior p(P|F ¢, Ny) is also matrix Beta with
parameters given by No + F; (see e.g. Fuh and Fan (1997)):

I'(No + 1) 7T7'l?'j,0+fij,t_1
Hszl I' (nijo + fijt) i=lhj=Lh K ‘

p(PIF:) =
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If the transition matrix P were known, the FI equilibrium asset price could be found using methods

similar to those in Mehra and Prescott (1985), so that, subject to standard transversality conditions,

= ST =7
S gt i) BZWU +g;) 1 7<1+%> i,7=1h, (33)
t+1

provided p > 22:1 Tij (1 + gj) Vi, j. Equation (33) can be written as a system of two equations in two

unknowns, the FI price-dividend ratios in the two possible states, \IIZF I,

{ UL =B [mnn (1+g5) U4+ UFD) + (1= man) (14 g7) (1+ 9] (34)

U= [(1—mu) (14 g5) U+ YT+ (1+ g7) (14 7]

Closed-form expressions exist but are not particularly insightful. Hence, we can express the FI stock price
for K =2 as:

Sf g =1)=B{mn(1+g) A+ V) + 7y (L+g/) L+ )} Dy i=1h,

which is easy to compute once \IIZFI and \1151 are known from (34). When 7, = 1 — 7y = 7, each of the
equations produces a FI pricing kernel identical to that in (28). The equilibrium risk-free rate remains a

function of the current state:

, _ 4 min(L+gn) 7 +ma(l+g1)77
B (g =4) = E[B(1+ g141) gt =] = in(1+ gn) - +p’l< %)

i=1,h.

BL asset prices are obtained as an extension of Proposition 3. Under the same assumptions, StBL is a

function of current dividend growth and is given by

. ; I'(No + 1) L ot fin FI
SPH (g =1)= D] - B [/ T (L gg) (1 4+ Wy dma+
[ T (nijo + fije) Lo " '

1
+/ ,/_qu:l,o-f—fil,t (1 +92k) (1 + \I,f’l)dﬂ_il] i — l, h,
0

while
BBL(gt o Z) NO +t / / 7Tzh 1 + gh 4+ 7Tz'l(1 + gl)_V H W”ik,O‘Ffik,t_ldT{_h -dmy
- ; 1 .
Hk 1 n’Lj o+ fz] t 1+ P k=l,h "
I'(Ng+t 1 vt 1 -t
— = ( 0 + ) |:( +gh) / W:L};h O+fzh td + < +gl) / ﬂ_llzl O+letd7TZ:|
[Tiei T (nijo + fige) L L0 L+p o
_ 7ATZ‘h(1—|-gh)77-i-ﬁil(l—’—gl)i7 i—=1 h
1 + p b )
where 7;; = o 0+?3j;ﬂf’i’é+fh - and we used that p(P|F ¢, Np) is also matrix Beta so that (see e.g. Billard

and Meshkani, 1995):

Elmi;|F ¢, No| =

. ) . . 1
r (nzl,O + le,t + Tih,0 + fzh,t) / ﬂ_mjﬂ-i—fw,tdﬂ_ij _ ﬁ_”
0

[T T (o + fije) Y
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Once again, assuming that a rational learner recursively updates the maximum likelihood estimate
. nijo + fije
nito + firt + nino + fine

7T7;j =
(where the n;; os are initial values of the frequency counters such that n; g = n; 0+nin0 and No = ngo+nn0),

i=1,h

under RL equation (20) generalizes to:

pRL {Dt-l-s _ (1 + gh)(fﬁ‘h’tﬂ—fhh,t)-i—(ffihtﬂ—fzh,t)(1 + gl)(fﬁ‘LtJrs—fhl,t)-i-(fﬁ,tﬂ—fu,t) | Tt e, Ne, g = Z}

Dy
a a a a
o § : 1jt+1,t + nijt+170 v fit+1jt+27t+1 + nit+1jt+270 v
o4 « @ @ o o @ @
e T ot St 5o S T80 T e T 0
a€A(s,, frht+s:fil,t+s) +

(07 (e}
lt4s—1Jt+s,t+s—1 + Tyt s—15t4s,0

X
. o' « a o' )
fit+5_1l,t+8—1 + niH_S_ll,O + fiH_S_lh,t-f—S—l + nit+3_1h,t+8—1

(¢ =1, h) where A(s,, fuht+s, fut+s) is the set collecting all paths of dividends such that
Diys _ (1 _|_gh)(fhh,t+s—fhh,t)+(flh,t+s—fzh,t)(1 +gl)(fhl,t+s_fhl,t)+(fll,t+s_fll,t)‘

Dy
Once s is fixed, funt, fues frhg+s and fi s are sufficient statistics for all transitions between the two
states and so the set over which the probabilities need to be summed will depend only on how forward-
looking the investor is (s) and on fyn+ys and fi¢4s. In this case, the probabilities of a given dividend

path o € A(s, fuhtts, fit+s) over the horizon [t,t+ s], {I{gf‘H:gth,gt:ng}’ e I{%§¥+ g g g }},
s Iitys It Hs— Ttts—1

will depend on: (i) the initial state g;; (ii) the exact sequence of high and low growth rates.>?> As a
consequence of (ii), notice that (??) now no longer relies on binomial coefficients to account for the fact
that there may exist multiple paths of the growth rates leading to the same final dividend level Dyyg.
Obviously, such simplification applies whenever the RL probabilities become path-independent, in which
case — because fz'(j+ljt+l_1,t = ﬁ+ljt+l_1,t = fﬁﬂ,t Va € A(S, frhtts futts) — A(S, fht+ss fii+s) reduces to

