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Abstract

In this paper we study the optimal licensing agreement between a patentholder of a cost-
reducing innovation and firms that have heterogeneous uses for the new technology. We consider
the case in which these firms are competitors in a downstream market. We extend the competi-
tion environment among the licensees beyond the Cournot/Bertrand models considered by the
previous literature to a framework with differentiated products. We also assume that potential
licensees have private information about the usefulness of the new technology. We characterize
two purposes the optimal licensing contract serves to the patentholder: separation of the li-
censees and competition softening in the downstream market. We also describe how the optimal
contract changes with the degree of product differentiation.

JEL Classification: L13, O32.
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1 Introduction

Obtaining a patent for an innovation is a crucial step in many development processes. A patent
allows its owner to exclude other firms from producing a similar good or using a related process.
Moreover, a patent allows its owner to license the new technology to other firms. Without the pro-

tection of a patent, a competing firm could expropriate the knowledge embedded in the innovation.

In many cases, licensing represents an important share of the innovator’s return on the invest-

ment. Licensing arises in several circumstances. Often, in markets where inventors are not active

*We thank Jeff Campbell, Guillermo Caruana, Ramén Fauli-Oller, Hugo Hopenhayn, Michael Manove, Matt
Mitchell, David Pérez-Castrillo, Joel Sandonis, and two anonymous referees for useful comments. As usual, all errors
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competitors, the new technologies have, as side-products, uses that may differ from the original
application. In other cases, inventors might be financially constrained and unable to undertake
the necessary investment to market the results of their research. In these two situations, selling
the right to use the new technology to other firms seems to be the natural alternative. Finally,

litigation processes often result in the licensing of the patents under dispute.’

In this paper we study the optimal licensing agreement between a patentholder of a cost-
reducing innovation and firms that have heterogeneous uses for the new technology. We consider
the case in which these firms are competitors in a downstream market. We extend the competition
environment among the licensees beyond the Cournot/Bertrand models considered by the previous
literature to a framework with differentiated products. We also assume that potential licensees have
private information about the usefulness of the new technology. We find that the optimal licensing
contract serves two purposes to the patentholder: separation of the licensees and competition
softening in the downstream market. We also describe how the optimal contract changes with the

degree of product differentiation.

The initial literature surveyed by Kamien (1992) assumes that there is one patentholder, owner
of a cost-reducing innovation, and a number of ex ante identical potential licensees of the new
technology. These licensees produce a homogeneous good, and, as in our paper, they compete in a
downstream market. A feature of this setup is that for a particular firm, the willingness to pay for
the new technology depends on how many licenses are allocated. More licenses imply that more
firms have lower costs; therefore, competition becomes fiercer and equilibrium prices lower, reducing

profits for all firms. Because this reduction in profits is higher for licensees than for non-licensees,

IThis is the focus of Llobet (2003). In that paper, the patentholder decides to license the innovation to a potential
infringer to avoid expensive litigation. One of the most interesting results is that the patentholder does not necessarily
benefit from having more protection against future infringement. The reason is that more protection deters the arrival
of future improvements on the invention and potential licensees.



firms are willing to pay less for the license. This mechanism results in a downward sloping demand

for licenses.

Despite the relevance of patent licensing there are limited data on these contracts. A few
empirical studies find that, depending on the environment, royalties, flat fees, or combinations
of both can be used.? Because of this disparity in the use of contracts, there is an extensive
literature that provides conditions under which each type of licensing agreement is optimal for
the patentholder. The literature reviewed in Kamien (1992) considers two kinds of competition —
Bertrand and Cournot — and two kinds of contracts — flat fees and royalties.? In those models fees
are better than royalties both from the point of view of the patentholder and for society as a whole.
In the case of Bertrand competition, in particular, the optimal royalty is offered to all firms and it
is set to compensate for the decrease in marginal cost, making firms indifferent between obtaining
a license or not.* Therefore, the equilibrium price remains unchanged, in spite of all firms having
the new technology. When using flat fees the patentholder offers a limited number of licenses. The
equilibrium price is lower in the case of both Bertrand and Cournot competition because flat fees
do not distort the incentives of firms. In more recent studies, royalties are found to be superior to

fees in the case of risk-sharing (Bouquet et al. (1998)) and strategic delegation (Saracho (2001)).

Our paper departs from the traditional literature on licensing in several dimensions. First, we
consider firms to be heterogeneous in their uses for the patent and thus in their willingness to pay
for a license. Second, we assume that the decrease in marginal cost that the use of the invention
generates is private information. Third, potential licensees produce differentiated goods. Finally,

the patentholder has access to a broad set of licensing contracts.

2Kamien(1992) cites Rostoker (1984) where he finds that royalties plus fees are used in 46% of the cases, royalties
alone in 36%, and fixed fees in another 13%.

3 A remarkable exception that considers a combination of a royalty and a fee is Kamien and Tauman (1984).

4These results apply when the innovation is not drastic—that is, when the monopoly price with the new technology
is above the original marginal cost, arguably the most usual situation.



The existence of private information has been studied recently in contexts where there is limited,
if any, competition among licensees. For example, Beggs (1992) and Macho-Stadler and Pérez-
Castrillo (1996) examine models in which the innovator uses a combination of royalties and fees to
separate licensees with different cost reductions. In contrast, Gallini and Wright (1990) examine
the case where the patentholder has private information on the quality of the innovation. Royalties
in this case are used by the patentholder to signal the value of the innovation. Choi (2001) and

Jensen and Thursby (2001) study the moral hazard case.

In our model, the patentholder offers a menu of contracts, which serves two purposes. First,
these contracts allow the patentholder to discriminate among the different firms and maximize the
surplus extracted from them, along the lines of the price discrimination literature. Second, and
more important, the patentholder uses these contracts to soften competition in the downstream

market.

Product differentiation has been introduced in Muto (1993), for example, to show that, for the
patentholder, royalties might be a superior licensing agreement compared with fees. Fauli-Oller and
Sandonis (2002) and Erutku and Richelle (2001) study the optimal combination of royalties and
fees in an environment with differentiated products in which the patentholder is a competitor in
the downstream market. Saracho (2002) takes a different approach and uses conjectural variations

to model competition among the potential licensees.

The framework we propose allows us to parameterize the degree of product differentiation and
characterize how the licensing contract changes from the case where firms produce goods that are
independent to the case where firms produce homogeneous goods. When goods are poor substitutes,
the licensing contract is geared towards discriminating among licensees, while in the case in which

goods are close substitutes, the licensing contract is geared towards softening competition in the



downstream market.

