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4141 Ryhuylhz1 Prqhwdu| srolf| uxohv kdyh ehhq wkh vxemhfw ri d jrrg ghdo ri uhfhqw

uhvhdufk lq wkh olwhudwxuh rq prqhwdu| hfrqrplfv dqg prqhwdu| srolf|1
�

Zkloh vrph ri

wklv zrun kdv irfxvvhg rq v|vwhpv zklfk devwudfw iurp ru vxssuhvv sulydwh vhfwru h{shfwd0

wlrqv/ pdq| ri wkh pruh uhfhqw sdshuv dqdo|}h v|vwhpv zkhuh sulydwh vhfwru h{shfwdwlrqv

hqwhu wkh prgho h{solflwo|1 Prvw ri wkhvh prghov lqyroyh vpdoo/ iruzdug0orrnlqj uhsuhvhq0

wdwlrqv ri wkh pdfurhfrqrp|/ vxfk dv wkrvh irxqg lq Fodulgd/ hw do1/ +4<<<,/ PfFdooxp dqg

Qhovrq +4<<<,/ dqg Zrrgirug +4<<<,1 Lq pdq| fdvhv wkh vpdoo prgho lv d orj0olqhdul}hg

dqg vlpsol�hg yhuvlrq ri d odujhu prgho ghulyhg iurp rswlpl}lqj ehkdylru lq d g|qdplf

vwrfkdvwlf jhqhudo htxloleulxp frqwh{w1

Zkhq sulydwh vhfwru h{shfwdwlrqv hqwhu vxfk prghov h{solflwo|/ uhfhqw uhvhdufk kdv

hpskdvl}hg wkh srvvlelolw| wkdw fhuwdlq srolf| uxohv pd| eh dvvrfldwhg zlwk lqghwhuplqdf|

ri udwlrqdo h{shfwdwlrqv htxloleulxp/ dqg wkhuhiruh pljkw eh ylhzhg dv xqghvludeoh1 Vrph

ri wkh dxwkruv wkdw glvfxvv wklv lvvxh lqfoxgh Ehuqdqnh dqg Zrrgirug +4<<:,/ Fduovwurp

dqg Ixhuvw +4<<</ 5333,/ Fkulvwldqr dqg Jxvw +4<<<,/ Fodulgd/ hw do1/ +5333,/ Urwhpehuj

dqg Zrrgirug +4<<;/ 4<<<,/ dqg Zrrgirug +4<<<,1 Lq d w|slfdo dqdo|vlv/ wkh dxwkruv

frpsxwh wkh udwlrqdo h{shfwdwlrqv vroxwlrqv ri wkh v|vwhp zlwk d jlyhq prqhwdu| srolf|

uxoh/ dqg li wkh uxoh lqgxfhv lqghwhuplqdf| wkhq lw lv ylhzhg dv xqghvludeoh1 Wkh lghd lv wkdw

li wkh prqhwdu| dxwkrulwlhv dfwxdoo| iroorzhg vxfk d uxoh/ wkh v|vwhp pljkw eh xqh{shfwhgo|

yrodwloh dv djhqwv duh xqdeoh wr frruglqdwh rq d sduwlfxodu htxloleulxp dprqj wkh pdq|

wkdw h{lvw1
✁

Lq frqwudvw/ zkhq htxloleulxp lv ghwhuplqdwh/ lw lv qrupdoo| dvvxphg wkdw wkh

djhqwv fdq frruglqdwh rq wkdw htxloleulxp1

Lw lv idu iurp fohdu/ krzhyhu/ h{dfwo| krz ru zkhwkhu vxfk frruglqdwlrq zrxog dulvh1

Lq rughu wr frpsohwh vxfk dq dujxphqw/ rqh qhhgv wr vkrz wkh srwhqwldo iru djhqwv wr

ohduq wkh htxloleulxp ri wkh prgho ehlqj dqdo|}hg1 Lq wklv sdshu/ zh wdnh rq wklv wdvn1
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Zh dvvxph wkh djhqwv ri wkh prgho gr qrw lqlwldoo| kdyh udwlrqdo h{shfwdwlrqv/ dqg wkdw

wkh| lqvwhdg irup iruhfdvwv e| xvlqj uhfxuvlyh ohduqlqj dojrulwkpv�vxfk dv uhfxuvlyh ohdvw

vtxduhv�edvhg rq wkh gdwd surgxfhg e| wkh hfrqrp| lwvhoi1 Rxu phwkrgrorj| lv wkdw ri

Hydqv dqg Krqndsrkmd +4<<</ 5334,1 Zh dvn zkhwkhu wkh djhqwv lq vxfk d zruog fdq ohduq

wkh ixqgdphqwdo ru PVY htxloleulxp ri wkh v|vwhp xqghu d udqjh ri srvvleoh Wd|oru0w|sh

prqhwdu| srolf| ihhgedfn uxohv1 Zh xvh wkh fulwhulrq ri h{shfwdwlrqdo vwdelolw| +d1n1d1

H0vwdelolw|, wr fdofxodwh zkhwkhu udwlrqdo h{shfwdwlrqv htxloleuld duh vwdeoh xqghu uhdo

wlph uhfxuvlyh ohduqlqj g|qdplfv ru qrw1 Wkh uhvhdufk ri Pdufhw dqg Vdujhqw +4<;<,

dqg Hydqv dqg Krqndsrkmd +4<<</ 5334, kdv vkrzq wkdw wkh h{shfwdwlrqdo vwdelolw| ri

udwlrqdo h{shfwdwlrqv htxloleulxp jryhuqv orfdo frqyhujhqfh ri uhdo wlph uhfxuvlyh ohduqlqj

dojrulwkpv lq d zlgh ydulhw| ri pdfurhfrqrplf prghov1
�

Zh wklqn ri ohduqdelolw| dv d qhfhvvdu| dgglwlrqdo fulwhulrq iru hydoxdwlqj dowhuqdwlyh

prqhwdu| srolf| ihhgedfn uxohv1 Lq sduwlfxodu/ lq rxu ylhz hfrqrplvwv vkrxog rqo| dgyr0

fdwh srolf| uxohv zklfk lqgxfh ohduqdeoh udwlrqdo h{shfwdwlrqv htxloleuld1 Fhqwudo edqnv

dgrswlqj prqhwdu| srolf| uxohv wkdw duh qrw dvvrfldwhg zlwk ohduqdeoh udwlrqdo h{shfwd0

wlrqv htxloleuld/ xqghu wkh dvvxpswlrq wkdw sulydwh vhfwru djhqwv zloo frruglqdwh rq wkh

htxloleulxp wkh| duh wdujhwlqj/ duh pdnlqj dq lpsruwdqw plvwdnh1 Rxu dqdo|vlv vxjjhvwv

wkdw vxfk srolf|pdnhuv zloo hqfrxqwhu gl!fxowlhv/ dv wkh sulydwh vhfwru djhqwv lqvwhdg

idlo wr frruglqdwh/ dqg wkh pdfurhfrqrplf v|vwhp glyhujhv dzd| iurp wkh wdujhwhg htxl0

oleulxp1 Ohduqdeoh htxloleuld/ rq wkh rwkhu kdqg/ gr qrw kdyh vxfk sureohpv1 Wklv lv

ehfdxvh wkh djhqwv fdq lqghhg frruglqdwh rq wkh htxloleulxp wkh srolf|pdnhuv duh wdujhw0

lqj/ vr wkdw wkh ohduqlqj g|qdplfv whqg wrzdug/ dqg hyhqwxdoo| frlqflgh zlwk/ wkh udwlrqdo

h{shfwdwlrqv g|qdplfv1 Ohduqdeoh htxloleuld duh wkhuhiruh wr eh uhfrpphqghg1

4151 Prgho hqylurqphqw1 Zh frqvlghu prqhwdu| srolf| uxohv zklfk kdyh ehhq vxj0

jhvwhg e| ydulrxv dxwkruv1 Doo ri wkhvh uxohv hqylvlrq wkh fhqwudo edqn dgmxvwlqj d vkruw0

whup qrplqdo lqwhuhvw udwh lq olqhdu uhvsrqvh wr ghyldwlrqv ri lq dwlrq iurp vrph wdujhw
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ohyho dqg wr ghyldwlrqv ri uhdo rxwsxw iurp vrph wdujhw ohyho1 Zh wdnh xs irxu yduldqwv ri

vxfk uxohv zklfk zh eholhyh duh uhsuhvhqwdwlyh ri wkh olwhudwxuh= uxohv zkhuh wkh qrplqdo

lqwhuhvw udwh vhw e| wkh fhqwudo edqn uhvsrqgv wr ghyldwlrqv ri fxuuhqw ydoxhv ri lq dwlrq

dqg rxwsxw +zh fdoo wklv wkh frqwhpsrudqhrxv gdwd vshfl�fdwlrq,> uxohv zkhuh wkh lqwhuhvw

udwh uhdfwv wr odjjhg ydoxhv ri rxwsxw dqg lq dwlrq ghyldwlrqv +odjjhg gdwd vshfl�fdwlrq,>

uxohv zkhuh wkh lqwhuhvw udwh uhvsrqgv wr ixwxuh iruhfdvwv ri lq dwlrq dqg rxwsxw ghyld0

wlrqv +iruzdug orrnlqj uxohv,> dqg �qdoo|/ uxohv zklfk uhvsrqg wr fxuuhqw h{shfwdwlrqv ri

lq dwlrq dqg rxwsxw ghyldwlrqv +frqwhpsrudqhrxv h{shfwdwlrqv,1

Wkh qryho frqwulexwlrq ri wklv sdshu lv wr hydoxdwh wkhvh srolf| uxohv edvhg rq wkh

ohduqdelolw| fulwhulrq lq d vwdqgdug/ vpdoo/ iruzdug0orrnlqj pdfurhfrqrplf prgho zklfk lv

fxuuhqwo| wkh zrunkruvh iru wkh vwxg| ri vxfk uxohv1 Zh dqdo|}h wkh vwdelolw| ri htxloleuld

xqghu ohduqlqj g|qdplfv/ dqg zh dovr surylgh frqglwlrqv iru xqltxh htxloleuld1 Frqglwlrqv

iru xqltxh htxloleuld pd| eh irxqg vsrudglfdoo| iru vrph ri wkhvh srolf| uxohv lq wkh

h{lvwlqj olwhudwxuh/ dqg zh sxw wkhvh uhvxowv lqwr d xqli|lqj iudphzrun1 Wkxv/ zh duh deoh

wr hydoxdwh prqhwdu| srolf| uxohv edvhg qrw rqo| rq zkhwkhu wkh| lqgxfh ghwhuplqdf| exw

dovr edvhg rq zkhwkhu wkh| lqgxfh ohduqdelolw|1

4161 Pdlq uhvxowv1 Zh �qg wkdw prqhwdu| srolf| uxohv zklfk uhdfw wr fxuuhqw ydoxhv

ri lq dwlrq dqg rxwsxw ghyldwlrqv fdq hdvlo| lqgxfh ghwhuplqdwh htxloleuld1 Pruhryhu/

zkhq htxloleulxp lv ghwhuplqdwh lw lv dovr ohduqdeoh xqghu wklv vshfl�fdwlrq1 Krzhyhu/

frqwhpsrudqhrxv gdwd uxohv kdyh riwhq ehhq fulwlfl}hg ehfdxvh wkh| sodfh xquhdolvwlf lq0

irupdwlrqdo ghpdqgv rq wkh fhqwudo edqn/ vlqfh suhflvh lqirupdwlrq rq fxuuhqw txduwhu

ydoxhv ri lq dwlrq dqg rxwsxw lv xvxdoo| qrw dydlodeoh wr srolf|pdnhuv1 Rqh ri rxu lp0

sruwdqw �qglqjv lv wkdw uxohv zklfk uhdfw wr frqwhpsrudqhrxv h{shfwdwlrqv ri lq dwlrq

dqg rxwsxw ghyldwlrqv ohdg wr h{dfwo| wkh vdph uhjlrqv ri ghwhuplqdwh dqg ohduqdeoh htxl0

oleuld1 Frqvhtxhqwo|/ rxu uhvxowv vxjjhvw wkdw uxohv zkhuh wkh fhqwudo edqn uhvsrqgv wr

fxuuhqw h{shfwdwlrqv ri lq dwlrq dqg rxwsxw ghyldwlrqv duh wkh prvw ghvludeoh lq whupv ri

jhqhudwlqj erwk ghwhuplqdf| dqg ohduqdelolw|1 Rxu uhdglqj ri wkh srolf| uxohv olwhudwxuh

lv wkdw vxfk uxohv kdyh qrw ehhq jlyhq dghtxdwh dwwhqwlrq dqg rxu uhvxowv vxjjhvw pruh

hpskdvlv rq wkhp pd| suryh iuxlwixo1
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Zh �qg wkdw uxohv zklfk uhvsrqg wr odjjhg ydoxhv ru wr ixwxuh iruhfdvwv ri lq dwlrq

dqg rxwsxw ghyldwlrqv gr qrw kdyh wkh vdph ghvludeoh surshuwlhv1 Ghwhuplqdwh udwlrqdo

h{shfwdwlrqv htxloleuld duh qrw qhfhvvdulo| ohduqdeoh xqghu wkh odjjhg gdwd vshfl�fdwlrq1

Lq dgglwlrq/ uxohv zklfk uhvsrqg wr odjjhg gdwd fdq hdvlo| idlo wr jhqhudwh ghwhuplqdf|1

Iruzdug0orrnlqj uxohv fdq hdvlo| lqgxfh htxloleulxp lqghwhuplqdf| +vhh dovr Ehuqdqnh dqg