(fh Ry ) = () Interestingly, (??) can be written as:

RL %: (fun,t4s—Fnn,t)+(fin,t4s—fint) (Frte+s—Fni, ) F(fuers—fue) | 4 S _
P (1+gn) (14+a1) | Thhes Tites Ne, ge=1

Dy
Fintrq= Tt s=fihtrq—fine—1
{ o - (anot £+ k)] { ko T (Nio — a0t S+ k‘)} 35)
— Z . (35
871 . o o
QEA(S, fun, st 4s) k—o(Nio + fii + fij +F)
32For instance, when s = 2, the four expressions
. . + fune Nnni,0 + frie
PR h U fnne, 7, Noy ge=h} = Bhh,0 : : .
{ ‘ ' ' } Nio + f;le,t + fi?h,t Nho + f}?l,t + f}?h,,t"‘l
. . + fuie Nin,0 + fint
P b fhne, e, Ney ge=h} = Thi,0 . . :
{ ‘ Nh,0+ff(31,t+fﬁh,t vao_‘_flcl‘,t_'_flah,t
. . 0+ fint Nnn1,0 + frit
PRL h lﬂhh’t Tt N gt=l} = Mk,0 . X . -
{ ’ ‘ ’ ’ ’ Nio+ fﬁz,t + fﬁ,t Nho+ f}?l,t + f}?h,t
nu,o + fu,e N0 + fin,e

PRY L1 bldtnn e, e, Ney ge=l} =

X
N170+fl(;z,t +fﬁ,t N170+floltz,t +flolt,t+1
are all different. The sum of the first two probabilities gives PFL {Dg—ts:(1+gh)(1+gl) | 7nhts T, Nty gt:h} , while the sum

of the last two gives pRL {DB—:S:(H—%)(H-QZ) | bty Tt Nt,gtzl} .
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For instance,

[0 70+ Fiig + k| [TTRoo(Noo = nano + fi o + k)

RL ~ ~
p {hyl‘ﬂhh,mml,t,Nt,gt:h} = Hllc O(Nh0+fﬁ‘l +f}?h +l<:)
= , it it

B nan0 + fina y nni0 + frig
Nh,o—i_f}?l,t_’_ff?h,t Nh,O”‘ff?l,t"'fl?h,t"'l
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X :
Nio+ frie + Fing Nno+ Fhie + fipe 1

When state transitions are independent of the current state so P{gn|F:} = m € (0,1) V¢, (35) reduces to

(20). For instance, using our example,

PR (h 10, Ny} nh,o + frit Nno = nno+ f1}
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Subject to a transversality condition and p > {g/, g }, the stock price under RL is then

StRL(gt = Z) = ZBS Z G:(ff?h,ﬂrsv fl(itJrs)x

aC€A(S, [ t+s:fil,t4s)

RL R . 4
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where
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corresponds to the s-step intertemporal marginal rate of substitution over the sample path {1 (921203, 01=0i }
t+1° i

1 :
{gt+s th+s s 1= ngs 1 }}
Generalizing Proposition 5 to show that SP = S/l and BPY = Bl requires re-writing the BL stock

price as follows:
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The BL price implies evaluating integrals of the form
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Because 7, + m; = 1, this remains the kernel of a bivariate beta distribution:

I (nil,o + fils + nino + fﬁl,t> r (nih,O + fﬁ;ﬂq) r (nil,o + fﬁ‘,tﬂ)
[e=in T (nik,o + f%,t> I ("v:h,o + fih g T 10+ fﬁ,t+q>
r <nil,0 + fils + nino + fﬁi,t) r <nih,0+fﬁl,t+q> r (Ni,o-nih,oJrfﬁHq - ﬁL,Hq)

r (nih,0+fl%’t> r (Ni,O — nino+ [ — ﬁm) r (nz’h,() + fihirq T M0+ fﬁ,Hq)

Equation (36) is similar to expressions appearing in the proof of Proposition 5 (see the Appendix), with ¢
replaced by fii++ fins (the total number of recorded transitions from state i = [, h up to time t), j replaced

by f3 ;s no by nino, No by ni0 + nn,0, and @ by f5 thg — [ ;- Therefore (36) can be written as

a o 1
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which is the same as (35). Since, for all s > 0, the RL probabilities coincide with those under the BL
predictive density for the relevant transition probabilities, it follows that SPX = SFL and BPL = BEL.

Although the complexity of the notations increases in K, a similar logic could be applied to prove that
BL and RL asset prices coincide when the BL prior is taken to be an appropriate matrix Beta for the
general case with an m—th order Markov chain and K > 2 states.