In contrast to the traditional Cournot and Bertrand models used in the literature, we place firms
in an environment of monopolistic competition. This model is especially well-suited to analyze
changes in product differentiation for two reasons. First, this model abstracts from strategic inter-
action among the licensees, which allows us to examine how the patentholder’s choice of contracts
affects downstream competition. Second, unlike the Cournot and Bertrand frameworks, where
firms are not atomistic, monopolistic competition allows us to characterize menus of contracts that

induce self-selection among the licensees.

Among the class of contracts that induce self-selection, we identify the optimal menu of two-
part tariffs, in which the patent holder retains a proportion of the licensee’s revenue and charges
a flat fee to the firm. Firms with a higher valuation for the innovation choose a contract in which
they pay a higher flat fee and retain a higher share of revenues. We show that focusing on two-part
tariffs is without loss of generality and the optimal allocation can be implemented with a menu of
output-based royalties and fees, more traditional in the literature. Our model predicts that firms
with a lower valuation for the innovation choose a contract in which they pay a higher royalty
and produce less, which is consistent with evidence found in Taylor and Silberston (1973). As a
way to build intuition, however, the use of two-part tariffs is preferred because it provides a clear

separation of the discrimination and competition softening features mentioned before.

The optimal contract distorts the pricing decisions of the licensees. In particular, by reducing
the marginal revenue of sales, the contract induces firms to sell fewer units at a higher price.
Because higher prices by competitors increase own profits, firms are willing to pay more for the
license, allowing larger licensing payments. These two forces that induce higher prices in the final

good market are limited by the standard double-marginalization effect: When the patentholder



demands a higher variable payment, the rents extracted from the licensees are obtained at a cost

of generating additional distortions and establishing a price above the monopoly price.

We show that the discrimination achieved among licensees is independent of the differentiation
in the final goods that firms produce. In contrast, the competition softening induced by the contract
in the downstream market is more important as the degree of product differentiation declines and
goods become more homogeneous. As a result, in markets with more homogeneous products the
patentholder retains a higher share of revenues, even though the double-marginalization distortion

becomes more important.

By the same token, the number of licenses granted raises as goods become more homogeneous.
The reason is that the profits of a licensee are influenced to a greater extent by the pricing choices
of the competitors. Therefore, selling to additional firms also serves the purpose of dampening

competition.

Comparing the optimal two-part tariff contract with a simple flat fee contract we find that the
former makes the improvement available to more firms. The intuition of this result is similar to the
case of a price-discriminating monopolist that chooses to sell to more consumers than in the case in
which price discrimination is not possible. With two-part tariffs, however, the associated distortions
in the final good market, consequence of the double marginalization, often reduce social welfare
compared with cases where only a flat fee is used. This result is the opposite of that obtained in the
price discrimination literature, where a monopolist who distinguishes among different consumers

with a menu of tariffs can improve social welfare beyond the level attained by using a uniform price.

The structure of the paper is as follows. In section 2 we introduce the model. In section
3 we describe the contracts that are implementable and the one that maximizes profits for the

patentholder; we also show the equivalence between the two-part tariff and a menu of royalties and



fees. In section 4 we introduce the optimal flat fee, and section 5 compares this contract with the

optimal two-part tariff. Section 6 concludes.

2 The Model

Consider a market with three types of agents: consumers, producers of a variety of final goods, and
a patentholder of a cost-reducing innovation. The structure of the final good market corresponds
to the monopolistic competition framework introduced by Dixit and Stiglitz (1977). There is a
continuum of goods along the unit line, indexed by a parameter x, and a representative consumer

that chooses how much of each product to consume, according to the utility function

u(y) = (/Olywdx)%,

where y (x) is the quantity purchased of product = and X\ € (0,1) measures how differentiated are
the final products. In the limit, if A = 1 products are perfect substitutes, and if A = 0 the utility
function becomes Cobb-Douglas, meaning that a fixed proportion of income is devoted to each
product.® The consumer has total income normalized to 1, so that if p (z) is the price of good z,

the budget constraint can be written as

1
/Op<x>y<x>d:cs1.

The utility maximization problem is solved by equating the marginal rate of substitution between

any two goods z and z’ to the ratio of their prices,

(y(az))“:pm

y(2')

Substituting quantities into the budget constraint and defining

p= (/Olp(;n)—ﬁdm) ’

5The model can accomodate a more general specification that includes an outside good, with similar results but
a substantially higher level of complexity.




as the price indezx, the inverse demand function for good x can be obtained as

p(@) = ry(z) (2)

where k = P*. As expected, goods are substitutes, and increases in the aggregate price index lead

to increases in the consumption of good x.

The patentholder owns a patent for an invention that can be used to reduce the marginal cost
of any good x. We assume that the patentholder does not compete in the downstream market,’
and the production of each good z is carried out by a different monopolist. If this firm produces
the downstream good with the initial technology, the marginal cost is constant, independent of x
and denoted by c. The patented process allows firms to reduce their marginal cost. However, the
magnitude of the reduction is heterogeneous among firms. In particular, the parameter x orders the
firms by how much they benefit from the new invention. We assume that z is private information, so
that when negotiating a license the patentholder does not observe the valuation of each prospective
licensee.” A firm producing good z will obtain a reduction in marginal cost of (1 — x)f so that the

new cost is given by

(z) = c¢—(1—=x)0 if a license is purchased, and
)= c otherwise,

where 6 represents the quality of the invention created by the patentholder. Obviously, it has to
be that 6 < ¢ so that firms operate with non-negative marginal costs. Notice that the firms that

benefit the most from the patent are those with the lowest x, while firms with x close to 1 obtain

5The case where the patentholder is a competitor in the downstream market is addressed by Arora and Fosfuri
(1998), Wang (1998) and Yang and Wang (1999) among others. They provide conditions under which the patentholder
sells licenses to some of the competitors in the same market.

"The definition of x is with a slight abuse of notation as it is used both for the good and the attachment to the
invention. However, it is obvious that from the point of view of consumers all goods are symmetric and the decision
to consume each of them is independent of whether = is observable or not. Hence, the ordering of x is without loss
of generality.

Moreover, because firms are atomistic, the pricing decision only requires firms to know their own type and the
distribution of x among the rest of the firms, which coincides with the original distribution. Therefore, whether each
licensee can observe the type of the rest of the competitors or not is irrelevant for the results of the paper.