Zrrgirug +4<<:,,1 Zh �qg wkdw ghwhuplqdwh htxloleuld duh dozd|v ohduqdeoh iru iruzdug0

orrnlqj uxohv/ exw zkhq htxloleulxp lv lqghwhuplqdwh/ wkrvh htxloleuld zklfk fruuhvsrqg

wr wkh plqlpxp vwdwh yduldeoh +PVY, vroxwlrqv pd| dovr eh ohduqdeoh1 Zh gr qrw h{0

dplqh wkh ohduqdelolw| ri vxqvsrw htxloleuld/ zklfk pd| h{lvw zkhq wkh htxloleulxp lv

lqghwhuplqdwh/ lq wklv sdshu1

Wd|oru +4<<<d, uhfrpphqgv d �ohdqlqj djdlqvw wkh zlqg� srolf| uxoh zklfk fdoov iru

qrplqdo lqwhuhvw udwhv zklfk duh dgmxvwhg srvlwlyho|/ dqg pruh wkdq rqh0iru0rqh/ lq uh0

vsrqvh wr lq dwlrq deryh wdujhw/ dqg srvlwlyho| wr ohyhov ri surgxfwlrq deryh wdujhw1 Zh

fdoo wklv wkh Wd|oru sulqflsoh iroorzlqj Zrrgirug +5333/ 5334,1 Wd|oru*v lqwxlwlrq lv wkdw

xqghu vxfk d uxoh/ d ulvh lq lq dwlrq eulqjv derxw dq lqfuhdvh lq wkh uhdo lqwhuhvw udwh

zklfk uhgxfhv ghpdqg dqg lq dwlrqdu| suhvvxuhv/ eulqjlqj wkh hfrqrp| edfn wrzdugv wkh

wdujhwhg htxloleulxp1 Rq wkh rwkhu kdqg/ d srolf| uxoh zklfk grhv qrw reh| wkh Wd|0

oru sulqflsoh eulqjv derxw d ghfuhdvh lq wkh uhdo lqwhuhvw udwh zklfk dggv wr lq dwlrqdu|

suhvvxuhv/ sxvklqj wkh hfrqrp| dzd| iurp wkh wdujhwhg htxloleulxp1

Lq wklv sdshu zh vxssruw Wd|oru*v lqwxlwlrq edvhg rq wkh fulwhulrq ri ohduqdelolw|1 Lq

idfw/ zh �qg wkdw wkh Wd|oru sulqflsoh frpsohwho| fkdudfwhul}hv ohduqdelolw|1 Li djhqwv

gr qrw kdyh udwlrqdo h{shfwdwlrqv ri lq dwlrq dqg rxwsxw dqg lqvwhdg vwduw zlwk vrph

vxemhfwlyh h{shfwdwlrqv ri wkhvh yduldeohv/ ohduqlqj uhfxuvlyho| xvlqj vrph yhuvlrq ri ohdvw

vtxduhv/ wkhq d �ohdqlqj djdlqvw wkh zlqg� srolf| rq wkh sduw ri wkh fhqwudo edqn grhv

lqghhg sxvk wkh hfrqrp| wrzdugv wkh udwlrqdo h{shfwdwlrqv htxloleulxp +UHH, dfurvv doo

wkh vshfl�fdwlrqv ri srolf| uxohv zh frqvlghu1

Ilqdoo|/ zh �qg wkdw dfurvv doo wkh lqirupdwlrq vwuxfwxuhv zh frqvlghu/ srolf| uxohv

zklfk uhvsrqg uhodwlyho| djjuhvvlyho| wr lq dwlrq zlwk olwwoh ru qr uhdfwlrq wr wkh rxwsxw

jds +ru rxwsxw jds iruhfdvwv, jhqhudoo| lqgxfh erwk ghwhuplqdwh dqg ohduqdeoh udwlrqdo
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h{shfwdwlrqv htxloleuld1 Wr wkh h{whqw wkdw erwk ghwhuplqdf| dqg ohduqdelolw| duh ghvludeoh

fulwhuld/ fhqwudo edqnv pd| zdqw wr frqvlghu dgrswlqj vxfk uxohv1

4171 Uhfhqw uhodwhg olwhudwxuh1 Lq dq dqdo|vlv frpsolphqwdu| wr rxuv/ Hydqv dqg

Krqndsrkmd +5333, frqvlghu wkh ohduqdelolw| ri htxloleuld lqgxfhg e| rswlpdo prqhwdu|

srolf| uxohv lq d vwuxfwxudo prgho olnh wkh rqh xvhg lq wklv sdshu1 E| rswlpdo/ Hydqv

dqg Krqndsrkmd phdq d srolf| uxoh ghulyhg iurp plqlpl}dwlrq ri d orvv ixqfwlrq iru

wkh prqhwdu| dxwkrulw|/ jlyhq wkh vwuxfwxuh ri wkh hfrqrp|1 D uxoh ghulyhg lq vxfk

d zd| pd| ru pd| qrw jhqhudwh hlwkhu ghwhuplqdf| ru ohduqdelolw| ri htxloleulxp/ dqg

Hydqv dqg Krqndsrkmd lqyhvwljdwh erwk ri wkhvh surshuwlhv1 Rqh lpsruwdqw �qglqj lv

wkdw li wkh fhqwudo edqn dvvxphv udwlrqdo h{shfwdwlrqv rq wkh sduw ri sulydwh djhqwv/

wkhq wkh htxloleuld lqgxfhg duh dozd|v xqvwdeoh lq wkh ohduqlqj g|qdplfv1 Rq wkh rwkhu

kdqg/ li rswlpdo srolf| lv frqglwlrqhg gluhfwo| rq wkh revhuyhg +vxemhfwlyh, sulydwh vhfwru

h{shfwdwlrqv/ wkhq wkh UHH ehfrphv vwdeoh xqghu ohduqlqj g|qdplfv1

Lq frqwudvw wr Hydqv dqg Krqndsrkmd +5333,/ zh vwxg| vlpsoh srolf| uxohv zklfk duh

ri wkh irup uhfrpphqghg lq Wd|oru*v +4<<6, zlgho|0flwhg zrun1 Zh orfdwh wkh vhw ri uxohv

lq wklv fodvv zklfk duh dvvrfldwhg zlwk erwk ghwhuplqdf| dqg ohduqdelolw|1 D sudfwlwlrqhu

zlvklqj wr �qg dq rswlpdo srolf| uxoh lq wklv vhw frxog wkhq srvwxodwh dq remhfwlyh fulwhulrq

iru wkh fhqwudo edqn dqg xvh lw wr orfdwh wkh ehvw uxoh1 Wklv lv hvvhqwldoo| wkh vdph surfhvv

wkdw Urwhpehuj dqg Zrrgirug +4<<;/ 4<<<, dqg rwkhu dxwkruv kdyh xvhg wr dqdo|}h wkhvh

w|shv ri uxohv1 Wkh dgydqwdjh ri uhpdlqlqj lq wkh fodvv ri Wd|oru0w|sh uxohv klqjhv rq

wkh doohjhg urexvwqhvv ri wkhvh uxohv dfurvv prghov/ dv glvfxvvhg dw ohqjwk lq wkh Wd|oru

+4<<<, yroxph1 Iru wklv uhdvrq zh wklqn lw lv lqwhuhvwlqj wr frqvlghu ohduqdelolw| xqghu

hlwkhu rswlpdo uxohv ru Wd|oru0w|sh uxohv1

PfFdooxp +4<<<, dqg Wd|oru +4<<<e, kdyh dujxhg wkdw lw lv lpsruwdqw wr fkhfn wkh

urexvwqhvv ri srolf| uxohv lq gl�huhqw prqhwdu| prghov vlqfh lq jhqhudo wkhuh lv olwwoh

djuhhphqw dprqj hfrqrplvwv derxw wkh dssursuldwhqhvv ri dq| sduwlfxodu prgho1 Lq wklv

uhvshfw/ Fduovwurp dqg Ixhuvw +4<<</ 5333, vkrz wkdw wkh htxloleulxp ghwhuplqdf| surs0

huwlhv lq prghov olnh wkh rqh zh dqdo|}h duh vhqvlwlyh wr fhuwdlq nh| dvvxpswlrqv1 Wkhvh

dvvxpswlrqv lqfoxgh zklfk prqh| edodqfhv/ lq whupv ri wlplqj/ hqwhu wkh xwlolw| ixqfwlrq/



Ohduqlqj Derxw Prqhwdu| Srolf| Uxohv 9

dqg dovr wkh qdwxuh ri wkh vwlfn| sulfh dvvxpswlrq dorqj r�0htxloleulxp sdwkv1 Wkh|

frqfoxgh wkdw xqghu wkhlu dowhuqdwlyh dvvxpswlrqv/ lq vhwwlqj wkh qrplqdo lqwhuhvw udwh/

fhqwudo edqnv vkrxog uhdfw djjuhvvlyho| wr odjjhg lq dwlrq lq rughu wr suhvhuyh ghwhuplqdf|

ri htxloleulxp1 Rxu prgho dovr surylghv vxssruw iru srolf| uxohv zklfk uhdfw djjuhvvlyho|

wr odjjhg lq dwlrq +dqg plogo| wr rxwsxw,1 Zh dovr dgyrfdwh srolf| uxohv edvhg rq frqwhp0

srudqhrxv iruhfdvwv1 Vlqfh wkhvh iruhfdvwv duh lq h�hfw edvhg rq sdvw gdwd lq rxu v|vwhpv

xqghu ohduqlqj/ zh vxssruw wkh lqwxlwlrq wkdw d fhqwudo edqn vkrxog orrn edfnzdug/ dv lq

wkh prghov dqdo|}hg e| Fduovwurp dqg Ixhuvw1 Zh dovr wklqn lw zrxog eh lqwhuhvwlqj wr

fduu| rxw rxu ohduqlqj dqdo|vlv lq wkh fodvvhv ri prghov dqdo|}hg e| Fduovwurp dqg Ixhuvw1

4181 Rujdql}dwlrq1 Lq wkh qh{w vhfwlrq zh suhvhqw wkh prgho zh zloo dqdo|}h wkurxjk0

rxw wkh sdshu1 Zh dovr glvfxvv wkh w|shv ri olqhdu srolf| ihhgedfn uxohv zh zloo xvh wr

rujdql}h rxu dqdo|vlv/ dqg d fdoleudwhg fdvh zklfk zh zloo hpsor|1 Lq wkh vxevhtxhqw

vhfwlrqv/ zh suhvhqw uhvxowv rq ghwhuplqdf| ri htxloleulxp/ dqg wkhq rq ohduqdelolw| ri

htxloleulxp/ iru hdfk ri irxu gl�huhqw fodvvhv ri srolf| uxohv1 Zh frqfoxgh zlwk d vxp0

pdu| ri rxu �qglqjv1

51 Wkh hqylurqphqw

5141 D edvholqh prgho1 Zh vwxg| d vlpsoh dqg vpdoo iruzdug0orrnlqj pdfurhfrqrplf

prgho dqdo|}hg e| Zrrgirug +4<<<,1 Zrrgirug +4<<<, ghulyhg klv prgho iurp d pruh

hoderudwh/ rswlpl}lqj iudphzrun zlwk vwlfn| sulfhv vwxglhg e| Urwhpehuj dqg Zrrgirug

+4<<;/ 4<<<,/ dqg lqwhqghg lw wr eh d sduvlprqlrxv ghvfulswlrq ri wkh X1V1 hfrqrp|/ zlwk

phfkdqlvpv wkdw zrxog uhpdlq surplqhqw lq qhduo| dq| prgho zlwk frpsohwh plfurirxq0

gdwlrqv1 Zh zulwh Zrrgirug*v +4<<</ s1 49, v|vwhp dv
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�✟✂✠☎ +5,

zkhuh } � lv wkh rxwsxw jds/ � � lv wkh lq dwlrq udwh/ dqg u � lv wkh qrplqdo lqwhuhvw udwh1 Hdfk

yduldeoh lv h{suhvvhg dv d shufhqwdjh ghyldwlrq iurp lwv orqj uxq ohyho/ dqg lq sduwlfxodu/

u � lv wkh ghyldwlrq ri wkh qrplqdo lqwhuhvw udwh iurp wkh vwhdg| vwdwh ydoxh wkdw zrxog

rewdlq zlwk }hur lq dwlrq dqg vwhdg| vwdwh rxwsxw jurzwk1 D vxshuvfulsw �h� uhsuhvhqwv



Ohduqlqj Derxw Prqhwdu| Srolf| Uxohv :

d +srvvleo| qrqudwlrqdo, h{shfwdwlrq1 Zh xvh wklv qrwdwlrq iru h{shfwdwlrqv vr wkdw zh

fdq eh  h{leoh lq ghvfulelqj rxu v|vwhpv xqghu erwk udwlrqdo h{shfwdwlrqv dqg ohduqlqj/

dorqj zlwk wkh dffrpsdq|lqj lqirupdwlrqdo dvvxpswlrqv lq hdfk fdvh1 Wkh sdudphwhuv

�> uhodwlqj wr wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq ri wkh uhsuhvhqwdwlyh krxvhkrog/

�> uhodwlqj wr wkh ghjuhh ri sulfh vwlfnlqhvv/ dqg �/ wkh krxvhkrog*v glvfrxqw idfwru/ duh

ylhzhg dv vwuxfwxudo/ dulvlqj iurp wkh dqdo|vlv ri wkh odujhu g|qdplf vwrfkdvwlf jhqhudo

htxloleulxp prgho/ dqg iurp wkh vxevhtxhqw dssur{lpdwlrqv wr wkdw prgho wkdw surgxfh

wkhvh htxdwlrqv1 Zh dvvxph � dqg � duh srvlwlyh rq hfrqrplf jurxqgv/ dqg wkdw 3 ? � ? 41

Wkh �qdwxudo udwh ri lqwhuhvw� u
✞

� lv dq h{rjhqrxv vwrfkdvwlf whup wkdw iroorzv wkh surfhvv

u
✞

� @ �u
✞

�

✝

☎ . � � +6,

zkhuh � � lv llg qrlvh zlwk yduldqfh �
�
✁ > dqg 3 � � ? 4 lv d vhuldo fruuhodwlrq sdudphwhu1

Zh vxssohphqw htxdwlrqv +4,/ +5,/ dqg +6, zlwk d srolf| uxoh/ zklfk uhsuhvhqwv wkh

ehkdylru ri wkh prqhwdu| dxwkrulw|1 Rxu edvholqh vshfl�fdwlrq lv wr xvh

u � @ * ✂ � � . * ✄ } � +7,

vr wkdw u � lv vhw e| wkh prqhwdu| dxwkrulw| lq uhvsrqvh wr lq dwlrq dqg wkh vl}h ri wkh

rxwsxw jds1
☎
Zh dvvxph wkurxjkrxw wkh sdshu wkdw * ✂ dqg * ✄ duh qrq0qhjdwlyh/ zlwk dw

ohdvw rqh vwulfwo| srvlwlyh1

Iru qrwdwlrqdo frqyhqlhqfh zh kdyh zulwwhq wkh srolf| uxoh +7,/ dv zhoo dv wkh rqhv

lq wkh qh{w vhfwlrq/ zlwkrxw d frqvwdqw whup1 Zrrgirug +4<<</ ss1 4:04;, kdv dujxhg

wkdw lq jhqhudo/ d qrq}hur whup u
✆
vkrxog eh dgghg wr wkh uljkw kdqg vlgh ri htxdwlrq