The results so far demonstrated that equilibrium prices under BL and RL are identical for suitable
choices of the priors that are conjugate with respect to the dividend process. When {g;} follows a binomial
lattice, the prior should be Beta; when {g¢:} follows a general multinomial tree with K possible states, the
prior should be Dirichlet, a vector generalization of a Beta; when {g¢;} follows a first-order Markov process
with unknown transition probability matrix, the suitable prior is a matrix Beta, a further multivariate
generalization of the standard Beta. One may therefore conjecture that the use of a conjugate prior might
be at least sufficient (if not necessary) for BL and RL equilibrium prices to be identical. This conjecture

is, however, incorrect and it is easy to construct counter-examples where this does not hold.?3

7.3. Heterogeneity

Our analysis has explored the implications of various learning schemes for equilibrium asset prices under
the simplifying assumption that only the learning of the ‘average’, representative agent matters. Extending
our results on the differential impact of alternative learning schemes to cover heterogeneous agents runs
into three complications. First, heterogeneity may give agents an incentive to learn from the observed
(aggregate) market outcomes. While this does not pose any principal difficulties, in practice it becomes

more difficult to characterize the equilibrium. Second, strategic incentives may emerge if a group of agents

33Under Gaussian IID dividend growth, the perceived distribution for the s—step cumulative dividend growth under BL or
RL differ for s > 2. While for s = 1 the rational learner will believe that the predictive density for Dyy1/D; is Gaussian, for
s > 2 the predictive distribution of future dividend growth rates fails to be Gaussian and is instead a mixture of Gaussian

variables, with mixing weights that depend on future realizations of the dividend growth rate.
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realize that equilibrium market outcomes depend on their own beliefs and actions. Third, existing papers
focus on the effect of heterogeneity in beliefs, while other forms of heterogeneity—chiefly in preference
parameters—may matter. Results in Constantinides (1982) suggest that problems caused by heterogeneity
in beliefs get compounded with possible differences in preferences.

Heterogeneity is undoubtedly important in practice, so it is worthwhile briefly considering how our
results might be altered by such effects. Since we work with power utility, results in Rubinstein (1974)
imply that an aggregation result holds whereby a representative agent exists if all individuals populating
the economy have identical time preference parameters {Pz‘}i[:p identical coefficients of relative risk aver-
sion {v;}1_,, and identical beliefs.3* These are strong restrictions, not very dissimilar from imposing the
existence of a single agent. Moreover, even if one found these assumptions acceptable, it would not resolve
issues such as the no-trade theorem which implies a zero trading volume in this type of model.

Recent papers provide pointers for how investor heterogeneity may affect equilibrium asset prices.
Kurz et al. (2005) present a model in which the dynamics of diversity of beliefs is the primary propagation
mechanism in asset markets. In their model the distribution of the conditional probabilities of future market
states is an endogenous element of the state vector. Interestingly, this requires that each investor must
forecast the beliefs of the other investors, which is a typical Keynesian “Beauty Contest” effect. Calibrations
suggest that such a model is successful not only at matching moments of asset returns (including the equity
premium), but also can match the predictability features of US stock returns and generate stochastic
volatility. A key difference between this paper and ours is that Kurz et al. (2005) use the rational belief
principle in Kurz (1994) to model how agents use subjective models.

Dumas et al. (2005) study a filtering problem with two classes of agents that receive a public signal that
is informative about future dividend growth. One class of agents uses the correct model specification while
the other uses a misspecified model and overreacts to information, alternating between being excessively
pessimistic and optimistic. When the rational traders fail to dominate the economy, asset prices can be
strongly affected by the overconfident agents and prices become excessively volatile. Moreover, irrational
traders may survive for a long time before being driven out of the market by the rational investors—see
also Buraschi and Jiltsov (2005).

8. Conclusion

We have characterized equilibrium asset prices under three learning schemes in the context of an infinite-
horizon equilibrium model where dividends evolve on a binomial lattice and agents have power utility.
Since asset prices are a function of agents’ beliefs, the probability distribution of asset prices reflect agents’
learning.

The binomial lattice model analyzed in this paper is the standard tool used to derive the Black-Scholes

34These assumptions can be relaxed under log-utility (v = 1), since markets are complete (learning does not affect equilibrium
outcomes in this case): aggregation would follow simply from imposing that all individuals have identical resources and time
preference parameters, see Rubinstein (1974, p. 232). Otherwise markets are complete under FI (see Cox et al. (1979)),
although they are possibly perceived as incomplete on a rational learning path (i.e. for finite T') because the risk posed by

future variations in the price-dividend ratio is not tradable.

32



option pricing formula as the continuous time limit of a discrete time model. When learning is introduced
into the model, option prices will change because the level and volatility of the underlying asset price
change. Empirical researchers have found systematic biases when attempting to fit the Black Scholes
model to a cross-section of option prices. Guidolin and Timmermann (2003) derive option prices based on
the recursive learning model discussed here and find that the model is able to generate implied volatility
smiles. They find that option pricing models that incorporate recursive learning effects produce equally
good or better forecasts than several benchmarks provided by the empirical option pricing literature.
Although learning will disappear asymptotically in the current setting (see the discussion in Lewellen
and Shanken (2002)), it is easy to modify the setup to prevent this from happening. For example, the true
7 may be subject to occasional structural breaks which would reset the learning clock so learning effects do
not die out but recur after a break (c.f. Timmermann (2001) and Beck and Wieland (2002)). Alternatively
agents may believe that the true value of 7 is subject to slow changes and use a rolling window rather than
an expanding window to estimate 7 as a means of robustifying their beliefs with respect to nonstationarities
in the fundamentals process. These extensions are trivial conceptually, but complicate the derivation of
asset prices. For example, the use of a rolling estimation window for 7 introduces path dependence in

agents’ beliefs and makes an analytical treatment difficult.
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Appendix A

Derivation of Equation (22). Let X;;x be a counter that measures the number of realizations of the
high-growth state up to period t + k:

Xevk = Xetk—1 + Litks kE>1.