{a(x),T(z)} offered y(z) chosen

licensees accept/decline licensing payments

Figure 1: Timing of the model

only a small decrease in cost. This heterogeneity in the cost reduction created by the license can be
interpreted as a different complementarity between the new patent and the pre-existing technology
that each firm possesses. For this reason, the cost reduction is assumed to be independent of the

existing degree of differentiation in the market.®

The demand for the product of a downstream monopolist is given by equation (2). This demand
has the usual properties for 0 < A < 1. Firms are atomistic and hence, they cannot affect the

aggregate price index that determines the value of k.

In order to license the innovation, the patentholder demands a payment corresponding to a
share a of gross revenues of the licensee together with a flat fee 7. Moreover, the patentholder
has all the bargaining power. This seems a reasonable assumption in this context, since firms are

atomistic and compete with each other.

The timing of the game is as follows. First, the patentholder offers of a contract (or a menu of
contracts) to all prospective licensees. These firms simultaneously accept or reject the contract. In a
third stage, all firms observe the share of firms that purchased the license and choose simultaneously

their production. Finally firms collect profits and settle licensing obligations.

The profit function of the firm producing good x under a licensing contract («,T') corresponds

8This effect could be relevant if product heterogeneity were assumed to be chosen by firms, affecting for example
the marginal cost of each good. Because we consider only the technical implications of the license we abstract from
these issues.



to

m(@) = max y (2) (1 —e)p(@) — (@)~ T,

~!. In other words, the firm maximizes profits y (z) (p (z) — ¢ (z)) net of

where p(z) = ry(z)*
licensing payments, ap (z)y (x) +T'. The first order condition of this problem results in a quantity

that corresponds to

v = (o) 3)

and thus the price of good = becomes

c(z)
p(z) = A—a)n (4)

Notice that when o = 0 and A = 1, so that products are perfect substitutes, the price equals
marginal cost. The more imperfect substitutes are the products, the higher is the mark-up that
firms will optimally charge. This expression also illustrates the double-marginalization that the use
of a variable payment « adds to the typical mark-up over marginal cost. A higher a reduces the

marginal revenue of the producer, cutting down on quantity and raising the price.

Replacing y (z) and p(z) in the profit function of the firm producing good x we obtain

() = (?) e (@) 5 (1= a) )5 — T

It is easy to verify that the profit function, 7 (x), has the usual properties, and in particular, profits
are decreasing in ¢ and «. Moreover, for a given contract (a,T') and because ¢ () is increasing in

x, profits are smaller for firms that benefit less from the invention.

3 The Optimal Contract

For illustration purposes in the previous section we have restricted the contracts to a unique two-

part tariff corresponding to a share on revenues and a fee. However, because prospective licensees

10



are heterogeneous in their valuation for the invention, the patentholder might be interested in
offering not only one type of contract but a variety of contracts. In this section we describe the set of
contracts that are feasible given the private information concerning this valuation and characterize
the optimal menu. We later show that the results would be unaltered if the patentholder had access

to a broader set of mechanisms such as a per-unit royalty.

Using the Revelation Principle, we can focus without loss of generality on menus of contracts
{a(x),T (z)}, where each option of the menu is intended to a particular firm type xz. That is,
denote as 7 (x,Z) the profits of the firm with product  when it chooses the contract intended for

type Z. From the expressions in the previous section,

7 (2,7) = (?) (c—(1—2)0) % (1 — a(@) Ae) % — T (7).

As usual, for a menu of contracts to be incentive compatible —or to induce self-selection— declaring
its own type has to be a dominant strategy for each firm. If we define the profits of firm x when

choosing the type T that maximizes profits 7 as
II(x) =max 7 (z,Z),
x

a menu of contracts {a (z),T (z)} is incentive-compatible if for all firms z,

II(z) =7 (z,x). (5)

Moreover, firms that do not purchase a license charge a price p () = § and obtain profits
o = (1—A) (—)_m KT,

which are independent of z. Therefore, a firm will purchase a license if II(x) > IIj.

The next lemma characterizes the set of contracts that allow separation of the different licensees.

11



Lemma 1 For a menu of contracts {c(z),T (x)},c01) to be incentive-compatible, the following

must be true for all x < T:

1. a(z) is non-decreasing in x,

2. T (x) corresponds to

T(2) = (?) e~ 1-0)0) 5 (-a@) W™ - [(oy()ds-To-K,  (©)

where K (1 —2) =0 and K > 0.

The previous lemma describes the incentive compatible contracts as a function of . Only firms

with < z will participate in the mechanism, obtaining profits

1 () = { Iy +K+5fm1 Oy (s)ds if:E:‘l,

Il + fx Oy (s) ds otherwise.
In particular, if z = 1, all firms decide to obtain a license, and any contract that provides profits of at
least IIy will be enough to satisfy this constraint. The possible existence of this corner solution is the
reason why the parameter K is introduced in the expression (6). If = 1 then K =II (1) —IIy > 0.
It is easy to see that K > 0 will never be profit maximizing, since the patentholder would be able to
increase profits by raising the fee T' by the amount K to all licensees. Therefore, in the remaining

of the paper we will restrict ourselves to the case where K = 0 regardless of whether = = 1 or not,

and hence, the relevant participation constraint is equivalent to”

I1 (%) = I,. (7)

9The solution to this problem might not be a priori unique. The reason is that, as we will later emphasize, & is
a function of Z and hence, the previous expression can in principle hold for more than one value of Z. In particular,
if more licenses implied in equilibrium lower prices and lower willingness to pay for the license; for example, the
two following equilibria could arise: one with very few licenses and little competition, in which only the firms with
the highest cost reduction would license the patent, and another with many licensees, where market prices would be
lower. We will turn to this issue in the next section and show the uniqueness of the solution.

12



Lemma 1 also shows that a necessary condition for the schedule o = {« (m)}gzo to be incentive-
compatible is that it must be weakly increasing in x. The intuition is that firms with lower x benefit
more from the patent, reducing more their marginal cost of production. For this reason, these firms
will produce a higher output and raise larger revenues, and as a result, they will be more likely
to trade a lower payment on revenues in exchange for a higher flat fee. This result is a parallel
to the classic two-part tariff schedules studied in monopoly theory, where a monopolist selling to
heterogeneous consumers decides to charge a higher flat fee and a lower per unit price to consumers

that are interested in buying more units of the good.