+7, wr dffrxqw iru wkh lghd wkdw lq wklv prgho/ wkh srolf| dxwkrulwlhv pd| zhoo zlvk wr

vwdelol}h qrplqdo lqwhuhvw udwhv derxw d ydoxh gl�huhqw iurp wkh vwhdg| vwdwh ydoxh frqvlv0

whqw zlwk }hur lq dwlrq dqg vwhdg| vwdwh rxwsxw jurzwk1 Wklv zrxog rffxu hlwkhu ehfdxvh
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wkh srolf| dxwkrulw| zlvkhv wr frxqwhudfw wkh glvwruwlrqv hpskdvl}hg e| Iulhgpdq +4<9<,/

ru ehfdxvh wkh dxwkrulwlhv zlvk wr dffrxqw iru wkh srvvlelolw| ri hqfrxqwhulqj wkh orzhu

erxqg rq qrplqdo lqwhuhvw udwhv1 Wkh frqvwdqw whup pdnhv olwwoh gl�huhqfh iru wkh lvvxhv

zh glvfxvv +dqg khqfh zh vxssuhvv lw,/ h{fhsw iru rqh srlqw= Zkhq zh dqdo|}h ohduqlqj

lq wkh uhpdlqghu ri wkh sdshu/ zh zloo doorz djhqwv wr wdnh dffrxqw ri d srvvleoh frqvwdqw

whup lq wkhlu ohduqlqj uxoh/ ehfdxvh wklv lv wkh pruh jhqhudo vshfl�fdwlrq1 Lq wkh vshfldo

fdvh zkhuh wkhuh lv dfwxdoo| qr frqvwdqw lq wkh hfrqrplf prgho dqg djhqwv dovr vshfli|

qr frqvwdqw lq wkhlu ohduqlqj uxoh/ wkh H 0vwdelolw| frqglwlrqv zh uhsruw zloo eh vrphzkdw

dowhuhg1 Zh uhjdug wklv dv d vshfldo fdvh/ dqg zh gr qrw frqgxfw dq h{whqvlyh dqdo|vlv ri

lw1

5151 Dowhuqdwlyh vshfl�fdwlrqv iru vhwwlqj lqwhuhvw udwhv1 Lq wkh prgho jlyhq

e| htxdwlrqv +4,0+7,/ rqo| wkh sulydwh vhfwru irupv h{shfwdwlrqv derxw ixwxuh ydoxhv ri

hqgrjhqrxv yduldeohv1 Wkh srolf|pdnhuv/ zkrvh ehkdylru lv hperglhg lq htxdwlrq +7,/

rqo| uhdfw wr lqirupdwlrq zklfk lv revhuyhg dw wlph w= PfFdooxp +4<<<, kdv dujxhg wkdw

vxfk uhdfwlrq ixqfwlrqv duh xquhdolvwlf/ vlqfh dfwxdo srolf|pdnhuv gr qrw kdyh frpsohwh

lqirupdwlrq rq yduldeohv vxfk dv rxwsxw dqg lq dwlrq lq wkh txduwhu wkh| pxvw pdnh d

ghflvlrq1 Lq uhdfwlrq wr wklv fulwltxh/ zh zloo fdoo wkh vshfl�fdwlrq hperglhg lq htxdwlrq +7,

rxu frqwhpsrudqhrxv gdwd vshfl�fdwlrq/ dqg zh zloo frqvlghu rwkhu srvvlelolwlhv ehorz1
�

Rqh dowhuqdwlyh lv wr iroorz rqh ri PfFdooxp*v vxjjhvwlrqv dqg srvlw wkdw wkh prqhwdu|

dxwkrulwlhv pxvw uhdfw wr odvw txduwhu*v revhuydwlrqv rq lq dwlrq dqg wkh rxwsxw jds/ zklfk

frxog srvvleo| eh ylhzhg dv forvhu wr wkh uhdolw| ri fhqwudo edqn sudfwlfh1 Wklv ohdgv wr
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rxu odjjhg gdwd vshfl�fdwlrq iru rxu lqwhuhvw udwh htxdwlrq/ lq zklfk +7, lv uhsodfhg zlwk

u � @ * ✂ � �
✝

☎ . * ✄ } �
✝

☎ = +8,

Dqrwkhu phwkrg ri frslqj zlwk PfFdooxp*v fulwlflvp lv wr dvvxph wkdw wkh dxwkrulwlhv

vhw wkhlu lqwhuhvw udwh lqvwuxphqw lq uhvsrqvh wr wkhlu iruhfdvwv ri rxwsxw dqg lq dwlrq

ghyldwlrqv/ iruphg xvlqj wkh lqirupdwlrq dydlodeoh dv ri hlwkhu wlph w�4 ru wlph w/ vr wkdw

wkh srolf| uxoh lwvhoi lv iruzdug0orrnlqj1 Ehuqdqnh dqg Zrrgirug +4<<:,/ dprqj rwkhuv/

kdyh dqdo|}hg iruzdug0orrnlqj uxohv1 Zh frqvlghu vlpsoh yhuvlrqv ri vxfk uxohv/ rqhv lq

zklfk wkh prqhwdu| dxwkrulw| orrnv mxvw rqh txduwhu dkhdg zkhq vhwwlqj lwv lqwhuhvw udwh

lqvwuxphqw1 Wklv |lhogv d vshfl�fdwlrq/ zklfk zh fdoo wkh iruzdug h{shfwdwlrqv prgho/ lq

zklfk wkh lqwhuhvw udwh htxdwlrq +7, lv uhsodfhg zlwk

u � @ * ✂ �
✁
�✄✂✆☎ . * ✄ }

✁
�✄✂✆☎ = +9,

Wkhuh duh vhyhudo zd|v wr lqwhusuhw wklv htxdwlrq1 Zkhq wkhuh lv ohduqlqj lq wkh prgho/

lw pd| eh wzr0vlghg/ dv erwk srolf|pdnhuv dqg sulydwh vhfwru djhqwv irup +lghqwlfdo,

h{shfwdwlrqv ri wkh ixwxuh1 Zh lpsxwh lghqwlfdo ohduqlqj dojrulwkpv wr hdfk zkhq zh

lqwurgxfh ohduqlqj1 Dowhuqdwlyho|/ iroorzlqj Ehuqdqnh dqg Zrrgirug +4<<:,/ lw pd| eh

wkdw wkh fhqwudo edqn vlpso| uhdfwv wr wkh suhglfwlrqv ri sulydwh vhfwru iruhfdvwhuv/ vr wkdw

lq wklv lqwhusuhwdwlrq lw lv rqo| wkh sulydwh vhfwru zklfk lv ohduqlqj1

Ilqdoo|/ dqrwkhu zd| wr frsh zlwk PfFdooxp*v fulwlflvp lv wr dvvxph wkdw wkh dx0

wkrulwlhv vhw wkhlu lqwhuhvw udwh lqvwuxphqw lq uhvsrqvh wr wkhlu fxuuhqw h{shfwdwlrqv +dv

rssrvhg wr xvlqj fxuuhqw gdwd,/ iruphg xvlqj wkh lqirupdwlrq dydlodeoh dv ri wlph w � 4/

ri wkh fxuuhqw shulrg rxwsxw jds dqg lq dwlrq1 Wklv dovr pljkw eh ylhzhg dv forvh wr

wkh dfwxdo sudfwlfh ri fhqwudo edqnv1 Wkh lqwhusuhwdwlrqv jlyhq deryh iru wkh fdvh zkhq

wkh fhqwudo edqn wdujhwv ixwxuh iruhfdvwv ri lq dwlrq dqg rxwsxw fduu| ryhu wr wklv fdvh1

Wkxv zh frqvlghu frqwhpsrudqhrxv h{shfwdwlrqv yhuvlrqv ri rxu v|vwhpv zkhuh wkh srolf|

ihhgedfn uxoh +7, lv uhsodfhg zlwk

u � @ * ✂ �
✁
� . * ✄ }

✁
� = +:,
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5161 Phwkrgrorj|1 Zh ehjlq rxu dqdo|vlv ri hdfk v|vwhp e| surylglqj frqglwlrqv

iru d ghwhuplqdwh htxloleulxp wr h{lvw1 Zh xvh vwdqgdug phwkrgrorj| iru wklv sxusrvh/

zkhuhe| wkh v|vwhp lv uhtxluhg wr kdyh wkh fruuhfw qxpehu ri hljhqydoxhv lqvlgh wkh xqlw

flufoh jlyhq wkh qxpehu ri iuhh dqg suhghwhuplqhg yduldeohv lq wkh v|vwhp1
�

Zh dgdsw phwkrgv ghyhorshg e| Hydqv dqg Krqndsrkmd +4<<</ 5334, wr xqghuvwdqg

krz ohduqlqj d�hfwv wkhvh v|vwhpv1 Zh dvvxph wkh djhqwv lq wkh prgho qr orqjhu kdyh

udwlrqdo h{shfwdwlrqv dw wkh rxwvhw1 Lqvwhdg/ zh uhsodfh h{shfwhg ydoxhv zlwk dgdswlyh

uxohv/ lq zklfk wkh djhqwv irup h{shfwdwlrqv xvlqj wkh gdwd jhqhudwhg e| wkh v|vwhp lq

zklfk wkh| rshudwh1 Zh lpdjlqh wkdw wkh djhqwv xvh yhuvlrqv ri uhfxuvlyh ohdvw vtxduhv

xsgdwlqj/ dqg zh fdofxodwh wkh frqglwlrqv iru h{shfwdwlrqdo vwdelolw| +H 0vwdelolw|,1 Hydqv

dqg Krqndsrkmd +5334, kdyh vkrzq wkdw h{shfwdwlrqdo vwdelolw|/ d qrwlrqdo wlph frqfhsw/

fruuhvsrqgv wr vwdelolw| xqghu uhdo0wlph dgdswlyh ohduqlqj xqghu txlwh jhqhudo frqglwlrqv1

Lq sduwlfxodu/ xqghu H 0vwdelolw| uhfxuvlyh ohdvw vtxduhv ohduqlqj lv orfdoo| frqyhujhqw wr

wkh udwlrqdo h{shfwdwlrqv htxloleulxp +UHH,1 Pruhryhu/ xqghu zhdn dvvxpswlrqv/ lw fdq

eh vkrzq wkdw li d udwlrqdo h{shfwdwlrqv htxloleulxp lv qrw H 0vwdeoh/ wkhq wkh suredelo0

lw| ri frqyhujhqfh ri wkh uhfxuvlyh ohdvw vtxduhv dojrulwkp wr wkh udwlrqdo h{shfwdwlrqv

htxloleulxp lv }hur1

Zh qrz gh�qh suhflvho| wkh frqfhsw ri H 0vwdelolw|1 Iroorzlqj Hydqv dqg Krqndsrkmd

+5334,/ frqvlghu d jhqhudo fodvv ri prghov
✁

| � @ � . EH � | �✄✂✆☎ . �| �
✝

☎ . yz � +;,

z � @ !z �

✝

☎ . h � +<,

zkhuh | � lv dq q � 4 yhfwru ri hqgrjhqrxv yduldeohv/ � lv dq q � 4 yhfwru ri frqvwdqwv/

E> �> y> dqg ! duh q� q pdwulfhv ri frh!flhqwv/ dqg z � lv dq q� 4 yhfwru ri h{rjhqrxv

yduldeohv zklfk lv dvvxphg wr iroorz d vwdwlrqdu| YDU/ vr wkdw h � lv dq q � 4 yhfwru ri
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zklwh qrlvh whupv1 Iroorzlqj PfFdooxp +4<;6,/ zh irfxv rq wkh PVY +plqlpdo vwdwh

yduldeoh, vroxwlrqv zklfk duh ri wkh irup

| � @ d . e| �
✝

☎ . fz � +43,

zkhuh d> e> dqg f duh frqirupdeoh dqg duh wr eh fdofxodwhg e| wkh phwkrg ri xqghwhuplqhg

frh!flhqwv1 Xvh +43, wr frpsxwh wkh fruuhvsrqglqj h{shfwdwlrq/ H � | �✟✂✆☎ @ d . e| � . f!z � >

dqg wkh PVY vroxwlrqv frqvhtxhqwo| vdwlvi|

+L �Ee�E,d @ �> +44,

Ee
�
� e . � @ 3> +45,

dqg

+L �Ee,f�Ef! @ y= +46,

Iru H 0vwdelolw| zh uhjdug htxdwlrq +43, dv wkh shufhlyhg odz ri prwlrq +SOP, ri wkh

djhqwv dqg xvlqj H � | �✄✂✆☎ @ d . e| � . f!z � > rqh rewdlqv wkh dfwxdo odz ri prwlrq +DOP,

ri | � dv

| � @ +L �Ee, ✝
☎

^� . Ed . �| �
✝

☎ . +Ef! . y,z � `= +47,

Wkxv wkh pdsslqj iurp wkh SOP wr wkh DOP wdnhv wkh irup

W +d> e> f, @
�

+L �Ee, ✝
☎

+� . �d
�

> +L �Ee, ✝
☎

�> +L �Ee, ✝
☎

+Ef! . y,,= +48,

H{shfwdwlrqdo vwdelolw| lv ghwhuplqhg e| wkh iroorzlqj pdwul{ gl�huhqwldo htxdwlrq

g

g�
+d> e> f, @ W +d> e> f,� +d> e> f, = +49,

Wkh �{hg srlqwv ri htxdwlrq +49, jlyh xv wkh PVY vroxwlrq1 Zh vd| wkdw d sduwlfxodu

PVY vroxwlrq
�

�d> �e> �f
�

lv H 0vwdeoh li wkh PVY �{hg srlqw ri wkh gl�huhqwldo htxdwlrq +49,

lv orfdoo| dv|pswrwlfdoo| vwdeoh dw wkdw srlqw1 Wkh frqglwlrqv iru H 0vwdelolw| ri wkh PVY

vroxwlrq
�

�d> �e> �f
�

duh jlyhq lq Sursrvlwlrq 4316 ri Hydqv dqg Krqndsrkmd +5334,1
�
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Xqghu uhdo wlph ohduqlqj/ wkh SOP lv wlph ghshqghqw dqg wdnhv wkh irup

| � @ d �

✝

☎ . e �

✝

☎ | �

✝

☎ . f �

✝

☎ z � +4:,

zkhuh wkh frh!flhqwv d � > e � > f � duh xsgdwhg e| uxqqlqj uhfxuvlyh ohdvw vtxduhv rq dfwxdo

gdwd/ {
�

� @ +4> |
�

�

✝

☎ > z � ,= Wklv jhqhudwhv d fruuhvsrqglqj DOP iru | � +zklfk lv dovr reyl0

rxvo| wlph ghshqghqw,1 Krzhyhu/ dv vkrzq lq Sursrvlwlrq 4317 ri Hydqv dqg Krqndsrkmd