Here 1414 is an indicator function taking the value one if the high growth state occurs in period ¢ + k, and
zero otherwise. The compound probability of a particular path of states between periods ¢t + 1 and ¢ + s
equals

s—1
IT 2eed Xpsre, Ne + kb — Xyii
k=0

7—1

[T (Nt +k)
k=0

where j.y1{a,b} is a selection operator that takes the value a if the high growth state occurred at time

)

t + k, otherwise is b. (NV; +k — X1 1) increases by one each time the low growth state appears, so all paths
with the same number of low growth states between periods ¢t + 1 and ¢ + k& have the same probability.
Equation (22) follows since there are (f) different paths with ¢ up-states and (s — i) down-states occurring
between t+1 andt+s. O

Proof of Proposition 1. Iterating on the Euler equation (8), from the law of iterated expectations

(fro) o] o [(fTan) 5]

k=1
Taking the limit as 7' — oo, imposing the transversality condition limp_, ., Et[(]_[,j;zl Qt+x)St+1] =0, and

T
SFl = Fy [Q141(St41 + Dig1)] = ZEt + B
s=1

dividing and multiplying by Dy, we obtain

SFT=>"E (H Qt+k> Dt+s] =D, E
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Under power utility the pricing kernel is Qi1 x = B (1 + gi4x) ' . Using that dividend growth follows an
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i.i.d. two-point distribution, we have
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Here we used that p > g/ + 7 (g7 — g/) guarantees that the sum converges and is positive. Since g >
—1, it follows that Ei[(1+gi1x)' "] = 1+ g + 7 (gf —gF) > 0. Finally, we check if the transversality
condition lim7_, oo Et[Hle Qt+r Si+1] = 0 imposes additional restrictions on the parameter space. From
the definition of @1k and the expression for S;ir, we have

T
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In the limit as 7" — oo, this is zero if and only if p > gf + 7 (g7 — g) , as assumed.
The equilibrium risk-free rate follows from the Euler equation (9):

A+g) " +m[l+gn)7 —(A+g)"]

B = E, B(L+gi11)] = T+

Since 1 + g41 is positive, p > —1 is necessary and sufficient to obtain a positive bond price. Under the
restriction 14p > (14+g;) 77+ [(1+gn) 77 — (1 + )], B! < 1 and the risk-free rate is always positive.
But this is satisfied as 1 +p > 14+ g +7 (g5 — gf) = E[(1 + gipr)' 7). O

Proof of Lemma 1. The Bayes risk of ¢ is
A(m,8) = / / L(x, 5(Dy))p(x| Dy)m(Dy)dDydr
1 J D,
= / |:/ L(W,é(Dt))p(ﬂDt)dw} m(Dt)th = / A(W,aj)m(Dt)th.
Dt II Dt

Since G; minimizes A(m, 5(D£)), then 6” = a = [ag a1 ... ;)" also minimizes A(m,0). O

Proof of Proposition 2. Using the Euler equation (8), taking the limit as 7' — oo under the transversality
condition, we obtain

T s . . .
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The bond price follows directly from (9) and using p > —1,0 <7, < 1:

~ 1+p

RL RL
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The final part of the result is the convergence of the infinite sum (21) or, equivalently, the existence of the
RL equilibrium. p > g; is necessary and sufficient for the equilibrium to exist when v > 1. Indeed, when

v > 1, gf > g; so the highest price arises when PRL (D?+S|nt,Nt) =1. Uik = Pty <1+—gl*

s
T1p ) converges

to ::Z;: if and only if p > gf. When pricing the stock, agents must also integrate over the sequence of
degenerate distributions PTE (D? st Nt) =1, so p > gf is necessary and sufficient. When v <1, p > gy
is necessary and sufficient. In this case g; > g/, so the highest price arises when pPRL (Df sl Nt) = 1.
Ul converges to /1:—35*5 if and only if p > g;. Since this inequality must hold for all future periods, p > g;

h
is necessary and sufficient for existence of the equilibrium when ~ < 1. Since

v . gr ify<1
max {g;, g5} = Z .
g ify>1

p > max {g/, g} } is necessary and sufficient for the equilibrium to exist.3® O

35When v =1, g7 = g7 =0, and p > 0 is sufficient for the equilibrium to exist since the pricing kernel simplifies to
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Proof of Proposition 3. The Euler equations under BL are

StBL = E7T|Dt {Etﬂl' [Qt+1(5t+1 + Dt+1) ’ Dtvﬂ-]}
BtBL = Eﬂ"Dt {Etﬂr [Qt+1 | -Dt7 W]}7

where E; - [-] is the expectation conditional on D; and 7. Throughout the proof we suppress the dependence
of D; on 7, the number of ‘up’ moves. Iterating on these Euler equations, we have:
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Bt [p(7|Dyyi)] = p(w|Dy)  VE >0,
is a martingale process (c.f. Bray and Kreps (1987, p. 609)). In the limit as 7" — oo, from the transversality
condition limr_, s Em[(]_[g:l Qt+k)St+7] = 0, we obtain

o0
SPY = DyEqp, {Z Ein
s=1

so the stock price under Bayesian learning is

where we used that
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The equilibrium risk-free rate follows from the Euler equation for BP%:
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where 7, = 7](,001]; and we used that 7| D} ~ beta(c,d), so