3.1 The Problem of the Patentholder

The objective function of the patentholder can be written as

Ve B [ e@r@y@)+T @),

ot a(z) >a(d) ifz>a,

6) and K = 0.

That is, from all firms that buy a license — those with x < T — the patentholder obtains a share
a (x) of total sales p (z) y (x) plus the associated flat fee. The constraints imposed in this problem
guarantee that the contract satisfies Lemma 1 and it is therefore incentive-compatible.

We can replace in the previous objective function p (z) = % and T from (6). Integrating

the last term by parts, the problem can be rewritten as

Ve /j {y (z) ((c —(1-2)0) (m - 1) - 033) _ Ho} dz,

st. a(z) > a(2) ifz>2a. (8)

The patentholder chooses the optimal royalty profile and the number of licenses sold, denoted
by a* = {a* (m)}i*zo, and z*. These two choices are enough to characterize the profile of optimal

fees {T* (x)}2_,. Although the previous expression is similar to the typical mechanism design

13



problem (see for example Maskin and Riley (1984)), one of its features does not allow us to solve it
using the standard technique of maximizing for each of the types separately and later verifying that
the optimal contract satisfies the incentive-compatibility constraint. Instead, competition among
licensees means that in our model, each particular a (), affects the price that all firms charge in
equilibrium through . From the point of view of a particular firm, this effect is negligible since
firms are atomistic. However, the monopolist is aware that when considering a subinterval of [0, Z],
monotonic increases in the schedule « raise the price index. Because a higher price index means a
higher valuation for the license, the patentholder takes this effect into account in the optimization

problem.

3.2 The Optimal Menu of Contracts

The next proposition shows that in fact the optimal mechanism implies that firms that make a
better use of the patent will be offered a contract that allows them to keep a strictly larger share

of revenues, but in exchange they pay a higher flat fee.

Proposition 2 For a given marginal firm, Z, the optimal schedule a* = {o* (x)}2_, is implicitly
defined by

o’ (z) = [l =s(a”, A)]7 (x) + s(a’, ), 9)

Oz
g and

where v () = o g

1. s(a*,\) is common to all ©’s,
2.0<s(a"\) <1,
3. s(a*,\) <V with equality when evaluated at the optimal T,

4. a* (x) is increasing in x.

14



An important property of this solution needs to be emphasized. The definition of o*(z) im-
plicitly involves the entire profile of contracts offered to other firms. That is, the solution to the
patent-holder’s optimization problem is a fixed-point in a functional equation problem. However in
the appendix, by transforming the fixed point in the profile a* into a fixed point in the parameter

s, we show that a solution to this fixed-point problem exists and it is unique.

The optimal profile a* that a patentholder will offer to a set of firms is increasing in «x, satisfying
the condition for incentive compatibility. Moreover the previous proposition can be interpreted as

a convex combination of two effects that we denote price discrimination and competition softening.

To interpret the first effect, in the next proposition we study a similar problem where the
patentholder is facing a single potential licensee, who is a monopolist in the final good market,
with a cost function c¢(z) = ¢ — (1 — x) 6, where z is private information. The proposition shows

that the contract in that case will include a share on revenues of + (z).

Proposition 3 Suppose that a patentholder is willing to license a patent to a single firm with cost
function ¢ (z) = ¢— (1 — x) 6 when using the innovation. The downstream firm is of type x, which is
uniformly distributed between 0 and 1, and is private information. This firm is a monopolist facing

an inverse demand function p = ky ! for a fived k. Then, the optimal contract corresponds to

Ox
c—(1-2x)0 =@,

O e

Hence, in the model with multiple downstream firms, the first effect, with weight 1 — s (a*, \),

can be interpreted as the optimal share on revenues that the patentholder would retain if the effect

of a on the aggregate price index P were not taken into account. Notice that v(z) is independent of

15



the demand elasticity ﬁ In other words, 7y () would also correspond to the optimal contract to
be offered to a set of monopolists in independent markets, for any positive value of . In this case,
a higher share « allows to extract more profits from the licensee. The limit to this effect is what
we have previously denominated, borrowing the term from the vertical relationships literature, as
double-marginalization. That is, a higher share implies a larger distortion in the decision of the
licensee, reducing profits gross of licensing payments, and therefore the willingness to pay for a
license. The optimal share 7 (z) takes into account the trade-off between rent-extraction from the
heterogeneous licensees — achieved through the flat fee T'(z), which does depend on the demand
elasticity — and the problem of double-marginalization that it generates. The relevance of the rent
extraction component increases as x raises — or in other words ' (z) > 0 — since the firm produces

a lower quantity and the distortion due to double-marginalization becomes less important.

The second effect, with weight s (a*, \), corresponds to the interest of the patentholder in
softening competition among the licensees. The profit that each licensee obtains increases with the
price that all the other firms charge through the aggregate price index P. Therefore, the optimal
policy fully internalizes this effect. As an illustration, if for example all firms were identical, and
hence no rents of private information ought to be guaranteed, the optimal share on profits would
correspond to a (z) = 1 to all firms, increasing p (z), so that the patentholder would appropriate
all the consumer income and at the same time minimize the units sold y (z) and the cost of those
sales. This intuition carries over to the general case, where the monopolist, by increasing the profile
a(x) to all licensees, sets the price index P sufficiently high to guarantee some market power to

each licensee. The patentholder will then partially appropriate the surplus through the fee T (z).

The function s (a*,\) that determines the weights of these two effects is a complicated ex-
pression of the parameters of the model and the entire royalty profile. Given our normalization of

the consumer’s income, s (a*,A) can range between 0 and 1. This function counterbalances the

16



double-marginalization cost with the two effects: competition softening and price discrimination.
Notice that s (a*, A) can also be interpreted as the optimal royalty for the firm with = 0. That
is, a* (0) = s (a*, \). Numerical results show that s (a*, \) is increasing in A, and the next lemma

characterizes the limiting behavior.

(NS~

Lemma 4 limy o s(a*,A\) =0 and limy_1 s(a*,\) < 2.

When goods are not very sustitutable () is low), the price discrimination effect dominates, and
the patentholder sets a share on profits as if firms were not competing with each other, along the
lines of Proposition 3. As goods become more homogeneous (A is high), the firms’ price approaches
marginal cost ¢ and as a result the payoff from inducing higher markups increases with respect to

the cost of the distortion due to double-marginalization.

