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In a recent article in this journal, Seaks and Allen [9]
argue that the imposition of endpoint constraints suggested by
Almon [1] should not be rejected a priori as Schmidt and Waud
[8] advise, but can be tested using a standard F-test. They
argue that through testing researchers can avoid the bias
resulting from imposing invaiid restrictions, yet realize the
efficiency gain from employing them. To illustrate this point,
Seaks and Allen test the endpoint constraints imposed in the
St. Louis equation and find that the data do not reject them.
As a result, they conciude that the imposition of endpoint
constraints does not appear to result in biased coefficient
estimates. Unfortunately, Seaks and Allen misinterpret Schmidt
and Waud's warning and incorporate restrictions that they might
not have otherwise employed.

Schmidt aznc Waud point out that if the endpcint
restrictions are false, they result in biased estimates of the
distributed lac weights, however, they result in more efficient
parameter estimates. Moreover, they question the use of
endpoint constraints since "no convincing reason has ever been
advanced as to why these ‘endpoint constraints' should be

ul//

true. They note that the imposition of endpoint

cutside of its relevent rancge, snd that the benavior of the

polynomial cutsice The range ¢ simoly irrelevant,  Thus, there



is no reason to expect these restrictions to be true a priori,
and hence, they should not be applied routinely.

For Schmidt and Waud, there are three factors to consider
about endpoint constraints: bias, efficiency, and iack of
theoretical justification. Endpoint constraints which cannot
be rejected by a F-test are data-based restrictions which may
have no relevance in either econometric or economic theory.
Since the only gain from imposing these restrictions is
increased efficiency, one might prefer not to impose them even
if they cannot be rejected, especially if the potential gains
in efficiency appear to be small!. At the other extreme,
however, one may wish to impose these restrictions even if they
are false, if the efficiency gains appear to be substantial,
i.e., the biased estimator may have a smaller mean square error
(MSE) than the unbiased oné. In the latter instance, one might
prefer to use a modified F-test based on a MSE-norm, such as
those proposed by Toro-Vizcarrondo and Wallace [10] and Wallace
2],

In effect, Schmidtl and Waud argue that endpoint
constraints be evaiuated in terms of their plausibiiity before
5lindly imposing them, even it they cannot be rejecied by an

F-test. We believe that had this procedure been foilowed,
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specification of the St. Louis equation as did Seaks and Aillen
and using their data.éf
The Model

The St. Louis equation relates the growth rate of (or change
in) nominal GNP (?) to the growth rate of narrowly defined money

(M) and the growth rate of high-employment federal spending (é).

Seaks and Allen used the specification:
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where the fourth-order distributed lags of M and é are each
assumed to lie on different fourth-degree polynomials. This
equation was estimated for the period 1953/I1 - 1977/1V.

The use of the polynomiai distributed lag (PDL) technique
for this specification is redundant. Since the order of the
distributed lags and the‘degree of the polynomials were assumed
tc be the same, there are no PDL constraints on the
parameters.ﬂ/ To see this, consider the matrix form of a
general PDL model given below:

Y=a+xg+u,
where Y is a Txl vector of observations on the dependent
vériable, X is & Tx{& +1) vector of observations on a
ith-order distributec lag on the independent variabie X, and
£ is a (& +1)x1 vector of parameters, i.e., g = (&O,

Eqs «-e s By)'. The Txi vector of random disturbances

is given by u.

A PDL mode! assumes that the distributed Tag

weights fall on a polynomizl of degree p, i.e..

(e}



ﬁi=00+011+3212+""+u

In more general matrix terms, the vector g is related to the
vector a = (aO, Ay eens ap) as:
B = Ha,

where H is a (2+1) by (p+1) matrix of known coefficientseé
In the general case, p is usually less than &, so that
(2-p) homogeneous restrictions are being employed on g;
hence, the gain in efficiency. In Seaks and Allen's case,
however, & = p, and H is nonsingular. Thus, OLS estimates
and PDL estimates of 8§ are identical. The only gains in
efficiency come through imposing the endpoint constraints.

Endpoint Constraints

The endpoint constraints suggested by Almon are

B_q = By = 0.

These homogenecus restrictions on the distributed lag weights
outside of the relevant range of the polynomial imply
homogeneous restrictions on the distributed Tag weights inside
the relevant range, via restrictions on a. To see this, note

that the above restrictions imply



Since « = H+§, where K is (H'H)'] HY,

Ra= RH'g = R*g = O.