¢
c+d

/0 mp(n|Dy)dr = E[r|D]] =

Once again, BP%(j) < 1 and the risk-free rate is always positive. O

Proof of Corollary 1. Under the RL equilibrium, the gross return on the stock index is

St+1 + Dt+1 _ (]. + \IliiLl)Dt-i—l
S, URLD,

When v = 1, UL = wiT = %. When v < 1, using a result from Proposition 7 it follows that under
pessimism (7; < 7) WF < WF | while optimism (#; > ) leads to W/ > W1 When « > 1, pessimism
implies U > U while optimism means WX < WF/,
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It is straightforward to prove that, under FI, g, > g; > —1 is sufficient for the absence of arbitrage
opportunities. The strategy of our proof therefore consists of establishing, when possible, FI bounds for
RL gross stock returns. When these bounds cannot be proved, the conditions in Corollary 1 are required
to prevent the existence of arbitrage opportunities. When v = 1, FI and RL stock prices coincide so
that no further conditions are needed. For v # 1, we study four different cases, using the definitions
T = N+1 (Nyty + 1) and 7, = N, Jr17rt

(a) v < 1and 7y < m. Ufl < WFT and WL is increasing in 7441 (see Proposition 7), so

1+ WRL(7Y Ny + 1)

(1 1+ URE (7, Ny)
WRL (7, Ny)

WRL (7, Ny)

- [1+m} (1+gn) > [H%] (14 gn)-

The absence of arbitrage opportunities under FI is sufficient for the right hand side of this equation to hold

+9gn) > (1+gn)

under the stated assumptions, i.e. using 7; < w and (1+g,) 7 < (14 ¢) 7 :

1+p N 1+4p
(T+g) 7 +m[(1+gn)"—A+g)7 " (I+g)™7 + 7 [(1+gn) "7 — (14+g) T

[1+ q;FI} (1+gp) >

However this does not hold for the left hand side of (23) so we must impose the restriction

1+ URE (7L Ny +1)
WRL (7, Ny)

1+p
(I+g) 7 +m (L +gn)7 = (L+g)7]

(1+a) <

(b) v <1and #; > . WL > WF and UL is increasing in 741, so

1+q/RL<ﬁg+1,Nt+l)(1+ ) < 1+\IIRL(7ATtaNt)
URL(7,, Ny) g URL(7,, Ny)

- [1+m] (1+g)< [1+\ij,} (1+q).

(1+a)

By arguments similar to those in (a), absence of arbitrage opportunities under FI implies their absence
under rational learning as well. However this does not hold for the right hand side of (23) and restrictions
on the parameters must be imposed.

(c) v >1and #; < . Since U > WFT and UfL is decreasing in 7441, a series of inequalities similar
to those in (b) imply that absence of arbitrage opportunities under FI is sufficient for the left hand side of
the rational learning no-arbitrage conditions to hold. This does not hold for the right hand side.

(d) v > 1 and 7; > 7. Since U*F < WF and \IlﬁLl is decreasing in 71, a series of inequalities identical
to those in (a) imply that the absence of arbitrage opportunities under FI guarantees that the right hand
side of (23) holds. This does not apply to the left hand side.

When v < 1, (a) - (b) imply that on a rational learning path where optimism and pessimism can
alternate, the condition in the corollary should be imposed and checked at all nodes of the binomial lattice.
(c) and (d) have the same implication when v > 1. O
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Proof of Proposition 4. Under the assumed transversality condition, the BL stock price is30

SPE = DtE7r|Dt{iEt,7r ﬁQtJrle:izkl]}
_ th/ [258 Vg ) () a-me ] (x| Dy

o ' (s s i
= DYy ) ()0
I'(No +t)

X - -
L'(j +no)I'(t + No —no — j)

7T]+n071(1 . ﬂ_)t+NofnofJfldﬂ,.

The integral is

1
/ < ) ['(No +1) _pititno=1 (1 _ gyt Nots—mo—j—i~1 g
0 L'(j +no)L'(t + No — no — j)

1
s I'(No +¢) _ / It (] _ pyt+Nots—no—j=i=1g.
]+n0 F(t+N0—TLO—])
I'(No +t) F(G+i+no)l(t+No+s—mng—j—i)
L(ng+ 7)I'(No+t—mn0—j) ['(No +t+s) ’

since fol gitidno=1(] — r)t+Nots—no—j—i—1lqn i5 a beta function Sf(c,d) and Bf(c,d) = I'(c)['(d)/T'(c + d).
The last line is the probability function of a beta-binomial distribution with parameters (s, No + ¢, No +
t —ng — j). Defining PP¥(D;) as this discrete probability distribution,

PBY(Dyys = (14 )™ (1 + g,)7 " Do)
_ <5> I'(No +1) T(j+i+no)T(t+No+s—ng—j—1i)
T'(no + J)T'(No +t — 1o — j) T(No+t+s) ’

the equilibrium stock price under BL can be written as:
. (o @] S ) . )
SPH(j) = D} [ZZBS (L+g/) " (L+g3)' PPH(DL) |- O
s=1 1=0

Proof of Proposition 5. Comparing P to the expression for PBL, the only difference between the
asset price under rational and Bayesian learning arises from the terms

i—1 s—i—1
<S) kUO(HO + Z;:l I{Qj:gh} + k) kl:lo (NO —no +1 - Z;:l I{gj:gh} + k)
= =
1 s—1
' T (No+t+k)
k=0

and the ratios of gamma products

I'(No+1) L'(j+i+mno)l(t+No+s—ng—j—1)
I'(ng + j)I'(No +t —no — j) I'(No +t+s) '