Another surprising interpretation of s(a*,\) in Proposition 2 is that it corresponds to the
profits that the patentholder achieves when choosing the optimal profile of @ and 7. That is,
evaluated at the optimal Z, s (a*, \) = V. If consumer income, denoted as W, were not normalized
to 1, then s (a*,\) = % Moreover, because s (a*, A) tends to 0 when A goes to 0, profits for the
patentholder approach 0 when final goods are not substitutes of each other. The reason is that the
invention does not lead to a competitive advantage nor an increase in the production of any firm.
Therefore, firms are in the limit willing to pay 0 to obtain it. Profits increase with A because of the
competitive advantage that it generates to licensees and because the willingness to pay increases

accordingly.
3.3 Per-Unit Royalties

So far, we have restricted the analysis to a general family of two-part tariff contracts that a paten-

tholder can offer to a set of potential licensees. This menu of contracts has been interpreted as a
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fixed fee and a share on the value of sales. Such a contract, although observed in practice, does not
correspond to the usual per-unit royalty studied in the literature. In this section, we will show that

under the assumptions of this paper, both mechanisms implement the same optimal allocation.

Consider a per unit royalty r and a fee F' as an alternative licensing scheme. In this case, profits

of a firm x correspond to

n(@) = max y(z) (my(@) "~ (@) =) = F (10)

Yy\x
where we have already replaced the price with p(z) = xy(z)*'. The quantity chosen will be
y(x) = (%)ﬁ, which is decreasing in r. In a similar way as in the previous section, the

patentholder can set up a menu of contracts {r(z), F'(z)} in order to separate among the different
values of . The next lemma, parallel to Lemma 1, states the conditions that this menu must

satisfy in order to be incentive compatible.

Lemma 5 For a menu of contracts {r(z), F(z)},coq) to be incentive-compatible, the following

must be true for all x < Z:

1. r(x) is non-decreasing in x,

2. profits of licensee x correspond to

Ty = | Do+ K+ [ 0y(s)ds if&=1,
Io + [, 0y (s) ds otherwise.

where K >0, 2 <1 and K(1 —2) = 0.

Therefore, for a contract to be incentive compatible, firms that obtain a bigger reduction in
costs should pay a smaller per-unit royalty, exactly in the same way as with a proportional payment

on the value of sales.! Moreover, notice that if firms produce the same quantity as in the two-part

'0This result is consistent with the evidence obtained in Taylor and Silberston (1973).
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tariff studied earlier, for a given value of Z, profits for the licensee decrease with x at an identical

rate. This observation suggests that if the menu {r(z), F(z)} can induce firms to produce

z€(0,Z]

the same quantities as in the case with {«a(z), T(x)} , both mechanisms should be equivalent.

z€[0,]

Indeed, this intuition is correct, as stated in the next result.

Proposition 6 Any allocation implemented using an incentive-compatible menu of two-part tariffs
{a(@), T(2)}1ep0,7) can be implemented with a menu of per-unit royalties and fees {r(x), F'(x)} (0,7
where

(12)

1s strictly increasing in x.

It can also be shown that no other menu of per-unit royalties and fees can improve upon

the one corresponding to 7*(x) = c(x) 1—;*(95) making the previous results general. A remarkable
difference, however, is that F'(x) is larger than T'(x). The reason for this difference in the fees is
that, despite raising identical profits, under each of the mechanisms the per-unit margin is different.

In particular, notice that under the previous specification of the per-unit royalty,

c(x)

“Toa@ < (1—a(z))p(z) — c(z) (13)

p(z) = ¢(z) —r(z) = p(z)

and therefore F(z) > T'(z), with strict inequality for a(x) > 0. Replacing in (9) the royalty can be

rewritten as

s(a*, \)

r(x) =20 + c(x)m

(14)

Two final comments are in order. First, the equivalence stated in the previous proposition
between both mechanisms does not carry through to the case of a unique (o, T') and (r,T). It is

easy to observe from the proposition that under a constant «, a per-unit royalty that implements
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the same quantity for each value of x ought to be increasing in z. This observation suggests that,

restricted to a uniform contract, the screening possibilities of each scheme will be different.

Second, the previous results suggest that there is a family of mechanisms that achieves the
same allocation. Although it is not the goal of this paper to characterize this family, it is worth
mentioning one mechanism that is not in this family: a contract with a fee and a share of the net
revenue of the licensee. It is easy to observe that in this case, the quantity y(z) does not depend
on the contract and therefore, the patentholder will not be able the affect the pricing decision of

the licensees.

3.4 The Optimal Proportion of Licensees

The results in the previous section point to an intuition that has been rarely mentioned in the
literature: Licensing proceeds should be higher in markets where firms produce a more homogeneous
good because an innovation that reduces costs allows licensed firms to steal a larger market share
from non-licensed competitors. To this analysis we add two important features. The first is that
these larger proceeds are obtained by setting a higher variable payment and the second is that, as we

will argue next, the proportion of licensees is in general higher when the good is more homogeneous.

In order to characterize the optimal profile a* set by the patentholder we have kept fixed the
threshold on the proportion of firms that decide to obtain a license, . Notice, however, that the
value of the weight that the contract assigns to the competition softening effect, s (a*, \), depends
on Z. From the maximization problem in (8), we can obtain the optimal threshold value z*, with

the corresponding first-order condition

y (7) [(c—u—az*)e) (W_I) _95*} —H0+%ﬁ >0. (=0if 7 <1) (15)

This condition defines the optimal proportion of licenses offered. The first term evaluates the
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marginal increase in licensing revenue that selling to the marginal firm Z generates, while the
second is the minimum amount of profits that the licensee can guarantee for itself by not buying
the license. These two terms are standard in the mechanism design literature. More licenses should
be offered as long as the additional payments that new licensees provide are higher than the increase

in rents that infra-marginal licensees must obtain to induce self-selection.

The last term, which is not standard in the mechanism design literature, can be interpreted as
the effect of selling one more license on the equilibrium prices that firms charge, and consequently
on k, which reflects the effect on the price index. This effect can be computed as,

A
Ll TR CYRR BT

z
and so, the sign of % is in principle inconclusive. The existing literature advocates that firms
are willing to pay more for a license when fewer licenses are allocated, since in those models
equilibrium prices turn out to be higher. Allocating more licenses reduce the return from obtaining
them, which results in a downward sloping demand for licenses. In our environment, this conduct
would be consistent with % < 0, and it would make the patentholder decrease the proportion of
licenses compared to the case where k is a fixed parameter along the lines of Proposition 3. In other
words, the existing literature is consistent with p (z) < § (that is, if obtaining a license implies a
decrease in the price that the firm will charge). In this case, competition among downstream firms

is increased.

