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ABSTRACT: As a natural phenomenon, earthquake is with strong randomness and cause great damage to structural system. 
Therefore, the seismic reliability of structural is very necessary for the safety assessment of structural system. This paper utilized 
a novel seismic reliability analysis method based on first passage probability theory and Bayesian neural network. A Bayesian 
neural network model as a surrogate model is trained by the random ground motion and structural response. The well trained 
Monte-Carlo simulation is carried out by using Bayesian neural network model and the failure probability is obtained. The 
proposed approach is suitable for the structural system, in which the probability distribution of random parameter is unknown.   
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1 INTRODUCTION  
As a natural phenomenon, earthquake is with strong 
randomness and will cause great damage to structural system. 
Therefore, the assessment of structural safety under earthquake 
is very necessary. Structural seismic reliability analysis has 
been studied for several decades [1-3]. Monte-Carlo simulation 
is widely used in seismic reliability analysis. However, since 
the real structural system is complicated, the efficiency of 
Monte-Carlo simulation is relatively. Therefore, surrogate 
models such as response surface model [4] and Kriging model 
[5] are proposed to approximate the system model and carry out 
reliability analysis.  
Artificial neural network [6], as a universal approximator, has 
always been regard as a useful surrogate model for reliability 
analysis [7-8]. In most study, the input of artificial neural 
network is the random variable of structure while the output is 
the value of perform function. However, once the probability 
distribution of random parameters are unknown. The neural 
network model become disable.  
This paper proposed a Bayesian neural network model as 
surrogate model for reliability analysis. The input and output of 
proposed model are the random ground motion and random 
response of structural system. Monte-Carlo simulation is 
carried out based on the proposed Bayesian neural network. 
And the failure probability as well as reliability can be obtained 
according to the simulation result and first passage probability. 
A numerical example of a single degree of freedom system is 
used to valid the feasibility of proposed method. 

2 BAYESIAN NEURAL NETWORK 

 Neural network model  

 

Figure 1. Architecture of feedforward neural network  
As shown in Figure 1, one of the most famous machine learning 
model, a feedforward neural network can be expressed as: 

𝐡! = 𝜙(𝐖!𝐱 + 𝐛!) (1) 
𝐡" = 𝜙(𝐖"𝐡"#! + 𝐛$)	𝑖 = 2,3… , 𝑛 (2) 

𝐲 = 𝜙(𝐖%&!𝐡% + 𝐛%) (3) 
Where x is the input of neural network, y is the output, hi is the 
output of ith hidden layer. Wi and bi are the parameter of ith 
hidden layer and 𝜙(	) is the activation function. The neural 
network can be trained by using back propagation algorithm. 
As we can find from Equation (1) to (3), all the parameters in 
neural network are deterministic. It means that after the neural 
network is well trained, the parameters stay unchanged. If we 
input the same data into a trained neural network every time, a 
same output will be given by the neural network. Therefore, 
conventional neural network model can not be used to 
approximate a random system.   

 Bayesian neural network  
In Bayesian neural network, the parameters of neural network 
are not deterministic but regard as random parameters which 
obey certain probability distribution. The parameters in 
Bayesian neural network can be update according to Bayes 
formula as: 

𝑝(𝛉|𝐃) =
𝑝(𝐃|𝛉)𝑝(𝛉)

∫ 𝑝(𝐃|𝛉)𝑝(𝛉)𝐝𝛉
 (4) 

Where D is the training data, θ is parameter of Bayesian neural 
network. 𝑝(𝛉) is the prior distribution of parameter θ which is 
determined by prior knowledge. 𝑝(𝐃|𝛉)  is the likelihood 
function and 𝑝(𝛉|𝐃) . However, the direct usage of Bayes 
formula is very difficult. In engineering practice, we assume 
that θ obey the Gaussian distribution and use the mean value μ 
and σ instead of using θ directly.  
The parameters of Bayesian neural network can be updated 
through following equations [9]: 

𝛉 = 𝝁𝛜 + 𝝈	 (5) 
𝛍 = 𝛍 − 𝛼>𝐠𝛉()* + 𝐠𝛉+, + 𝐠𝛍+,@	 (6) 
𝛔 = 𝛔 − 𝛼>(𝐠𝛉()* + 𝐠𝛉+,)𝛜 + 𝐠𝛔+,@	 (7) 
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Where 𝛜 is a random matrix which obey the standard Gaussian 
distribution, 𝐠𝛉()* , 𝐠𝛉+, , 𝐠𝛍+,  and 𝐠𝛔+,  are the gradient to the 
mean square error (MSE) loss function and Kullback-Leible 
(KL) divergence.  

3 SEISMIC RELIABILITY ANALYSIS  
According to first passage probability theory, the seismic 
reliability can be defined as: 
𝑃/(𝑇) = 𝑃>max>𝑋(𝑡)@ ≤ 𝑅& ∩min>𝑋(𝑡)@ ≥ 𝑅&@ (8) 

Where Pr(T) is the seismic reliability during the duration of 
earthquake. X(t) is the structural response, T is the duration of 
earthquake and 𝑡 ∈ [0, 𝑇] , R+ and R- are the up and down 
boundary.  
If |R+|=|R-|, the reliability analysis can be solved by using 
Monte-Carlo simulation and Equation (8) is converted to: 

𝑃/(𝑇) = 1 − 𝑃0(𝑇) = 1 −
𝑁1
𝑁2

 (9) 

Where Nf is the number of simulations, in which the peak 
response is out of the limit. NT is the total number of simulation. 

4 FRAME OF PROPOSED METHOD 
The frame of proposed method can be described as in Figure 2 

 
Figure 2 Framework of proposed method 

The proposed method includes the two steps: First, a Bayesian 
neural network model is built and trained by using the data from 
site-monitoring or numerical simulation data by. Then Monte-
Carlo simulation is carried out to obtain the reliability based on 
the principle of first passage. 

5 NUMERICAL EXAMPLE 
Table 1. The distribution of random parameters 

Parameter Mean 
value 

variable 
coefficient 

Type of 
distribution 

Mass m (	N ∙ s!/cm ) 150 0.1 Gaussian  
Damping rate ζ 0.05 0.2 Gaussian  

Stiffness 𝑘 ( 	N/cm	) 200.0 0.05 Gaussian  
A SDOF system is used to valid the proposed reliability 

analysis method. The uncertainty of parameters are given as in 
Table 1. The SDOF system is under a white noise random 
ground motion with the spectrum density S0= 4.75cm2/s3. A 
Bayesian neural network model with three hidden layer and 
using tanh activation function is used as surrogate model for 
reliability analysis. Through the Monte-Carlo simulation, the 
mean value and standard deviation of peak displacement 
response are 0.32cm and 0.09cm. Consider that the peak 
response obey Gaussian distribution, the probability 
distribution function (PDF) of peak error are given as in Figure. 
4. According to the Chinese code for seismic design of building 
[10], assume that the height of building is 3m. The limit of peak 

displacement is 0.545cm. Therefore, the reliability of SDOF 
system under white noise ground motion is 0.9953 and the 
reliability index is 2.61. 

 
Figure 4 The PDF of peak displacement 

6 CONCLUSIONS 
In this paper, a novel seismic reliability analysis method based 
on Bayesian neural network is proposed. Bayesian neural 
network is trained by using the random ground motion data and 
response data. To valid the proposed method, a simple example 
of SDOF system is used. The PDF of peak displacement is 
given by Bayesian neural network successfully. And the 
reliability of structural is given according to the limitation of 
peak displacement in code.  
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