36Throughout, we suppress the dependence of D; on j (the number of ‘up’ moves).
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While these terms may appear to be very different, notice that
I'(No +1t) F(G+i+no)(t+No+s—mng—j—i)

F(n() +j)F(N0+t—no—j) F(N()—l-t-l-s)
=[t+No+s—np—j—i—1)x(t+No+s—mng—7—i—2) x..x (No+t—mng—j)]
[(no+j7+i—1)x(no+j+i—2)X..x(no+7)]
(No+t+s—1)x (Ng+t+s—2)X...x (Ng+1)

i—1 s—i—1
[H (no + Z}tc:l Lig=gny + k)] [ [T (t—mno— ZZ:I Lig=gny + k)}

k=0 k=0
SL(No +t+ k)

)

where we used Y5 _; Itg,—g,y = J- Hence PRELID, ,} = PBL(D,,,) and the BL stock price is

5Pt =D}

S H (L g (14 ) PRL<DHS>] |

s=1 7=0
The second part of the proof follows from noting that the above factorization does not work if a non-beta
prior is used. O

Proof of Proposition 6. We need to establish conditions under which the compound probability of ¢
up-states and s — ¢ down-states under the rational learning rule exceeds the probability under the adaptive
learning rule. This holds when

i1 s—i—1 -1 s—ie1
[I(ne+k) T (Ne—ne+k) I[T7ne I (Ve —me)
§ k=0 k=0 $ k=0 k=0 -
() e () BB
[T (N:+ k) [T M
k=0 k=0

Dividing through by the expression on the right hand side and taking logarithms, we get

s—i1—1

Zln<1+ ) Zln( t_nt> Eln<1+ >>0.

It is easily verified that this expression is positive when i is either very large (“close to s”) or very small

(“close to zero”). Also, the expression is monotonically decreasing as a function of i for ¢ < (s — 1)ny /Ny,
and increases for ¢ > (s — 1)n:/N;. Both sides of the first inequality sum up to one and the left hand side
has larger probability mass in the tails, so it follows that the probability distribution over the proportion
of up-states under RL is a mean-preserving spread relative to the probability distribution under AL. O

Proof of Proposition 7. Consider the RL pricing kernel,

o) s
(i, Ny) = ZBSZ gL+ g7 PR (il Ny = 3 51+ g1t S @l PRE (if, N,
s=1 =0

s=1 =0

where a = li‘;’i and PRE (i|7ty, N;) = PR (Dyys = (1+ gn)'(1 + g1)* |7, Ny). Clearly, o % 1 if and only

1ffy§1.F1X321,so

ZaiPRL (Z’%t, Nt) =F [ai\?rt, Nt] s
1=0

42



where 7 is the number of up moves of the dividend out of a total of s steps. 7 is a realization of a random
variable with discrete distribution { PRL (i|7;, Ny)} L.
When v < 1, @ > 1 so o is strictly increasing in i. For 7, > 7, E [oﬂﬂ, Nt] >F [o/|7?t, Nt] , and

o
\IJRL 7Tt7Nt Z/gs 1 —l—gl [Oéz|7/1\'2,Nt] > Eﬁs(l —|—gl*)sE [Oti|%t,Nt] = \I’RL(ﬁ't,Nt).
T=1

The RL pricing kernel is therefore monotonically increasing in #;. Conversely, when v > 1, o < 1 and o/
is strictly decreasing in i. It then follows that WRL (7}, Ny) < WL (7, Ny), as claimed.
To establish convexity of WX (7, N;), we need to show that

F UL (7Y + (1 — ) UL (79) > ORE (m +(1- frt)frd) — WRL (%) = WL (7,)

where 7#¢ = #; — N% and 7 = 7ty + «~. The last equality follows from
R o A ng e+ 1 Ny —ngng — 1 ne [ng+1 Ny —ny 1 R
* u 1— d 2 —_ _ | = )
7 =mat+ (1 — 77 = NN + N N N | ™ + N N | =7
To verify the inequality, notice that
U ) = ZBS S (g (g [t M= =l T s
et A : e Ny—mi+s—i—1 ’

, 1 Nigng+s-i
1 — # ) WhRL(Ady s 1 1La®)S7 (1 — 4 Ul 74 pRL )
(1 #) W3 gﬁ z; £ (o) |0 = ) TR iy

Adding these together, we have

UL (7Y 4 (1 — 7)) URE (7 Zﬁ“" Z (14 g0) (1 + g7 PRE(i|7y)
s=1 =0
[yt Ny —ny—1
X |7t .
ng Ne—mpy+s—i—1

+ (1 —7y)

n—1 Ny—ng+s—1
ng+1—1 Nt — ny '

The probability distribution

o O A e Ny —mnp —1 ng—1 Ny—npg+5—1
PRL — pRL Us
(Z’Trt) (Z’Trt)_ g Nt—nt+s—i—1+nt+i—1 Nt—nt

can be shown to represent a mean-preserving spread of PfX(j|#,):

9

P (ile)

i (7t + (1 — 7o) 7f | Ny 44
Nt +s

:mz[w} ()Hk Lot +k+ DILZg (Ve —ne+k—1)

= Ni+s Hk:o(Nt+k‘)
5 d s ’L 1
~ 7TNt+Z H (nt+]€ ) (Nt_nt+k3+1) o o )
1-— ¢ k=0 e i
o ) i=0 Ni+s <Z> Hk:o(Nt-i-k) Ty + ( )Ty = Ty
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This has the same mean as P?/(j|#,). However, the term

ﬁnt—i-z Nt—nt—l
¢ ng Nt—nt+s—z—1

nt—l Nt—nt—i-s—i
nt—f‘i—l Nt—nt

+ (1 — )

is greater than one when 17 is either close to zero or s and is otherwise less than one, showing that probability
mass is shifted from the center of the distribution to the tails. Further calculations show that as long as i is
small, P/l (i|#;) > PRE(i|#y). Likewise, it is possible to show that when i is large, PRE(i|7) > PEE(i| 7).