The previous expression does not rule out multiplicity of values for which the first order condi-
tion is guaranteed. However, the next lemma shows that in our case the problem is well-behaved

and the optimal menu of contracts is unique.

Lemma 7 There is at most one value of T that satisfies the first order condition. This first order

condition is also sufficient.
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When the first order condition is not satisfied for any interior value of Z the patentholder decides
to license the invention to all the competitors in the market. Numerical results suggest that such

a strategy might be optimal only if A is large.

We finally need to point out an aspect that we are not considering in this paper. Antitrust laws
preclude licensors from charging a per unit royalty that more than compensates the decrease in cost
that the invention generates on the licensee. Such a constraint would correspond to r(z) < (1—z)6
or using Proposition 6, to p(z) < £. Obviously, in our model higher prices are possible as long as
fees are negative. Moreover, notice that the expression for p () depends crucially on the variable

payment «(z) that the patentholder demands for the license:

c—(1—2x)0

PE) = T a@)n

As it is obvious from this expression, the price must be increasing in z. In particular, if the
patentholder sells enough licenses and x approaches 1, the price will be above the original price
and therefore % > 0. While the constraint will not bind for low values of A, for very homogeneous
goods the patentholder might be interested in selling to all firms as a way to artificially raise the
price that firms charge. Imposing the condition in our environment will keep most of the features
of the model unchanged. The optimal contract will still involve a menu of contracts to different
licensors, with the difference that values of & above a certain threshold might be bunched into the

same contract.

4 Flat Fees

In the previous sections we have characterized the optimal share on profits (or the optimal per-unit
royalty) that the patentholder will demand. Another way to provide intuition about the bearings

of the model is by comparing this optimal contract with an alternative mechanism that relies only
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on flat fees. This contract is also interesting on its own because of its prevalence in practice and
because it has been widely studied in the literature. In order to ease the exposition we refer the

reader to the appendix for a more detailed analysis.

In the absence of other contractual arrangements, this contract specifies a fee T that firms
have to pay in order to obtain a license. It is important to notice that such a contract prevents
the possibility of separating different users of the invention and of softening competition among

licensees.

For a given contract, firms with a lower x obtain higher profits; therefore, if a firm located at
x decides to purchase the license, all others with 2’ < x will purchase it as well. However, not all
firms will buy a license, since the firm located at x = 1 obtains no improvement in cost by doing
so. As before, a firm will be interested in purchasing a license if profits are larger with the license,
as opposed to the case where the firm uses the initial technology. In other words,a firm will buy
the license if TI(x) > Ilp, where II (z) and Il represent, respectively, the profits of licensees and
non-licensees. This choice determines a threshold T such that all firms with an z > Z decide to use
the initial technology; hence T also represents the proportion of firms that buy the license. This
condition derives a downward slopping demand for licenses. In the next section we compare both

contracts.

5 Comparing Contracts

We use numerical methods to establish the characteristics of both types of contracts, their ef-
fect on utility and private profits. The numerical characterizations that follow correspond to the
parametrization ¢ = 1 and 6 = %; that is, the firm at z = 0, obtains a reduction of 80 percent

in marginal cost. Since the marginal cost, ¢, and the degree of attachment to the new technology
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Figure 2: Royalty Rates. Parametrization: ¢ = 1,60 = ¢

by the firms, 0, are the only non-free parameters, the numerical exercise with our parametrization
is very general. Because the objective is to analyze the environment as the degree of product

differentiation varies, we allow A to change.

5.1 Two-Part Tariffs

Figure 2 illustrates the features of the optimal two-part tariff. In particular, it shows that the

equilibrium variable s (a*, \) is increasing with the degree of product differentiation (as X increases

products become more homogeneous). The number of licenses, Z, in the upper right panel increases

with A. The share on revenues retained by the patentholder, a(z), given A = %, is increasing in x.
Os

Although not shown, the entire profile a* is weakly increasing in A since &%ﬁx) = (1 —~v(z))g-
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5.2 Licensed Firms and Prices

The share of firms that purchase a license is consistently higher with two-part tariffs than with
only flat fees. Figure & illustrates this property. As a result, more firms gain access to the new
technology when two-part tariffs are used. This effect is due to two reasons. First, as it is common
in a monopolistic setup, having the possibility of price-discriminating entices the patentholder to

increase the quantity of licenses offered. Second, by adding an additional licensee in the case of

two part-tariffs, the price is modified from p(z) = £ to p(z) = %, while in the case of a flat
fee the price becomes p(z) = L)Tgﬂ)g, which is strictly smaller. Hence, one more licensee lowers

the price by more in the case of a flat fee, reducing even more the quantity sold.

Furthermore, as A increases (the degree product differentiation declines), the number of licenses
granted with two-part tariffs increases, while the number of licenses with flat fees declines. This is so
because more competition lowers the profits of the producers when more firms have the technology.
Eventually all firms gain access to the new technology with two-part tariffs; in contrast, the number

declines toward zero when flat fees are used.

In both cases, the price index declines as A increases, but in the case of two-part tariffs since

s (a*, \) is increasing in A, the wedge increases. Figure 4 illustrates this behavior.

5.3 Welfare

We can also estimate the effect on consumer utility and firms’ profits of each contract. The indirect
utility of the consumer given prices {p(x)}1_, is defined in terms of the schedule of prices as

1 ! A >

(@) = ([ vy ae)

where y(z) are the optimal consumption bundles. In this case, the indirect utility function is

homogeneous of degree 1 in income, which implies that for any level of income W, the corresponding
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indirect utility function is given by

v ({p(@)}a=0, W) = Wo ({p(2) }a=0) -

We can then perform the following experiment: starting from a situation where the patentholder
is constrained to using flat fees we compute the increase in income that would make the consumer
indifferent with a situation where the patentholder uses two-part tariffs. The negative of this change

in income corresponds to the usual compensating variation:

({pFF(l‘) glczo)
({r*PT(2)}0)’

ov=1--"
v

where pI'F'(x) and p?P7(z) denote the prevailing prices in the cases of flat fees and two-part tariffs,

respectively.