Thus, the endpcint constraints imply a set of homogeneous

restrictions, R*, on g. It is easy to show that

R¥ = 5 -10 10 -5 ;3
1 -5 10 -10 EJ
for each distributed lag variable of the above mode1.§/ A

priori it is difficult to imagine why one would wish to employ
such restrictions. Nevertheless, there will be a gain in
efficiency from imposing them.

At this point, it is desirable to consider two aspects of
imposing these restrictions, other than their plausibility: the
potential gain in efficiency and the likelihood that these
restrictions will not be rejected by the data. Given that the
only reason for imposing endpoint constraints is the potential
efficiency gain, one would like to know if the endpoint
constraints are optimal in some sense. Fomby, Hill and Johnson
[4] have shown that the Principal Components restrictions
result in the maximum percentage reduction in the trace of the
covariance matrix of the restricted least squares =stimator of
8, for a given number of Tineariv independent restrictions
that are true. Furthermore, Fomby and Hill [5] have derived a
formule for the maximum percentage gain in efficiency under
thig norn.Z/ This suggests 1hat if one were to impose the

endpoint constraints in & POL model in crder tc increase the



precision of the estimates of B, one would impose them only
if they spanned the space given by an equal number of true
Principal Components restrictions, given the trace norm.

Of course, there may not be an equivalent number of
Principal Components restrictions that cannot be rejected by an
F-test, or it may be that one would prefer a different norm
than the trace norm suggested by Fomby et. a1.§/
Nevertheless, this illustrates the questionableness of imposing
endpoint constraints in a PDL model without first, specifying a
Toss function and second, investigating the potential gains in
efficiency given this criterion. The latter point is
particularly important given that Fomby and Hill's formula
shows that the gain in efficiency from one Principal Components
restriction that is true can be substantial in colinear data
sets such as distributed lag models like the St. Louis
equation.g/

Given two or more PDL variables in an equation, it is
possible that the endpoint constraints may hold for one but not
for other PDL variabies. Thus, it is desirablie to investigate
the plausibility of these constraints for the individual PDL
variables. This can be done in a rough fashion by determining
what the restrictions imply for the unconstrained estimates of
g Or by comparing the restricted with the unrestricted

.10
estzmates:—~/ Im the iatter instance, we would not expect

(e

the constrainec estimates of s to differ significantly from



the unconstrained ones if the constraint is not binding. When
this investigation is undertaken for this version of the

St. Louis equation, substantial changes in the parameter
estimates for the constrained and unconstrained models appear
(see tabie 1). These differences are especially notable for
the estimated coefficients of the distributed Tag of M. The
estimates of all five coefficients change dramatically when the
endpoint constraints are imposed with the estimated
coefficients of the first and second lags of M becoming
statistically significant while those of the third and fourth
lags become statistically insignificant. Thus, one might be
suspicious that the endpoint constraints are not valid in the
case of M. '

At a more formal level, each of the separate endpoint
constraints could be tested, along with combinations of them.
Care must be taken, however, in that this procedure gives rise
to further problems of preliminary test estjmation.ll/ The
results of these tests, which are reported in table 2, confirm

our suspicions goncerning the validity of the joint head and tail
constraints on M. The imposition of both head and tail
constraints on ﬁ is rejected at the .05 percent level.
Nevertheless, the test of ali four endpoint constraints cannot
be rejected.lg/ In effect, the F-test on all four

constraints confuses the effect of significant endpoint

constraints with that of the insignificant ones. Thus,

contrary to Seaks and Alien's concliusion, there appears to be



evidence that the endpoint constraints on money growth do bias
the estimated parameters of the distributed Tag coefficients on ﬁ.

Furthermore, it is important to note that the presence or
absence of endpoint constraints has no influence on th-
qualitative conclusions that a change in the rate of growth of
the money stock has a significant long-run effect while a
change in the rate of growth of government expenditures has no
‘1ong-run effect on the rate of growth of nominal income. Both
money and government expenditures, however, have significant
short-run effects.
Conclusions

We have argued that the primary concern over imposing the
endpoint constraints of a PDL model is that such constraints
are not justified by either economic or econometric theory.
Given this and the fact that such constraints will only improve
the efficiency of the estimator, one might not wish to impose
them. Also, it is likely that another set of restrictions will
exist that, if true, will produce a larger reduction in the
variance of the estimator than do the endpoint constraints.
Thus, if the gain in efficiency is important, one would
probably want to choose restrictions other than those imposed
ty the endpoint constraints. At a minimum, care should be
taken to specify the loss function associated with the
imposition of these constraints. In this instance, the

constireints might be imposed even 1T they are false. It may be



preferable, nowever, to impose homogeneous restrictions that
have more of a basis in economic or econometric theory.