Since 7 WHEL(7Y) + (1 — 7)) OB (7 f) is an infinite sum involving terms such as > ;_,(1 + g})*(1 +
gF)¥ PEL(i|#,), the function h(i) = (1 + gf)*(1 + g;)** (i < s) is increasing and convex in 4, and
PJL(i|#t;) is a mean preserving spread of PRL(i|#;). Moving probability mass to the good states (1 4 g)
thus more than compensates shifting mass to the bad states (1 + g;') and the result follows from

UL () 4 (1 — 7)) WRE (74 Zﬁs Z (14 g7)'(1 + g7)* ' PEL (i) >
s=1 =0
> Zﬁsz +7) (L4 g)*~ P (il7y) = U ().
s=1 =0

%, SO \IIfLL is a constant that does not depend on 7; and

When 7 = 1, the proof is trivial since W (7;) =
therefore is convex.

When v > 1, (1 +g;) < (1+ g}) so 7, > 7 shifts probability mass from the good to the bad state.
Therefore W} decreases in 7. Since 71, W (7%) + (1 — 7)WL (7%) is an infinite sum involving terms such
as 35 (1+g5)*(1+g7) PR (4| 7,), the function h(i) = (14g;)"(14+g;)* " (i < s) is decreasing and convex
in i, and PRL(i|#,) is a mean preserving spread of PEL(i|#,). Tt follows that moving probability mass to the
‘good’ states more than compensates shifting mass to the ‘bad’ states so that ;UL (7%) 4 (1—7, ) WL (79) >

VRl (7)., O
Proof of Proposition 8. Returns can be expressed as

SEL 4+ D s 1+9FHD s
T’t+3—1 (—t+8+ t+>—ln {—( + )Di

=k+1In(1+ ,
Stlilsil \IIFI-Dt+s—1 :| ( gt‘f's)

1+\I,FI
WFT

covariance under the true (but unknown) probability measure w. Now

where £ = In is a nonlinear function of the FI price-dividend ratio. Let Cov(-) denote the

Cov(rHS,frt ) Cov[In(1+ giys),In(1+¢g)] =0 Vj>1,

since the dividend growth rate is assumed to be independently distributed over time, and, for independently
distributed variables, X,Y, E(g(X)h(Y)) = E(9(X))E(h(Y)) for the functions g(-) and h(-) that we are
using. Analogously,

Cov [(’I“f_;_ls) (rtFI) ] Cov ([ln(l + gHj)]Q, [In(1 + gt)]2> =0 Vj>1.

Hence under FI, there is neither serial correlation nor heteroskedasticity in stock returns.
Under RL, stock returns can be expressed as:

SEL 4 Dy
rive=ln (% =In(1+ U/0) — I U |+ In(L+ giys),
t+s—1
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where WAL = URL (7, . N,. ). Furthermore
t+s +s +

Cov(rfi rfil) = Cov [In(1 + ¥/E) In(1 + U{H)] — Cov [In(1 + T/E), In U]
+Couv [In(1 4 ¥f1), In(1 + g)] — Cov In WL In(1 + ¥/
+Cov [In UL In \Ilﬁ_Ll] — Cov [In UL In(1+ 9t)]

since Cov [In(1 + g¢45), In(1 + g¢)] = Cov [In(1 + ¥FL), In(1 + gr45)] = Cov[In U4, In(1 + g445)] = 0. For
all j, 445 is positively correlated with 7y

P Nits _ T4 + > Iig, =g} _ > Lg,i=gn} _ Nofy & iI
T Nets Ni+s Ntﬂ% Ni+s Ny+s |0 — {ge+i=gn} ]| -

This implies that

L Ne .o, Tt N 2
C = F Iog  — -
Ov(ﬂt-‘!‘S?,}Tt) Nt 4 Sﬂ-t + Nt + s ; {gt+i=gn} d
Ni -2 § 2 2 N o S 2 2
- E 2> + — 2 =0.
Nt+5 [Trt]+Nt+S7r T Nt+5ﬂ- Nt+5ﬂ- T
t
A DO
Unbiasedness of 7y ensures that E[f;] = w, 7y = %ﬁ“gh} and 7 | I{g, ,—g,} are independent

by construction. By Jensen’s inequality, E[#2] > {E[#; 2 — 72, Since WEL is a monotonic function
y y q Y t t

of 7y, and the transformations In(1 + \I’ﬁfs) and ln(\IlﬁLs) are monotonically increasing, it follows that

Cov [In(1 + ¥fiL),In(1 4+ ¥¥)] and Cov [ln(l + \IlﬁLj), In UL | are nonnegative. Furthermore, Cov[ln(1+
UELY In(1+ g¢)] is positive when v < 1, and negative when v > 1. In general Cov(rfL, rfL) will therefore
be nonzero.