Given optimal consumption bundles in the cases of flat fees and two-part tariffs, y** (x) and
y?*PT (z), respectively, we can define producer surplus as the sum of the profits of the final good

producers and the patentholder. In the case of two-part tariffs, profits are, respectively,

- 1
FS — /0 [(1-«a () p*T (z) — c(z)) y? T (z) — T (z)] —i—/~ y* T () [pZPT () — ¢ (x)] da,

x

PatS = / [ (z) p?PT (2) y?PT (2) + T (z)] da.
0
In the case of flat fees, the corresponding expressions are

Fs = [ (6" @)= @)y @) do - 77,

PatS =TT7.

The results of our simulations in Figure 5 show the following: As expected, from the producers
standpoint, a two-part tariff is always preferred because, by inducing a higher price for the final
good (and therefore a higher price index) and by making the technology available to more firms,

competition among final good producers is reduced. Because of the increase in prices, the distortion
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Figure 5: Welfare Comparison

on the consumer side is larger, leading to a lower consumer utility, or a negative compensating

variation.

We can define a variation in net welfare as the sum of the compensating variation and the
difference in producer surplus. We can see that from Figure 5 that, since consumers are always
worse-off under two-part tariffs, even though more firms have access to the new technology, the

variation in net welfare is negative.!'!

6 Concluding Remarks

This paper presents a model of patent licensing that integrates two important features largely
unexplored in the literature: private information and a varying degree of product differentiation in

the downstream market. Both of these features turn out to have a systematic relationship with the

1YWe also verified numerically that, compared with the case in which all firms operate with the inital technology,
licensing by means of two-part tariffs increases both consumer utility and firms’ profits, and therefore social welfare
improves.
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optimal contract that the patentholder chooses. Heterogeneity among prospective licensees gives
the patentholder the opportunity to offer a menu of two-part tariffs that extracts a smaller share of
revenues from those firms that make a better use of the technology. By doing so, the patentholder’s

profits increase with respect to the usual case of a single flat fee studied in the literature.

We examine a monopolistic competition framework, which presents a natural way of dealing
with product differentiation in the downstream market. Moreover, by simplifying the strategic
interaction among downstream competitors, we can focus the analysis on the optimization problem
of the patentholder. Our model illustrates the different trade-offs in the choice of licensing contracts
that the patentholder faces, and how they are affected by changes in the degree of differentiation
in the downstream market. We obtain an intuitive characterization of the optimal contract within
the class of two-part tariffs. Our results are general because this contract can be rewritten in terms
of per-unit royalties and fees, which are more common in the literature. In this contract, royalties
are also smaller for those firms that benefit more from the invention. These results also provide

useful insights for other types of vertical relationship problems, such as franchising.

The varying degree of product differentiation has also important implications. In particular,
when goods are more homogeneous and firms enjoy small markups over marginal cost in their prices,
the profit-maximizing contract calls for higher variable payments and lower fees. The reason is that
the marginal revenue of each firm is reduced, causing a decrease in the quantity they sell and this
reduces effective competition. In the same direction, a second remarkable effect arises. The number
of licenses is higher when goods are more homogeneous, as a way to reduce the total quantity that
firms produce, which benefits the patentholder. We have interpreted both effects as the ability
of inducing higher markups among the licensees, or of softening competition. Numerical results
suggests, however, that welfare might be lower when two-part tariffs are used instead of flat fees

because of this softening of competition, in spite of more firms having access to the new technology.
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The setup we have introduced would allow us to ask more general questions. For example, we
could easily accommodate a second patentholder producing an alternative technology that could
benefit more firms with higher z and examine the choice of contracts offered by patentholders of

alternative technologies.

The availability of data on royalty rates and licensing contracts in general is very limited. There
are few instances where there is information on the details of licensing contracts—for example, in
the case of franchise contracts and in the case of licensing contracts for international transfer of
technology via foreign direct investment. The use of this type of data to test the model is left for

future research.

A Proofs

Proof of Lemma 1

Using the envelope theorem, we observe that profits are decreasing in x,

ITLD) — ple— (1—a)0) 75 [(1 — 0 @) ]S = 0y (@) <0, (16)
and the typical sorting condition can be computed as
Prwa) 0,y
0z0a 0o T (1-AN)(1-a)’

which is positive.'?

Integrating equation (16) into the profit function we have
~ ® om (x,x)
II(z) -II(x) = ———dx.
@ -1 = [ Tt

When Z < 1, I1(Z) = Ily. Solving for T (z) we obtain the desired result. When Z = 1 we know that II (1) > Iy and
it follows that K > 0.

Proof of Proposition 2

121n fact, if firms were not atomistic the cross-derivative would be

%Y _ .0y _ y () (. P X
dzda 03(1 79(1—)\)(1—00 |:1 A(p(m)) :|

This last effect originates from the competition among final good producers. That is, each firm could take into
account that an increase in the a (x) not only affects the quantity y (z) and the corresponding price p (z) but also
the aggregate price index, P. Since firms are atomistic, we follow the standard simplification in the literature (see
Dixit and Stiglitz, 1993) and we do not include this effect.
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As usual in mechanism design, we assume that the incentive compatibility constraint is satisfied and we later
verify. From the problem in (8) we can obtain the first-order condition with respect to o () as

[ mrm e e-9 (mmmm ) -]
(

ok 1 Y (x) R A 1 ) N
u—xnﬁwwm}d ﬂ—a%@ﬂl—M[( S ) 9} 0

Define s as follows (to save notation, we omit the dependence on ™ and \)

= : / _ o 1 _ _ ’ r ~
s = /0 Y (:L‘ ) {(c (1 x ) 9) (—(1 o @) 1> 03:} dx’ — Ilpx.
Given that 6%—(:) = % we can rewrite the first-order condition as
ok sP™* y(x) o (z) B
@ 1-x O-a@a-y |20 % =0

and we can obtain the expression for 2%~ as
da(x)

_Or __ pa Uolp(x)—ﬁ dx]l p@) ™ By @)

da* (x)

Replacing in the previous equation we have

K s y(2)
M) T T e @) A= N {“_(1_””)9)177

pX

1
1—X
S , we can solve for a* (z) as
p(z)

using the expression y (z) = (

c—(1—2z)0)+ 0z
c—(1—-2x)0

o () = s

(17)

Notice that from the budget constraint of the consumer we obtain that V' < 1. Moreover, it can be verified that

/oiy («') [(c —(1-2')0) <m - 1) - 9:&] dx' —TIoF
’ 1

max [y () [(c _(1-2)0) (m - 1) - W] da' — TIoF = V

{a@35.2Jo

V)
I

IN

with equality when evaluated at the optimal Z. Since offering a contract « (z) = T (z) = 0 is always feasible and
leads to s = 0 we can conclude that s € [0, 1].