In any event, we have argued that it is desirable to
write out the restrictions implied by the endpoint constraints
to judge whether they are desirable and to determine whether
they are likely to be obeyed by the data. Indeed, it may be
desirable to perform separate F-tests on the endpoint
constraints. We haQe showed that, had this procedure been
followed by Seaks and Allen, the joint endpoint constraints on
money growth would have been rejected. Seaks and Allen should
not be criticized too severely, however, since most of the
empirical work employing PDLs have followed Almon's suggestion

and imposed endpoint constraints without testing them.



FOOTNOTES

1/Schmidt and Waud [8, p. 12].

2/1n this regard, one might just as well impose any
arbitrary set of homogeneous linear restrictions on the
parameters. Presumably, by Seaks and Allen's criterion, the
"best" set would be that which cannot be rejected by an F-test
and which produces the greatest increase in efficiency. A
similar problem exists for another data-based restricted least
squares estimator which employs Principal Components. In this
case, however, there is at least some statistical criterion for
employing such restrictions. See, Dhrymes [3, pp. 53-65].

3/We would Tike to thank Terry G. Seaks and Stuart D.

Allen for supplying us with their data so that our estimates
are directly comparabie to theirs.

4/1n order to estimate a fourth-degree polynomial with
no endpoint constraints, one must at least consider a
fourth-order distributed lag.

5/The H-matrix is of the general form

10 0 ) 0
. R
1 2 2¢ .. 2P
1 s W L WP

: 6/1n the case where =p, H = H-1, therefore R* =
RH-T,

Z{The maximum gain in efficiency given by Fomby and
Hi11 [5] is

Kk
z
. (1/x.)
V, = i=k-p+] i ]
D T . 100;
(1/x ),
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—

i

where V, denotes the maximum efficiency gain for & set of p
valid restrictions, and i; denotes the ith ordered
eigenvalue of (X'X) going from the largest, iy, tc the
smallest, Ak.

8/For examples see Toro-Vizcarrondo and Wallace [10]
and Wallace [12] or Judge, et. &i., [6, pp. 644-47].

9/Tre estimate of Vi

{ footnote 7 above) for one
principie compenents restric ic 44,7

percent. An F-test of

L



this restriction cannot reject the null hypothesis at the .01
level. The F-value was 1.07.

10/0f course, if one considers the plausibility of
these restrictions by looking at the unrestricted estimates of
g, one must be careful to consider the covariance of 8.
Furthermore, the head and tail constraints together imply
restrictions which may not be apparent from looking at the
individual constraints alone. That is, if Ry and Ry denote
the first and second rows of R* respectively, then R'3 =
§1R'7 + 82 R'p (for all &7 and 8 such that
both are not zero) and must lie in the space spanned by Ry
and Rs.

Wror a general discussion of these problems see
Batten and Thornton [2].

12/Given the problems with preliminary test estimates,
results by Toyoda and Wallace [11] and Sawa and Hiromatsu [7]
indicate that one might want to choose a much larger a-level
than is usually chosen in order to minimize the risk function.
Toyoda and Wallace recommend the unrestricted estimator if
fewer than five restrictiuons are imposed. Nevertheless, if
one chooses a critical value for F of 2.0 as they suggest if
the number of restrictions is five or more, the test of all
four endpoint constraints would be rejected.
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Table 1

St. Louis Equation With and Without Endpoint Constraints

Without Endpoint Constraints With Both Endpoint Constraintsl/

Lag M
0 .59
(3.06)
1 .22
(.91)
2 .08
(.32)
3 .57
(2.36)
4 -.41
(-2.17)
Sum 1.05
(5.82)
a 2.93
2
R .40
S.E. 3.63

.05

.10
(2.40)

-.02
(-.41)

-.02
(-.57)

-.10
(-2.60)

.01
(.09)

(2.

(5

1/ Estimated with restricted least squares.

T-ratios in parentheses.

3

M
.38

.42
.50)

.27
.06
.71)

.08
.58)

.05
.71)

.81

.38
.72

E

.08
(2.10)

.06
(2.52)

.01
(.18)

-.05
(-2.16)

-.07
(-2.01)

.03
(.30)

With Endpoint Constraints on é onlyl/

M
.61
(3.22)
(.75)

.10
(0.42)

.56
(2.32)

-.4]
(-2.16)

1.04
(5.84)

2.89

.41
3.63

E

.06
(1.72)

.07
(2.75)

.02
(0.66)

-.05
(-2.10)



Table 2

F-tests on Combinations of Endpoint Constraints

Head Tail Head and Tail
M 12 2.059 3.145%
E 1.780 1.738 .947
M and E -- -- 2.110

*Significant at the .05 level.