This result also holds for transformations of rﬁfs and rftF g(rﬁfs), that lend themselves to a Taylor series

expansion. Consider a first-order Taylor expansion of g(r{t%) around = :

Ag(rfiL(m)) OUEL (yss) 1
RL RL t+s t+s\"t+s i
r ~ g(riis(m)) + - - Tits =T
g(rii) (rids(m)) arFL Oftrys 1+ \I/fjfs(ﬂprs)( 45— )
_ag(rﬁkléfl(ﬂ-)) 8‘1’5&’371(7%t+371) 1 (7A'('t+ 1 ﬂ')
~ bl = '
arﬁ_Ls_l Ofys—1 \I/%s—l(m'*‘s—l)
g (TtR L) can be similarly expressed by means of #; and ;. Using this, we get
Cou [g(rfil). g(rD)] ~ Gyo———r —Cov(ea 1)
L+t (Trgs) 1+ WM ()
1
G4 _ _ Cov(Ttpys, Ti—1)
P WL () O (7o) )
1 1
G0 _ —Cov(Tyqs—1,7t)
NG G ) T i e
1 1
+Gj1 1 . - Cov(Ttpys—1,T—1)
IV i) U (i) )
here G = 290 OV 09(rif) 0V, o Cov(fi4j, fie+i) > 0, in general Cov(g(rfil), g(rfif)) #0
where Gj; = oL Ofis orfL OFigi 1 Tty Tei) = U, 11 G I\Te45)> (Tt .
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Next consider Cov [(rfi)?, (rfiF)?] when Cov(rfik, rtRL) > 0. Applying the Lyapunov inequality,

(B (1L - rFoP)Y = B (s e
B(fE rf?) = (B [Infh - rfH) Y > (B [ - i)}
The last inequality follows from the Cauchy-Schwarz inequality. Therefore,
Cov [(rf)?, (rf")?] = B[ ()% = Bl i) EL0rf)?]
(B [ rf)” = BIRL)E )
= (B[S rfH)’ + (BIEL BN - (BEELERR) - Bl fE) A Bl

v

2 is convex, Jensen’s inequality implies that:

E[(rf5)E(rf)) > A B FL B FYY = (BIrfL Bl FY),

Since g(z) =z

so that

\Y

Cov [(hfL)2, (¢ F1?) > (B [rfil-rfH))" + (B FEER)” - 2 (B L) ERF)
= {E [TtJrs RL] E[TﬁLs]E[TﬁL]}
+2B [rfiL - oY) Bl fL) Bl — 2 (Bl L] EfrE)°
= (Coulrfik, rf1)* + 2B[r L E[rfH Covlr L, rfY)
= Cool[r{ly, r{* 1 {Coolr{y, r{") + 2B[r L] Blr{™]} .
Clearly, when E[rfi] and E[rf**] have the same sign and Cov [rfif, rftl] > 0 it follows that Cov[(rfi%)?,
(r{*)?] > 0. O

Proof of Proposition 9. Proposition 7 showed that, for v < 1, W/*¥(#,) is an increasing and convex
function of ;. Therefore,

E[S{"] = E[{"(f:)- D]
= E[Wil(z )]E[Dt]—l—Cov (U7 (7y), Dy]
> E[U{(#)E[D] > U (E[#))E[D,] = W' E[D,] = E[S[].

The first inequality follows from the fact that when \IJRL(m) is strictly increasing in 7; and 7; is positively
correlated with Dy, Cov [\IJﬁL(frt), Dt] > 0; the second inequality follows from an application of Jensen’s

G UfE (#4)) Dy
L (7p-1) Dy
1+ Ul (7))
m( UL (1) )] -
1+ UhE(7,
ln(l + gt)7hl (ﬁ)] .
14T RL

This holds since Cov [ln(l +¢t),1n (MH > 0 because In(1 + ¢¢) and In (ﬂ) are both

With (7i-1) it (7i-1)
monotonically increasing functions of g;. O

inequality to the strictly convex function W*F(7;).
Variances can be ranked as follows:

1+ 9D
Var [ln <(;;7171%)1t>} = Var[n(l+g)] < Var

Var[In(1+ ¢:)] + Var

+2C0ov
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Figure 1. Perceived probability distribution of the proportion of up-states as a function of
the forecast horizon {/} under adaptive and rational learning. The belief is initialized at

7 =06
7'[:_10'

Forecast horizon i =2 Forecast horizoni=10

025 4

O I I I I
0 02 04 0.6 08 1 0 02 04 06 08 1
— Ratioryl learning  ———— Adaptive leaming — Ratior] learning  ———— Adaptive leaming
Forecast horizon i =100 Forecast horizon i =1,000
0.1 0.03
008 | 0025 -
[ 002 - =
0.06 A [ B
\ 0.015 4
004 . 001 -
002 0005
0 / \ 0 T 4\/]7 \ T
0 02 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1

— Ratiordl learning  ——— Adaptive leaming —— Rationdl learning - Adaptive leaning




Figure 2. Rational learning pricing kernel W* (7,,100) as a function of 7, for Y= "2 and y

= 1. For comparison the full information rational expectation (FI) pricing kernels ¥* are
also plotted. The figures assume g, =+6%, g, =—4%, 7 =0.6, and p = 6%
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