To verify that this expression characterizes a maximum, we can rewrite the first order condition as

y (2)* PR a(z)
Tt @ (0 )|
The second derivative evaluated at o* (z) corresponds to

y(z) K Os A o(x at(z) - 77;(:17)1_)‘6 - 1
Ao @) d-N |:)\8a(a:) +c(a;)<()1—a*(x) 9) P ()(1a*(x))2]'

a* (o)

By the Envelope condition, %&) = 0 when evaluated at o (z) and therefore the expression can be rewritten as

ky ()™ A [ Ox

A—a (@)1= ‘dw‘*]<“

Existence and uniqueness of the equilibrium of the fixed point defined in (17) can be immediately verified through
the following lemma:
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Lemma 8 Consider the function o (x) defined as o* (z) = v (z) (1 — s) + s, where
S:F(S)E/ f(a® (z),z)dx (18)
0

with f continuously differentiable, % =0 and F (s) € [0,1] for s € [0,1]. Then, o™ (z) is uniquely defined.

Proof. Given that [ f (ca(x),z)dx is continuous in s in the interval [0,1] for s € [0, 1], existence of a fixed point
is guaranteed using Brouwer’s Fixed Point Theorem. Hence, there exists at least one value of s that satisfies (18).
To show uniqueness of s, notice that %—I; = 0 by assumption. As a result, in all points where s = F (s) the derivative
is 0. However, if there were more than one solution, for at least one of them F’ (s) > 1 which is a contradiction. If s
is unique, then o must be also unique. W

Proof of Proposition 3

The problem that the patentholder solves corresponds to

max 05 {y(m) {(c —(1-2)6) (ﬁ - 1) - 03:} - n} dx,

under the same incentive compatibility constraint described in Lemma 1. The first-order condition becomes in this
case

y(z) o -
T |- a-00 2 6| -0

After solving for o we obtain the desired result.

Proof of Lemma 4

For the first notice that
s = /jy(x’) [(cf (1-2')0) <m - 1) 79:5'] da’ —T1oT
- omen(rtos ) )

= oot ((L222) - (A2 )

where the limit of both terms is

— 1
lim zsT-—> <1
A—0

lim <w>ﬁ —(c—0) <%)ﬁ (1N AT TS =0

A—0 c—0 c—
which means that the previous expression converges to 0. Since the patentholder can always guarantee profits of 0,

s=0.

With respect to the second expression, notice that when A\ = 1 the price that a non-licensee charges is p = c¢. In
this case, the highest price that a license can charge is p (z) < ¢. As a result, the sum of profits of the patentholder
and all licensees, defined as

T

ol

/0“<p<w)_c<$))y<x)dxg1_/o c@)y(w)dwg1_<c_9>/0’y(w>dwg

where the last inequality originates from the fact that using the consumer budget constraint fol y(z)dz < % As a
result, s < %.

Proof of Lemma 5
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In a similar way as in Lemma 1 we can define the profits of a licensee of type x that declares to be of type Z as,

(@, 8) = (1— M)r (W) = F(#)

and it is easy to verify that using the envelope theorem,

on(x,x)
D = —0Oy(z) <0
on(x,x) 0y
Oxor N 081" >0

which proves the first point. The second result can be obtained by integrating the first of the previous expressions.
Proof of Proposition 6

Take an incentive compatible menu {a(z),T(2)},c( ;- From the argument in the text, if all firms produce the
same quantities under both mechanisms profits for the licensees should be identical. This is immediate, since

Hence, if production is identical and prices do not change, consumers should obtain the same utility and the paten-
tholder the same level of profits.

Proof of Lemma 7

Because the objective function in (8) is twice-differentiable, and the feasible set has the usual properties, showing
that in any interior value of Z that satisfies the first order condition the objective function is locally concave is also
enough to guarantee uniqueness. After some algebra, the first derivative can be rewritten as

1 C

kTR <p(5)—ﬁ (1—(1—s)A—s)+ (X)fﬁ (s— (1 —)\))>

and the second derivative evaluated at % is

A= S)A_S)Kﬁp(i*)_ﬁ 8_3
1-A ozT
which is negative, since % > 0. Notice that for this result we have used the envelope condition on s, so that % =0

at that point.

B First order condition to the Flat Fees problem.

Given that firms with x < T purchase a license, the corresponding price index can be obtained as

1—X
_ x -==
_ Tle=(1—-x)0\ T3 /1 ¢\~ Tx
p@=| [ (O Ty () |
@ [/0 (52) T [(7) e
where the individual prices are replaced by their expressions given by p (z) = C(;). In particular, firms with x > T

have a marginal cost of c. The expression for k is now
k(%) = P(2)",
while profits when a license is purchased are

T(z) =y (@) (p(2) —c(@) = (c— (1—2)6) TXATTP @) T (1—\) —T.
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If the firm does not obtain the license, profits are given by

To=(1-2)) (X)fﬁp(z)m .

It is easy to verify that the increase in profits from obtaining a license,

Ar(z) = T =TI (2) — I,

is decreasing in z. Because a firm x is willing to pay for the license up to the total increase in profits that it generates,
the threshold will be T =0 if Aw (0) <T and T =1 if Axw (1) > T'; while it will correspond to Ax (T) = T otherwise.
In the interior solution, choosing ¥ is equivalent to choosing 7T'. Hence, the problem that the patentholder solves is

V = max An (%) 7.

and the optimal number of licenses will be therefore

T = argmax (c (a%)fﬁ — cilTAA) P(z)T> %.

And the first order condition for this problem can be written as

1—x°¢

" A9 (E*)l—_ap(j*)ﬁ] + (C(f*)*ﬁ _c*ﬁ) (T)T* =0

—x - =X
where p (T*) = % Moreover, notice that p (Z*) =X — (£) T = ATSX (C(f*)iﬁ —c T

this condition can be further simplified into

A

_ 2
I o(T) T8 + AT (C(E*)*ﬁ _ c*ﬁ) p(f*)ﬁ} + (C(f*)*ﬁ e

1-X

34

(19)

). SinceP(f*)ﬁ >0,
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