+5334,/ wkh H 0vwdelolw| frqglwlrqv ghulyhg iurp htxdwlrq +49, dfwxdoo| jryhuq vwdelolw|

xqghu vxfk dgdswlyh ohduqlqj1 Wklv lv wkh uhdvrq zk| zh irfxv rq H 0vwdelolw| frqglwlrqv

wkurxjkrxw wkh sdshu1

Lq wkh ohduqlqj olwhudwxuh/ dq lpsruwdqw lvvxh lv wkh vr0fdoohg �gdwlqj ri h{shfwdwlrqv1�

Wkdw lv/ zkhq dq h{shfwdwlrq whup hqwhuv wkh prgho/ wkhuh lv d txhvwlrq ri zkdw lqirupd0

wlrq wkh djhqw lv deoh wr lqfrusrudwh zkhq iruplqj h{shfwdwlrqv1 H{shfwdwlrqdo vwdelolw|

frqglwlrqv/ lq jhqhudo/ duh lq xhqfhg e| wkh h{dfw gdwlqj ri h{shfwdwlrqv1 Wkh frqyhq0

wlrq lq wkh ohduqlqj olwhudwxuh lv wr dvvxph doo h{shfwdwlrqv duh iruphg dw wlph w xvlqj

lqirupdwlrq dydlodeoh dv ri wlph w � 4= Hydqv dqg Krqndsrkmd +4<<<, frpphqw wkdw wklv

dvvxpswlrq �111 vhhpv pruh qdwxudo lq d ohduqlqj hqylurqphqw1� Li rqh dvvxphv lqvwhdg

wkdw wlph w revhuydwlrqv duh lq wkh lqirupdwlrq vhw/ wkhq d vlpxowdqhlw| sureohp lv lqwur0

gxfhg/ zkhuh wkh v|vwhp lv ghwhuplqlqj wlph w yduldeohv dw wkh vdph wlph wkdw djhqwv duh

xvlqj wlph w yduldeohv wr irup h{shfwdwlrqv1 Wkh sureohp fdq xvxdoo| eh kdqgohg dw wkh

frvw ri dgglwlrqdo frpsoh{lw|1 Lq wklv sdshu zh jhqhudoo| zrun rxw uhvxowv iru erwk w dqg

w � 4 gdwlqj ri h{shfwdwlrqv dqg zkhuh dssursuldwh uhsruw rq dq| gl�huhqfhv zh �qg1

5171 Sdudphwhuv1 Zh kdyh dqdo|wlfdo uhvxowv lq prvw fdvhv/ exw zh looxvwudwh rxu

�qglqjv xvlqj d fdoleudwhg fdvh1 Zrrgirug +4<<<, fdoleudwhg wkh sdudphwhuv � @ =48: dqg

� @ =357 edvhg rq hfrqrphwulf hvwlpdwhv iurp d odujhu prgho frqwdlqhg lq Urwhpehuj dqg

Zrrgirug +4<<;/ 4<<<,> zh xvh wkhvh dv rxu edvholqh ydoxhv1 Wkh ydoxh ri wkh glvfrxqw

idfwru � lv vhw wkurxjkrxw wr =<<= Fdoleudwlrqv ri wkh srolf| uxohv fruuhvsrqg wr ydoxhv

iru wkh sdudphwhuv * ✂ dqg * ✄ > dqg zh h{dplqh 3 � * ✂ � 43> dqg 3 � * ✄ � 71 Iru

wkh vwrfkdvwlf surfhvv ghvfulelqj wkh qdwxudo udwh ri lqwhuhvw/ zh xvh � @ =68> wkh vhuldo

fruuhodwlrq vxjjhvwhg e| Zrrgirug +4<<<,1 Zh dovr glvfxvv wkh urexvwqhvv ri rxu uhvxowv
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wr dq dowhuqdwlyh fdoleudwlrq vxjjhvwhg e| Fodulgd/ hw do1 +5333,1 Lq wkdw fdoleudwlrq/ zh

lqfuhdvh wkh ydoxhv ri wzr sdudphwhuv= � iurp =48: wr 4 dqg � iurp =357 wr =61

61 Srolf| uxohv dqg wkh htxloleuld wkh| lqgxfh

6141 Frqwhpsrudqhrxv gdwd lq wkh srolf| uxoh1

Ghwhuplqdf|1 Lq wklv vxevhfwlrq/ zh frqvlghu wkh frqwhpsrudqhrxv gdwd yhuvlrq ri

wkh prgho uhsuhvhqwhg e| htxdwlrqv +4,0+7,1 Zh vxevwlwxwh wkh srolf| uxoh +7, lqwr +4,/

dqg sxw rxu v|vwhp lqyroylqj wkh wzr hqgrjhqrxv yduldeohv } � dqg � � +jlyhq e| htxdwlrqv

+4, dqg +5,, lq wkh iroorzlqj irup
�

| � @ � . E|
✁
�✟✂✆☎ . yu

✞
� +4;,

zkhuh | � @ ^} � > � � `
�

> � @ 3/ dqg

E @
4

� . * ✄ . �* ✂

�

� 4 � �* ✂

�� � . � +� . * ✄ ,

�

> +4<,

zkhuh wkh irup ri y lv rplwwhg vlqfh lw lv qrw qhhghg lq zkdw iroorzv1 Vlqfh erwk } � dqg

� � lq wkh v|vwhp +4;, duh iuhh/ zh qhhg erwk ri wkh hljhqydoxhv ri E wr eh lqvlgh wkh xqlw

flufoh iru ghwhuplqdf|> rwkhuzlvh wkh htxloleulxp zloo eh lqghwhuplqdwh1 Zh surylgh d

fkdudfwhul}dwlrq ri wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru ghwhuplqdf| lq wkh iroorzlqj

sursrvlwlrq1

Sursrvlwlrq 41 Ohw �+* ✂ � 4, . +4 � �,* ✄ 9@ 3=
�✂✁

Xqghu frqwhpsrudqhrxv gdwd lqwhuhvw

udwh uxohv wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru d udwlrqdo h{shfwdwlrqv htxloleulxp wr

eh xqltxh lv wkdw

�+* ✂ � 4, . +4 � �,* ✄ A 3= +53,

Surri1 Vhh Dsshqgl{ D1

Frqglwlrq +53, pd| eh jlyhq dq hfrqrplf lqwhusuhwdwlrq dqg wklv lv glvfxvvhg lq wkh

qh{w vhfwlrq1
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Ohduqlqj1 Wkh uhvxowv iru ohduqlqj duh lghqwlfdo zkhwkhu zh dvvxph w � 4 ru w gdwlqj

ri h{shfwdwlrqv lq +4;,1 Iru frqyhqlhqfh/ zh dvvxph w gdwlqj ri h{shfwdwlrqv ehorz1

Wkh PVY vroxwlrq lq wklv fdvh wdnhv wkh vlpsoh irup | � @ �d . �fu
✞
� zlwk �d @ 3 dqg

�f @ +L � �E, ✝
☎

y +zkhuh L ghqrwhv d frqirupdeoh lghqwlw| pdwul{ wkurxjkrxw wkh sdshu,1

Iru wkh vwxg| ri ohduqlqj/ zh hqgrz djhqwv zlwk d shufhlyhg odz ri prwlrq +SOP,

| � @ d . fu
✞
� +54,

zklfk fruuhvsrqgv wr wkh PVY vroxwlrq= Dv zh phqwlrqhg lq wkh glvfxvvlrq ri wkh srolf|

uxoh +7,/ wkh pruh jhqhudo vshfl�fdwlrq ri wkh SOP lqyroyhv d frqvwdqw whup iru wklv prgho1

Xvlqj wkh SOP/ zh frpsxwh H � | �✟✂✆☎ @ d . f�u
✞
� / dvvxplqj wkh wlph w lqirupdwlrq vhw wr

eh +4> u
✞
� ,

�

> dqg vxevwlwxwlqj wklv lqwr htxdwlrq +4;,/ zh rewdlq wkh dfwxdo odz ri prwlrq

+DOP, zklfk lv iroorzhg e| | � dv

| � @ Ed . +Ef� . y,u
✞
� = +55,

Xvlqj +54, dqg +55,/ zh fdq gh�qh d pds/ W> iurp wkh SOP wr wkh DOP dv

W +d> f, @ +Ed> Ef� . y,= +56,

H{shfwdwlrqdo vwdelolw| lv wkhq ghwhuplqhg e| wkh pdwul{ gl�huhqwldo htxdwlrq dv glvfxvvhg

hduolhu1

Zh qrz frpsxwh wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru d PVY vroxwlrq wr htxdwlrq

+4;, wr eh H 0vwdeoh xvlqj wkh iudphzrun vshoohg rxw deryh1 Wklv |lhogv dq lpsruwdqw edvh0

olqh uhvxow/ zklfk lv wkdw wkh frqglwlrq wkdw jxdudqwhhv H 0vwdelolw| wxuqv rxw wr eh lghqwlfdo

wr wkh frqglwlrq zklfk jxdudqwhhv xqltxhqhvv ri udwlrqdo h{shfwdwlrqv htxloleulxp1

Sursrvlwlrq 51 Ohw �+* ✂ � 4, . +4 � �,* ✄ 9@ 3= Vxssrvh wkh wlph w lqirupdwlrq vhw

lv +4> u
✞
� ,

�

= Xqghu frqwhpsrudqhrxv gdwd lqwhuhvw udwh uxohv/ wkh qhfhvvdu| dqg vx!flhqw

frqglwlrq iru dq PVY vroxwlrq +3> �f, ri +4;, wr eh H0vwdeoh lv wkdw
� �

�+* ✂ � 4, . +4 � �,* ✄ A 3= +57,
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Surri1 Vhh Dsshqgl{ E1

Wkh nh| frqglwlrq lq Sursrvlwlrqv 4 dqg 5/ lqhtxdolw| +57,/ fdq eh uhzulwwhq dv

* ✂ .
+4� �,

�
* ✄ A 4= +58,

Wkh sulfh dgmxvwphqw htxdwlrq +5, lpsolhv wkdw hdfk shufhqwdjh srlqw ri shupdqhqwo|

kljkhu lq dwlrq uhvxowv lq d shupdqhqwo| kljkhu rxwsxw jds ri +4��,@� shufhqwdjh srlqwv1

Wkh ohiw kdqg vlgh ri +58, wkhq vkrzv wkh orqj0uxq lqfuhdvh lq wkh qrplqdo lqwhuhvw udwh

suhvfulehg e| wkh lqwhuhvw uxoh +7, iru hdfk xqlw shupdqhqw lqfuhdvh lq wkh lq dwlrq udwh1

Frqglwrq +57,/ wkhuhiruh/ fruuhvsrqgv wr wkh Wd|oru sulqflsoh dv glvfxvvhg e| Zrrgirug

+5333/ 5334,= Qrplqdo lqwhuhvw udwhv ulvh e| pruh wkdq wkh lqfuhdvh lq wkh lq dwlrq udwh

lq wkh orqj0uxq1 Wkh lqwxlwlrq iru wklv uhvxow lv txlwh fohdu1 D ghyldwlrq ri sulydwh vhfwru

h{shfwhg lq dwlrq iurp wkh udwlrqdo h{shfwdwlrqv +UH, ydoxh ohdgv wr dq lqfuhdvh lq wkh uhdo

lqwhuhvw udwh zkhq wkh Wd|oru sulqflsoh lv vdwlv�hg= Wklv uhgxfhv wkh rxwsxw jds wkurxjk

htxdwlrq +4, zklfk lq wxuq uhgxfhv lq dwlrq wkurxjk htxdwlrq +5,1 Vxfk d srolf|/ wkhuhiruh/

vxffhhgv lq jxlglqj lqlwldoo| qrqudwlrqdo sulydwh vhfwru h{shfwdwlrqv wrzdugv wkh UH ydoxh1

Rq wkh rwkhu kdqg/ li wkh srolf| uxoh grhv qrw vdwlvi| wklv sulqflsoh/ d ghyldwlrq ri sulydwh

vhfwru h{shfwhg lq dwlrq iurp wkh UH ydoxh ohdgv wr d ghfuhdvh lq wkh uhdo lqwhuhvw udwh

zklfk lqfuhdvhv wkh rxwsxw jds wkurxjk +4, dqg lqfuhdvhv lq dwlrq wkurxjk +5,1 Ryhu

wlph/ wklv ohdgv wr xszdug uhylvlrqv ri erwk h{shfwhg lq dwlrq dqg h{shfwhg rxwsxw jds1

Wkh lqwhuhvw udwh uxoh lv xqdeoh wr r�vhw wklv whqghqf| dqg wkh hfrqrp| pryhv ixuwkhu

dzd| iurp wkh udwlrqdo h{shfwdwlrqv htxloleulxp1 Reylrxvo|/ * ✂ A 4 lv vx!flhqw iru wkh

Wd|oru sulqflsoh wr eh vdwlv�hg1 Exw hyhq iru ydoxhv ri * ✂ ? 4> wkh srolf| dxwkrulw| fdq

frpshqvdwh iru d uhodwlyho| orz ydoxh ri * ✂ e| fkrrvlqj d vx!flhqwo| odujh ydoxh ri * ✄ >

lq vxfk d zd| dv wr vwloo vdwlvi| frqglwlrq +58,1 Rqh ri rxu lpsruwdqw �qglqjv lv wkdw wkh

Wd|oru sulqflsoh vhhpv wr fkdudfwhul}h ohduqdelolw| iru doo fodvvhv ri srolf| uxohv zh vwxg|1

Sursrvlwlrqv 4 dqg 5 lq frqmxqfwlrq vkrz wkdw xqghu frqwhpsrudqhrxv gdwd srolf|

uxohv/ wkh vhw ri sdudphwhu ydoxhv frqvlvwhqw zlwk ghwhuplqdwh htxloleuld duh h{dfwo| wkh

vdph dv wkh vhw frqvlvwhqw zlwk h{shfwdwlrqdo vwdelolw|1 Vlqfh doo ghwhuplqdwh UHH duh

H 0vwdeoh/ rqh frxog ylhz wklv dv mxvwli|lqj wkh irfxv rq ghwhuplqdwh htxloleuld lq suhylrxv

vwxglhv ri srolf| uxohv/ iru wkh fdvh lq zklfk wkh srolf| uxoh uhdfwv wr frqwhpsrudqhrxv
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gdwd1

^ILJXUH 4 DERXW KHUH`1

Iljxuh 4 sorwv wkh uhjlrq ri ghwhuplqdf| dqg h{shfwdwlrqdo vwdelolw| ri wkh PVY vr0

oxwlrq dv d ixqfwlrq ri * ✂ dqg * ✄ > zkhq doo rwkhu sdudphwhuv duh vhw dw edvholqh ydoxhv1

Pxfk ri wkh sdudphwhu vsdfh lv dvvrfldwhg zlwk d ghwhuplqdwh UHH1 Rxu uhvxow xqghu

ohduqlqj vkrzv wkdw wklv hqwluh uhjlrq lv dovr dvvrfldwhg zlwk h{shfwdwlrqdo vwdelolw|1 Lq

wkh lqghwhuplqdwh uhjlrq ri wkh sdudphwhu vsdfh/ qhdu wkh ruljlq lq wkh Iljxuh/ htxloleuld

fruuhvsrqglqj wr wkh PVY vroxwlrq duh dozd|v h{shfwdwlrqdoo| xqvwdeoh zkhq djhqwv kdyh

d SOP fruuhvsrqglqj wr wkh uhohydqw PVY vroxwlrq1 Qrwh wkdw wkh qhjdwlyho| vorshg

vwudljkw olqh lq wkh �jxuh fruuhvsrqgv wr wkh Wd|oru sulqflsoh> srlqwv wr wkh uljkw ri wklv

olqh duh ohduqdeoh +dqg ghwhuplqdwh/ lq wklv fdvh, zkhuhdv srlqwv wr wkh ohiw duh qrw ohduq0

deoh +dqg lqghwhuplqdwh/ lq wklv fdvh,1 Wklv olqh kdv d yhuwlfdo lqwhufhsw fruuhvsrqglqj wr

* ✄ @ �@+4 � �, dqg d krul}rqwdo lqwhufhsw fruuhvsrqglqj wr * ✂ @ 4= Frqvhtxhqwo|/ wkh

olqh slyrwv xszdugv dv � lqfuhdvhv zlwk wkh krul}rqwdo lqwhufhsw vwd|lqj xqfkdqjhg1 Dv d

uhvxow/ iru wkh Fodulgd/ hw do1/ +5333, fdoleudwlrq/ zklfk xvhv d kljkhu � +@ =6,> wkh yhuwlfdo

lqwhufhsw ehfrphv odujhu +@ 63,= Rxu dqdo|wlfdo uhvxowv/ wkhuhiruh/ vkrz wkdw kljkhu ydoxhv

ri � lqfuhdvh wkh vl}h ri wkh lqghwhuplqdwh uhjlrq qhdu wkh ruljlq +dv orqj dv * ✂ ? 4,

zkhuhdv lw ohdyhv wkh ghwhuplqdwh uhjlrq iru * ✂ A 4 xqd�hfwhg1

Dv zh kdyh qrwhg deryh/ wkh hfrqrplf prgho dv zh kdyh zulwwhq lw lq htxdwlrqv +4,

wkurxjk +7, kdv qr frqvwdqw whupv/ exw wkh shufhlyhg odz ri prwlrq ri wkh djhqwv xqghu

ohduqlqj +54, grhv kdyh d frqvwdqw whup1 Li zh lqfoxghg h{solflw frqvwdqw whupv lq wkh

hfrqrplf prgho +4, wkurxjk +7, dqg surfhhghg zlwk wkh vdph dqdo|vlv/ wkh H 0vwdelolw|

frqglwlrqv zrxog eh lghqwlfdo wr wkh rqhv zh uhsruw lq wklv vhfwlrq dqg ehorz1 Li/ krzhyhu/

wkh prgho +4, wkurxjk +7, lv olwhudoo| lqwhusuhwhg dv qrw kdylqj dq| frqvwdqw whupv�

dqg Zrrgirug +4<<<, vxjjhvwv wkdw wklv lv d gl!fxow fdvh wr pdnh�wkhq wkh dssursuldwh

shufhlyhg odz ri prwlrq iru wkh djhqwv xqghu ohduqlqj zrxog dovr qrw lqfoxgh d frqvwdqw

whup1 Lq wklv vshfldo fdvh/ wkh frqglwlrq iru H 0vwdelolw| zrxog fkdqjh vrphzkdw1 Lq

sduwlfxodu/ wkh frqglwlrq zrxog ghshqg rq �> wkh ghjuhh ri vhuldo fruuhodwlrq ri wkh vkrfn/

dqg li * ✄ @ 3 wkhq wkh frqglwlrq zrxog uhgxfh wr * ✂ A � lqvwhdg ri * ✂ A 4= Wkxv wkh
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frqglwlrq iru H 0vwdelolw| zrxog eh ohvv vwulqjhqw1 Krzhyhu/ zh uhjdug wklv vlwxdwlrq dv d

vshfldo fdvh dqg zh gr qrw sxuvxh lw ixuwkhu lq wkh uhpdlqghu ri wkh sdshu1

6151 Odjjhg gdwd lq wkh srolf| uxoh1

Ghwhuplqdf|1 Wkh fdvh ri d srolf| uxoh zlwk frqwhpsrudqhrxv gdwd lv suredeo| wkh

ohdvw uhdolvwlf lq whupv ri zkdw srolf|pdnhuv dfwxdoo| nqrz zkhq ghflvlrqv derxw lqwhuhvw

udwhv duh pdgh1 Lq wklv vxevhfwlrq/ zh frqvlghu uxohv zlwk odjjhg gdwd/ vr wkdw srolf|0

pdnhuv duh/ lq wkh fxuuhqw txduwhu/ uhdfwlqj wr lqirupdwlrq derxw wkh suhylrxv txduwhu*v

rxwsxw jds dqg lq dwlrq udwh1 Wkh srolf| uxoh lv/ wkhuhiruh/ jlyhq e| +8, dqg rxu frpsohwh

v|vwhp lv jlyhq e| +4,/ +5,/ +6, dqg +8,1

Iru wkh dqdo|vlv ri xqltxhqhvv/ zh pryh htxdwlrq +8, rqh wlph shulrg iruzdug dqg

uhzulwh wkh v|vwhp ri htxdwlrqv +4,/ +5,/ dqg +8, dv
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� �
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7

� ✝

☎
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3

6

8 u
✞
� = +59,

Suh0pxowlso|lqj wkh pdwul{ dvvrfldwhg zlwk wkh h{shfwdwlrqdo yduldeohv zlwk wkh lqyhuvh

ri wkh ohiw kdqg pdwul{ jlyhv

E @
4

+* ✄ . �* ✂ ,

5

7

3 ��* ✂ 4
3 �* ✄ �

�+* ✄ . �* ✂ , * ✄ . +� . ��,* ✂ ��

6

8 +5:,

zklfk lv wkh pdwul{ uhohydqw iru xqltxhqhvv1 Zh qrz kdyh wzr iuhh hqgrjhqrxv yduldeohv/

} � dqg � � / dqg rqh suhghwhuplqhg hqgrjhqrxv yduldeoh/ u � 1 Frqvhtxhqwo|/ zh qhhg h{dfwo|

wzr ri wkh hljhqydoxhv ri E wr eh lqvlgh wkh xqlw flufoh iru xqltxhqhvv1

Lq rughu wr kdyh d xqltxh htxloleulxp/ zh pxvw uxoh rxw djjuhvvlyh uhvsrqvh wr hlwkhu

lq dwlrq ru rxwsxw dv lv vkrzq lq wkh sursrvlwlrq ehorz1
� ✁

Sursrvlwlrq 61 Xqghu odjjhg gdwd lqwhuhvw udwh uxohv d vhw ri vx!flhqw frqglwlrqv iru

xqltxh htxloleuld duh

�+* ✂ � 4, . +4� �,* ✄ A 3> +5;,
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dqg

�+* ✂ � 4, . +4 . �, * ✄ ? 5�+4 . �,= +5<,

Surri1 Vhh Dsshqgl{ F1

Sursrvlwlrq 6 vkrzv wkdw uxohv fkdudfwhul}hg e| * ✂ A 4 dqg d vpdoo uhvsrqvh wr rxwsxw

fdq ohdg wr xqltxh htxloleuld1 Sursrvlwlrq 5 hvwdeolvkhg wkdw ghwhuplqdwh htxloleuld duh wkh

rqo| ohduqdeoh rqhv/ iru wkh fdvh ri frqwhpsrudqhrxv gdwd lq wkh srolf| uxoh1 Wklv edvholqh

uhvxow frqfhuqlqj ohduqdelolw| grhv qrw fduu| ryhu wr wkh fdvh ri odjjhg gdwd lqwhuhvw udwh

uxohv/ krzhyhu/ dv zh qrz vkrz1

Ohduqlqj1 Iru wkh dqdo|vlv ri ohduqlqj/ zh vxevwlwxwh htxdwlrq +8, lqwr htxdwlrq +4,

dqg uhgxfh wkh v|vwhp wr wzr htxdwlrqv lqyroylqj wkh hqgrjhqrxv yduldeohv } � dqg � � 1

Gh�qlqj | � @ ^} � > � � `
�

> wklv v|vwhp fdq eh zulwwhq dv

| � @ � ☎ |
✁
�✄✂✆☎ . �| �

✝

☎ . yu
✞
� +63,

zlwk

� ☎ @

�

4 � ✝

☎

� �� ✝

☎

. �

�

> +64,

� @

�

�* ✄ � ✝

☎

�* ✂ � ✝

☎

��* ✄ � ✝

☎

��* ✂ � ✝

☎

�

> +65,

dqg wkh irup ri y lv rplwwhg vlqfh lw lv qrw qhhghg1 Lq wklv irupxodwlrq/ zh dvvxph wkdw

h{shfwdwlrqv ri lq dwlrq dqg rxwsxw ri wkh sulydwh vhfwru duh iruphg dw wlph w� 4=
� �

Wkh

PVY vroxwlrq ri +63, wdnhv wkh irup

| � @ �d . �e| �
✝

☎ . �fu
✞
�

✝

☎ . y� � +66,

zlwk �d @ 3> �f @ �+L � � ☎ �e� �� ☎ , ✝
☎

y> dqg

�e� � ☎ �e
�
� � @ 3= +67,
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Ehfdxvh htxdwlrq +67, lv d pdwul{ txdgudwlf/ wkhuh duh srwhqwldoo| pxowlsoh vroxwlrqv iru

�e= Wkh ghwhuplqdwh fdvh fruuhvsrqgv wr wkh vlwxdwlrq zkhq wkhuh lv d xqltxh vroxwlrq iru

�e zlwk erwk lwv hljhqydoxhv lqvlgh wkh xqlw flufoh1 Iru wkh dqdo|vlv ri ohduqlqj/ zh dvvxph

wkdw djhqwv kdyh d SOP ri wkh irup

| � @ d . e| �

✝

☎ . fu
✞

�

✝

☎ . y� � +68,

fruuhvsrqglqj wr wkh PVY vroxwlrq zklfk ohdgv wr dq DOP ri wkh irup

| � @ +� ☎ . � ☎ e,d . +� ☎ e
�

. �,| �

✝

☎ . +� ☎ ef . �� ☎ f . �y,u
✞

�

✝

☎ . y� � = +69,

Wkh pdsslqj iurp wkh SOP wr wkh DOP fdq wkhq eh frpsxwhg/ dqg zh fdq dsso| wkh

uhvxowv ri Hydqv dqg Krqndsrkmd +5334,1 Zh uhtxluh wkh hljhqydoxhv ri doo ri wkh wkuhh

pdwulfhv �e
�


 � ☎ . L 
 � ☎ �e> �� ☎ . � ☎ �e> dqg � ☎ . � ☎ �e wr kdyh uhdo sduwv ohvv wkdq rqh iru

H 0vwdelolw| zkhuhdv H 0lqvwdelolw| rewdlqv li dq| hljhqydoxh ri wkhvh pdwulfhv kdv d uhdo

sduw pruh wkdq rqh1

^ILJXUH 5 DERXW KHUH1`

Zh glg qrw rewdlq dqdo|wlfdo uhvxowv lq wklv fdvh1 Krzhyhu/ zh looxvwudwh rxu �qglqjv

lq Iljxuh 5/ zklfk ghslfwv ghwhuplqdf| dqg ohduqdelolw|/ zkhq doo sdudphwhuv rwkhu wkdq

* ✂ dqg * ✄ duh vhw dw edvholqh ydoxhv1 Zh �uvw qrwh wkdw rqo| d vxevhw ri wkh sdudphwhu

vsdfh wkdw lv frqvlvwhqw zlwk ghwhuplqdf| lv dovr frqvlvwhqw zlwk ohduqdelolw| lq wkh odjjhg

gdwd fdvh1 Ghwhuplqdwh exw H 0xqvwdeoh htxloleuld h{lvw iru ydoxhv ri * ✂ ? 4 dqg uhodwlyho|

kljk ydoxhv ri * ✄ = Rq wkh rwkhu kdqg/ wkh ghwhuplqdwh htxloleuld iru ydoxhv ri * ✂ A 4

dqg vpdoo ydoxhv ri * ✄ duh H 0vwdeoh1 Lq wkh lqghwhuplqdwh uhjlrq ri wkh sdudphwhu vsdfh/

zklfk rffxuv iru ydoxhv ri * ✂ ? 4 dqg uhodwlyho| vpdoo ydoxhv ri * ✄ / zh �qg wkdw wkhuh

duh wzr vwdwlrqdu| vroxwlrqv zklfk wdnh wkh irup ri wkh PVY vroxwlrq +66,1 Krzhyhu/

erwk ri wkhvh vwdwlrqdu| vroxwlrqv dozd|v wxuq rxw wr eh H 0xqvwdeoh1 Iru wkh dowhuqdwlyh

fdoleudwlrq vxjjhvwhg e| Fodulgd/ hw do1/ +5333,/ zh �qg wkdw wkh erxqgdu| ehwzhhq wkh

ghwhuplqdwh dqg ohduqdeoh uhjlrq dqg wkh h{sorvlyh uhjlrq vkliwv xszdug lq wkh sdudphwhu

vsdfh/ l1h1/ urxjko| vshdnlqj/ zh rewdlq ghwhuplqdf| dqg ohduqdelolw| iru d odujhu sruwlrq

ri wkh sdudphwhu vsdfh1 Txdolwdwlyho|/ krzhyhu/ wkh uhjlrqv duh vlplodu= wkhuh frqwlqxh wr

h{lvw ghwhuplqdwh H 0xqvwdeoh htxloleuld iru ydoxhv ri * ✂ ? 4 dqg uhodwlyho| kljk ydoxhv ri
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* ✄ > ghwhuplqdwh H 0vwdeoh htxloleuld iru ydoxhv ri * ✂ A 4 dqg uhodwlyho| vpdoo ydoxhv ri * ✄ >

dqg lqghwhuplqdwh htxloleuld iru ydoxhv ri * ✂ ? 4 dqg uhodwlyho| vpdoo ydoxhv ri * ✄ = Lq wkh

odwwhu fdvh/ erwk ri wkh vwdwlrqdu| PVY vroxwlrqv frqwlqxh wr eh H 0xqvwdeoh1

Zh fkhfnhg wkdw doo +vwdwlrqdu|, PVY vroxwlrqv zklfk vdwlvi| wkh Wd|oru sulqflsoh

duh H 0vwdeoh zkloh doo vroxwlrqv zklfk gr qrw vdwlvi| wkh Wd|oru sulqflsoh duh H 0xqvwdeoh

+zkhwkhu lq wkh ghwhuplqdwh ru lqghwhuplqdwh uhjlrq ri wkh sdudphwhu vsdfh,1 Wkh lqwl0

pdwh frqqhfwlrq zh revhuyh ehwzhhq H 0vwdelolw| dqg srolf| uxohv zklfk frqirup wr wkh

Wd|oru sulqflsoh ohdgv xv wr frqmhfwxuh wkdw frqglwlrq +57, vwloo fkdudfwhul}hv ohduqdelolw| lq

wkh odjjhg gdwd fdvh1 Rq wkh rwkhu kdqg/ ghwhuplqdf| lv qrw fkdudfwhul}hg e| wkh Wd|oru

sulqflsoh lq wklv fdvh1

6161 Iruzdug h{shfwdwlrqv lq wkh srolf| uxoh1

Ghwhuplqdf|1 Zlwk iruzdug h{shfwdwlrqv/ wkh srolf| uxoh lv jlyhq e| +9,/ dqg wkh

frpsohwh prgho e| +4,/ +5,/ +6,/ dqg +9,1 Zh fdq djdlq uhgxfh wkh v|vwhp ri htxdwlrqv +4,/

+5,/ dqg +9, wr wzr htxdwlrqv lqyroylqj wkh hqgrjhqrxv yduldeohv +} � > � � , e| vxevwlwxwlqj

htxdwlrq +9, lqwr htxdwlrq +4,1 Wkh uhgxfhg v|vwhp lv wkhq jlyhq e|

| � @ � . E|
✁
�✟✂✆☎ . yu

✞
� +6:,

zkhuh | � @ ^} � > � � `
�

/ � @ 3/ y @ ^� ✝
☎

> �� ✝

☎

`
�

> dqg E lv dv gh�qhg e|

E @

�

4� � ✝
☎

* ✄ � ✝
☎

+4� * ✂ ,
�+4� � ✝

☎

* ✄ , � . �� ✝
☎

+4� * ✂ ,

�

= +6;,

Vlqfh wkh yduldeohv } � dqg � � duh iuhh/ zh qhhg erwk wkh hljhqydoxhv ri E wr eh lqvlgh wkh

xqlw flufoh iru xqltxhqhvv1 Lq wklv fdvh zh duh djdlq deoh wr surylgh d fkdudfwhul}dwlrq

ri wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru ghwhuplqdf|1 Wklv lv jlyhq lq wkh iroorzlqj

sursrvlwlrq1

Sursrvlwlrq 71 Xqghu lqwhuhvw udwh uxohv zlwk iruzdug h{shfwdwlrqv wkh qhfhvvdu| dqg

vx!flhqw frqglwlrqv iru d udwlrqdo h{shfwdwlrqv htxloleulxp wr eh xqltxh duh wkdw

* ✄ ? �+4 . � ✝

☎

,> +6<,

�+* ✂ � 4, . +4 . �,* ✄ ? 5�+4 . �,> +73,
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dqg

�+* ✂ � 4, . +4� �,* ✄ A 3= +74,

Surri1 Vhh Dsshqgl{ G1

Zh �uvw qrwh wkdw/ xqolnh wkh rwkhu vshfl�fdwlrqv/ ydoxhv dvvljqhg wr * ✄ duh ri sulpdu|

lpsruwdqfh iru ghwhuplqlqj xqltxhqhvv1 Lq sduwlfxodu/ dq djjuhvvlyh uhvsrqvh wr rxwsxw

ohdgv wr lqghwhuplqdf|/ txlwh lqghshqghqwo| ri * ✂ = Li wkh uhvsrqvh wr rxwsxw lv prghvw/

uxohv zlwk * ✂ A 4 fdq ohdg wr ghwhuplqdwh htxloleuld> krzhyhu/ wrr odujh d ydoxh ri * ✂

djdlq ohdgv wr lqghwhuplqdf|1

Ohduqlqj1 Wkh dqdo|vlv ri H 0vwdelolw| khuh lv dnlq wr wkh fdvh ri uxohv zlwk frqwhp0

srudqhrxv gdwd dqg wkh uhvxowv duh lghqwlfdo iru w � 4 dqg w gdwlqj ri h{shfwdwlrqv1 Iru

w0gdwlqj ri h{shfwdwlrqv/ wkh PVY vroxwlrq wdnhv wkh irup | � @ �d . �fu
✞

� zlwk �d @ 3> dqg

�f @ +L � �E, ✝

☎

y= Wkh SOP ri djhqwv djdlq wdnhv wkh irup ri htxdwlrq +54, dqg wkh uh0

pdlqghu ri wkh dqdo|vlv surfhhgv dv lq Vhfwlrq 6141 Zh rewdlq d frpsohwh fkdudfwhul}dwlrq

iru H 0vwdelolw| ri wkh PVY vroxwlrq lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 81 Vxssrvh wkh wlph w lqirupdwlrq vhw lv +4> u
✞

� ,
�

= Xqghu lqwhuhvw udwh uxohv

zlwk iruzdug h{shfwdwlrqv/ wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru dq PVY vroxwlrq

+3> �f, ri +6:, wr eh H0vwdeoh lv wkdw

�+* ✂ � 4, . +4� �,* ✄ A 3 +75,

Surri1 Vhh Dsshqgl{ H1

Sursrvlwlrqv 7 dqg 8 lq frqmxqfwlrq vkrz wkdw xqghu srolf| uxohv zlwk iruzdug h{0

shfwdwlrqv/ li dq PVY vroxwlrq lv xqltxh/ wkhq lw pxvw eh h{shfwdwlrqdoo| vwdeoh1 Wkh

frqglwlrq lv djdlq wkdw wkh Wd|oru sulqflsoh dssolhv dv zh vkrzhg lq hduolhu fdvhv1 Lq wklv

fdvh/ krzhyhu/ wkh frqyhuvh grhv qrw krog/ dv vdwlvidfwlrq ri wkh h{shfwdwlrqdo vwdelolw|

frqglwlrq grhv qrw lpso| vdwlvidfwlrq ri wkh ghwhuplqdf| frqglwlrqv1 Frqvhtxhqwo|/ zkhq

htxloleulxp lv +srwhqwldoo|, lqghwhuplqdwh/ wkh v|vwhp pd| vwloo frqyhujh wr htxloleuld

zklfk fruuhvsrqg wr wkh PVY vroxwlrq1
� ☎

✂ ✝ ❞❵✍★✚✠❉✜✚✜☞ ✝✛✑✢✣✘✖✘✍✔✑✘✑✒✣✘✥✗✚✜✣✒✎✸✍●✥✗✚✰✡✠✍●✝✗✧✮✣❁✬✗✝✗✙✗✍✰✖✵✣✦✚✜✹✜✍✔✝✛✣✘✥✗✍●✚✜✝✗✚✜✱ ✟✌✑✘☞ ✑✞✧✜✩✻✑✘✬✗✝✫✑✢✕❏✧✮✣✞✑✘✧✜✱ ✬✌✣✦☞ ✧✠✝✗✑✞☞ ✝❃✣✦✥✗☞ ✑✒✕✫✚✜✕❆✍✔✖✰✼✸❞ ✥✗✍✔✝

✑✘✬✗✯✏✥■✚★✑✘✧✜✱ ✬✌✣✦☞ ✧✠✝■✍✏✓✌☞ ✑✢✣✘✑✰❘✶☞ ✣❀✖✘✍✔❂✭✚✜☞ ✝✗✑❀✚✜✝■✧✜✕❏✍✔✝ ☎✶✬✫✍✔✑✢✣✘☞ ✧✜✝✭✎✒✥✫✍✏✣✘✥✗✍✰✖❬✚✠❉✜✍✔✝✶✣✘✑❀❂✭✚✰✟✭❇❆✍✞✚✜❇✗✱ ✍❅✣✦✧★✱ ✍✰✚✜✖✘✝■☞ ✣✸☞ ✝■✣✘✥✗☞ ✑❀✯✔✧✜✝✶✣✘✍✏✓✌✣✰✼



Ohduqlqj Derxw Prqhwdu| Srolf| Uxohv 55

^ILJXUH 6 DERXW KHUH`1

Iljxuh 6 looxvwudwhv wkh lqwhuvhfwlrqv ri wkh uhjlrqv ri ghwhuplqdf| dqg ohduqdelolw|

ri wkh PVY vroxwlrq dw edvholqh sdudphwhu ydoxhv1 Ghwhuplqdwh htxloleuld duh dozd|v

h{shfwdwlrqdoo| vwdeoh1 Iru edvholqh ydoxhv/ wklv rffxuv +urxjko|, iru ydoxhv ri * ✂ ehwzhhq

4 dqg 5: dqg ydoxhv ri * ✄ ohvv wkdq =65= Rq wkh rwkhu kdqg/ lq wkh lqghwhuplqdwh uhjlrq

ri wkh sdudphwhu vsdfh/ htxloleuld fruuhvsrqglqj wr wkh PVY vroxwlrq pd| ru pd| qrw eh

ohduqdeoh zkhq djhqwv kdyh d SOP fruuhvsrqglqj wr wkh uhohydqw PVY vroxwlrq1 Zlwk

wkh dowhuqdwlyh fdoleudwlrq ri Fodulgd/ hw do1/ +5333,/ ghwhuplqdf| dqg ohduqdelolw| rewdlq

+urxjko|, iru ydoxhv ri * ✂ ehwzhhq 4 dqg 46 dqg ydoxhv ri * ✄ ohvv wkdq 5> l1h1/ iru odujhu

ydoxhv ri * ✄ dqg vpdoohu ydoxhv ri * ✂ wkdq lq wkh edvholqh fdvh1 Zh dovr qrwh wkdw iru

jlyhq �> kljkhu ydoxhv ri � hqkdqfh ghwhuplqdf| zkhq * ✂ A 4 vlqfh wklv uhod{hv wkh uljkw

kdqg frqvwudlqwv ri htxdwlrqv +6<, dqg +73,1

6171 Frqwhpsrudqhrxv h{shfwdwlrqv lq wkh srolf| uxoh1

Ghwhuplqdf|1 Zlwk frqwhpsrudqhrxv h{shfwdwlrqv/ wkh srolf| uxoh lv jlyhq e| +:,1

Lq wklv fdvh zh dvvxph w � 4 gdwlqj ri h{shfwdwlrqv iru wkh fhqwudo edqn dqg wkh sulydwh

vhfwru vr dv wr sxw wkhp lq d v|pphwulf srvlwlrq dv idu dv wkhlu lqirupdwlrq lv frqfhuqhg1

Rxu frpsohwh prgho lv jlyhq e| +4,/ +5,/ +6,/ dqg +:,1 Zh fdq uhgxfh rxu v|vwhp ri

htxdwlrqv +4,/ +5,/ dqg +:, wr wzr htxdwlrqv e| vxevwlwxwlqj htxdwlrq +:, lqwr htxdwlrq +4,

dqg zulwh wklv v|vwhp lq wkh irup

| � @ E � |
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� . E ☎ |
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�* ✂ � ✝
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☎

��* ✂ � ✝

☎

�

> +77,

dqg

E ☎ @

�

4 � ✝

☎

� � . �� ✝

☎

�

= +78,

Wkh vlwxdwlrq zlwk frqwhpsrudqhrxv h{shfwdwlrqv lv vlplodu wr wkh vlwxdwlrq zlwk frqwhp0

srudqhrxv gdwd dw ohdvw dv idu dv ghwhuplqdf| lv frqfhuqhg1 Lq sduwlfxodu/ wkh qhfhvvdu|
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dqg vx!flhqw frqglwlrq iru d xqltxh UHH lv jlyhq e| frqglwlrq +53, ri Sursrvlwlrq 4 +dqg

dv sruwud|hg lq Iljxuh 4 iru edvholqh sdudphwhu ydoxhv,1 Wkh hdvlhvw zd| wr vhh wklv lv

e| uhsodflqj wkh h{shfwdwlrqv zlwk wkh dfwxdo ydoxhv +zklfk lv uhtxluhg iru ghwhuplqlqj

xqltxhqhvv iroorzlqj Iduphu +4<<<, ru Hydqv dqg Krqndsrkmd +5334,, dqg revhuylqj wkdw

wklv |lhogv wkh pdwul{/ +L � E � , ✝
☎

E ☎ > iru ghwhuplqlqj xqltxhqhvv zklfk lv h{dfwo| wkh

vdph dv wkh rqh rewdlqhg iru frqwhpsrudqhrxv gdwd/ qdpho|/ wkh pdwul{ jlyhq lq +4<,1

Ixuwkhupruh/ vlqfh wkh yduldeohv } � dqg � � duh iuhh/ zh qhhg erwk hljhqydoxhv ri +4<, wr

eh lqvlgh wkh xqlw flufoh iru xqltxhqhvv/ dv lq wkh fdvh ri frqwhpsrudqhrxv gdwd1

Ohduqlqj1 Jlyhq rxu prgho ri wkh irup ri htxdwlrq +76,/ wkh PVY vroxwlrq wdnhv

wkh irup | � @ �d . �fu
✞
�

✝

☎ . y� � zlwk �d @ 3 dqg �f @ �+L �E �
� �E ☎ , ✝

☎

y1 Zh dvvxph wkdw

djhqwv kdyh wkh SOP

| � @ d . fu
✞
�

✝

☎ . y� � +79,

iurp zklfk zh frpsxwh wkh h{shfwdwlrqv H �

✝

☎ | � @ d.fu
✞
�

✝

☎ dqg H �

✝

☎ | �✄✂✆☎ @ d.fH �

✝

☎ u
✞
� @

d . f�u
✞
�

✝

☎ = Vxevwlwxwlqj wklv lqwr rxu prgho +76, |lhogv wkh DOP

| � @ +E � . E ☎ ,d . +E � f . E ☎ f� . y�,u
✞
�

✝

☎ . y� � = +7:,

Wkh pds iurp wkh SOP wr wkh DOP wdnhv wkh irup

W +d> f, @ ++E � . E ☎ ,d> +E � f . E ☎ f� . y�,,= +7;,

Zh duh qrz lq d srvlwlrq wr suryh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 91 Wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh PVY vroxwlrq +3> �f, ri +76,

wr eh H0vwdeoh xqghu lqwhuhvw udwh uxohv zlwk frqwhpsrudqhrxv h{shfwdwlrqv lv jlyhq e|

lqhtxdolw| +75,1

Surri1 Vhh Dsshqgl{ I1

Wkh Wd|oru sulqflsoh frqglwlrq +75, lv dovr wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru

xqltxhqhvv ri htxloleuld xqghu frqwhpsrudqhrxv h{shfwdwlrqv1 Khqfh/ Sursrvlwlrq 9 vkrzv

wkdw wkh vhw ri sdudphwhuv frqvlvwhqw zlwk erwk xqltxh dqg H 0vwdeoh htxloleuld duh h{dfwo|
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wkh vdph�d frqfoxvlrq zklfk zh dovr rewdlqhg iru wkh vshfl�fdwlrq ri frqwhpsrudqh0

rxv gdwd srolf| uxohv1 Wkh vlwxdwlrq iru wkh fdvh ri edvholqh sdudphwhu ydoxhv lv djdlq

vxppdul}hg lq Iljxuh 4/ zkhuh wkh ghwhuplqdwh uhjlrq lv dovr wkh h{shfwdwlrqdoo| vwdeoh

uhjlrq1

71 Frqfoxvlrq

Zh kdyh vwxglhg wkh vwdelolw| ri d vlpsoh pdfurhfrqrplf v|vwhp xqghu ohduqlqj iru ydulrxv

prqhwdu| srolf| uxohv xvlqj phwkrgv ghyhorshg e| Hydqv dqg Krqndsrkmd +4<<</ 5334,1

Zh irxqg wkdw wkh Wd|oru sulqflsoh�wkdw qrplqdo lqwhuhvw udwhv vkrxog eh dgmxvwhg pruh

wkdq rqh0iru0rqh zlwk fkdqjhv lq lq dwlrq�lv forvho| olqnhg zlwk vwdelolw| lq wkh ohduqlqj

g|qdplfv dfurvv doo ri rxu vshfl�fdwlrqv1 Zh dovr irxqg wkdw/ lq jhqhudo/ ghwhuplqdf| dorqh

lv lqvx!flhqw wr lqgxfh ohduqdelolw| ri d udwlrqdo h{shfwdwlrqv htxloleulxp1 Zh frqfoxgh

wkdw lw pd| eh xqzlvh wr vlpso| dvvxph wkdw frruglqdwlrq rq d xqltxh htxloleulxp fdq

rffxu xqghu d uhdvrqdeoh ghvfulswlrq ri djhqw ohduqlqj1

Zh vwuhvv wkdw wkh phwkrgrorj| zh hpsor| wr dqdo|}h wkh h�hfwv ri ohduqlqj lpsduwv d

orw ri lqirupdwlrq wr wkh djhqwv lq rxu prgho1 E| hqgrzlqj wkh djhqwv zlwk d shufhlyhg odz

ri prwlrq wkdw frlqflghv zlwk wkh PVY vroxwlrq ri wkh v|vwhp/ zh duh lq h�hfw jlylqj wkh

djhqwv wkh fruuhfw vshfl�fdwlrq ri wkh yhfwru dxwruhjuhvvlrq wkh| qhhg wr hvwlpdwh lq rughu

wr ohduq wkh udwlrqdo h{shfwdwlrqv htxloleulxp1 Wkh orfdo qdwxuh ri wkh dqdo|vlv ixuwkhu

lpsduwv lqlwldo h{shfwdwlrqv zklfk duh lq wkh lpphgldwh qhljkerukrrg ri wkh htxloleulxp1

Li/ xqghu wkhvh flufxpvwdqfhv/ wkh v|vwhp lv qhyhuwkhohvv gulyhq dzd| iurp wkh udwlrqdo

h{shfwdwlrqv htxloleulxp/ wkhq zh gr qrw krog rxw wrr pxfk krsh wkdw wkh v|vwhp fdq eh

uhqghuhg vwdeoh xqghu vrph rwkhu sodxvleoh ohduqlqj phfkdqlvp +dowkrxjk ri frxuvh wkdw

uhpdlqv dq rshq txhvwlrq,1
� �

Iru wklv uhdvrq zh wklqn ri wkh ohduqdelolw| fulwhulrq dv d

plqlpdo uhtxluhphqw iru d srolf| uxoh wr phhw1

Lq wklv sdshu/ zh kdyh rqo| frqvlghuhg �vlpsoh� srolf| uxohv/ lq zklfk srolf|pdnhuv gr

qrw uhvsrqg wr wkh odjjhg lqwhuhvw udwh1 Lq sduw wklv zdv ehfdxvh wklv lv wkh w|sh ri srolf|
✂ ✁ ☎✞✝❳✚✠✝✗✚✜✱ ✧✜❉✮✟❵✎✸✍☛✥✫✚✰✡✠✍☛☞ ✝❳❂✭☞ ✝✫✙❳✚✜✖✢✍☛✣✘✥✗✍☛✝✫✧✮✣✘☞ ✧✜✝✗✑✭✧✜✩ � �✂✁☎✄ ✚✠✝✗✙ ✞✝✆✟✞ ✝ ☞✡✠ ✂✞♦❯✑✢✣✘✚✜❇✗☞ ✱ ☞ ✣✵✟✈✬✗✑✘✍✔✙❳☞ ✝✈✣✘✥✗✍❃✱ ✍✰✚✜✖✢✝✫☞ ✝✗❉

✱ ☞ ✣✘✍✔✖✘✚✮✣✦✬✗✖✢✍✒☞ ✝✭✬✗✝✫☞ ✡✜✚✜✖✢☞ ✚✮✣✦✍❅❂✭✧✶✙✫✍✔✱ ✑✔✼✻❧✵✩❏✚✤✯✰✍✔✖✢✣✘✚✜☞ ✝■✍✆☎✶✬✗☞ ✱ ☞ ❇✗✖✘☞ ✬✗❂ ☞ ✑❬✝✗✧✮✣❬✎✸✍✔✚✠✹✶✱ ✟ ✂✞♦❯✑✢✣✘✚✜❇✫✱ ✍✜❘✠✣✦✥✗✍✔✝■☞ ✣❀✯✰✚✜✝✗✝✗✧✮✣❀❇❏✍❅✑✢✣✦✖✢✧✜✝✫❉✜✱ ✟

✂✞♦❯✑✢✣✘✚✜❇✫✱ ✍■❖ ✑✢✍✰✍ ▼ ✡✮✚✜✝✗✑✒✚✜✝✗✙❃❱✞✧✜✝✗✹✮✚✜✕❆✧✜✥✜❭✵✚✛❖ ♠✝✆✝✆✗q✆◗✘◗✦✼



Ohduqlqj Derxw Prqhwdu| Srolf| Uxohv 58

uxoh vwxglhg e| Wd|oru +4<<6, zklfk ixhohg wkh fxuuhqw zdyh ri lqwhuhvw lq prqhwdu| srolf|

uxohv1 Krzhyhu/ hvwlpdwhg srolf| uxohv xvxdoo| lqfoxgh d odjjhg lqwhuhvw udwh lq rughu wr

ehwwhu fdswxuh wkh lqwhuhvw udwh vprrwklqj revhuyhg lq dfwxdo fhqwudo edqn ehkdylru1 Lq d

frpsdqlrq sdshu/ Exoodug dqg Plwud +5333,/ zh duh frqvlghulqj wkh fdvh zkhq wkh fhqwudo

edqn dovr uhdfwv wr d odjjhg lqwhuhvw udwh1

81 Uhihuhqfhv

Eduehdx/ H1M1/ 4<;</ Sro|qrpldov/ +Vsulqjhu0Yhuodj/ Ehuolq,1

Ehuqdqnh/ E1/ dqg P1 Zrrgirug/ 4<<:/ Lq dwlrq iruhfdvwv dqg prqhwdu| srolf|/ Mrxuqdo
ri Prqh|/ Fuhglw/ dqg Edqnlqj 5</ 98609;71

Eodqfkdug/ R1/ dqg F1 Nkdq/ 4<;3/ Wkh vroxwlrq ri olqhdu gl�huhqfh htxdwlrqv xqghu
udwlrqdo h{shfwdwlrqv/ Hfrqrphwulfd 7;/ 4638046441

Exoodug/ M1/ dqg N1 Plwud/ 5333/ Ghwhuplqdf|/ ohduqdelolw|/ dqg prqhwdu| srolf| lqhuwld/
Zrunlqj Sdshu &53330363/ Ihghudo Uhvhuyh Edqn ri Vw1 Orxlv1

Fduovwurp/ F1/ dqg W1 Ixhuvw/ 4<<</ Wlplqj dqg uhdo lqghwhuplqdf| lq prqhwdu| prghov/
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ iruwkfrplqj1

Fduovwurp/ F1/ dqg W1 Ixhuvw/ 5333/ Iruzdug0orrnlqj yhuvxv edfnzdug0orrnlqj Wd|oru
uxohv/ Zrunlqj Sdshu &33</ Ihghudo Uhvhuyh Edqn ri Fohyhodqg1

Fkldqj/ D1/ 4<;7/ Ixqgdphqwdo Phwkrgv ri Pdwkhpdwlfdo Hfrqrplfv/ +PfJudz0Kloo/
Orqgrq,1

Fkulvwldqr/ O1/ dqg F1 Jxvw/ 4<<</ Wd|oru uxohv lq d olplwhg sduwlflsdwlrq prgho/ QEHU
Zrunlqj Sdshu &:34:/ Pdufk1

Fodulgd/ U1/ M1 Jdol/ dqg P1 Jhuwohu/ 4<<</ Wkh vflhqfh ri prqhwdu| srolf|= d qhz
Nh|qhvldq shuvshfwlyh/ Mrxuqdo ri Hfrqrplf Olwhudwxuh [[[YLL+7,/ 499404:3:1

Fodulgd/ U1/ M1 Jdol/ dqg P1 Jhuwohu/ 5333/ Prqhwdu| srolf| uxohv dqg pdfurhfrqrplf
vwdelolw|= hylghqfh dqg vrph wkhru|/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 448/ 47:04;31

Hydqv/ J1/ dqg V1 Krqndsrkmd/ 4<<</ Ohduqlqj g|qdplfv/ lq= M1 Wd|oru dqg P1 Zrrgirug/
hgv1/ Kdqgerrn ri Pdfurhfrqrplfv/ +Qruwk0Kroodqg= Dpvwhugdp,1

Hydqv/ J1/ dqg V1 Krqndsrkmd/ 5333/ H{shfwdwlrqv dqg wkh vwdelolw| sureohp iru rswlpdo
prqhwdu| srolflhv/ zrunlqj sdshu/ Xqlyhuvlw| ri Ruhjrq dqg Xqlyhuvlw| ri Khovlqnl1

Hydqv/ J1/ dqg V1 Krqndsrkmd/ 5334/ Ohduqlqj dqg H{shfwdwlrqv lq Pdfurhfrqrplfv/
+Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ Qhz Mhuvh|,1

Iduphu/ U1/ 4<<4/ Wkh Oxfdv fulwltxh/ srolf| lqyduldqfh dqg pxowlsoh htxloleuld/ Uhylhz
ri Hfrqrplf Vwxglhv 8;/ 65406651

Iduphu/ U1/ 4<<</ Wkh Pdfurhfrqrplfv ri Vhoi0Ixo�oolqj Surskhflhv/ +PLW Suhvv/ Fdp0
eulgjh/ PD,1
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Iulhgpdq/ P1/ 4<9</ Wkh rswlpxp txdqwlw| ri prqh|/ lq= P1 Iulhgpdq/ hg1/ Wkh Rswl0
pxp Txdqwlw| ri Prqh| dqg Rwkhu Hvvd|v/ +Doglqh= Fklfdjr,1

OdVdooh/ M1S1/ 4<;9/ Wkh Vwdelolw| dqg Frqwuro ri Glvfuhwh Surfhvvhv/ Dssolhg Pdwkhpdw0
lfdo Vflhqfh Qr1 95/ +Vsulqjhu0Yhuodj= Qhz \run,1

Pdufhw/ D1/ dqg W1 Vdujhqw/ 4<;</ Frqyhujhqfh ri ohdvw vtxduhv ohduqlqj phfkdqlvpv lq
vhoi0uhihuhqwldo olqhdu vwrfkdvwlf prghov/ Mrxuqdo ri Hfrqrplf Wkhru| 7;/ 66:09;1

PfFdooxp/ E1/ 4<;6/ Rq qrq0xqltxhqhvv lq udwlrqdo h{shfwdwlrqv prghov= dq dwwhpsw dw
shuvshfwlyh/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 44/ 46<049;1

PfFdooxp/ E1/ 4<<</ Lvvxhv lq wkh ghvljq ri prqhwdu| srolf| uxohv/ lq= M1 Wd|oru dqg P1
Zrrgirug/ hgv1/ Kdqgerrn ri Pdfurhfrqrplfv/ +Qruwk0Kroodqg/ Dpvwhugdp,1

PfFdooxp/ E1/ dqg H1 Qhovrq/ 4<<</ Shuirupdqfh ri rshudwlrqdo srolf| uxohv lq dq hv0
wlpdwhg vhpl0fodvvlfdo vwuxfwxudo prgho/ lq= M1 Wd|oru/ hg1/ Prqhwdu| Srolf| Uxohv/
+Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr,1

Urwhpehuj/ M1/ dqg P1 Zrrgirug/ 4<<;/ Dq rswlpl}dwlrq0edvhg iudphzrun iru wkh hydo0
xdwlrq ri prqhwdu| srolf|/ QEHU Whfkqlfdo Zrunlqj Sdshu &566/ Pd|1

Urwhpehuj/ M1/ dqg P1 Zrrgirug/ 4<<</ Lqwhuhvw0udwh uxohv lq dq hvwlpdwhg vwlfn|0sulfh
prgho/ lq= M1 Wd|oru/ hg1/ Prqhwdu| Srolf| Uxohv/ +Xqlyhuvlw| ri Fklfdjr Suhvv/
Fklfdjr1,

Wd|oru/ M1/ 4<<6/ Glvfuhwlrq yhuvxv srolf| uxohv lq sudfwlfh/ Fduqhjlh0Urfkhvwhu Frqihu0
hqfh Vhulhv rq Sxeolf Srolf|/ 6</ 4<805471

Wd|oru/ M1/ 4<<<d/ D klvwrulfdo dqdo|vlv ri prqhwdu| srolf| uxohv/ lq= M1 Wd|oru/ hg1/
Prqhwdu| Srolf| Uxohv/ +Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr,1

Wd|oru/ M1/ 4<<<e/ Lqwurgxfwlrq/ lq= M1 Wd|oru/ hg1/ Prqhwdu| Srolf| Uxohv/ +Xqlyhuvlw| ri
Fklfdjr Suhvv/ Fklfdjr,1

Wd|oru/ M1/ hg1/ 4<<</ Prqhwdu| Srolf| Uxohv/ +Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr,1

Zrrgirug/ P1/ 4<<</ Rswlpdo prqhwdu| srolf| lqhuwld/ QEHU Zrunlqj Sdshu &:594/
Mxo|1

Zrrgirug/ P1/ 5333/ D qhr0Zlfnvhooldq iudphzrun/ pdqxvfulsw/ Fkdswhu 7 ri Lqwhuhvw
dqg Sulfhv1

Zrrgirug/ P1/ 5334/ Wkh Wd|oru uxoh dqg rswlpdo prqhwdu| srolf|/ Dphulfdq Hfrqrplf
Uhylhz Sdshuv dqg Surfhhglqjv/ <4/ 565056:1

91 Dsshqglfhv

D1 Surri ri Sursrvlwlrq 4

Wkh fkdudfwhulvwlf sro|qrpldo ri E +gh�qhg e| +4<,, lv jlyhq e| s+�, @ �
�

. d ☎ � . d �

zkhuh

d � @
��

� . * ✄ . �* ✂
> +7<,



Ohduqlqj Derxw Prqhwdu| Srolf| Uxohv 5:

d ☎ @
�+� . � . �� . �* ✄ ,

� . * ✄ . �* ✂
= +83,

Erwk hljhqydoxhv ri E duh lqvlgh wkh xqlw flufoh li dqg rqo| li erwk ri wkh iroorzlqj frqgl0

wlrqv krog +vhh M1S1 OdVdooh +4<;9/ s1 5;,,=

md � m ? 4> +84,

md ☎ m ? 4 . d � = +85,

Frqglwlrq +84, lpsolhv wkh lqhtxdolw| * ✄ . �* ✂ A �+4 � �,�> zklfk lv wulyldoo| vdwlv�hg

vlqfh 3 ? � ? 4= Frqglwlrq +85,/ rq wkh rwkhu kdqg/ lpsolhv +53,1 Wkh frqglwlrq/ �+* ✂ �

4, . +4 � �,* ✄ 9@ 3> uxohv rxw hljhqydoxhv rq wkh xqlw flufoh1

E1 Surri ri Sursrvlwlrq 5

Zh kdyh vshoohg rxw wkh SOP/ wkh DOP/ dqg wkh W pds iurp wkh SOP wr wkh DOP e|

htxdwlrqv +54,/ +55,/ dqg +56,/ uhvshfwlyho|1 Xvlqj wkh uhvxowv ri Hydqv dqg Krqndsrkmd

+5334,/ zh qhhg wkh hljhqydoxhv ri erwk E +jlyhq e| +4<,, dqg �E wr kdyh uhdo sduwv ohvv

wkdq 4 iru H 0vwdelolw|1 Wkh hljhqydoxhv ri �E duh jlyhq e| wkh surgxfw ri wkh hljhqydoxhv

ri E dqg �> dqg vlqfh 3 � � ? 4/ lw vx!fhv wr kdyh rqo| wkh hljhqydoxhv ri E wr kdyh

uhdo sduwv ohvv wkdq 4 iru H 0vwdelolw|1 Rq wkh rwkhu kdqg/ wkh PVY vroxwlrq zloo qrw eh

H 0vwdeoh li dq| hljhqydoxh ri E kdv d uhdo sduw pruh wkdq 4= Wkh fkdudfwhulvwlf sro|qrpldo

ri E � L lv jlyhq e| �
�

. d ☎ � . d � zkhuh

d ☎ @
�+5* ✂ � 4, . +5 � �,* ✄ . �+4 � �,

� . * ✄ . �* ✂
> +86,

d � @
�+* ✂ � 4, . +4 � �,* ✄

� . * ✄ . �* ✂
= +87,

Erwk hljhqydoxhv ri E kdyh uhdo sduwv ohvv wkdq 4 +l1h1 erwk hljhqydoxhv ri E � L kdyh

qhjdwlyh uhdo sduwv, li dqg rqo| li d ☎ A 3 dqg d � A 3 +wkhvh frqglwlrqv duh rewdlqhg e|

dsso|lqj wkh Urxwk wkhruhp> vhh Fkldqj +4<;7,,= Qrwh wkdw

d ☎ @ d � .
�* ✂ . * ✄ . �+4 � �,

� . * ✄ . �* ✂
= +88,

Vr d � A 3 lpsolhv d ☎ A 3= Frqvhtxhqwo|/ wkh rqo| frqglwlrq uhtxluhg lv d � A 3 zklfk

uhgxfhv wr +57,1 Rq wkh rwkhu kdqg/ li �+* ✂ � 4, . +4 � �,* ✄ ? 3/ wkhq wkh ghwhuplqdqw



Ohduqlqj Derxw Prqhwdu| Srolf| Uxohv 5;

dqg wudfh ri E �L duh qrq0}hur vr wkdw qr uhdo urrw htxdov }hur dqg lq wkh fdvh ri frpsoh{

hljhqydoxhv/ wkh uhdo sduwv duh qrq0}hur1

F1 Surri ri Sursrvlwlrq 6

Wkh fkdudfwhulvwlf sro|qrpldo ri E +gh�qhg e| +5:,, lv

s+�, @ �
�

� +4 . � ✝

☎

. �� ✝

☎

� ✝

☎

,�
�

. +� ✝

☎

� � ✝

☎

* ✄ ,� . � ✝

☎

� ✝

☎

+�* ✂ . * ✄ ,= +89,

Qrwh wkdw s+3, A 3/ s+�4, ? 3 e| frqglwlrq +5<,/ dqg s+4, A 3 e| frqglwlrq +5;,1 E|

Ghvfduwhv* uxoh ri vljqv +vhh Eduehdx +4<;</ s1 4:4,,/ wkhuh lv qhfhvvdulo| d qhjdwlyh

urrw dqg hlwkhu wzr srvlwlyh urrwv ru d sdlu ri frpsoh{ frqmxjdwhv= Vlqfh s+3, A 3 dqg

s+�4, ? 3> wkh qhjdwlyh urrw +� ☎ , lv lqvlgh wkh xqlw flufoh1 Li wkh urrwv duh doo uhdo/ wkhq

vlqfh
S �

✁✄✂ ☎ � ✁ @ 4 . � ✝

☎

. �� ✝

☎

� ✝

☎

zh kdyh

� � . � � A 4 . � ✝

☎

. �� ✝

☎

� ✝

☎

A 5 . �� ✝

☎

� ✝

☎

= +8:,

vr wkdw dw ohdvw rqh srvlwlyh urrw +� � , pxvw eh pruh wkdq 4= Krzhyhu/ wklv phdqv wkdw wkh

wklug srvlwlyh urrw dovr h{fhhgv 4 vlqfh s+4, A 3> s+� � . %, ? 3 iru vpdoo srvlwlyh %/ dqg

s+4, @ 4= Li wkh urrwv duh frpsoh{/ wkhq wkh vdph dujxphqw vkrzv wkhlu uhdo sduwv wr

eh pruh wkdq rqh1

G1 Surri ri Sursrvlwlrq 7

Wkh fkdudfwhulvwlf sro|qrpldo ri E +jlyhq e| htxdwlrq +6;,, lv �
�

. d ☎ � . d � zkhuh

d � @ �+4 � � ✝

☎

* ✄ ,> +8;,

d ☎ @ �� ✝

☎

+* ✂ � 4, . � ✝

☎

* ✄ � 4 � �= +8<,

Erwk hljhqydoxhv ri E duh lqvlgh wkh xqlw flufoh li dqg rqo| li frqglwlrqv +84, dqg +85, krog1

Frqglwlrq +84, lpsolhv lqhtxdolw| +6<, zkhuhdv frqglwlrq +85, lpsolhv wkh lqhtxdolwlhv +73,

dqg +74,1

H1 Surri ri Sursrvlwlrq 8

Wkh surri ri Sursrvlwlrq 5 vshoov rxw wkh h{shfwdwlrqdo vwdelolw| frqglwlrqv lq wklv fdvh1

Zh phuho| qrwh wkdw wkh fkdudfwhulvwlf sro|qrpldo ri E � L lv jlyhq e|

�
�

. i
�+* ✂ � 4, . * ✄ . �+4 � �,

�
j� .

�+* ✂ � 4, . +4 � �,* ✄

�
+93,



Ohduqlqj Derxw Prqhwdu| Srolf| Uxohv 5<

dqg lw lv hdv| wr vkrz wkdw frqglwlrq +75, lv wkh uhtxluhg frqglwlrq1

I1 Surri ri Sursrvlwlrq 9

Dsshdolqj wr wkh uhvxowv ri Hydqv dqg Krqndsrkmd +5334,/ iru h{shfwdwlrqdo vwdelolw|/ zh

uhtxluh wkh uhdo sduwv ri wkh hljhqydoxhv ri wkh pdwulfhv E � .E ☎ dqg �E ☎ .E � wr kdyh uhdo

sduwv ohvv wkdq rqh +E � dqg E ☎ duh gh�qhg e| +77, dqg +78,, zkhuhdv lqvwdelolw| rewdlqv

li hlwkhu pdwul{ kdv dq hljhqydoxh zlwk uhdo sduw pruh wkdq rqh1 Qrwh wkdw E � . E ☎ lv

lghqwlfdo wr wkh pdwul{ E +jlyhq e| htxdwlrq +6;,, zklfk zdv fuxfldo iru H 0vwdelolw| xqghu

iruzdug h{shfwdwlrqv1 Vr lqhtxdolw| +75, jxdudqwhhv wkdw wkh uhdo sduwv ri wkh hljhqydoxhv

ri E � . E ☎ duh ohvv wkdq rqh1 Wkh pdwul{ �E ☎ . E �
� L kdv wkh fkdudfwhulvwlf sro|qrpldo

�
�

. d ☎ � . d � zkhuh

d ☎ @ 5� �� �� . � ✝

☎

* ✄ � �� ✝

☎

+�� * ✂ ,> +94,

d � @ 4� �� �� . ��
�

. � ✝

☎

* ✄ +4� ��,� �� ✝

☎

+�� * ✂ ,= +95,

Qrwh wkdw

d ☎ @ d � . 4 . �+�� . �� ✝

☎

* ✄ ,= +96,

vr wkdw d � A 3 lpsolhv d ☎ A 3= Frqvhtxhqwo|/ erwk hljhqydoxhv ri +�E ☎ . E � , kdyh uhdo

sduwv ohvv wkdq rqh li dqg rqo| li d � A 3= Zh fdq zulwh d � dv

d � @ � ✝

☎

^�+4� �,+4� ��, . +4� ��,* ✄ . �+* ✂ � �,`= +97,

Wkh �uvw whup zlwklq wkh sduhqwkhvhv lv srvlwlyh1 Dv iru wkh vhfrqg dqg wklug whupv/ zulwh

lw dv

+4� ��,* ✄ . �+* ✂ � �, @ �+* ✂ � 4, . +4� �,* ✄ . �+4� �, . �+4� �,* ✄ = +98,

Lqhtxdolw| +75,/ wkhuhiruh/ lpsolhv wkdw +4���,* ✄ . �+* ✂ � �, A 3> ru wkdw/ d � A 3= Vlqfh

E � . E ☎ lv wkh vdph dv E +jlyhq e| +6;,,/ frqglwlrq +75, lv dovr qhfhvvdu|1
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Figure 1 

Policy Rules with Contemporaneous Data
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0 1 2 3 4 5 6 7 8 9 10

  Indeterminate and E-unstable
  Determinate and E-stable

ϕz

ϕπ

Iljxuh 4= Uhjlrqv ri ghwhuplqdf| dqg h{shfwdwlrqdo vwdelolw| iru wkh fodvv ri srolf| uxohv xvlqj

frqwhpsrudqhrxv gdwd1 Sdudphwhuv rwkhu wkdq * ✂ dqg * ✄ duh vhw dw edvholqh ydoxhv1
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Figure 2 

Policy Rules with Lagged Data

0

1
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3

4

0 1 2 3 4 5 6 7 8 9 10

  Determinate and E-stable
  Determinate and E-unstable
  Indeterminate and E-unstable
  Explosive

ϕz

ϕπ

Iljxuh 5= Ghwhuplqdf| dqg ohduqdelolw| iru uxohv uhvsrqglqj wr odjjhg gdwd/ zlwk sdudphwhuv

rwkhu wkdq * ✂ dqg * ✄ vhw dw edvholqh ydoxhv1 Ghwhuplqdwh htxloleuld pd| ru pd| qrw eh H 0vwdeoh1
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Figure 3

Policy Rules with Forward Expectations
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0 1 2 3 4 5 6 7 8 9 10

  Determinate and E-stable

  Indeterminate and E-unstable

  Indeterminate and E-stable

ϕz

ϕπ

Iljxuh 6= Ghwhuplqdf| dqg ohduqdelolw| zlwk iruzdug h{shfwdwlrqv prqhwdu| srolf| uxohv/ dw

edvholqh sdudphwhu ydoxhv1 Ghwhuplqdwh htxloleuld duh dozd|v h{shfwdwlrqdoo| vwdeoh1


